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Abstract

- Sidra Arshad' - Nasreen Kausar? - Tzung-Pei Hong>*

The picture fuzzy set was introduced by Coung. It is a generalization of the intuitionistic fuzzy set, giving the notion of neutral
membership degrees along with the positive and negative ones. Lie groups and Lie algebras have become indispensable for
a lot of fields in mathematical and intellectual physics. In 1872, Lie began his work in the field of continuous transformation
groups, later named after him as Lie groups. These have become a fundamental body of interest in themselves. In this paper,
the authors presented the notion of the picture fuzzy Lie algebra, picture fuzzy Lie sub-algebra, ideal, and homomorphism.
Derived and lower central series of picture fuzzy Lie ideals are constructed to define and analyse solvable and nilpotent

picture fuzzy Lie ideals.

Keywords Picture fuzzy set - Lie algebra - Picture fuzzy Lie algebra - Nilpotent and solvable picture fuzzy Lie algebra

1 Introduction

The concept of Lie algebra was first studied by Sophus Lie
[1] in the 1870 s as continuous transformation groups (now
termed as Lie groups). This later lead to the study of Lie
algebras. Over the years, many researchers have worked
on Lie algebra and established several structural concepts
aligned with groups, rings, and other algebraic structures.
Lie groups, Lie algebras and Lie similarities are essential
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factors for advancement in theoretical and experimental
physics.

The probability theory was once believed to be an ideal
tool for handling imprecise and vague data especially in
quantum mechanics [2]. The relative frequencies of obtain-
ing various results in certain experiments on quantum sys-
tems are interpreted as probabilities and fail to fulfill the
numerical constraints levied by the classical probability
theory. These situations are usually connected with the vio-
lation of Bell’s inequalities [3] and strongly indicate the
necessity of modifying the probability calculus used in quan-
tum mechanics. The fuzzy set theory offers not only an influ-
ential, significant and powerful role in the depiction of
imprecision and uncertainties, but also caters the subjectiv-
ity and vagueness of natural languages. To handle with
uncertainty and imprecision, the notion of fuzzy sets was
formerly proposed by Zadeh [4] in 1965. The concept can
be made understood by a simple example. Let C be the set
of countries affected by the COVID pandemic and x be a
country in C with a total population p(x). If g(x) is the num-
ber of people tested positive for COVID-19 recorded by the
government’s authorized database, then A is the fuzzy set of
C with COVID positive, having membership grade
) = 1%' The fraction of the population not tested posi-

tive is then 1 — ¢, (X), but many people may get a false nega-
tive or false positive report. This may change the truth/posi-
tive degrees ¢, (x), and falsity/negative degrees 1 - {, (x), and
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ultimately the probabilistic concept of occurrence and non-
occurrence of an event does not support this situation. Keep-
ing these anomalies under consideration, Attanasov [5] laid
the notion of the intuitionistic fuzzy set -a generalization of
fuzzy set- in 1983. Thus according to the intuitionistic fuzzy
set, if £(x) (termed as a non-membership grade) is the frac-
tion of the population tested negative for COVID, then
0 < ¢,(x)+ &4(x) < 1. Itis widely observed that several peo-
ple, affected by the corona virus either showed no symptoms
or refused to get tested due to illiteracy, rumors or other
social factors. This leads toward the grade of neutral mem-
bership #,(x). Thus four kinds of grades can be assigned to
the population, namely “positive membership” (people who
are tested positive), “neutral membership” (people who
refused to get tested), “negative membership” (people who
are tested negative) and “refusal of membership” (people
who were unable to approach test centers) defined as 1 -
(CA(x) + nA(x) + £A(x)). This concept is formally defined by
Cuong [6], who established the theory of picture fuzzy sets
and extended the fundamental set operations to these sets.
As it is known that the algebraic structures are essential in
many fields of mathematics and other sciences, this vitality
was a motivation to study these structures in a fuzzy environ-
ment. This milestone was initially achieved by Rosenfeld [7]
in 1971, who characterized the concept of fuzzy subgroups.
Later in 1996, Yehia [8] extended the branch of Lie algebra
to fuzzy Lie algebra. He developed the concept of fuzzy Lie
ideals and studied their properties. Some of their properties
were also studied by Akram [9-13], where he defined the
level sets and characterized the fuzzy Lie ideals of Artinian
and Noetherian Lie Algebras. He also defined the interval-
valued (e, g, € V g)-fuzzy Lie algebras [14], where €, g, and
€ V g symbols belong to quasi-coincident and or quasi-coin-
cident with a fuzzy set, respectively. After defining the fuzzy
Lie sub-algebras in 1996, Yehia [15], in 2001, illustrated the
Killing form in a fuzzy context and proposed the fuzzifica-
tion of the adjoint representation of Lie algebras. He then
established a relation between this representation and nilpo-
tent fuzzy Lie ideals. Eghdami et al. [16] studied fuzzy
roughness in Lie algebras and put forward the concept of
reference points. Zadeh and Ameri [17], developed the
notion of characterizing fuzzy subgroups as fuzzy Lie rings.
The existence and uniqueness of nilpotent radicals were
proved by Ferriera and Marietto [18]. Besides, Chen [19]
investigated some essential properties of the intuitionistic
fuzzy quotient Lie super algebra. Antony [20] by consider-
inga, f € {€,q, € vq}discovered the (a, f#)-fuzzy Lie alge-
bra over an (a, f)-fuzzy field and peculiarized the (e, € V q)
-fuzzy Lie algebra over an (e, € V g)-fuzzy field. These are
the pieces of work done over fuzzy sets where a membership
function takes the value from [0, 1]. Here we must not miss
the remarkable work done by Shaqaqah [21], who took the
fuzzy Lie algebras to a higher level. He studied the Lie
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algebras in the complex fuzzy environment, where a mem-
bership function takes values in the unit circle in the com-
plex plane.

Applications of Lie algebra are extensively found in phys-
ics and robotics. The outcomes of these applications have
proven to be of great importance to humankind. Consider-
ing the utmost importance, many scientists have worked on
the applications of Lie algebra. An example is the angular
momentum operator in quantum mechanics, which is among
the several related operators analogical to the classical
angular momentum. The angular momentum operator is an
essential tool in the theory of atomic and molecular physics
and becomes inevitable in many other quantum problems
based on rotational symmetry. In both classical and quan-
tum mechanical systems, angular momentum is one of the
three fundamental properties of motion. There are several
angular momentum operators: orbital angular momentum
L = r X p where r is the quantum position operator and p is
the quantum momentum operator, spin angular momentum
§=(S,.5,,S,) indicating spinning of a particle around an
axis and total angular momentum J = L + S. However, the
term of the angular momentum operator can refer to either
the total or the orbital angular momentum. The components
of the orbital angular momentum satisfy the following
relations:

(L, L,)=1hL,, [L,,L]=1hL,, [L,L,]=1hL,

where 1 = v/—1 and [, | denotes the Lie bracket with the
following calculation:

[X,Y] = XY — YX.

This implies that L has the mathematical structure of a Lie
algebra.

Other scientists have worked on tensor products, rigid
body controllers, mobility of parallel platforms, 3-D laser
scanners, control algorithms of a non-holonomic manipu-
lator, and jointly apportioned poses [22-27]. Real-world
problems are not ideal. Rather than being black and white,
persistently have gray areas. In other words, practical cir-
cumstances are always uncertain and not precise. Previ-
ously, Lie algebra was studied in the fuzzy and intuitionist
fuzzy environments and can handle only truth and falsity
without considering the hesitancy error occurring in terms
of uncertainty or indeterminacy. The importance of Lie
algebra in experimental physics and quantum mechanics,
and the uncertain and imprecise outcomes of experiments
where the probability theory, fuzzy set, and intuitionis-
tic fuzzy set failed to satisfy the fundamental laws of the
said fields, are evident enough for further modification in
the set/logic under consideration. Clearly, the structures
of fuzzy Lie algebra and intuitionistic fuzzy Lie algebra
may not completely address the anomalies and ambiguities
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occurring in real-life scenarios, keeping in mind the impre-
cision of fuzzy and intuitionistic fuzzy sets. As mentioned
earlier, the picture fuzzy set is a generalization of both the
fuzzy and intuitionistic fuzzy sets and is highly efficient in
dealing with the ambiguities in a large scale of data. The
efficacy of picture fuzzy sets motivated the author to work
on the notion of picture fuzzy Lie algebra which has been
presented in this article. This provides another framework
to the scientists to analyze the expectations and outcomes
of their scientific discoveries. Following the notion of fuzzy
Lie algebra, structural properties like sub-algebra, ideal, and
homomorphism of Lie algebra are discussed under picture
fuzzy environment, glorified with algebraic results and jus-
tified by providing examples. This is processed by using
the definitions of Lie algebra, ideal, and homomorphism,
reviewed in Sect. 2. The series of Lie algebras are then used
to construct the series of picture fuzzy Lie ideals, which are
in turn, used to study the nilpotent and solvable Lie algebra
in the picture fuzzy environment.

2 Basic Concepts

In this section, we will briefly study the concepts that will
be used in this research.

Definition 1 [1] A Lie algebra L is a vector space over the
field F together with a bi-linear map -[,-] : LXL — L-
known as the Lie bracket satisfying alternativity, the Jac-
obi identity, and anti-commutativity i.e. Vu, v, w, x|,
Xy, Y1, Y, €Landc, d €F:

[u,u] =0;
[u, v, W]l + [v, [w, ul] + [w, [, v]] = O;
[u,v] = —[v,u], and

for bi-linearity [cx; + dx,,v] = c[x,v] +d[x,,v] and
[u, cy, +dy,] = clu,y,1+dlu,y,].

Definition 2 [1] Let L, and L, be two Lie algebras over the
same field F. A map
0:L —L,

is called Lie homomorphism if the following two conditions
are satisfied:

1. O(ax + by) = aB(x) + bO(y) i.e. 0 is a linear transforma-
tion;
2. 0([x, 1) = [0(x), 0], i.e. @ preserves the Lie bracket.

The intuitionistic fuzzy set [5] is a generalization of the
fuzzy set. While the fuzzy set is described only in terms of
the membership function, the intuitionistic fuzzy set gives
information about the degree of membership {,(u) as well as
the degree of non-membership &, (1) of a parameter simulta-
neously. Both the functions (membership and non-member-
ship) assign to each element in the universe of discourse a
value within the closed interval [0, 1] and have an additional
limitation:

0< 8w +&,m <1,
where{, : X — [0,1]and &, : X — [0, 1]and
A={(u ), Ewm) @ ue X}

The picture fuzzy set was introduced by Coung [6] and is a
direct extension of the fuzzy set and intuitionistic fuzzy set.
It integrates the degrees of membership and non-member-
ship (as the degrees of positive and negative memberships
of a parameter), and introduces the degree of the neutral
membership. It is defined as follows.

Definition 3 [6] Let A be a picture fuzzy set on a universal
set L, and §,(u), n,(u) and &,(u) € [0, 1] be the degree of
positive, neutral and negative membership of u € L respec-
tively. Then

A = {(u, &y (), ny(u), E4(w)) : u €L},
and

VueL 028w +nu)+Ew 1.

(1 = (&) +n4(u) + £4(v))) can now be called the degree

of refusal of u in L.

Cuong [6] also extended the basic set operations to picture
fuzzy sets. For two picture fuzzy sets, A and B, on a Lie alge-
bra L, CuongdefinedA C B, A=B, AnB, AUB,and co(A)

Before putting forward our main results, it may be useful
to give a brief background of the fuzzy Lie algebra.

Definition 4 [8] Let A be the fuzzy set of L(a Lie algebra).
We say that A is a fuzzy Lie sub-algebra if

Lo Cu(uy +vy) > min{{,(u), (v}
2. {y(cu) > ¢,(u), and
3. CA([M1,V1]) > min{CA(ul), CA(V1)},

for every u,u;,v, € Land every c € F.
If the third condition is replaced by

Calluy,vi]) 2 max{,(up), 4 (v},
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then A is known as the fuzzy Lie ideal.

Definition 5 [8] Let JX and J% be the collections of
all the fuzzy Lie algebras of L, and L, respectively. Let
® : Ly — L, be a Lie homomorphism and A be a fuzzy
Lie algebra of L. Then w(A) is a fuzzy Lie algebra of L, with
membership function defined as:

@(£)(r) = sup{¢(s) = s € w (M)

The extension of @ from J*1 — J% is a homomorphism of
the fuzzy sets over Lie algebras.

Definition 6 [8] Consider a fuzzy Lie ideal S of
L (Lie algebra). The derived series of S with the kth derived
fuzzy Lie ideal S* is

28" >..28k2 ...
where

SO=s, S'=[5°5, .., St=[sF! s

In the derived series, if ¥ = 0, then we say that S is solvable.

Definition 7 [10] For a fuzzy Lie ideal N of L (a Lie algebra)
given below is the descending central series of N

Ny2N, 22N, D...
where

Ny=N, N;=I[NyNol, ..., N, =I[N,_;,N,_1

N is known as nilpotent if, in the descending central series,
N, =0_, where 0_ is the fuzzy Lie ideal with {,(«) = O for
allue L.

3 Main Results

Before defining the picture fuzzy Lie sub-algebra, the level
sets and the operations of picture fuzzy sets shall first be
defined.

Definition 8 Let ¢, ¢, 7 € [0, 1]. Then the collections
UGpe)={xeL: {y(x)2e}and Ulmy,g)={x €L nyx) =g}

are the upper-level sets of {, and #, respectively, and the
collection

L&) ={xeL: &) <1

is the lower level set of &,.

@ Springer

Definition 9 Consider a picture fuzzy Set A = ({4, 4, &4) on
Lande, ¢, 7 €[0,1],withe+¢c+7<1

1. An(g,¢, 7)-level subset of A is defined as

ACD =lue L @ e <), B <nyu), & < 7).

Whereas, an (¢, ¢, 7)-level subset of A is the set of all
(e,¢. 1) €LL) X (L) xEy(L)sothate + ¢+ 7 < L
2. A strong (¢, ¢, 7)-level subset of A is given as

Aeen=ueLl: e <), ¢ <nyw), §(u) <t}
It must be noted that

A ={ueL: ¢ >e nw>¢, &) <7}
= U(Z:Av 5) N U(”A7 g) n L(éA? T)'

Definition 10 Consider two picture fuzzy Sets
P = (Cp. p: &) and Q = (£, Mg Eg) of L (Lie algebra). Then

[PO] = {(u, [£pLo) W), [mpnol(w), [Epéplw)) = u € L}

is the picture fuzzy formed by their product with degrees
defined as:

_ J sup{min{&p(v), {o(W)}}, if u=vw;
(ErColtt = { PO, ¢ if u#ww.
_ J sup{min{np(v),ny(w)}}, if u=vw;
el = { PO, ’ if u#vw.
_ J inf{max{&,(v),EpW)}}, ifu=vw;
[epoolt) = { 0, if u # v,

The picture fuzzy set
(POY) = {{u, ({&pSo) Y, ({nprg) Y ), ({&pép) )yw)) : u €L}
generated by P and Q is formalized as follows:

n

_ J sup{mingy{min{Cp(v), Low ), ifu= 3, viw;s
((¢rto) )W) = { 0, ifusY, vw.

_ sup{min[eN{min{n,)(V,-), "IQ(W,')} } }’ ifu= z;’:l ViWis
((npto) ) w) = { 0, ifus X, viw;

_J inf{max;ey {max{&p(v)),Ep(w)}}}, ifu= 2?:1 ViWis
<<¢P¢Q>><u>-{ N g S v,

Definition 11 The Lie product of P = ({p,%p,Ep) and
Q = (€Q7 rlQ? 5Q))9 i-e~’

[P, Q1 = (Cip.o1 Mip.01 Eip.0)

can now be defined as follows:
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C[P Q](“) — { sup{min;gy {min{¢p(v,), gQ(Wi)} 1h ifu= Z?:l v, w1,

0, ifu# 2:;1 [vi, wi].

W = sup{min;ey {min{np(v)), npw) 1}, ifu =37 [v;, w,];
Mr.o\) = 0, ifus Y viwl
c ) = inf{max;y {max{&p(v;), fQ(W,')} 1 ifu= 22;1 i wils
p.ol ) = 0, ifu# Y v, wl.

We can now define and discuss the picture fuzzy Lie
sub-algebra and ideal, which are of main interest.

Definition 12 If a picture fuzzy set A = ({,,14,&,) on L (a
Lie algebra) satisfies the following given axioms:

Lo G40 +xp) 2 min{ &, (x), §4 () }; 14 (%) + x3)
= min{ny (x;), na(x2) 1384 Oy +x2) < max{&,(x1), E4(x2)},
2. Gulexy) = E40x); malexy) = ma(xp); Salexy) < Eu(xy),
3. Gulxi. ;o)) 2 min{ 8 (), Ga(6)}: ma(lxy, x0]) > min{n, (x),
1a000) }:E4 (x5 %5]) < max{&,(x)), & (xy) ).

For every x;,x, € L, then it is termed as picture fuzzy Lie
sub-algebra.
Example 1 Let F=R and L=R3={(#,,%,,¢;) :
1,0, 04 €ER},

where, [-,+] : R3 X R3 — R3 is defined as the cross
product on R3, i.e., [, v] = u X v. We define a picture fuzzy

set A = (§4,1M4.84) as

0, iff,=0,=0,=0;
08, if £, #0,0, =¢;=0;
1, otherwise .

CA(flvfz’ f3) =

_J Ol iff, =¢,=¢63=0;
’1A(51f2f3)_{ 0, otherwise .

1, iff,=¢0,=05,=0;
05, if £, #0,0, =65, =0;
0, otherwise .

éA(fl’fZa f3) =

Clearly, A = ({4, 14, &4) is a picture fuzzy Lie sub-algebra.

Proposition 1 For any two picture fuzzy Lie sub-algebras P
and Q, ({(PQ)) is a picture fuzzy Lie sub-algebra, but [PQ]
may not be a picture fuzzy Lie sub-algebra.

By replacing the third axiom of the picture fuzzy Lie
sub-algebra as given below, the picture fuzzy Lie ideal
can be defined.

Definition 13 Let K = (g, ng, &x) be the picture fuzzy set
of L. If K satisfies the following axioms:

1. {x(Ge +y1) 2 min{Ce(x)), S ()}, ng(x; +y;) = min
{nCe)s g}, ExCey +y1) < max{&x(x)), Ex(v))}

2. Cglax)) = Ex(xy), nglaxy) = ng(xy), Eglax;) < Exlxy)

3. ICe(x, ¥ D = Ce e g (e, yi D = (), E ([, v D
< Ex(x)), then K is a left ideal. If {([x,, ¥, 1) = {x (),
Nx(x, D) 2 ng(y)s E(lxp, y11) < Ex(yy), then K is
a right ideal. If {p([x),y;]) = max{{x(x,),{x(D},

Hx([x, ¥ 1) = max, {ng(x)),ng(yy)}, then K is a two-
sided ideal.

Example 2 Consider the two-dimensional real vector space
R? = {(u,u,) : u;,u, € R}.

Then R? is a Lie algebra corresponding to the Lie bracket
[-, -] provided as the usual cross product. Consider a picture
fuzzy set A = ({4, 14, £4) defined below:

05 ¢, =¢,=0 037,=¢,=0
l),05) = s C1,0)) = s
) {0.3 otherwise . 02) { 0.1 otherwise

£ ) = 037,=¢,=0
ARl 0.5 otherwise

Then the set A is clearly, a picture fuzzy right (left/two-
sided) Lie ideal of the Lie algebra R?.

Remark 1 A picture fuzzy right (left/two-sided) Lie ideal
is a picture fuzzy Lie sub-algebra, but the contrary may or
may not be true.

Lemma1 IfA = ({4, 14, Ey) is a picture fuzzy Lie ideal (sub-
algebra) of a Lie algebra L, the following axioms then hold
true:

Lo 84(0) 2 §4(v)), ma(0) 2 14 (v)), £4(0) < &4 (vy);

2. CA([V1»V2]) = CA(_[Vsz]) = Q’A([Vz,h]),
N4y, voD) = na(=[vy, v D) = 74 ([vo, vy 1,
Ea(visvoD) = Ea(=[vy, vo]) = Eu([va, vy ]

Theorem 2 If all non-empty level subsets U({p, €), U(np, €)
and L(ép, €) of P = (Cp, np, Ep) are ideals in L (Lie algebra),
this implies that P, a picture fuzzy set of L, is a picture fuzzy
Lie ideal of L.

Proof Consider an ¢ € [0, 1] such that U({p,€), U(np, €)
and L({p,e) are the ideals of L. Suppose

Cp(uy + uy) < min{&p(uy), Ep(uy)} V uy, uy € U(Cp, €). Then
choose an £ € [0, 1] such that

Cp(uy + uy) < e <min{p(uy), {p(uy)}.
It implies {p(u; + u,) & U(Ep, €) (a contradiction). Thus

Cpuy + uy) 2 min{Cp(uy), Ep(uy)}.

@ Springer
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Similarly, for Epleuy) = Ep(uy) and
Cp([uy, uy]) > max{¢p(uy), {p(u,)}. The proof for the right
and left ideals is similar. O

Theorem 3 Consider a Lie algebra L and its pic-
ture fuzzy Lie ideal A = ({,,n4,&4). It ensures that
Vee,(L)nn(L)yn& (L) €10,1] level subsets,
Uy, €), Uy, €), and L(&y, €) are the ideals in L, where
Ca(L), ny(L), and &, (L) are the respective collections of the
values of §,, n, and &,.

Proof The proof proceeds with proving that
uy +uy, cuy, [u,u]l € Uy, €), Uy, €) and
L(,,€), Y u,,u, € X and ¢ € F. Consider a picture fuzzy
Lie ideal A of L, and u;, u, € U({y, €), i.e., {,(u4;) > € and
$4(u,) > €. We have the following two cases.

Case 1 (§4(u;) < &4 (uy)):

Caluy + uy) 2 min{g, (uy), 4 (uy)} = G4uy) 2 €.
Similarly,
Calcuy) 2 € and Gy ([uy, uy]) 2 €.

Similarly, for Case 2(£,(u,) < {4(u;)), we have the same
result. Thus u; + u,, cuyand[u;,u,] € U({,, €) and U({,, €)
isanideal in L. U(#n,, €) and L(&4, €) can be proved as picture
fuzzy Lie ideals in a similar manner. This result is also valid
for right and left ideals. O

As a consequence of Theorems 2 and 3, we derive the
following result.

Corollary 1 A picture fuzzy set P = ({p,np,&p) of L (a
Lie algebra) is a picture fuzzy right (left/two-sided) Lie
ideal (sub-algebra) iff ¥V (g,¢,7) € {p(L) X np(L) X Ep(L),
P = U(Lp, €) N Up, ) N L(Ep, 7) is a Lie ideal (sub-
algebra) of L, wheree + ¢+ 7 < 1.

Proposition 4 Consider a Lie algebra L and a collection of
its picture fuzzy right (left/two-sided) Lie ideals {K; : i € I},
then:

ﬂKl- = (/\gKl,, /\nKis V[((.)

is also a picture fuzzy right(left/two-sided) Lie ideal of L,
where

/\CK,.(X) = inf{CKi(x) cielbxel}
/\11Ki(x) = inf{nKi(x) cielxel}
v.f,(i(x) = sup{inl_(x) ciel,xel}.

Remark 2

@ Springer

1. The union of two picture fuzzy Lie ideals may or may
not be a picture fuzzy Lie ideal.

2. The sum of two picture fuzzy Lie ideals is a picture
fuzzy Lie ideal, too.

Proposition 5 Consider a picture fuzzy Lie ideal (sub-alge-
bra) J, of L (Lie algebra)V k=1,2,...,i,i+1,..., so that
Jy forms the chain below

o CJ;C iy C oo
Then,
Jis1 /i L/Ji, — [0, 1],

defined as J [J(€ +J;) =Ji1(£), where £ € L and
J(0) =t is also a picture fuzzy Lie ideal (sub-algebra).

3.1 Picture Fuzzy Lie Homomorphism

We are already familiar with the Lie homomorphism. Now
we have its natural extension in picture fuzzy Lie algebra.

Definition 14 Let J- and J%o be the collections of the picture
fuzzy sets of Lie algebras L and L, respectively. A picture
fuzzy Lie homomorphism @ : J- — Jhois defined as:

: -1 .

o)) = { Wit 640}, F070) £
3 -1 .

a)(r]A)(v) = { Supuem—‘gz{nA(u)}’ ii 2_183 5: za
: e -1 .

R A

VA = (Q’A, Nas fA) eJlandv e LO'

Definition 15 Consider a homomorphism 8 between two Lie
algebras L and L. Let A and B be the picture fuzzy sets in
L and L, respectively. Then it is said that under J, B has the
pre-image, which is a picture fuzzy set formalized as

971(B) = (971 (&), 97 (), 97" (£p)) = B(Y).

Theorem 6 Considering a monomorphism 8 : L — L, of
a Lie algebras, then:

1. A picture fuzzy Lie sub-algebra (right/left/two-sided Lie
ideal) always has a picture fuzzy Lie sub-algebra (right/
left/two-sided Lie ideal) as its image.

2. The pre-image of a picture fuzzy right (left/two-sided)
Lie ideal (picture fuzzy Lie sub-algebra) is also a picture
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fuzzy right (left/two-sided) Lie ideal (picture fuzzy Lie
sub-algebra).

Proof

1. Consider # and v in L;,. Then
{c:ce 19_1(14 +v)} 2{c,+cc € 97 (w) and c, € 19_1(\/)}.
Now,

(&) +v) = sup{y(e) 1 ¢ € 97 u+v))

> sup{&y(c; +¢y) 1 c; €97 (w) and ¢, € 97 (v)}

> sup{min{&,(c)), {a(c2)} 1 ¢; € 97 (w) and ¢, € 971 (v)}

= min{sup{¢,(c;) : ¢; € 97" W)}, sup{&y(cy) ¢ € 97 (W)}
= min{9(£,)w), (M)}

Similarly by considering
{c:c € 97 ([u,v])} 2 {[e1. cpl: ¢ € 97V (w) and ¢, € 971 (v)),

we can prove that (¢, )([u, v1) > min{(£,)(w), 9(Z,)(1)}
and again 9({, )(au) > 9({,)(u). The same can be proved
for 5, and &,, and thus 9(A) becomes a picture fuzzy Lie
sub-algebra of L,,.

2. Let Q= ({p,np.&p) be a picture fuzzy right (left/
two-sided) ideal of L,. Then its pre-image is
971(Q) = (97 (£p) 97 (1), 97" (&) . Let uju, €L
and ¢ € F, then the proof follows from Definitions 13
and 15.

O
Definition 16 For a picture fuzzy Lie ideal(sub-algebra)
A = (¢4, ny,E)in L, x € L and A determines a picture fuzzy
coset A” with degrees defined as follows:

CA*(C) = é’A(C —u),
Sar(0) =&4(c —w),

Na:(c) = nu(c — u),
VcelL.

Moreover, the set L/A of all the picture fuzzy cosets of A in
L is a Lie algebra under the following operations

AZI +A:2 =A21+uz Yu, u, €L
dA} = A} VdeF,u €L

iy Uy
[A,’;],A,’;Z] = Arupuz] Yu,, u, € L.

Theorem 7 For a Lie algebra L and its picture fuzzy Lie ideal
A.Themapd : L — L/Adefined by 9(u) = AV u € Lisa
Lie homomorphism with kernel A%*V.

Proof 1t is evident that  is a Lie homomorphism. We ought
to show that Ker(9) = A>*". Let A(r) =A(0) and a € L,
then A(a) C A(0) = A(r), and

Sala) =Lyla+r—r)
> min{¢,(a —r), &, (r)}
= a—-r)
> min{{,(a),4(r)} = {4 (a)
= (@) =ua—r)

We can prove the same for 7, and &,. Thus A(a) = A(a — ),
e, Aj =A% Also Aj = A7 = A(0) = A(r). Hence,

Ker(9) ={uelL : 9u)=A;}
={uel : A =A;)}
={uel : Alw) =A0)}
={uel : {u=0,n =0, =1}

— 400

O

Theorem 8 (First Isomorphism Theorem) Consider an epi-
morphism 9 : L — L, where L and L are Lie algebras.
Let Q = ({p. ng» &) be a picture fuzzy Lie ideal(sub-algebra)
in Ly. Then L/97'(Q) = L,/ 0.

Proof Defines : L/97'(Q) — L,/Q as

CR(RONERMCION
o9 (np(»)) = nu(d(v)),
o9 (&) = EO), VveL Qeln.

Then o is an isomorphism. O

Theorem 9 (Second Isomorphism Theorem) Let L be a Lie

algebra and P = (Cp, By, &p) and Q = (Lo, ngs Ey) be its pic-
ture fuzzy Lie ideals (sub-algebras), with P(0) = Q(0). Then

(Lp+Le)/Q = Lp/(PN Q).

Proof Clearly, Lp+L, and Lp/(PNQ) are pic-
ture fuzzy Lie ideals (sub-algebras) in L. For any
x €(Lp+Ly), x=y+z, where y €L, and z € L,.
Let P and Q have a congruence relation ~ on L, defined
as y~u< P(y—u)=P0) (for P) and Q(y —u) = Q(0)
(for Q). Define o :Lp+Ly/Q— Lp/PNQ as
c(Q(x)) = c(Q(y + 2)) = (PN Q)(¥). Then o fulfills all the
requirements for an isomorphism. O

Theorem 10 (Third Isomorphism Theorem) Let

P = (Cp.np, &p) and Q = ({p. 1y, Ep) be two picture fuzzy
sets of a Lie algebra L with P C Q and P(0) = Q(0). Then,

L/P/Ly/P=LJP.
Proof Clearly, L/P/L,/P is a picture fuzzy Lie ideal(sub-
algebra) over L. Define

@ Springer
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o L/P[Ly/P—> L/Q as o(P(x)+ Ly/P) = Q(x), Vx € L.

Then the proof is straightforward. O

4 Nilpotency and Solvability of Picture
Fuzzy Lie Ideals

So far, we have studied the nilpotent and solvable Lie alge-
bras. Using the derived series of a picture fuzzy Lie ideal S
in a Lie algebra:

SO >sM . o5® o

we define its solvable Lie algebra from the lower central
series as follows:

N°DON'DN?’D--DND ...,

The nilpotent Lie algebra is constructed. In the Lie algebra,
solvable and nilpotent Lie algebras are of great importance
as they appear abundantly. For example, the collection of
strictly upper triangular matrices over the field [ is nilpotent,
and that of the upper triangular matrices is solvable. Let us
now define nilpotent and solvable Lie algebras over a picture
fuzzy set.

Definition 17 For a picture fuzzy Lie ideal S in L (Lie alge-
bra), its derived series is written as
S(O) D S(l) DD S(k) D...,

and we say that S® is the kth derived picture fuzzy Lie ideal
of the Lie algebra, where

S(O) =S, S(l) — [S(O),S(O)], ,S(k) — [S(k_]),S(k_l)],

If3AN € Z* such that S® = 0_, then S is termed as a solv-
able picture fuzzy Lie ideal of L. Similarly, in the lower
central series of S i.e.

9088?2280

)

when S® = 0_ = (0,0, 1) for some X € Z*, then S is known
as nilpotent picture fuzzy Lie ideal. Here

=8, S'=1S,5,...,5 =[S, 8.

Theorem 11 Let S be a solvable/nilpotent picture fuzzy Lie
ideal of a Lie algebra L. Then

1. Each picture fuzzy set R C S is also a solvablelnilpotent
picture fuzzy Lie ideal of a Lie algebra;

@ Springer

2. Let R be a picture fuzzy subset of S, then SIR is also solv-
ablelnilpotent.

Proof

1. It is known that,
RY =[R,R1C[S,S]=SV.

Similarly, R® € S® for any k. Therefore, we may
induce that

ROV cs®=0_.

2. We define S/R as S/Ru+R,)=Su)VueL and
t = R(0) through the map S/R : L/R, — [0, 1]. Then
the proof follows the definition of S¢V = [§, S].

O
Proposition 12 Consider a picture fuzzy subset R of a pic-
ture fuzzy Lie ideal S in a Lie algebra L. If SIR is a solvable
picture fuzzy Lie ideal of L, then it turns out that S is solv-
able as well.

Theorem 13 In the homomorphisms, a solvable picture fuzzy
Lie ideal only has a solvable picture fuzzy Lie ideal as its
image.

Proof We know that 9(S®) C (9(S))®. Let there be a Lie
homomorphism J from L to L, and S be the picture fuzzy
Lie ideal in L. Through the induction on

SO D [P,  kez*

our result can be very easily proved. Starting from k = 1,
(LS, SD 2 [(S), I(S)].

Let v € L. Then

I([Cs, EsDv) = sup{[ Ly, Gol(w) + I(u) = v}.

Now following the definition of the picture fuzzy Lie prod-
uct, we can prove that

I([Es, EsD 2 [9(L), I(EHIV).

The same can be proved for g and &¢. Thus
(S, S 2 [9(S), I(S)].

Now for k > 1, we get

9Dy = 918", 8470 2 [98), (4]
2 [BEN . @SN "1 = @sH®©
> 9D 2 BSH®,
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but 8(S(k)) - (S(S))("). Thus
(S®) = IS)HY.

Since, S® = 0_, we may get 9(S®) = 9(0_) = (9(S)X.
O

Following a similar argument we get the result for a nil-
potent picture fuzzy Lie algebra stated as follows:

Theorem 14 Let 9 be a homomorphism. Then a nilpotent
picture fuzzy Lie ideal only has a nilpotent picture fuzzy Lie
ideal as its image.

ay,ay,as, by, by, by, cq, 0y, 05

5 Conclusion

As discussed earlier, the picture fuzzy set is a generalization
of fuzzy and intuitionistic fuzzy sets. The notion of picture
fuzzy Lie algebra presented in this paper may provide a
scheme and open new doors for scientific discoveries and
their outcomes. The utmost importance of Lie algebra was a
motivation to study Lie sub-algebra and ideal under picture
fuzzy environment, which has been successfully defined.
Picture fuzzy Lie homomorphism is then laid out using the
definitions of Lie homomorphism. By the same token, the
sheer value of nilpotent and solvable Lie algebras was ana-
lyzed, and thus discussed over picture fuzzy sets.

It is a matter of great interest and a task to apply this
logical framework to the problems in quantum mechanics
and physics. Further, the discussion can be concluded by
the fact that the Lie algebra has wide application in physics,
continuum mechanics, and cosmology, so any advancement
in the field of the picture fuzzy Lie algebra will ultimately
benefit in these areas.
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