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1. Introduction

In the framework of the relational approach to
database systems [5,7] functional and multivalued
dependencies have supplied the basic tools for a formal
analysis of database semantics and the definition and
design of database schemas [3].

Functional dependies have been part of the rela-
tional model since its inception [6]. Multivalued
dependencies, more recently introduced by Zaniolo
[10] and, independently, by Fagin [8], can be
regarded as a generalization of functional dependen-
cies with which they share many formal properties.
Much of the work in relational database schema
analysis, definition and design is based on these
dependencies and their inference rules (also called
axioms) [3]. Of particular importance is the avail-
ability of a complete system of inference rules (com-
plete axiomatization). A complete axiomatization
for the combined functional and muitivalued depen-
dencies was given in [2].

In this paper we present a rule, called mixed tran-
sitivity, which supplies an alternative and simpler
complete axiomatization for the combined functio-
nal and multivalued dependencies of database rela-
tions.

2. Dependencies in relations

A relational database consists of a set of relations
each defined on a set of attributes. A relation R with
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attribute set U= {A,, ..., A, } is denoted R(U). Un-
derlying each attribute A there is a domain, denoted
DOM(A), which is the set of possible values for this
attribute. Formally R(U) is defined as a subset of
the cross product DOM(A) X -+ X DOM(A,). The
elements of a relation are called ruples. If tis a tuple
of R(U) and A is an attribute in U, then t[A] denotes
the A-component of t. Similarly if X is a subset of U,
then t[X] is the sub-tuple of size | X|, containing the
components of t corresponding to the elements of X.
t[X] is called the X-value of t. If, for some tuple t

in R, x = t[X], then x is called an X-value of R. In
this paper we use the letters X, Y, W, Z and Z' to
denote subsets of U. Also we write XY to denote the
union of sets X and Y. Z denotes the complement of
Z with respect to U (i.e. Z = U~Z). Thus XY denotes
the complement of the union of X and Y.

Functional dependencies. Y is functionally dependent
on X in R(U), written X = Y, iff every two tuples of
R which have the same X-value also have the same
Y-value.

For each X and each X-value, x, of R(U) we can
construct the function Yg(x) which supplies the set
of Y-values appearing with this X-value in tuples of

R(U):
Yr(x) = {y| 3t in R(U) such that t[X] =x and

t[Yl =vy}.

Multivalued dependencies. Let Z = XY.Y is multi-
dependent on X in R(U), written X >, if for every
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XZ-value, xz, of R:
Yr(x2) = Yr(x),

i.e., the set of Y-values associated with a given x
appears with every combination of x and z.

The existence of certain dependencies in a rela-
tion R(U) implies the existence of other dependen-
cies in this R(U) (i.e., no counterexample relation
on U can exist where the former dependencies hold
while the latter do not). /nference rules are means
to construct implied dependencies. A system of
inference rules is said to be complete when all the
implied dependencies can always be constructed by
(repeated) applications of these rules.

The following is a complete system of inference
rules for functional dependencies [1,9]:

FD rules:
F1 (Reflexivity): if Y & X, then X >Y,
F2 (Augmentation): if Z S W and X > Y, then
XW->YZ,

F3 (Transitivity): if X->YandY —>Z, then
X—>Z.

The following system of inference rules is com-
plete for multivalued dependencies [2]:
MD rules:
MO (Complementation): let XYZ=Uand Y NZ C X,
then X~ Yiff X 7,
ifZCX,then XY,

if ZC Wand X >,
then XW - YZ ,

fX>>YandY>Z,
then X ~Z — Y.

M1 (Reflexitivity):
M2 (Augmentation):

M3 (Transitivity):

If F and G respectively denote a set of functional
and multivalued dependencies of R(U), then F and G
combined may imply additional dependencies which
are neither inferrable from F using the FD rules nor
from G using the MD rules. The mixed inference rules
provide the means to construct these additional depen-
dencies, We will consider two rules:
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Mixed rules:
MX1l: ifX->Y,thenX->Y,

MX2: ifX->>Zand Y—~Z', where Y and Z are dis-
joint and Z' C Z, then X > Z'.

The system of rules,
{F1, F2, F3, M0, M1, M2, M3, MX1, MX2}

is complete for the combined functional and multi-
value dependencies [2].

Other useful properties can be derived from the ones
listed above. For instance,

X->Y iff X-Y-X.

For a list of other useful properties and their applica-
tions, see e.g. [2,11].

3. Mixed transitivity

Among the rules previously considered MX2 is
probably the most complex and the last intuitive,
We will show that MX2 can be replaced by a simpler
rule called mixed transitivity. This can be stated as
follows:

MXO0 (Mixed Transitivity): if X=>>Yand Y~ Z,
then X—>Z-Y.

MXO is a simple rule, very easy to remember because
of its obvious similarity to the transitivity rules of
functional and multivalued dependencies.

Let us prove that MXO is correct. Assume that
X —>>Y and Y = Z, in R(U). By complementation
we obtain X => Y. Moreover Y -~ Z — Y, where
Z-YCU-—Y=Y. Butsince Y and Y are disjoint,
we can apply MX2 to obtain X > Z - Y.

Let us now prove that

F1, F2, F3, MO, M1, M2, M3, MX0, MX1

is a complete system of inference rules for the com-
bined functional and multivalued dependencies of a
relation. We need to show that MX2 is derivable from
this last set of rules. So, let us assume that, in
R(U),

(1) X>>Z and

(2) Y~ Z', where

(3) Y and Z are disjoint and

@Dz cZ
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Now X = Z by complementation on (1). Accor-

dingto (3), Y C Z. Thus Z- Z', by augmentation on (2).

Thus applying the mixed transitivity rule we obtain
X—2Z' —Z, where Z' — Z = Z' according to (4).

Thus MXO can be used in liew of MX2 to provide
a complete axiomatization for the combined func-
tional and multivalued dependencies of a relation.

A recent report by Beeri also discusses mixed
transitivity and illustrates its role in constructing rela-
tional database schemas [4].
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