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Abstract: Data transmission with RGB LEDs is attracting significant research interest in VLC (Visible

Light Communication). We consider the power optimization under brightness and communication require-

ments for RGB LEDs, and model the color constraint using the MacAdam ellipse instead of a fixed point in

the chromaticity diagram. Then an optimization problem is formulated to determine the transmission power

consumption and the corresponding coordinates in the chromaticity diagram. We propose a novel two-step

algorithm to solve the optimization problem with lower implementation complexity. Numerical results show

that the proposed approach shows the same performance as the optimal solution using a brute-force method,

and requires the lower power consumption using MacAdam ellipse instead of merely a fixed point in the

chromaticity diagram.
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1 Introduction

In recent years, VLC is attracting more and more

attention[1], and has been regarded as a potential

candidate for the future short-range communication

with high speed[2]. A common realization is to use

a white LED as the transmitter[3], due to its long

service life, less heat emission and low power con-

sumption. Two common approaches are used to

produce white light illumination LEDs. One is to

stimulate the yellow fluorescent powder through a

blue LED. The other is to mix red, green and blue

light to produce white light that is stimulated by

three wavelength fluorescent powder. The latter one

is preferred for high communication rate require-

ments, due to the larger bandwidth for RGB pure
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light LEDs[4,5]. An LED can be used for both il-

lumination and data transmission simultaneously[6],

and the standards on these topics have been pro-

posed in IEEE 802.15.7[7]. Appropriate modula-

tion schemes[8-10] and capacity analysis[11,12] have

been investigated for dimming control. On the other

hand, the illumination quality must be guaranteed

for VLC with RGB LEDs, including brightness and

color requirements.

Recently, energy efficient joint brightness control

and data transmission using white LEDs have been

proposed in Refs. [13,14]. The work in Ref. [15] an-

alyzes the energy consumption under lighting con-

straints with RGB LEDs for VLC. However, the

color constraint in the chromaticity diagram is re-

garded as a fixed point. Multi-user sum-rate opti-

mization with brightness control for multiple LEDs

has been investigated in Ref. [16]. The power op-

timization needs to be investigated under bright-

ness and communication requirements based on

MacAdam ellipse, where certain illumination toler-

ance is incorporated.

In this paper, we investigate the power consump-

tion optimization of RGB colors while meeting the

brightness and communication requirements simul-

taneously. We model the color constraint using a

MacAdam ellipse instead of a fixed point in the chro-

maticity diagram[17]. We formulate an optimization

problem to determinate the system parameters, and

propose a novel two-step algorithm to solve the prob-

lem. Numerical results show that the proposed ap-

proach can lead to an optimal solution with reduced

computational complexity, as well as lower power

consumption by using MacAdam ellipse instead of

merely a fixed point in the chromaticity diagram.

The remainder of this paper is organized as fol-

lows. Section 2 presents the system model and char-

acterizes the chromaticity diagram, MacAdam el-

lipse, brightness and communication requirements in

a VLC system. Section 3 formulates an optimization

problem to minimize the total transmission power

consumption, and then proposes a novel two-step al-

gorithm to solve the problem efficiently. Numerical

results are shown in section 4, and the conclusions

are presented in section 5.

2 System model

2.1 Chromaticity diagram

The human eye is a sensory organ, which can be re-

garded as a detector that enables the perception of

electromagnetic radiation. A normal human eye has

three kinds of cones—short (S), medium (M) and

long (L), which can perceive different peak wave-

lengths. Optical stimulus with a SPD (Spectral

Power Distribution) ϕ(λ) will induce optical sensa-

tion of the different cones, which are called tristim-

ulus values X, Y and Z, as given by

X =

∫
ϕ(λ)α1(λ)dλ,

Y =

∫
ϕ(λ)α2(λ)dλ,

Z =

∫
ϕ(λ)α3(λ)dλ,

(1)

where α1(λ), α2(λ) and α3(λ) denote the spectral

responses of the three kinds of cones. Thus it is pos-

sible for multiple different SPDs to project onto the

same point and produce the same sensations, which

is called metameric equivalence[18].

Assume that the SPD ϕ(λ) of an RGB LED lamp

is given by ϕ(λ) =
∑3

i=1 P̄iSi(λ), where S1(λ), S2(λ)

and S3(λ) denote the PSDs of red, green and blue

colors, respectively, and P̄1, P̄2 and P̄3 denote the

average transmission power of red, green and blue

colors, respectively. The tristimulus value X can be

reformulated as

X =

∫ 3∑
i=1

P̄iSi(λ)α1(λ)dλ,

=

3∑
i=1

P̄i

∫
Si(λ)α1(λ)dλ,

=

3∑
i=1

P̄ig1i. (2)

and

Y =

3∑
i=1

P̄ig2i, Z =

3∑
i=1

P̄ig3i, (3)
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where gij =
∫
Sj(λ)αi(λ)dλ for 1 6 i, j 6 3. Define

C ′ , [X,Y, Z]T and P̄ , [P̄1, P̄2, P̄3]T. The relation

between the average transmission power and tristim-

ulus values can be expressed as

C ′ = GP̄ , (4)

where G , [gij ]16i,j63 denotes the transmission ma-

trix.

Through the color matching experiment, CIE set

up a series of color measurement and calculation

methods, which were combined in CIE standard col-

orimetric system. In CIE 1931 chromaticity dia-

gram, the point (x, y) is given by

x =
X

X + Y + Z
,

y =
Y

X + Y + Z
, (5)

z =
Z

X + Y + Z
.

Defining C , [x, y, z]T, we can express the rela-

tion between the average transmission power and the

point in the chromaticity diagram as

C = kC ′, (6)

where k = 1/(X + Y + Z) = 1/(1T(GP̄ )) denotes

the normalized coefficient, and 1 = [1, 1, 1]T. We

notice that matrix G does not vary with parameters

due to the invariable distribution of PSDs and re-

sponses of cones. According to Eqs. (4) and (6), we

can find a matrix H such that

P̄ = κG−1C = κHd, (7)

where κ = 1/k = 1T(GP̄ ) and d , [x, y, 1]T.

2.2 MacAdam ellipse

In CIE 1931 chromaticity diagram, every point

denotes a certain chromaticity, i.e., the point

(0.33, 0.33) denotes white light. However, as the co-

ordinates of chromaticity vary within a certain range,

chromaticity change can not be perceived due to the

human eye limitation. This is called chromaticity

tolerance, which can be characterized by MacAdam

ellipse[17]. As shown in Fig. 1, the chromaticity toler-

ance is not the same size, for example, the blue part

of the tolerance is small, while the green part of that

is big. The direction of each chromaticity tolerance

is not the same either. We notice that MacAdam

ellipse can be obtained by translation and rotation

transformation from the standard ellipse, as given by(
x′

a

)2

+

(
y′

b

)2

= 1,

x′ = (x− x0) cos θ + (y − y0) sin θ,

y′ = (x− x0) sin θ − (y − y0) cos θ,

(8)

where θ denotes the rotation angle between the ma-

jor axis of the ellipse and x axis, a and b denote the

major and minor semi-axis of one step MacAdam el-

lipse, respectively, and x0 and y0 denote horizontal

and vertical coordinates of the objective chromatic-

ity. The matrix expression for the constraint of chro-

maticity tolerance can be given by

dTQd 6 1, (9)

where Q can be obtained by x0, y0, a, b and θ. Note

that the matrixQ is positive semi-definite for d. The

major and minor semi-axes of l-step MacAdam el-

lipse are l times of a and b, given by la and lb, re-

spectively.

x

y

Figure 1 MacAdam ellipse (10 times the actual ellipse) plot-

ted on the CIE 1931 chromaticity diagram
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2.3 Brightness requirement

In colorimetry, we use luminous flux φ to describe

radiative flux induced by human visual strength, as

given by

φ = Km

∫
ϕ(λ)y(λ)dλ = KmY, (10)

where Km = 683 lm/w. According to Eqs. (4), (6)

and (7), we have the following

Y = gTP̄ = κy, (11)

where g , [g21, g22, g23]T. The illumination E de-

notes the illuminated surface flux per unit area, given

by E = φξ, where ξ denotes the optical power gain.

According to Eqs. (10) and (11), we have the follow-

ing results, on the illumination E,

E = Kmg
TP̄ ξ = Kmκyξ. (12)

Assume that µ denotes the minimum illumination

requirement. The illumination constraint can be ex-

pressed as

gTP̄ > η, (13)

where η = µ/(Kmξ).

2.4 Communication requirement

The instantaneous transmission power Pi can be ex-

pressed as

Pi = P̄i + pi, (14)

where pi is the instantaneous AC component. The

communication requirement can be denoted by the

SINR (Signal to Interference Plus Noise Ratio) at

the receiver. Then the SINR at the receiver k can

be expressed as

SINRk =
(ρT k

i )2E[p2
i ]∑

j 6=i(ρT
k
j )2E[p2

j ] + σ2
> Γk, (15)

where ρ is the detector responsivity, T k
i is the link

gain of color i to user k, σ2 is the noise variance and

Γk denotes the minimum SINR requirement of re-

ceiver k. We notice that for a moderate SINR regime,

the interference term in Eq. (15) can be neglected,

because the PSDs of RGB colors are almost not over-

lapping and the filter passband at the receiver is sep-

arated. Then we can get the following

E[p2
i ] > max

k

σ2Γk

(ρT k
i )2

. (16)

When the modulation mode is determined, we can

get the relationship E[p2
i ] = βi(max |pi|)2, where βi

denotes coefficient of modulation mode. The instan-

taneous transmission power Pi is limited due to the

LED nonlinearity, given by Pmin
i 6 Pi 6 Pmax

i . Let-

ting

τi = max
k

σ2Γk

(ρT k
i )2

,

we can get the average transmission power constraint

according to Eqs. (14) and (16), given by

γmin 6 P̄ 6 γmax, (17)

where γmin = [γmin
i ]T16i63 and γmax = [γmax

i ]T16i63,

γmin
i = Pmin

i +
√
τi/βi and γmax

i = Pmax
i −

√
τi/βi

denote the minimum and maximum permitted av-

erage transmission power of different colors, respec-

tively.

3 System design

3.1 Problem formulation

In this section, we investigate the power consumption

optimization under brightness and communication

requirements for RGB-LED-based VLC. The opti-

mization problem is formulated to determine the op-

tical power distribution of RGB LEDs and the point

coordination in the chromaticity diagram, as given

by

(P0) : min
P̄i,x,y

1TP̄

s.t. P̄ = κHd; gTP̄ > η;

γmin 6 P̄ 6 γmax; dTQd 6 1,

(18)

where κ = 1T(GP̄ ). We notice that d = H−1P̄ /κ

according to the equality constraint, then the

MacAdam ellipse can be expressed as

P̄T(H−1)TQ(H−1)P̄ 6 κ2. (19)

We notice that matrix Q is positive semi-definite,

then (H−1)TQ(H−1) can be transmitted as UTU .



32 Journal of Communications and Information Networks

Thus the optimization problem can be reformulated

as
(P1) : min

P̄i,x,y
1TP̄

s.t. (UP̄ )TUP̄ 6 κ2; gTP̄ > η;

γmin 6 P̄ 6 γmax.

(20)

The optimization problem (P1) can be regarded

as the cone programming, which could be solved by

CVX toolbox in MATLAB. However, the solution

may require large number of iterations to obtain the

optimal solution. To reduce the computational com-

plexity, we propose a novel two-step algorithm to

solve the optimization problem efficiently, which is

elaborated as follows.

3.2 The first step

We notice that the optimization problem (P0) can

be regarded as linear programming once d is fixed.

In other words, the feasible region of MacAdam el-

lipse has become a fixed point in the chromaticity

diagram. Then the optimization problem can be ex-

pressed as

(P2) : min
P̄i

1TP̄

s.t. P̄ = κHd; gTP̄ > η;

γmin 6 P̄ 6 γmax.

(21)

It is generally known that the solution of linear pro-

gramming is the intersection of feasible regions. The

first equality constraint shows that P̄ can be re-

garded as a scaled version of a fixed vector due to the

coefficient κ. Therefore, the solution to problem (P2)

is the scaled version of vectorHd in the intersections

of two regions characterized by the “brightness re-

quirement” and “communication requirement” con-

straints as the first and second inequality constraints,

respectively.

3.2.1 “Communication requirement” equal-

ity

We first consider the “communication requirement”

achieving equality. Since there are six equations in

this constraint, without loss of generality, we assume

that P̄1 = γmax
1 . According to Eq. (7), the coefficient

κ can be expressed as κ = γmax
1 /(h11x+ h12y + h13).

Then the average transmission power P̄i is given by

P̄i = γmax
1 (hi1x+ hi2y + hi3)/(h11x+ h12y + h13).

The variables P̄i can be removed in the optimiza-

tion problem (P2). Then the objective function for

total average power consumption is equivalent to the

following objective function,

(h21 + h31)x+ (h22 + h32)y + (h23 + h33)

h11x+ h12y + h13
. (22)

We eliminate the variable x in the numerator, and

expression (22) can be reformulated as

py + q

h11x+ h12y + h13
+
h21 + h31

h11
, (23)

where p and q can be denoted by elements hij in the

matrix H. We notice that H does not vary with

parameters, due to the invariable matrix G. Matrix

H can be written as follows,

H =


2.642 0 −1.948 2 −0.153 6

−0.727 8 1.876 9 −0.080 8

−0.664 6 −0.668 1 0.665 7

 . (24)

It is seen the last item in expression (23) is always

a negative constant. Therefore, the first item in ex-

pression (23) must be positive, since the whole equa-

tion is positive. Then we could take the inverse of

the first item directly. We eliminate variable y from

the numerator, and the final objective function of

problem (P2) can be expressed as

u

v
.
x+m

y + n
,

where u, v, m and n can be readily obtained from ex-

pression (23). Then the optimization problem (P0)

can be reformulated as

(P3) : max
x,y

u

v
.
x+m

y + n

s.t. Ld 6 0; dTQd 6 1,

(25)

where L ∈ R5×3 can be obtained by linear con-

straints from problem (P2).

3.2.2 “Brightness requirement” equality

In this part, we consider “brightness requirement”

constraint achieving equality, which is gTP̄ = η.

Then we can have κ = η/y based on Eq. (11). Ac-
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cording to Eq. (7), the average transmission power

P̄i can be expressed as P̄i = η(hi1x+ hi2y + hi3)/y.

We remove the variables P̄i of the optimization prob-

lem (P2), then the optimization problem (P0) can be

reformulated as

(P4) : min
x,y

s.
x+ t

y

s.t. Bd 6 0; dTQd 6 1,

(26)

where s and t can be expressed by elements hij in

matrix H, and B ∈ R6×3 can be obtained by linear

constraints from problem (P2).

3.3 The second step

Optimization problems (P3) and (P4) only deter-

mine the optimal point (x, y) of the MacAdam el-

lipse in the chromaticity diagram subject to inequal-

ity constraints. For problem (P3), it can be re-

garded as the maximum or minimum slope of the

point (−m,−n) to the feasible region, which is given

by the MacAdam ellipse by line constraints. If the

ellipse and lines do not intersect, the optimal solu-

tion is the tangent point from the point (−m,−n)

to the ellipse. While the feasible region is an ellipse

cut by line constraints, the optimal solution is de-

termined by the tangent point aforementioned or in-

tersections between constraints. Note that the point

aforementioned must be a feasible point meeting all

constraints. Problem (P4) can be solved similarly.

The optimal solution to problem (P0) is the point

with the minimum objective function of all optimal

solutions to problems (P3) and (P4).

The computational complexity of the proposed

methods is mainly due to the second step, because

we can obtain the explicit expression of P̄i in the first

step, then problems (P3) and (P4) can be formulated

with the complexity of order O(1). The optimal so-

lution to problems (P3) and (P4) can be derived by

investigating the slope from the point (−m,−n), and

the computational complexity is in the same order

of the convex programming with only two variables,

which is significantly lower than the interior point

solution to the original problem.

4 Numerical results

Assume that an RGB LED lamp is employed as

the transmitter to modulate signals. The cutoff

wavelengths of the three filters at the receiver for

red, green and blue colors are [300 nm, 520 nm],

[520 nm, 600 nm] and [600 nm, 800 nm], respectively.

The parameters of MacAdam ellipse are shown in

Tab. 1 with different CCTs (Correlated Color Tem-

peratures). Γk is defined as 13.6 dB, and σ2 is set to

10−9 W. Assume the channel DC gain T k
i = 2×10−4,

the optical power gain ξ = 0.02, the receiver respon-

sivity ρ = 0.56 and the modulation formulation co-

efficient βi = 9/5. The maximum and minimum in-

stantaneous transmission power for each color are

Pmax
i = 10 W and Pmin

i = 1 W, respectively. A

7-step MacAdam ellipse is used based on America

National Standard Institute (ANSI).

Table 1 MacAdam ellipse parameters under different CCTs

CCT (x0, y0) θ a b

2 700 K (0.459,0.412) 53◦42′ 0.002 7 0.001 4

3 000 K (0.440,0.403) 53◦13′ 0.002 78 0.001 36

3 500 K (0.411,0.393) 54◦00′ 0.003 09 0.001 38

4 000 K (0.380,0.380) 53◦43′ 0.003 13 0.001 34

5 000 K (0.346,0.359) 59◦37′ 0.002 74 0.001 18

Fig. 2 shows the transmission power of different

colors versus illumination requirement ranging from

10 to 150 lux.

We notice that the proposed two-step method

shows the same performance as the optimal solu-

tion solved by the CVX toolbox in MATLAB, with

lower implementation complexity. We further notice

that the proportion of the optical power distribution

among three colors is relatively constant, due to the

constraint of MacAdam ellipse. When an illumina-

tion requirement that is too large (i.e., more than

150 lux) results in an operating point outside the

feasible power region, a feasible solution cannot be

found.

We show the total transmission power consump-

tion corresponding to different steps of MacAdam

ellipse versus different illumination requirements, as
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shown in Fig. 3. We can see that the total transmis-

sion power first keeps constant and then increases

with the illumination intensity. It implies that the

illumination requirement is not the main constraint

for low brightness. Moreover, the total transmis-

sion power decreases for larger steps of MacAdam

ellipse, since the larger step of MacAdam ellipse de-

notes larger feasible range to select operating point

in the chromaticity diagram. It also implies the lower

power consumption using MacAdam ellipse instead

of merely a fixed point in the chromaticity diagram.

The total transmission power consumption versus il-

lumination requirement for different CCTs is shown

in Fig. 4. It is generally seen that the curve trend is

similar for different CCTs.
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Figure 2 Transmission power versus illumination require-

ment under 3 000K and 7-step MacAdam ellipse
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quirement for different steps of MacAdam ellipse under 3 000 K

5 Conclusions

We investigated the problem of power optimization

under brightness and communication requirements
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Figure 4 Total transmission power versus illumination re-

quirement for different CCTs under 7-step MacAdam ellipse

for RGB LEDs with certain chromatic tolerance

based on MacAdam Ellipse. We established a system

model, and then formulated an optimization problem

of minimizing the total transmission power under il-

lumination and chromatic constraints. We proposed

a novel two-step algorithm to solve the optimiza-

tion problem effectively, which can lead to the op-

timal solution with reduced computational complex-

ity. Numerical results imply the lower power con-

sumption using MacAdam ellipse instead of merely

a fixed point in the chromaticity diagram.
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