UC Riverside

UC Riverside Previously Published Works

Title

Statistical analysis of an eigendecomposition based method for 2-D frequency

estimation

Permalink

https://escholarship.org/uc/item/59z2p6pH

Journal
Automatica, 30(1)

ISSN
0005-1098

Authors

Yang, Hua
Hua, Yingbo

Publication Date
1994

DOI
10.1016/0005-1098(94)90235-6

Peer reviewed

eScholarship.org

Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/59z2p6ph
https://escholarship.org
http://www.cdlib.org/

Automatica, Vol. 30, No. 1, pp. 157-168, 1994
Printed in Great Britain.

0S5 1098/94 $6.00 + 0.00
© 1993 Pergamon Press Lid

Statistical Analysis of An Eigendecomposition
Based Method for 2-D Frequency Estimation™*t

HUA YANGit and YINGBO HUA{

The large-sample covariances of 2-D frequency estimates using the matrix
enhancement and matrix pencil method have been derived and analyzed.
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Abstract—An eigendecomposition based method for two-
dimensional frequency estimation is analyzed in this paper.
This method, to be referred to as matrix pencil (MP)
method, computes a smoothed data covariance matrix, then
its eigendecomposition, and then the two-dimensional
frequencies via a MP approach. The MP method is now
known to be more cfficient in computation than many other
methods and able to provide a near optimum performance
for relatively large signal-to-noise ratio (SNR). The aim of
this paper is to provide a further analysis of the MP method
assuming a moderate SNR. To make the problem tractable,
a large two-dimensional data set is considered. In this paper,
a number of fundamental relations inherent in the MP
method are revealed which lead to a general expression of
the large-sample covariances of the estimated two-
dimensional frequencies. The large-sample covariances are
reduced to a very simple form for the single two-dimensional
frequency casc. The theoretical covariances are verified by
the simulation results.

1. INTRODUCTION

THE STATISTICAL ANALYSIs of multi-dimensional
(M-D) frequency estimation techniques is an
open research field. In the past two decades, a
large number of algorithms have been developed
for frequency estimation (or the related prob-
lem: array processing), and an increasing
attention has been received for statistically
analyzing these algorithms (see Stoica and
Soderstrom (1991) and a list of references
thereof). However, relatively little analytical
work has been reported for M-D frequency
estimation methods. This is partially due to the
fact that most one-dimensional methods can be
effectively used for the M-D problem and an
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understanding of the one-dimensional methods
can provide many insights we need to know. The
second reason for a lack of analytical work for
the M-D problem is the level of complexity
involved in the M-D analysis which certainly has
discouraged many researchers. On the other
hand, however, the M-D analysis is very
important in that (1) the M-D analysis can
provide an insight that could not be obtained
through one-dimensional analysis, and (2) the
M-D analysis can allow us to see certain aspects
of the M-D methods more easily than time-
consuming computer simulations. Note that most

M-D frequency estimation methods are
searching-type which can be very expensive in
computation.

In this paper, we present a statistical analysis
of an M-D frequency estimation method which is
to be referred to as the matrix pencil (MP)
method. We will consider the two-dimensional
case instead of the general M-D case. The MP
method recently shown in Hua (1992) is superior
to many existing two-dimensional methods in
computation, and can achieve a near optimum
performance for large SNR. A statistical analysis
of the MP method for large SNR is available in
Hua er al. (1993). This paper focuses on the case
of relatively moderate SNR. To make the
problem tractable, a large data set will be
assumed. This work incorporates the skill shown
in Stoica and Séderstrom (1991). But the novelty
here includes: (a) considering the two-
dimensional case instead of the one-dimensional,
and (b) assuming unknown deterministic phases
instead of the uniform random phases (the latter
was assumed in Stoica and Séderstrém (1991) to
make their problem simpler). As noted in Stoica
and Soderstrdom (1991), the frequency estimation
problem where a single data set is available is
unique from the array problem (e.g. in Ottersten
et al., 1991) where a large number of data sets
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are assumed. In fact, the former problem is
more involved than the latter due to the need (in
the former) to deal with correlated noise. Also
unique for the two-dimensional frequency
estimation is the pairing procedure required by
the MP method. But due to the space limit, our
work on the pairing analysis will be on a
separate paper.

The paper is organized as follows. In Section
2, the data model of the two-dimensional
frequency estimation problem is formulated. In
Section 3, the MP method is summarized.
Section 4 contains the original contributions of
this paper, where a number of fundamental
relations inherent in the MP method are shown
in Sections 4.1-4.4, a general expression for the
covariances of the estimated two-dimensional
frequencies are provided in Section 4.5, an
analysis of this general expression is carried out
in Section 4.6, and then a simulation is
illustrated to verify our theory in Section 4.7. In
particular, a very simple form of the estimation
covariances is given in Section 4.6 which clearly
reveals how the accuracy of the MP method is
affected by the data sizes, SNR, and the window
sizes (explained in Section 3). Our expressions
for the estimation covariances are valid for a
median range of SNR.

2. DATA MODEL

We consider a two-dimensional data set
z(t,t') which consists of a sum of two-
dimensional complex exponentials and noise:

zZ(t, t")y=s(t, t')+e(t, 1),
t=0,1,... M—-1, (1)

t'=0,1,... N—-1,
where

]
s(t, A 2 riexp {j(¢: + wyt + wot’)}.
i=\

Note jAV-1,1 is the number of the two-
dimensional complex exponentials, {r,} are
(positive) amplitudes, {¢;} are phases, and
{(w;, w5)} are the two-dimensional fre-
quencies. All the parameters are assumed to be
deterministic. Except /, they are also unknown.
Let y; 4 ¢“* and z; A ¢/> which are called poles.
{(yi, z)} are assumed to be distinct pairs of
poles.

It should be noted here that in the
one-dimensional analysis shown in Stoica and
Soderstrom (1991), {¢;} are assumed to be
independent uniform random variables which
has simplified that analysis. But it appears to be
a more natural model for {¢;} to be unknown
deterministic.

The two-dimensional noise component e(¢, t')
is complex, white and Gaussian, and satisfies

Efe(t, t')] =0,
Ele(t, t")e (s, s")] = 0%8,,6, -,
Ele(t, t')e(s,s')]=0 (forall¢ t', s and s’),

where the superscript ¢ denotes the complex
conjugation, and 9§, is the Dirac delta function.

While only the case of single two-dimensional
data set will be considered in this paper, a finite
number of independent two-dimensional data
sets could be treated similarly, But it should be
noted that our analysis will assume a large data
set which is opposed to the assumption of a large
number of finite data sets. The latter assumption
was treated by Ottersten er al. (1991).

3. TWO-DIMENSIONAL MATRIX PENCIL METHOD

The MP method was introduced in Hua (1992)
for estimating the two-dimensional frequencies
from the two-dimensional data z(r, '), which
can be summarized as follows just for the
purpose of our analysis.

Step 1. Choose two integers (window sizes) K
and L such that
M—-I+1=K=[+1,
N-I+1z=zL=[+1.

Step 2. Compute the data covariance matrix

-

1
Rcé;ZcZ? withc A(M - K+ 1)(N—-L+1),

where the superscript H denotes the conjugate
transpose and

Z(; Zl ZM—K
z | 4 % Zy—k+
Zk- ZK Zp-

(K X (M — K + 1) Hankel block matrix)

with
z(t, 0), z(t, 1) z(t, N—L)
Z.a z(t, 1), z(t, 2) z(t, N—L+1)
z(e,L-1), z(,, L) --- z(t, N—1)

(L X (N — L + 1) Hankel matrix).

Step 3. Compute the eigendecomposition of R,

. KL
i.e. R.= Y, 155" Estimate I the number of the
i=1
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two-dimensional frequencies from the eigen-
values 4, = 4,=---=4,, by following a detec-
tion algorithm such as the one in Wax and
Kailath (1985). But [/ will be assumed to be
known for our analysis. Then define
U A, ...,§) (matrix of
eigenvectors),
U, A U, with the last L rows deleted,
U, & U, with the first L rows deleted,
PA(e,€ivr,  s@iakatyLr--r€Ls €Lty s
€L +k-nr)' (shuffling matrix), where ¢, is the
ith column of KL X KL identity matrix and
the superscript T denotes  the transpose,
U: & PU, (shuffled version of U,),
U! A U with the last K rows deleted, and
U5 A U with the first K rows deleted.

principal

Step 4. Find {y;} by computing the generalized
eigenvalues (GEs) of U,— AU, (matrix pencil),
and {2;} the GEs of U; — AU, (matrix pencil).

Step 5. Match {y;} with {2} into [ pairs by
minimizing the null spectrum function:

D(p. g, U,) & (a"(p) ® b"(9)) 0, U
X (a(p) ® b(q)),
where U, & (500, . ... 8x0), a(p)2(1, Dy

p* T, b(g)a(l,q,...,9""")", and p and g
are two complex variables associated with y; and
z;, respectively. @ denotes the Kronecker

product.

Step 6. Compute @, 2 Im[logy,] and @, 2
Im [log Z;] which are the MP estimates of w,; and
Wy;.

4. STATISTICAL ANALYSIS OF MATRIX PENCIL
METHOD

4.1. Preparation

In this section, we first rewrite the data model
into a matrix form to facilitate our analysis. A
number of essential covariance matrices are then
introduced.

The data model (1) can be rewritten as

1

zZ(t+u, t' +v)= D x(t, t')ysz!

i=|

+e(t+u, t'+v), (2

where x;(t, t') & r; exp {j(¢; + w;t + wot')}.
We define a sequence of data submatrices
{Z(1, t')} by moving a window of the size K X L

in the /~t' plane. Each submatrix is given by

z(e, t')
zZ(t+1,1")

z(t, '+ 1)

Z(t 1) A zZ(e+ 1, '+ 1)

Z+K—-1,t") z(t+K—1,1'+1)

zZ(6, '+ L—-1)
zt+ 1, '+ L-1)

2+ K~-1,t'+L-1)
In the same way, we define a sequence of noise

submatrices {&(¢, t')} from e(s, 1').
Let V(v, m) be a Vandermond matrix

Uy UV - U
’
vrln 1 U’zn_l . vlln—l
where m is an integer and v =(v,, vy, ..., v,)¥

is a vector.
It can be shown that
decomposed as

Z(t, t') can be

Z(t, ') = V(y, K) diag (xy(t, 1), - . ., xi(t, t)VT

X (z, L)+ e(t, 1), (3)
for t=0,1,... M—K, ¢=0,1,...,N—L,
where  yA(y, ¥, ...,y)"  and z4A
(Zlv 22’ ceey ZI)T‘

The following notations and names will be
used:
parameter matrix:

AL (a(n)®b(z), aly,)

®b(z),...,a(y)®b(z)), (4)
source covariance matrix (spatial varying):
x(t)
Bl A :
x, (1, t")

X(x§(t—n,t'—n’), ..., x5(t—n,t'—n")),

averaged source covariance matrix:
| M=K N=
é - Z 2 n n"
C =0 r=t
data covariance matrix (spatial varying):
R4 A E[Vec(Z(t, t'))VecH(Z(t — n, t' —n"))),
averaged data covariance matrix:

1M—K N-L

'
Rn.n' A- Z Rn.n'v

C (=0 r=0
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averaged sample data covariance matrix:

o A= MZA NEL Vec(Z(t, t'))Vec"
X(Z(t—n,t'—n'")), (5)

noise covariance matrix:
Q. & E{Vec(e(t, ¢t YVecH(e(t —n, t' —n'"))],
(6)

where c=(M—-K+1)(N—L+1) as defined
before and Vec(-) is the stretch operator which
cascades the rows of the matrix under operation
into one column vector. From the above
definitions, the averaged data covariance is the
expectation of the averaged sample data
covariance, i.e. R, ,,, = E[R,,_,,.].

For zero lags (n=0 and n'=0), the three
matrices B(, o, Ry and Rm, will be referred to as
B, R and R. By the definition of Z. and R,
Step 2 of the MP method, it can be verified that
R=R.. So R =E[R]= E[R.]. The structure of
the data covariance R, ,., the noise covariance
Q.. and the source covariance B, , are
essential in our analysis and discussed next.

4.2. Structure of data, source and noise
covariances

The following result gives the structure of
R:".and R, .

Theorem 1.
Rillu = ABZI":’AH + Qn n'e (7)
Il " ABII n All + Q" Il (8)

Proof. See Appendix A.

The noise covariances {Q, .-} are a sequence
of KL X KL matrices with the properties (a)
Q,,,, 0 for |n|2K or |n'|=L and (b)

n, Il = Q-" l!

Define J,, 24— Q,,. Then J,,. is a sparse

1
o2
matrix and its elements are zero or one. The
following lemma shows its exact structure.

Lemma 1. For all [ and I’, we have the equality

.II‘I'=.I}K)®-I;’L), (9)

where {J{*), 1 =0, £1, £2, ...} is a sequence of
K x K matrices. For |/|=K, J{¥=0, and for
—K <I<K, the (u, v)-element of

JK) = { L
0, otherwise.

fv—u=|,

The matrices {J{“'} are defined similarly.

Proof. See Appendix B.

Note each source covariance B, , is not
diagonal for finite data sizes. The asymptotic
structure of B, , is given by the following
Lemma 2 which tells us that the off-diagonal
elements in B, ,. are approximately equal to zero
when the data sizes M and N are large.

We need the notation O(-). Let O(1) denote a
bounded quantity |O(1)| = C,, where the con-
stant C, does not depend on the data sizes M
and N. Also define

1

O(—)——O(l) and 0(

- =—-0().

MN) MN

Using the assumption that {(y:, z:)} are
distinct two-dimensional poles and the fact that

z = '
m=0 1-z

when z#1, it is easy to prove the following
lemma.

Lemma 2. B, , is an I x I matrix. When the
data sizes, M and N, are large,

n_n' 'l n'

B, . =diag (r,ylzl R Y T4,
1
—)+0l< — .
+O<M> 0<N)+O<MN> (10)

4.3. Results easy to get
From (8) in Theorem 1 and (9) in Lemma 1,
we know that forn=0and n' =0

R=ABA" + &Iy, (11)

where I, denotes the KL x KL identity matrix.
The properties of the eigendecomposition of the
data covariance matrix R are known in Stoica
and Soderstrom (1991). But for easy reference in
later analysis, they are reproduced below.

Define U, & (s,,...,s;), consisting of the [
(orthonormal) principal eigenvectors of R;
U,2(S/41,--.,5¢.), consisting of the rest
(orthonormal) eigenvectors of R; A4
diag (A,, ..., A;), consisting of the [ largest
eigenvalues of R; and A A A — o?l,. Note that
given A and B which are of the rank /, the
decomposition (11) implies A, >ao” for k=
1,...,1, and A;,,="--= Ak, = 0. The condi-
tions for A to be of the rank [ are discussed in
Hua (1992) and should be satisfied by Step 1 of
the MP method. The full rankness of B is easily
understood.

Based on the equation U,AU! = ABA" which
follows from (11), we can show that

U, = AC, (12)
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where C is an [ X I nonsingular matrix and given
by C = BAPU,A™', and its inverse is

C™'=U"A. (13)

Also from U,AUY = ABA", we have

Lemma 3. Let X A U,A"'UMA. Then
X = A(A%4)"'B~, (14)

It follows from (10) and (14) that

Xx——a, k=1,...,1,
r

as (15)
M— o and N— .

where x, and a, are the kth column of the matrix
X and the kth column of the matrix A(A"A)™",
respectively.

The following equality will be used to simplify
some expressions in later sections.

Lemma 4. For u € Range(U,), we have
Z J,',-ue""“"*‘”"”” — 0’ k = 1, s, I
<K 1<t
(16)

Proof. Following (12), Range (A) = Range (U,).
Then
ARU, =0 and (a(w ) ® b(w)) u =0. So

0=(a(y:) ® b(z:))(a(ye) @ b(zc)) u
= (a()'k)aH()’k) ® b(z)b"(zi))u

() 3, )

<K <L

=2 D> (JR®JPeilen-iron

<K I'1<L

= > X Juefew-ilox  QED.

<K |I'|<L

4.4. Results hard to get

To calculate the large sample covariance of
the estimated frequencies, we need the following
lemma to compute G(u,, u,) A E[v,v¥], and
G(uy, uy) A E[v,v])], where u, and u, belong to
Range (U,) and v, A (uP($, —s)), ..., ull(s -
S[))T, i= 1, 2.

Lemma S. For large M and N, we have

G(uy, uz)
1 H _ _
=— u AT UTRG  USA™',
MN Zx Ik%L 1 Qi Uz s Rk

(17)

G—(ul ’ uz)

1 A -
M > ATUTQuiusulQ,  UA™.
N ik =L s Qutizity Qi iU,

(18)

Proof. See Appendix C.

The two expressions above are the two-
dimensional version of the one-dimensional
expressions (3.22) and (3.23) in Stoica and
Séderstrom (1991). It is important to note that
(17) and (18) hold for both the random
(uniformly distributed) phase model and the
deterministic phase model. The derivation of
these expressions for the deterministic phase
model is more involved because the data
covariance matrix R, depends on ¢ and ¢’ (i.e.
spatial or time dependent) and the sequence of
the noise submatrices {&(¢, ¢')} are correlated.
The derivation for the two-dimensional random
phase model is much simpler because the data
covariance matrix R%',. is independent of t and
t.

4.5. Large sample covariance of the MP
estimator
Define

A, A A with the last L rows deleted,

A, A A with the first L rows deleted,

A’ A PA(shuffled version of A),

U; A PU,(shuffled version of U,),

At A A’ with the last K rows deleted, and
A3 A A’ with the first K rows deleted

In the same way that 0,, 0,, U} and U; are
defined from U, and U] in Section 3, we define
U,, U,, U{ and Uj; from U, and U,. Also define
irk é (O | I(K—I)L) - ejm“‘(I(K—I)L I 0):
FI: é (O I I(L—I)K) - ejmy((l(L—l)K | 0):
ni! A the kth row of the matrix
X (A:{AI)—IAPE()

and
n:H A the kth row of the matrix
X (AMHAl)'AIFFLP.

Then we have:

Theorem 2. The two-dimensional MP estimators
{(dw, @x), k=1,...,1} of the frequencies
{(w, W), k=1,...,1} have the Ilarge
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sample covariance matrix:

<C°V (@15 @) cov(dy;, CDZk))
cov (@i, D) cov (D, D)
4

o ymmft 0
= 2MNr? ,,,% ,,r?;L Re[( 0 z,-‘n,-’”)
x (Jl./' 0 )(ﬂkaiT 7]/2“7)(-’/.1' 0 )
0 J, na; nal/\ 0
x (}’kai 0 ) _ (,"777:!1 0 )(11,1' 0 )
0 za; 0 zmpiM/\N0 T,
g (aka.-T aka,T)(J,.,- 0 )(yini 0 >]
aal aal/\ 0 T, 0 zin'i/ 1
(19)

Proof. We first derive the following expression:

cov (D4, @) & E[(Dy; — 04) (@1 — @14)]

0,4

BPTVIVEN)
2MNrire i<k vi=c
X Re [ei(w”‘—w")ﬂ}{f/./'nka?-’fwai
—j +w,,), T - H
— e /wur gty ninl'y, a,).
(20)

From the definition of U,, U,, A, and A,, we
have the following relations: U, =A,C, U,=
A,C and A, =AY, where Y, =
diag (y,, ..., y;). Given rank (U;)=1 as guar-
anteed by the Step 1 of the MP method, the GEs
of U,— AU, are also the eigenvalues of the
matrix @ A (UYU,)'UYU,. By the above
relations, U,=A4,C=A,Y,C=U,C"'Y,C, and
so ®=C"'Y,C, i.e. {y;} are eigenvalues of ®,
and y}' & e[ C (the kth row of C) and B, 2 C'e,
(the kth column of C™"), k=1,...,1, are the
right and left eigenvectors of @, respectively.

Note the GEs {y,} of U,—AU, are the
eigenvalues of the matrix & A (UH0,)~'0%0,.
Similarly to the proof of Theorem 2 in Stoica
and Soderstrom (1991), we can get the following
expressions:

@y — wy ~Im (e”""“n/f'(Us = U,)By)
=Im (e 7“"*vBs)

= Im (e™*"Bivy), (21)

cov(@;, &) =4 Re [e/“*"“IBIG(n;, )Pk
— e /W IBTG (i, 1) Bl
(22)
where v, &2 (nP'(§, -5)), ...
1,...,L
Recalling (13) and the definition of x,

following (15), we know that UA™'S.=
U\'A_lc—lek=U\‘A—IU.\’:{Aekzxk) ie. U\'A_Iﬁk=

: 77:H(§/ _51))Tv i=

x.. Applying this relation and Lemma 5, for
large M and N, we have

MNBTG(n;, mi)Bs
=2 2 n'0.mpTATUTR;  UA™'Bs

M<K <L

= ; 17 QxRS 1xi
= IEI 07 Qe Mix i RIx;
= ?‘; 0 Qremxi ABLAVx;
+ /21 101 X Qi (23)

where (8) of Theorem 1 is applied to get the last
equality.
By Lemma 3,

xHABL APy, = ef XHAB}. AP Xe,

=erB™'Bl''B'e,.

Using this and Lemma 2, for large M and N the
first term in (23) is approximately equal to

1 .
= Z > PO yi'zi b

Fi i<k W<t

Ori » —
H — g il @
=0t > D i eme e,

2
Fe <K <L

which is zero by Lemma 4, where §,, is the Dirac
delta function.
By (15), the second term in (23) is approximately
4

equal to % nimakJlra;. So (23)

rirg \h<kK.p’'i<L
leads to

ﬁiTG(Ui» %) B

0.4

zm 2 E U:'Hft./'ﬂka/t‘-’f/'ai- (24)
itk

<K I''<L

Note when o is too small or SNR is too high
such that it is comparable to the data sizes M
and N, the above approximation is inaccurate
since the first term in (23) is not negligible as
compared with the second term in (23). In this
case, the contribution from the off-diagonal
elements in B,; should be included in the
approximation (24). But in this paper we are
only interested in the median range of SNR.

In the same way deriving (24), we can get

ﬁiTG(TIn 1) Br

4

= > 9 ”,‘ J -aQ a,'., 'n(.. 25
MNr;r; ,,]SZ:K |,',z<1_ hek Lk ( )
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Therefore, using (24) and (25) in (22) yields
(20). We can repeat the above procedures and
get the large sample covariance

coV (@y;, W) & E[(@y — W) (@2 — w2))
04
ZMN":‘Z"I% <K W<t
X Re[etw=—wxin My nialil,.a;
—e T/ wureagly ninit, ra)-

(26)
One step used to yield the above expression is
@y — w3y = Im (e 72 M0, — U,)By)
=Im (e7“*v,B;)
= Im (e 7/“*Buv;). (27)
Combining (21) and (27), we can get the large
sample covariances cov (@,;, @) and cov (@,

@,x). These results combined with (20) and (26)
are summarized in (19). O

4.6. Analysis of the estimation covariance

In the case of single two-dimensional sinusoid,
the right-hand side of (19) can be simplified,
through a very tedious calculation, into the
following;:

1 22L% +1)
MNSNRZ3(K — 1)K2L*’
1 22K+ 1)
MNSNR?3(L - 1)L2K*’
2
cov (@, @5;) =0, where SNR, 2 ;‘

cov (@, @)=

cov (@, @7)) =

These expressions have been verified through
numerical computation of (19).

The first and second expressions are consistent
with the expression (6.3) in Stoica and
Soderstréom (1991), when L =1 is chosen in the
first expression and K =1 in the second. The
first expression implies that the first frequency
component is more affected by the window

1
size K(~F> than the other window size

1
L( ~z) The second expression implies a similar

property for the second frequency component.
Note that in the derivation of the estimation
covariances, the window sizes K and L are
assumed to be fixed as the data sizes M and N
are allowed to become larger, i.e. much larger
than K and L. The above expressions imply the
estimation variances of w;; and w,, are always
decreasing as K and L increase (provided K and
L are much smaller than M and N of course).
The third expression tells us that the estimates of

the two components of the single two-
dimensional frequency are uncorrelated. Also
note that all covariances here are independent of
the value of the single two-dimensional
frequency.

In general multiple-frequency case, Theorem 2
clearly shows a simple relationship between the
estimation covariances and the important para-
meters: the data sizes M and N and the

2
signal-to-noise ratios SNR, éi—";, k=1,...,L
For the following discussion we define

var 0 ((bli) é ZMNSNR?E[(CDI, - w[,')Z],
I=1,2, i=1,...,1,

which are normalized estimation covariances,
independent of the data sizes and SNR but
dependent upon the data covariance R, the
number of the two-dimensional frequencies and
the window sizes K and L. The following
numerical example shows how the normalized
covariances are affected by the window sizes K
and L.
Assume that the frequency matrix is

(w,, wm)_ (0.36 0.24 | 0.24
W7

~77\0.24 1 0.24 | 0.36
which specifies three two-dimensional frequency
pairs. Figures 1-2 illustrate var, (®;,), i =1, 2, vs
K and L. The plots for other frequencies are
similar and omitted. As shown in the figures, the
estimation covariances are reduced by two
orders of magnitude by increasing the window
sizes from (3,3) to (7,7). (The corresponding
computations increase is also dramatic (Hua,
1992).) Being consistent with the single fre-
quency case, these figures also suggest that the
variance of a frequency estimate in each
dimension is more affected by the window size in
that dimension than the one in the other.

W2
Wy,

) @8

W23

4.7. Simulation and discussion
For simulation, we assume that there are two
two-dimensional frequency pairs

(w., w'2)=2n—(0'26 0.24)
Wy

W, 0.2410.26
and the amplitudes {r;} are equal to one and the
phases {¢;} are zero. The choice of the
frequency pairs as shown in (28) would lead to
the same conclusion to be drawn. We choose the
data sizes M =N =200 which are large com-
pared to the window sizes K=L=7. The
sample variances of @,, and @,, obtained from
80 independent runs (with Gaussian white noise)
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Fi1G. 1. Normalized variance var, (®,,) vs window sizes.

are shown in Figs 3 and 4 against SNR in dB
(SNR = SNR, =SNR;). Also shown in Figs 3
and 4 are the theoretical results computed from
(19) and the Cramer—Rao Bound (CRB). The
plots for the second two-dimensional frequency
pair are similar to Figs 3 and 4 and omitted.

It can be seen from these figures that the
theory is consistent with the simulation for a
median range of SNR, which is [—12, 10] dB in
this example. The reason why the theory is not
accurate beyond a median range of SNR can be
explained as follows. Our analysis is based on a
first order approximation of the perturbations in
the eigendecomposition of the noisy data
covarance matrix Iée. When SNR is too low, the
first order approximation (namely (35)) breaks
down and hence the result becomes inaccurate.
On the other hand, when SNR is too high so that

varo(&)gl )

it is comparable to the data sizes M and N, then
the first term in (23) is not negligible and so the
approximation (24) is inaccurate. The high SNR
phenomenon is unique for the single data set
problem (although it is not pointed out in Stoica
and Soderstrom (1991)) and is still under
investigation.

The relationship between the estimation vari-
ance and the CRB is also worth mentioning. As
suggested by the figures, the MP method is not
statistically efficient for large data sizes particu-
larly in the median range of SNR while the MP
method was shown in Hua (1992) and Hua er al.
(1993) to be near efficient for moderate data
sizes and high SNR. In fact, we know that the
CRB for the data model considered in this paper

(Hua, 1992) while (19)

1
i ti bt
1s proportional to SNR

FiG. 2. Normalized variance var, (&,,) vs window sizes.
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implies that the variance of the MP method is

SNIRZ' So given the best case
that the MP method approaches the CRB at high
SNR, it must deviate from the CRB in the
median range of SNR.

At this point, one may ask whether other

proportional to

methods can achieve the CRB in the median
range of SNR for large data sizes. Based on the
relationship between the maximum likelihood
(ML) method and the CRB, one expects the ML
should be efficient in the median range of SNR
for large data sizes. But the exact median range
of SNR vs data sizes remains to be found. An
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asymptotical version of the ML method (for
large data sizes) is the periodogram. The analysis
of the periodogram along the lines shown in this
paper needs to be carried out. Another method
that should come into one’s mind in this context
is (two-dimensional) MUSIC. In fact, the
analysis of the MUSIC can be similarly carried
out as for the MP method. Due to the amount of
work involved, the properties of the MUSIC are
separately shown in Yang and Hua (1993).

5. CONCLUSION

We have derived the covariances of the
two-dimensional frequency estimates obtained
by the MP method, assuming large data sizes,
single data set and deterministic phases. The
derivation has been very involved due to the
nature of this problem. The problem with
deterministic phases is more difficult than the
one with random phases used in Stoica and
Soderstrom (1991). A single and large data set is
also more challenging than a large number of
data sets as dealt with in Ottersten et al. (1991).
The hard found general expression of the
estimation covariance has also been analyzed. In
particular, for the case of a single two-
dimensional frequency, the general expression is
reduced to a very simple form which reveals
clearly how the accuracy of the MP method is
affected by the data sizes, SNR and the window
sizes. While the general expression remains to be
studied analytically for multiple two-dimensional
frequencies, it has been numerically compared to
the simulation. The numerical results have
confirmed the accuracy of the theoretical
expression. It is important to stress that the
analysis of two-dimensional frequency estimation
methods is still an open field where simulation
has been widely used in place of analysis. As has
been demonstrated in this paper, analysis can
provide important insights that could not be
found through simulation.

Acknowledgment—The authors would like to thank the
reviewers for their valuable comments.

REFERENCE

Hua, Y. (1992). Estimating two-dimensional frequencies by
matrix enhancement and matrix pencil. /EEE Trans. on
Signal Processing, 40, 2267-2280.

Hua, Y., F. Baqai, Y. Zhu and D. Heilbronn (1993).
Imaging of point scatterers from step-frequency ISAR
data. IEEE Trans. on Aerospace and Electronic Systems,
29, 195-205. ’

Ottersten, B., M. Viberg and T. Kailath (1991). Perfor-
mance analysis of the total least squares ESPRIT
algorithm. [EEE Trans. on Signal Processing, 39,
1122-1135.

Stoica, P. and T. Soderstrém (1991). Statistical analysis of
MUSIC and subspace rotation estimates of sinusoidal
frequencies. /EEE Trans. Signal Processing, 39, 1836-
1847.

Wax, M. and T. Kailath (1985). Detection of signals by
information theoretic criteria. /EEE Trans. on Acoustics,
Speech and Signal Processing, 33, 387-392.

Yang, H. and Y. Hua (1993). Asymptotic properties of 2-D
MUSIC estimator with comparison to MP estimator, to be
submitted.

APPENDIX A

Proof of Theorem 1.
Applying the stretch operator Vec(-) to the both sides of
(3). we get

Vec(Z(1, ")) = (V(y, K)®@ V(z, L))

x Vec(diag (v (s, 1), ..., 2 v, (1, ("))
+ Vec(e(t, t')). (A1)
Let X“(1, ¢') A diag (x,(r. t'). . . . . v, {t, t')) and

PLr A Vee(X (@, ) Vec' (XY —n 1" = n")).

nan =

Since

Vec(X“(1, 1'))

= () 0 - 0 xa,) 0 0 x e e'N".
f
Ist (I +2)th I’th
xx) 0 0 xxy¥ 0 - 0 xx,°
0 0 --- 0 0 0 --- 0 0
pr 0 0 0 0 0o 0
e x,x1° 0 x>x¥ 0 -+ 0 x.x/¢
0 0 0 0 o0 0 0
xxy? 0 0 xxy¥ 0 - 0 xpx/

(A2)
where x; = x;(t, t') and x/ =x/(t —n, t' —n’).
Because Ele(t, t')] =0, from (A.1) we get
R =(V(y. KY®V(z, LYP;',.

X(V(», KY®V(z, L'+ Q, .- (A.3)

Let
E,Adiag( 1 0 --- 0 1 0 -~ 0 1 ).
Ist (/+2)th lzth
A A(V(y. K)®V(z, L)E,.
Since
Vec(diag (x,(t. t'), ..., 2 v, (1 t)))
= E,Vec(diag (x,(¢. £'), ... . (1))
and .Pf,'.’,‘,‘ =E,Py,. =E,P, E, cquation (A.l1) can be
rewritten as
Vec(Z(t, t')) = A, Vec(diag (x (1, 1), ..., v, 1))

+ Vec(elt, t)). (A.4)

It is casy to verify that Range (4,) = Range(A), because
when the matrix (V(y, K) ® V(z, L)) is multiplicd by the E,
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all columns become zero vectors except the Ist column,
(I +2)th column,...,and I’th column. These non-zero
columns form the matrix A. These facts and the expression
(A.4) are particularly useful in simplifying some complicated
expressions in this paper.

From (A.3), we have

R:,’n = A!’le..'ll'A:'l + Qn,n" (AS)

From the expression (A.2) for P.;’,. we know there exists a
real unitary matrix P which is the product of several
permutation matrices such that

. Lo Bl.l' , 0
I'pis P= .1 6
PP = () (A.6)

and (V(y. K)® V(z, L))E,,P= (A |0). Therefore

Rl.l’

n.n'

=(V(y. K)®V(z, L)P;(V(y, K)® V(z, L)
+ Q.
=(V(y. K)® V(z, L)E,PP'P,", . PP'E,
x(V(y, KI®V(z, L)'+ Q, .
1
=(A] O)P"'Pt;,';,.i’(%> +Q
=AB;, A"+ Q, -

nn

This is (7) from which it is straightforward to get (8). O

APPENDIX B

Proof of Lemma 1.

For [/|= K or |I'| = L, the identity (9) is true because both
sides of (9) are zero.

Now we consider the case [/|<K and |I'{<L. For
1=0,1,..., M-K, and ¢r=01,..., N - L, define
AL UYA(e(t, 1), e(tt'+1), ..., e(t,t'+L—1))". Then

Vec"(e(1, ') = (ef (L 1), eX+ 1, 01), ..., X0+ K =1, 1)

The matrix Q, . = E[Vec(e(l, '))Vec" (€0, 0))] is a K x K
block matrix. The (u, v)-block in Q,,. is

e(l +u, I')
Eled+u el o= [ T4l *D

el +ulI'+L—1)
X (e“(v, 0), (v, D, ....e(v, L~1))

_{021}-'". ifv—u=1,
0, elsewhere,

ie. Qp=0aJJ) where the matrix JIOU) is
obtained from J{*? by substituting 1's in J{*? with J{~ and 0’s

with L X L zero matrix. So J )g.l}-“)=.l}"’®]}-"’. Hence
Q=0 ®J", and J,,. =IO QIM. O

APPENDIX C

Proof of Lemma 5.
Similar to the discussion in Appendix A in Stoica and
Soderstrom (1991), we can get the approximation

UYRU,=ADMU, or
UNO, =~ UMRUA™. (c.1

ne

So UMN5, = UNG, - 5,) =~ UNRUA e, = UNRU e, ——
Ai—o

i.e. Ulls =U'Rs,

ot For u,, u,eRange(U,), the

column space of U,, by the above equality,

(A - 02)“Il|(§i —5)= “IIIR'S.
and

(A = oudl§, —s;) = ul'Rs;.
From above, we know
(A& = )&, ~ 0)G,; = E[u}'Rs,(u¥'Rs)"").  (C.2)

where G, is the (i, j)th element of the matrix G(u,, u,). To
simplify notations, we assume that the data set {z(1, 1'), 0=
t=M+K-1,0=t'"=sN+L-1} is available. Then the
sample estimation of R can be taken as

M N
Ra #Vg ,Z. Vec(Z (1, 1"))Vec'(Z (1, t")).

Substituting the right-hand side_of (A.4) into the above
expression and then substituting R into (C.2), we can get the
expression

(A = )&, = )G,

1 M N M N
=——,—,E[ >3 Y wl'Vec(Z@, 1) Vec"
MINTT &

t'=1 p=1 p'=1

X (Z(t, '))s;sH'Vec(Z(p, p))Vec" (Z(p, p'))uz]. (C.3)

The right-hand side of the above expressions can be further
simplified by employing (A.4) and the fact that for ue U,,
Allu =0 (because Range (A4,) = Range (A)).

(A, — o)A, — 0")G,M*N*

=E[ Y ul'Vec(e(r, 1) [Vec (X (1, 1')) A"

Lt'.p.p'

+ Vec'\(e(t, 1Dls;s)'|A, Vec(X“(p, p'))

+ Vec(e(p, p"))IVec'(e(p, P'))u:]

=E[ S [ul'Vec(e(t, ) Vec (X1, 1')AYs s A, Vec

L. pp’ /
X (X“(p. p"))Vec"'(e(p. p')u,
+ul'Vec(e(t, 1'))Vec" (X1, ' ))AYs;sH Vec
x (e(p. p")Vec' (e(p, p'Yua
+ul'Vec(e(t, 1'))Vec'(e(1, t'))s;s)' A, Vec
X (X“(p, p"))Vec" (e(p. p')u,
+ul'Vec(e(t, ")) Vec" (e(1, t'))s;s}Vec

x (e(p, p"))Vec*(e(p. p’))u:]]

= Y E[Term1+ Term2+ Term 3 + Term 4]. (C.9)

ti'p.p’

Term 2 and 3 are zero since for three independent and
zero mean Gaussian random variables X,, X, and X,
E[X]]=0, i=1,2,3, E[X.X}]=E[X:X}]=E[X.X3]=0,
and E[X,X,X,] =0. So the right-hand side of (C.4) is equal
to

> AuY'Qo s pttas) A, Vec(X(p, p'))Vec"
L' p.p’

X (X(r, ')A, + E[Termd]}  (C.5)

in which the expectation of Term 4 (the product of the four
complex Gaussian random variables) can be simplified by
using the formula

Elx,x3x3%,) = E[x,x,)E[x;3x,)
+ Elx x3] E{x,x,] + Efx x,]E[xyx5]
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(see Stoica and Soderstrom 1991). So (C.5) is equal to

S (Ul o ptias] A Vec(X4(p, p)Vec(X(t, 1))ATS,

ni'.p.p’

+ E[ul'Vec(e(t, '))Vec'(&(t, '))s))
x E[s}'Vec(e(p, p"))Vec"(e(p, p)u;)
+ E[u}'Vec(e(t, 1'))s]'Vec(e(p, p'))]
x E[Vec"\(e(1, t'))s;Vec"(e(p, p"))ua)
+ E[u\'Vec(e(t, ")) Vec"' (e(p, p"))us]
x E[Vec"(e(t, 1"))s;s}'Vec(e(p, p"))}
= Y ulQ, sl APEE AL

L' pp’

H
+ E u'IIQl—p.I'—p'uZS/' Qp—:.p'—:'-"i~ (C.6)
ni'.p.p’

The second term in (C.6) dividing by M*N? is

ll Ql —-p.t’ p“"s Qp lp—l

l t'=1 p=l p'=1
=0 N.I < —|kY(N—Ik’ |)“”Qk k“z-“, '0_ k. ~kSi
k]<K |k'|<i
1
=WV|k|§:x |k;l u','Q,‘.k.uzs;'Q_,‘._,‘.s,, (7

for the large data sizes M and N.
Companng (A 5) and (7), we know that 4,P2F, . .Al' =

AB?: ”,,, _p-A". Therefore the first term in (C. 6; is equal to
ul'Q, ., us'ABLE, | _.AYs,.
l=-l =1 p=l p'=1
(C.8)

The method used in deriving (C.7) is not applicable to
simplify the sum (C.8) because the matrix B%:". depends on p
and p’. This is a major difficulty in deriving “the large sample
covariance due to the deterministic phases.

Let C,A{(p.1):|p—t|<K, 1=1=M, 1=sp=M} and
Cra{(pt'):lp'—t'|<L, I=t'=N, Isp' =N} be two
index sets.

Since Q,_, ., =0 for t—p|=K or |i'-p’|= L, the sum
(C.8) only includes those terms with (p,t)eC, and
(p'. t')e C;. C, can be partitioned into three index sets

Ci={(p.):lp-t1<K, 1=t=M, I =p=K},
Co={(p. ):lp-tI<K, 1st=M, K+ 1=p=M-K}, and
C={(p, 0):Ip-t| <K, 1=t=M, M-K+1=p=M}.

The number of points in C, is (2K — 1}(M —2K) which
depends on the data size M. But the number of points in
C,U G, is K(3K — 1) which does not depend on the data size
M. Similarly, we can define C}, C; and C; which are
partitions of C;. The number of points in C; U C; does not
depend on the data size N. So the sum (C.8) is equal to

1 H " n
53 u,Q, - _u,sAB”” _pATS;
M°N (p.;éfz (p'a)eCs mprp potpi
1 1 1
+ — _— —_
() * O(N))
in which the first term is equal to
1 MZ—K p+K—1  N=L  p'+L-]
MZNZp-K-H tmp— K+ p'=l+l t'=ap'—L+1
xul'Q, , ., us]'AB®, . AV,

lMK N-L

W, 2 2 ul'Quurs]'ABPE_ A",

=K+l p'=L+ |k|<K |k'|<L

1 (M-2K)N-2L) H H
= u ‘ULS
MN MN W w1 Qs

1 M-K N-L .
A(-——— BPE -)A 15,
(M—2K>(~—2L),,.§+. ,,-.Eu. kook JAS

! H H H
—_— u UyS; AB_y _ATS,.
MN|k|<K IkEL 1Qk.x 28 k.—k t
Finally, from (C.6) and (C.7) we have
N 1
- )Gy = o)==
) N s
X (AB_j A"+ Q_4 _i)si
-
MN lkl<K Jk’|<L

for large M and N.
Since R_, _,- = RY,., from the above expression we have

u "
) Qg x2S,

1 "
L Qk.k'u'.’s/' R_i._«Sis

1 1 HpH 1
= u UsS; Ry o8; 3
MN 2<K |k|z<l | Qk,k 29 Nk.k (A, — o )(A/ — 0,2)
1 H TA=-1psipe cA~1
=— WO, o use'ATUYRE L UR e,
MN Wk Ik?{_;l‘ 13Xk kM2 &k j

So we have the equality (17). In the same way as above, we
can prove (18). O





