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Abstract This study considers the tracking control prob-
lem of the nonstrict-feedback nonlinear system with
unknown backlash-like hysteresis, and a finite-time adap-
tive fuzzy control scheme is developed to address this
problem. More precisely, the fuzzy systems are employed
to approximate the unknown nonlinearities, and the design
difficulties caused by the nonlower triangular structure are
also overcome by using the property of fuzzy systems.
Besides, the effect of unknown hysteresis input is com-
pensated by approximating an intermediate variable. With
the aid of finite-time stability theory, the proposed control
algorithm could guarantee that the tracking error converges
to a smaller region. Finally, a simulation example is pro-
vided to further verify the above theoretical results.
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1 Introduction

As we know, nonlinear systems are widespread in practice,
especially with the advancement of science and technol-
ogy, there are more and more nonlinear phenomena in
actual control systems. Therefore, the control problem of
nonlinear systems has naturally become a hot topic. In the
past few decades, a series of nonlinear system control
methods have been developed, such as backstepping con-
trol, sliding mode control, robust control, and adaptive
control, which greatly enriched the nonlinear system con-
trol theory. Besides, many scholars have successfully dealt
with a lot of complex control problems by combining
multiple control technologies [1-6] or fusing some intel-
ligent control methods (fuzzy control [7-9] and neural
network control [10, 11]). For example, a robust adaptive
control strategy for the nonlinear system with actuator
failures is given in [5]. By means of the approximation
abilities of the fuzzy logic system (FLS) and neural net-
work (NN), two adaptive control strategies for switched
nonlinear systems are proposed in [8] and [10], respec-
tively. It should be noted that a common feature of litera-
ture [7—11] is that the controlled systems are all in the form
of the lower triangle structure, so the final controllers can
be calculated according to the idea of backstepping
recursion. However, this method is not suitable for the
more general nonstrict-feedback nonlinear system, in
which the unknown i-th subsystem function contains all
state variables. A variable separation method based on the
structural characteristics and monotonically increasing
nature of the boundary function is adopted to solve this
problem in [12]. Moreover, the authors of [13] and [14]
successfully overcome this difficulty by using the proper-
ties of FLS and NN.
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On the other hand, due to the limitations of physical
components, actual control systems often have many
nonlinear characteristics such as saturation [15, 16], dead
zone [17, 18], and hysteresis [19-21] that can adversely
affect system performance. In order to make the control
method of nonlinear systems more effective in practical
engineering, it is necessary to fully understand these non-
linear characteristics. Different from the time delay in the
usual sense, the hysteresis phenomenon is often a dynamic
process and has the characteristics of nonsmooth, multi-
mapping, and memory. In recent years, the sensing and
driving technology with smart materials as the core has
been widely used in many fields due to its strong adapt-
ability to environmental changes and excellent perfor-
mance, such as aerospace, micro-robots, and
bioengineering. However, the hysteresis characteristics
existing in many smart materials can not only cause system
oscillations, reduce the control accuracy of the system, and
even cause the system to fail to operate normally. There-
fore, the research on the control problems of nonlinear
systems with hysteresis input is beneficial to realize the
high requirements on the system performance. In view of
the rich practical application background of nonlinear
systems with hysteresis, the related research has always
been favored by scholars [22—-27]. Huang et al. [24] and Yu
et al. [26] consider the output feedback control problems
for switched and stochastic nonlinear systems with
unknown hysteresis input, respectively. For the nonlinear
multi-agent system with unknown actuator hysteresis, an
adaptive event-triggered control scheme is given in [27].

However, in practical applications, the system cannot
maintain a long or even infinite operating cycle, especially
for some systems that require relatively high time perfor-
mance. Therefore, it is necessary to study how to obtain the
ideal tracking performance in a finite time. Finite-time
control is usually regarded as a time-optimal control
strategy and has a good robust performance. Since the
finite-time Lyapunov stability theory is proposed, finite-
time control has been developed rapidly and widely used,
and a large number of excellent results have been reported
[28-32]. Based on the above discussions, the tracking
control problem of nonstrict-feedback nonlinear systems
with unknown backlash-like hysteresis is taken into
account in this study. With the help of FLS and finite-time
Lyapunov stability theory, a finite-time adaptive fuzzy
control algorithm is developed to resolve this problem, the
characteristics of which compared with the existing results
are listed as follows:

(1) Different from [22], since the system considered in
this study is a nonstrict-feedback form, it is more
general and has greater model versatility for the
actual system. Moreover, the effect caused by the
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unknown hysteresis input is compensated by approx-
imating an intermediate variable, and this method
can avoid the singularity problem, which is different
from [23].

(2) Based on finite-time stability theory, the proposed
control scheme in this study could guarantee that the
tracking error converges to near the origin in a finite
time. Meanwhile, a higher tracking accuracy can be
realized.

2 System Description and Preliminaries

Consider the following nonstrict-feedback nonlinear sys-
tem with unknown hysteresis input

G = G +H£i0) + dil2),

1<i<n—-1 (1)
C'n = M(V) +fn(€) +dn(t)a
y:CIa

where (; is the system state with { = [{{, ..., Cn]T, yERIs
the system output, f;({) is the unknown smooth nonlinear
function, d;(¢) is the unknown time-varying disturbance,
u € R is the output of the unknown backlash-like hysteresis
described by

du_ dv
dt  |dt

dv
(v —w+c, @)

where v is the input of the backlash-like hysteresis; k, ¢ and
¢ are unknown constants, ¢ > 0 is the slope of the lines and
satisfies ¢ > c. Figure 1 shows the backlash-like hysteresis
curves generated by the model (2), where k=1,
¢ =3.1635, b=0.345, the input signals are v(t) =
Kk sin(2.3¢) with k = 4.5 and k = 6.5, and the initial values
are v(0) =0 and u(0) = 0.
As stated in [19], (2) can be expressed as

u(v) = ¢v(t) +d(v),

d(V) — [MO _ gvo]gfk(van)sgn(\})

+ e—kvsgn(ﬁ)/ c— dekﬂsgn(ﬁ)dn7
Vo

where vy = v(0), up = u(0), d(v) satisfies |d(v)| <D with
the unknown constant D. Therefore, the system (1) is
rewritten as

(i = i1 H1i(0) + di(),

1<i<n-1 (3)
Ly =ov(t) +d(v) + fu(0) + du(t),
y= Clv
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Fig. 1 Backlash-like hysteresis curves

The control objective of this study is to construct an
adaptive fuzzy controller for the system (1) such that the
system output y can track the reference signal y, in a finite
time, and all signals in the closed-loop system are bounded.
To this end, we need to introduce the following assump-
tions and knowledge.

Assumption 1 The reference signal y, and its time

2

derivative up to the nth order y;’ are continuous and

bounded.

Assumption 2 There exists the unknown constant d; such
that |d;(t)| <d;, i=1,...,n.
Definition 1 [33] Consider the
{ =f(L(1)), the equilibrium { = 0 is practical finite-time

stable, if for any {(0) € {y, there exist a constant ¢ > 0 and
the settling time 7'(¢, {5) <oo such that

1E(0)|| <&, Ve > T.

nonlinear system

Lemma 1 [34] For positive constants o, ff, 0<p <1 and
0<TI'<oo, if there is a positive-definite function V()
satisfying

V(I < —aVP(() = V(O + T,

then the trajectory of { =f(((1)) is practical finite-time
stable, and V ({) satisfies

r

VP(C) < m

Nt>T

I-p(r
L_1In A% (g0)+wo<.

with O<w<1land T = B1=p) ol

Lemma 2 [35] For real variables
n; > 0(i = 1,2,3), one has

W, @ and constant

i

T 2

T < - 1+ + niﬁwﬂlﬂfz.
o < T 2 Hjo)
Lemma 3 [36]: Forany (;€R,i=1,...n 0<p<],

one has

n P n
<Z|Cz|> < Z|Ci‘p‘
i=1 pa

In the subsequent control design, FLS would be utilized
to estimate the unknown nonlinear function.

IF-THEN Rules: R': If {; is F} and ...and {, is F', then
yisG,i=1,...,N.

The FLS could be formulated as

@ Springer
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Sy hi [T :“T-}(Cj) V) = ls% + Léz (12)
YO === : 271 " 22
P {Hj:l ﬂf;ﬁ(cj)} L~ - o
with 6 = 0 — 6. Then, it is deduced that
H;;Il‘f;@j) T . ) 1~z
Denote ¢i(C):#v O()=[¢1 (0N (O] Vi=s (Sz +on +f(0) +di(t) - y,) - 199
Z,:l |:Hf:l’u}'j’: <‘=j):| 1 -
H=Ihi,...,hy)", then one has =951 ( - kls%[Fl =51+ +o +,(X)+d (0) - 1007
y(0) =H'®(0). (13)

Lemma 4 [28]: For any continuous function h(() defined
on the compact set U, there is a FLS H' ®({) satisfying

sup [A({) — H'D(()| <e

leU

with € > 0 being an arbitrary constant.

3 Adaptive Fuzzy Control Design

The control design begins with the following coordinate
transformations

51251_)’” (4)
Si:Ci—OCi,I,l-:27...,n, (5)

where «;_; is the virtual control law. Next, we denote 0 =
max {||H;]|*,i=1,...,n} and p =1, 0 and j are estimates
of 0 and p, respectively. In accordance with the back-

stepping technique, the virtual and actual controllers are
designed as

= —ers Os, ©)
1= —CI1Sl = =57 5~ 5
ZQ%CDT(Zl)(D] (Z[)
Os;

0% = —CiSi — Si-| — =5 i=2,...,n, 7

T TRl (2 (2 m )
v = pay, (8)
with the constant ¢;,a; >0 (i = 1,...,n). Meanwhile, the
corresponding adaptive laws are
p = —)Sully — TP, )
é:)ﬂ:n —ré, (10)

where g, r > 0 are known constants, and 7, will be defined
later.

Step 1: Based on (3), (4), and (5), the derivative of sy is
calculated as

5:1 = Zj] _y.r
=52+ oy + () +di(t) -y,
Define

(11)
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where p = <1 with positive odd integers i, 7, f, (X;) =
A =Y, +ks?? " 45 and X, = [(,y,,Y,]". According
to Lemma 4, the FLS H] ®;(X;) could be employed to
approximate the unknown term f; (X)), i.e.,

[(X1) = H{© (X)) + A (X),
|AL(X1)] < e

with an approximation error A;(X;) and ¢; > 0. Based on
Young’s inequality and the property of FLS
0<®'(-)®(-) <1, one has
sify(X1) = SlHqu)] + 5141 (Xy)

082(I)T(X1)(I)1(X1) 1 ) 2 1 2
<A 202 791 T35+ 56
0s?

1

2

- L

S —S—F - —-<-tza/+=

28207 (2))®y () 2 ' 2
1 1

S1d1 (l) < ES% + 5

* 2
1

s% + Ee%,

di, (15)

where Z; = [Cl,y,,y',]T. Substituting (14) and (15) into (13)
produces

. _ ésl
V1 S 51 —k1S2p ! + 4] +——
( : 28201 (2,)0,(Z))

1
+ 5152 +§(d?+a%+f%) (16)

+é( il 1@)

2a%(D{(Z1)(D1 (Zl) /1 '

Furthermore, by substituting the first virtual controller (6)
into (16), we have

. ~ 1=x
Vv, < —kls%”—cls%—&—slsz—i—(?(fl —;0) +1 (17)

with 1 s and 1, =ldi+d+¢e).

— 5
T 2ai07(20)®: (2

Step i(i = 2,...,n — 1): It follows from (3) and (5) that
i =G — i . (18)
= Siy1 + o +fi(0) + di(t) — dyi_y.

When the following Lyapunov function candidate is
considered
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V V 1+ 25 (19) with Ti = Ti—1 +2a2®l< Z)0:(Z) and
=11 +1(d +a? +é).

then one has Step n : From (3) and (5), we have

Vi=Vii+si <5i+1 + o + fi(0) + di1) — o'c,»,1> Zn = Ln = Oy (25)

—1 i—1 1: =qv + d(V) +fn(C) + dn(t) - dnfl-
Z Z c,s} +sisigr +0(zi1 = 79) T lin Choose
j=1 =1 ’
2p—1 . 1 )
+si| — kis; — 8+ Si—1 + o —|—ﬁ(X,')+di(t) , V,=V,_1 +2sn+2 0 (26)
(20) . ) . ,
with p = p — p. Then, it could be obtained that
Frvy i—1 oy L .
where  fi(Xi) =£i(0) = 2 G FHO W) = v, = v, 400 +d0) O + () — ) - i
i) oy () —aLi‘é—i—k'sgp*l +5; and il
ZJ:O oY . GAG i ! < — stzp Zc,s + 0(1,1 1 —;0) + 1,1
X =1[Cyr- .,y@, 0)". Based on Lemma 4, there exists a = ;
FLS H! ®;(X;) that can estimate the unknown term £:(X;). + sn( — ks = sy + s+ v+ d(v) + (X)) + dn(f)) - iﬁf’
For any ¢ > 0, (27)
f;( ) HT(I) ( ) + Ai(Xi)7 . * n—1 g,
, o with £, (X)) = /() = 255 F (G +46(0) +45(0)) —

where |A;(X;)| < is an approximation error. As the same N R !
case of (14) and (15), the following inequalities hold Sg Lty ey 2l g, and X, =

sifi(Xi) = sH] ©i(X;) + sidi(X;)

Os2®7 (X)D;(X;) 1 RIS
< 1 1 —
= 2a tpdi st (21)
0s? 1 +1 +1
—+ —a; S —6
2a2c1>T( D®i(z) 270 27 2
1
qd; (t 2 d77 22
§ () 2 l +2 1 ( )
where Zi:[(1,...,Ci,y,,...,yg),é]T. Substituting them

into (20), we have

i—1 i—1

7 2 2
Vi S — ijsjp — Z Cij + SiSi+1

Jj=1 j=1
Os;
+ 5 (—ki&zpl —+ 81 + o 2—1
’ 20707 (Z;)0i(Z;)

- 52 1=x

ol +——"~———=0
+ <‘c 1+ 2(1)T( N0Z) 7 )
4+ (dz +a+ée).

(23)

Then, substituting (7) into (23) yields

_ i i ) 1:
V. < —ijsjzp_ZCijz—i-S,‘S,url +0<T,—;0> +1;
J=1 ’

=1
(24)

By
[ yﬁ"), é]T According to Lemma 4, for the arbitrary
constant ¢, > 0, one has

[i(Xa) = My @(X,) + Au(X,),

where the approximation error A,(X,) satisfies
|A,(Xy)| <e€,. Similar to (14) and (15), the following
inequalities hold
S ( )_an @, ( n) +SnAn(Xn)
6s2c1>T( DP.(X,) 1 +1 +1
242 2% T T (28)
0s? n 1 2 1 1 n 1,
—————+ = s2 4 =€,
- 2a2q>T( D, (Z,) 2 AT

n-n

52(d(0) +da(1)) < 35243 (D + ) (29)

where Z, = X,,. Substituting them into (27) leads to

n—1
A S
J=1

n—1

2
g Cjs; + s,
j=1

and

@ Springer
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In = ln-1+3 ((D +d) +ad+ ei) By combining (8)—
(10), it could be deduced that
Z CiST + SuSP%n + Sn

v, < —st
j=1
Os
—k SZP*I 48, +—n
("" " 2a20](2,)®,(Z,)
F oA . oG _ .
+_00 + SpCPUn +_pp + In
4 Y
n—1 ) n—1
[ ijsj‘” — Z cjs_]z + S0, + Sy
4 =

k 52p + Sp—1 +

/—\

Os,,
2020, (2,)u(Z,)

oc .
-00 Tgpp+zn

>I‘=

:_stzp Zcﬂ +- 00+7,3,3+1,,
4 Main Results

Theorem 1 For the nonlinear system (1) with unknown
hysteresis input (2), under Assumption 1 and 2, applying
the proposed control scheme (6)—(10), the following con-
clusions hold:

(1)  the tracking error could converge to near the origin
in a finite time;
(2) all signals in the closed-loop system are bounded.

Proof Recalling the definitions of 6 and p, one has

ro~n ro~ r
~00< — — 0 2
PRty AT YR
0¢ . . 0C .,  0C 5
PP — oo pTop
Y 2y 2y

V, < —stz" Zc]s ——92+—0 “Ep+ L,

22 2y 2y
—r£>"+r£>"—o<ip~2>"+a<ip Y+
2. 2. 2y 2y "
(32)
Based on Lemma 2, one has
2
(9) <p—0 +r(1-p), (33)
2. 124
S 2y < B
0(27'0) p2/p +0o(1—p). (34)

Substituting (33) and (34) into (32) and combining Lemma
3, we could further derived that
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2
-9 % (35)
=
+ 1, + 2—)()2 2 p + (r+o0)(1-p)
< —aV? - BV, +T
with o = min{2”k;, r, ¢}, f = min{2¢;, (1 — p)r, (1 — p)o}

('sZ

andl":l,,JrﬁH2 +5p"+ (r+o)(1—p).
It follows from (35) and Lemma 1 that

r
V() < = Yt 2T
(1)< (1—w)a’ —77
and T = ﬁ(ll In BV ! (o) o
-P o

Then combining with the definition V,,, it is not difficult
to deduce that

r ;
<H/2{ ———— >T
R e

that is, the tracking error could converge to near the origin
in the limited time by choosing the suitable parameters.
On the other hand, from (35), we have V,(r)<

pV,(t) + T and V,(¢) < (VH(O) - F) by L 7> which means

that s;, 0, 0, p and p are bounded. It follows from (6) to (8)
that o; (i=1,...,n) and v are bounded because of the
boundedness of the included variables. Moreover, com-
bining (4) and (5), we could obtained that {; (i = 1,...,n)
is bounded. Consequently, all signals in the closed-loop
system remain bounded. This completes the proof.
Remark I The challenges of this study mainly include
two aspects: on the one hand, the controlled system in this
study is a nonstrict-feedback form, which makes the stan-
dard backstepping technology not directly applicable to the
control design of such systems. To this end, we have solved
this problem with the help of the property of the fuzzy logic
system 0 <®/ (-)®;(-) < 1 (Details can be seen in formulas
(14), (21), and (28)). On the other hand, how to deal with
the problems caused by the unknown hysteresis input also
needs to be considered in control design. Inspired by
Reference [23], we introduced a new intermediate variable
p= 1 Furthermore, the effect caused by the unknown

hysteresis input can be compensated by approximating the
new variable p. It should be pointed out that, compared
with the method in Reference [23], the proposed method
does not discuss whether the parameter p will be equal to O,
because p will not appear in the denominator.
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Fig. 2 The system output y and the reference signal y,
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Fig. 3 The tracking error s,
5 Simulation Example

This section aims to further intuitively verify the proposed
control algorithm through simulation results.

Consider the following nonlinear system with unknown
actuator hysteresis

L=0L+AQ +d(),

& = u() + A0 +da (1), (36)
y= Clv
where  fi({) =0.05{cos(¢y),  f(0) =0.1¢; sin({,),

d\(t) =0.1cost, dr(t) =0.5sint; u is the output of the

backlash-like hysteresis described by (2) with k =1, ¢ =
3.1635 and ¢ =0.345. The reference trajectory is
y, = sint.

In this simulation, the following membership functions
are selected

P = e*%(ijﬂ(i)z
with y; =9,7,5,3,1,0,—1,-3,-5,-7,-9, j=1,2 and
i=1,...,11. To fulfill the control objective, the con-

trollers are designed in accordance with the aforemen-
tioned design procedures

@ Springer
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3.5 T

5L | | | | |
0 5 10 15 20 25 30
Time(s)
Fig. 4 States {; and {,
350 7 T T T T T
300 T T T T T T 14 T
20+
———-u
250 H 10} i
200 | O =" B - T .
101
150 H 20 H _
-30
100 H . i
0 2 6 8 10 12 14
50 { .
0 H—
50 L 1 1 1 1 1
0 5 10 15 20 25 30
Time(s)
Fig. 5 Control signals « and v
~ 2 2
Os i = al 5
oy = —C181 — W, with 7, 208201 (2,)®(Z) + 20201 (2,) 0 (22)
a1y (Z1) @y Al) The initial conditions are {;(0) =—-0.2, {(0) =0,
Os A(0) — 5(0) — :
o = —C282 — 51 — —57 2 ’ 0(0) = p(0) = 1. The parameters to be designed are
205D, (2,) () c1=16, =10, ay=ar =1, A=1, r=0.1, y=6,
v = pay, g = 0.1. The simulation results are exhibited in Figures 2,

and adaptive laws can be calculated as
p =750 — o,

é:irz—ré

@ Springer

3,4, 5, and 6. The system output y and the reference signal
y, are plotted in Figure 2. Figure 3 presents the curve of the
tracking error s;. As shown in Figure 2, the maximum
tracking error is less than 0.05 after 2 second. Thus, it can
be seen from these two figures the system output y could
track the reference trajectory y,. The trajectories of system
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Fig. 6 Adaptive parameters 0 and p

states {; and {, are displayed in Figure 4. The control
signals are exhibited in Figure 5. Then combined with
Figure 2, we could get that the proposed control
scheme can still achieve tracking control performance in
the presence of unknown hysteresis input. Figure 6 gives

the trajectories of adaptive parameters 0 and p. As these
figures show, all signals in the closed-loop system are
bounded. Consequently, the proposed scheme could
achieve the control objective.

6 Conclusions

In this study, a finite-time tracking control strategy is
proposed for the nonstrict-feedback nonlinear system with
unknown actuator hysteresis. Based on the property of
FLS, the design difficulties caused by the nonstrict-feed-
back structure are successfully resolved. In the presence of
unknown nonlinear input, better tracking performance
could be obtained in a finite time by combining FLS and
adaptive backstepping technology. In the future, how to
address the fixed-time tracking control problem for the
nonlinear system with unknown nonlinear input is very
meaningful and challenging work.
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