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INTRODUCTION

Let M be a f i n i t e  m atro id  o f  rank  r  on a  s e t  E . We denote

by I,_ th e  number o f  independent s e t s  o f  s iz e  k  . An independent

i - p a r t i t i o n  o f  M i s  an o rd ered  p a r t i t i o n  (A , B) o f  E such th a t

A and B a re  independent in  M and Ja J = i  . We denote  by

TT (M) th e  s e t  o f  independent i - p a r t i t i o n s  o f  M and by  the

c a r d in a l i ty  o f  TT̂ (m) . Over th e  p a s t  th i r t e e n  y e a r s , s e v e ra l  

in te r e s t in g  c o n je c tu re s  have been made about th e  sequences 

(1^) and (jt^) . W elsh 's unim odal c o n je c tu re  [71] was made in  1969-

C on jectu re  1. I ^ ^ m in f l^  ^ + 1  ̂ l < k < r - l  .

In  1972, Mason [72 j made th e  fo llo w in g  c o n je c tu re s :

C on jectu re  2 . ^  >

C o n jec tu re  3* ^  > T T  W k + 1  ’

_ , . I, J S ^ k  + l  m - k + l T TC onjectu re  k . %  > - j - j -  ,

fo r  2 < k < r - l  , where m = |E j .

S tronger than  the  lo g a rith m ic  co n cav ity  c o n je c tu re  (C on jectu re  2 )  i s  

D ow ling 's [80] independent p a r t i t i o n  co n jec tu re  ap p earin g  i n  1980,

1
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C onjectu re  5. < ^ (M ) fo r  Ie \ = 2k

o r  more g e n e ra l ly ,

C on jectu re  6 . < ^ (M ) fo r  i  <

There a re  many r e s u l t s  -which lend  su p p o rt to  the  t r u t h  o f  th e se

[ 75] ,  in  h is  d o c to ra l  d i s s e r t a t i o n ,  proved th a t  i f  k i s  such th a t  

any c i r c u i t  C o f  M has 1 cl = 1 , Jcl = 2 o r  jc j  > k th en ,

F u r th e r , i f  a l l  c i r c u i t s  o f  M have s iz e  a t  l e a s t  k , th en

Dowling proved C on jectu re  5 fo r  k < 7 • In  C hapter h ,  we prove 

C on jectu re  6 f o r  polygon m atro id s o f  o u te rp la n a r  g ra p h s .

Our i n i t i a l  i n t e r e s t  in  independen t p a r t i t i o n s  grew o u t o f  a 

d e s ir e  to  prove the  lo g -c o n c a v ity  c o n je c tu re . We hoped to  use  the  

"method o f  p ro o f"  in  Dowling [8 0 ]- That i s ,  to  each m atro id  M o f  

s iz e  2k a c e r ta in  b i p a r t i t e  graph H = H(M) w ith  b i p a r t i t i o n

TTĵ C m) U TT^m) can be a s s o c ia te d . Dowling proves t h a t  t h i s  graph

H(M) has a m atching o f  Tf ^(m) in to  ^ (M )  (&n^ hence

< ĵ ( m))  i f  k < 7 ) • We b e lie v ed  i n i t i a l l y  th a t  th e  graph

c o n je c tu re s . Mason [72] proved th a t  £ < 1  v ^o r  k • SeymourK r  -K c.
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H(M) had such a m atching f o r  ev ery  v a lu e  o f  k , b u t we found 

t h i s  to  be u n tru e  fo r  k > 16 . The d e t a i l s  o f  t h i s  d isco v e ry  a re  

g iven  in  C hapter 3 .

In  C hapter 2 we l i s t  some well-known u n im o d a lity  co n jec tu re s  

and in d ic a te  any p ro g ress  tow ard t h e i r  r e s o lu t io n .

Dowling has w r i t te n  a computer program which computes th e  

numbers fo r  o u te rp la n a r  g rap h s. We th an k  him f o r  a llo w in g  us

acce ss  t o  t h i s  program. We make some c o n jec tu re s  about th e  behav io r 

o f  th e  sequence («^) in  C hapter 5 .

C hapter 1 g ives th e  n ecessa ry  d e f in i t io n s  and b a s ic  p ro p o s it io n s .



CHAPTER I  

Background

1 . S e t Theory N o ta tio n

We w i l l  use U , Cl, c  , c  to  denote s e t-u n io n , s e t  in te r s e c t io n ,  

s e t - in c lu s io n  and p ro p e r in c lu s io n ,  r e s p e c t iv e ly .  The empty s e t  i s  

denoted  by  0 . For s e ts  A* B , A \ B  i s  th e  s e t  o f  elem ents in  A b u t 

not in  B . When i t  i s  c le a r  from th e  c o n tex t t h a t  we a re  r e f e r r in g  to  a 

s e t  r a th e r  th a n  an elem ent we a b b re v ia te  (x) to  x . I f  A and B a re

s e ts  such th a t  AflB = ^  , we may use  A + B in s te a d  o f  AUB . Thus,

i f  x i s  an elem ent n o t in  a s e t  A , we may w r ite  A + x to  mean

AUt x}  . |A | denotes the  c a r d in a l i ty  o f  th e  s e t  A . 2^ denotes

the  s e t  o f  a l l  su b se ts  o f  A .

The s e t  o f  in te g e rs  is  denoted  by 7L , th e  s e t  o f  nonnegative 

in te g e rs  by 5Z+ , and th e  s e t  o f  p o s i t iv e  in te g e rs  by IN .
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2 . Graph Theory P re lim in a r ie s

A graph G i s  a  t r i p l e  (V , E ,  I )  where V and E a re  d i s jo in t  

s e ts  and I  i s  a  mapping I : V X E **(0 , 1 , 2 }  such th a t  fo r  e € E  ,

Z l ( v  , e) = 2 , 
v € V

and fo r  v € V  th e r e  i s  an e €E such th a t  l ( v , e ) > 0  . The elem ents

o f V and E a re  c a l le d  v e r t ic e s  and edges, r e s p e c t iv e ly .  An edge

e i s  s a id  t o  be in c id e n t  w ith  a v e r te x  v i f  and o n ly  i f  l ( v  , e) > 0  ; 
i f  e i s  in c id e n t w ith  v we say  v i s  an end o f  e .

I f  th e  edge e i s  in c id e n t  w ith  d i s t i n c t  v e r t ic e s  u and v ,

e i s  c a l le d  a l i n k . We say  e jo in s  u  and v  and we c a l l  u  , v

a d ja c e n t v e r t i c e s .  A loop  o f  a graph i s  an edge e such th a t

l ( v  , e ) = 2 f o r  some v € v  . Two l in k s  e^ and e^ a re  p a r a l l e l  i f

th ey  jo in  th e  same p a i r  o f  v e r t i c e s .  A graph  i s  sim ple i f  i t  has no

loops o r  p a r a l l e l  ed g es .

The degree o f  a  v e r te x  v  in  a  graph G i s  Z l ( v ,  e ) , and
e € E

i s  deno ted  d ^(v ) . Thus in  a sim ple g raph , d ^ (v ) i s  th e  number o f

v e r t ic e s  a d ja c e n t to  v  .

Two graphs G ^  (V1 , E± ,  1 ^  , Gg= (Vg , Eg , Ig )  a re  isom orphic

i f  th e re  a re  b i j e c t io n s  cp : h- Vg and if : E1 ■* Eg such th a t

I ^ v  , e )  = Ig(cp(v) , i|f( e )) .

A b i p a r t i t i o n  o f  a g raph  is  an o rd e red  p a r t i t i o n  ( V ^ , Vg) 

o f  V such th a t  f o r  a l l  e € E , th e r e  e x i s t  v e r t ic e s  

Vj€ V  ̂ , i  = 1 , 2 ,  in c id e n t  w ith  e . A graph which adm its a 

b i p a r t i t i o n  i s  c a l le d  b i p a r t i t e .
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l e t  G = (V , E , I )  and (vi  * Ij^) be g rap h s . G1 i s

s a id  to  be a  subgraph o f  G i f  V jC V , E^eE and I 1 i s  th e  r e s t r i c ­

t io n  o f I  to  i * e . ,  I j J v ,  e ) = l ( v ,  e )  f o r  a l l  v g V ^ ,  e f E ^  .

When i t  i s  c le a r  from th e  c o n te x t , we om it re fe re n c e  to  th e  in c id en ce  

map 1^ . For A ^E  , l e t  V(A) be th e  s e t  o f  v e r t i c e s  in c id e n t

w ith  some e 6 A . Then g Ia  = (V(A) ,A ) i s  th e  subgraph g en era ted

by A . O ften  we a b b re v ia te  gIa to  A when th e  meaning i s  c le a r

from th e  c o n te x t . I f  X = V , we l e t  G [V \X ] , o r  sim ply G \X  ,

denote  th e  subgraph o b ta in e d  by  d e le t in g  X and a l l  edges in c id e n t  

w ith  some v e r te x  in  X from G .

F o r G= (V , E ,  I )  a  p a th  in  G i s  a  f i n i t e  sequence v^ , e^^, 

v£ ,  . . .  ,  ,  em ,  vm , m > 0  ,  such  th a t  v ^ g V ,  e^CE f o r  0 < i < m

and l < J < m ,  and ei  has ends 811(1 v ±> 'fclie v e r “

v e r t i c e s  v^ a re  a l l  d i s t i n c t  P i s  c a l le d  s im p le . The le n g th  o f  P

i s  th e  number o f edges m ; P i s  s a id  to  connect v~ and v  . Theu m
v e r t ic e s  v n  and v  a re  c a l le d  th e  i n i t i a l  and te rm in a l v e r t i c e s  o f o m ------------ -------------

P , r e s p e c t iv e ly ,  o r  end v e r t ic e s  when o rd e r  i s  n o t im p o rtan t. The 

v e r t i c e s  v^ ,  1 < i  < m -l a re  i n t e r i o r  v e r t i c e s  o f  P . We may i d e n t i ­

fy  a  sim ple  p a th  w ith  i t s  edge s e t  ( e ^ ,  ,  . . .  , e mJ . A c i r c u i t  i s

a  p a th  i n  w hich vi  £  v^ f o r  i  jL J , ex cep t vq = vm •

For G =  ( V , E , l ) ,  th e  r e l a t i o n  ~  on V d e fin e d  by 

x ~ y  i f  x = y  o r  th e re  i s  a p a th  in  G J o in in g  x  and y  i s  an 

eq u iv a len ce  r e l a t i o n  on V . I f  , Vn a re  th e  d i s t i n c t

eq u iv a len ce  c la s s e s ,  then  th e  subgraphs G  ̂= G[ V^] a re  c a l le d  th e  

connected components o f  G . I f  n = 1 , G i s  co n n ec ted .
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L et Gfc= (V ^,  E ^ , 1^) , l < k < n  be graphs such th a t  th e  s e ts  

^k* ®k* l < k < n ,  a re  p a irw ise  d i s j o i n t .  Then

i s  c a l le d  th e  d i r e c t  sum o f  G. . . . . .  G .-L n

L et G = (V , E ,  I )  . I f  A c E  ■, we w r i te  Tl(A) f o r  th e  number 

o f  common v e r t i c e s  o f  th e  subgraphs g en e ra ted  by A and E\A . Then 

f o r  k a  p o s i t iv e  in te g e r ,  we say  G i s  k -s e p a ra te d  i f  and on ly  i f  G 

i s  connected  and th e re  e x i s t s  A cE  w ith  lAj > k  , | E \ A | > k  and 

Tl(A) = k . We say  G i s  O -sep a ra ted  i f  i t  i s  n o t connec ted . I f  th e re  

e x i s t s  a  l e a s t  nonnegative  in te g e r  k such t h a t  G i s  k -s e p a ra te d , 

we c a l l  i t  th e  c o n n e c tiv ity  o f  G and denote i t  by \(G ) . I f  th e re  

i s  no such in te g e r  we w r i te  \ ( g ) = »  . We say  G i s  n -connected , 

where n i s  a  p o s i t iv e  in te g e r ,  i f  n < \ ( G )  . I f  \(G ) = 1 th e re  

i s  a  v e r te x  v g V  such th a t  v  i s  th e  on ly  common v e r te x  o f  a  s e t  

A o f  edges and E \A  , b o th  non-em pty. We c a l l  such a  v e r te x  v 

a  c u t - v e r te x . I f  G i s  connected  w ith  no c u t -  v e r te x  we say  G i s  

nonsepaxab le .

G.j© . . .  ©Gn = (vj+  . . .  + vQ ,  Ex + . . .  + E ,  I )

where

0 i f  v  € , e e and k f  l  f
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L et G = ( V , E , l )  be a  g raph  and l e t  e €E  . G \ e  , pronounced 

"G d e le te  e " , i s  d e f in e d  to  be th e  subgraph (V ^, E \ e )  where 

V^= { v g V : l ( V ,  a )  /  0 f o r  some a € E \ e )  . G / e  , pronounced "G 

c o n tra c t  e " , i s  d e fin e d  as fo llo w s : l e t  e be in c id e n t  w ith  u1  

and Ug ,

( i )  i f  u.j= Ug , th e n  G / e i s  G \ e  .

( i i )  i f  u ^ U g  , th en  G / e  = ( ^  , E \  e , 1^) where

Vj= V - f u 1 , Ug] + (u) (u j£ v ) and I - ^ v  , a )  = l ( v , a ) 

f o r  v ^ u  and I j.(u  ,  a )  = 1 0 ^  , a ) + l(U g , a ) .

I f  A c E  , th en  G \A  i s  d e f in e d  to  be

( ( . . . ( ( G \ e l ) \ e 2 ) . . .  ) \ e n ) and G / A  i s  ( ( - - - ( (G /  e ^  /  eg . . . )  /  eQ)

where e^ , . . .  , e a re  th e  elem ents o f  A ( in  any o rd e r ) .  I t  can be 

shown th a t  th e se  term s a re  w e ll-d e f in e d .' A m inor o f  G i s  a  graph 

H which i s  o b ta in ed  from  G by  a  s e r ie s  o f  d e le t io n s  and c o n tra c tio n s . 

I t  i s  easy  to  see th a t  i f  H i s  a  m inor o f  G , th en  th e re  a re  su b se ts  

A , B cE  such th a t  H = ( G\ A)  /  B = ( G / B )  \ A  . A lso , i f  K i s  a  

m inor o f  H and H i s  a  minor o f  G , th en  K i s  a  minor o f G .

I
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3 . M atroid Theory Fundam entals

A m atro id  M i s  a f i n i t e  s e t  E and a c o l le c t io n  J> o f  sub­

s e ts  o f  E (c a l le d  independent s e t s )  such th a t

( i )  0 6 J

( i i )  i f  X € J  and Y = X , th en  Y € J

( i i i )  i f  X , Y a re  members o f  J> w ith  1 x\  = IYl + 1  th en

th e re  e x i s t s  an elem ent x £ x \ Y  such th a t  YUxGJJ  .

Ie I i s  c a l le d  th e  s iz e  o f  M .

A b a s is  o f  M i s  a maximal independent su b se t o f  E . A su b se t

o f E no t b e long ing  to  J> i s  c a l le d  dep en d en t. A c i r c u i t  o f  M i s

a m inim al dependent su b se t o f  E .
EThe fu n c tio n  r  : 2 7L d e f in e d  by

r ( A)  = max(lxI : X= A , X€JI)

i s  c a l le d  th e  ran k  fu n c tio n  o f  M . The ran k  o f  a su b se t A o f  E 

i s  r(A ) j th e  ran k  o f  th e  m a tro id  M i s  r ( E)  and w i l l  be w r i t t e n  

r(M) . I t  i s  n o t d i f f i c u l t  to  prove th a t  e v e ry  b a s is  o f  M has 

c a r d in a l i ty  r(M ) .

For e Ge and A ^E  , we say  e i s  in  th e  c lo su re  o f  A i f

and o n ly  i f  r ( A U e )  = r(A ) . A s e t  A i s  s a id  to  be a f l a t  i f  i t s

c lo su re  i s  i t s e l f .

L e t e 1 , e2 be e lem ents o f  E . I f  r ( { e 1 J) = 0 ,  th e n  ê ^

i s  c a l le d  a  lo o p . I f  r ( f e 1 , e ^ ) ) = r ( { e 1 J) = r ( ( e 2 J)  = 1 , th en
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and a re  c a l le d  p a r a l l e l  e lem en ts . A m atro id  w ith  no loops

o r  p a r a l l e l  e lem ents i s  c a l le d  s im p le .

An elem ent e € e  such th a t  f o r  ACE ,  e £ A  im p lie s

r(A  U e) = r ( A)  + 1  i s  c a l le d  a co lo o p . A coloop o f  M belongs to

every  b a s is  o f  M .

Based on th e  work o f  W hitney [ 35] and T u tte  [ 66] ,  we now show th a t  

a m a tro id  M on E induces two m atro id s  on E \ e  . M \e  , pronounced 

"M d e le te  e" ,  i s  d e f in e d  to  be th e  m atro id  on E \ e  in  which X cE  \ e  i s

independent in  M \e  i f  and o n ly  i f  X i s  independen t in  M . M / e  , 

pronounced "M c o n tra c t  e " , i s  d e f in e d  to  be th e  m a tro id  on E \ e  g iven

by one o f  th e  fo llo w in g :

( i )  i f  e i s  a lo o p , th en  M /e  i s  M \e  .

( i i )  i f  e i s  n o t a lo o p , th en  X C E \ e  i s  independen t

in  M /e  i f  and o n ly  i f  XUe i s  independen t in  M .

I t  i s  e a s i l y  shown th a t  th e se  d e f in i t io n s  do in d eed  g ive  m a tro id s .

We say  th a t  a m a tro id  N i s  a  m inor o f  M i f  N can be 

o b ta in ed  from M by a  s e r ie s  o f  d e le t io n s  and c o n t r a c t io n s . I f  

e1 , e 2 6E , th en  i t  i s  easy  to  see  th a t  ( ( M \ e 1 ) \ e 2 ) = ( ( M \ e g ) \ e 1 ) , 

( ( M / e 1 ) / e 2 ) = ( ( M / e g J / e ^  and ( ( M X e ^  /  e2 ) = ( ( M / e g j X e ^  .

Hence a  m inor N o f  M can be r e a l iz e d  as ( M \ X ) / Y  f o r  su b se ts

X , Y o f  E where M \x  = (M \x 1 ) \ x 2 ) \  . . .  and

M/ X  = ( ( M / x j ) / x g )  . . .  ) / f or  X = fx 1 , . . .  , . Sometimes we

use  th e  n o ta t io n  M ix  fo r  M \ ( e \ x ) .

T u tte  [66] a ls o  has developed a th e o ry  o f  n -co n n ec tio n  f o r  

m atro id s  which we s h a l l  need in  th e  se q u e l. I f  M i s  a m a tro id  on
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EE w ith  ran k  fu n c tio n  r  , d e f in e  a  fu n c tio n  f  : 2 + E  by

5(A) = r ( A)  + r ( E \ a ) -  r ( E )  + 1 (A = E)

C a ll th e  m a tro id  M k -s e p a ra te d  fo r  k  a p o s i t iv e  in te g e r  i f  th e re

e x i s t s  ACE , Ia I > k  , l E \ A | > k  , w ith  §(A) = k  • I f  th e re  i s  a 

l e a s t  p o s i t iv e  in te g e r  k  such th a t  M i s  k -s e p a ra te d  we c a l l  k

th e  c o n n e c tiv i ty  o f  M and denote i t  by X(M) . I f  th e re  i s  no

such in te g e r ,  th en  X(M) = 00 . In  e i t h e r  c a se , M i s  n -co n n ected  fo r

any n<X(M) . I f  X(M)>1 , t h a t  i s ,  i f

r ( A)  + r ( E \ A )  > r ( E)

fo r  any p ro p e r su b se t A o f  E , th e n  M i s  co n n ec ted . I f  X(M) = 1  ,

th a t  i s ,  i f  th e re  e x i s t s  a nonempty su b se t A c  E such th a t

r ( a ) + r ( E ' \ A)  = r ( E )  ,

we can form two d e le t io n  m a tro id s  M ^ = M \ ( e \ a ) , M ^ = M \ a .

and Mg a re  m a tro id s  on d i s j o i n t  s e t s  E.  ̂and Eg , r e s p e c t iv e ly  and

a su b se t X C E = E 1 UEg i s  independen t in  M i f  and o n ly  i f  

= X("lEi  i s  independen t in  NL , i  = 1 ,  2 .

L et Mi , i = l , . . . , k  be m a tro id s  on d i s j o i n t  s e t s  E.̂  ,

i  = 1 ,  . . .  , k . The m a tro id  M on E = E^+ Eg + . . .  + E^ g iven  by 

XCE i s  independen t i n  M i f  and o n ly  i f  X^=XOE^ , i s  

independent i n  , i  = 1 , . . .  ,  k  , i s  c a l le d  th e  d i r e c t  sum o f

M i, Mg , . . .  ,  . Thus, M i s  a  d i r e c t  sum o f  sm a lle r  m a tro id s  i f

and o n ly  i f  X(M) = 1 .
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U. G raphic M atroids

In  t h i s  s e c tio n  we r e l a t e  th e  two p rev io u s  s e c tio n s  by  showing 

th a t  ev ery  g raph  G = ( V , E )  g iv e s  r i s e  to  a m a tro id  #?(G) on E . 

A c tu a lly , th e re  a re  two well-know n c la s s e s  o f  m atro id s  a r i s in g  from 

g rap h s , b u t we co n sid e r on ly  one o f  them . For a d e ta i l e d  tre a tm e n t 

o f  b o th  g ra p h ic  and cog rap h ic  m a tro id s , and f o r  p ro o fs  o f  s ta tem e n ts  

appesiring below , see  Welsh [ 76] .

1 .1  P r o p o s i t io n : Let G be a graph w ith  edge s e t  E . The c o l le c t io n  

o f  su b se ts  o f  E g iven  by X€J> i f  and o n ly  i f  X c o n ta in s  no

c i r c u i t  i s  th e  c o l le c t io n  o f  independen t su b se ts  o f  a m a tro id  on E .

We denote t h i s  m a tro id  by  #?(G) , and c a l l  i t  th e  polygon 

m a tro id  o f  G .

1 .2  P r o p o s i t io n :

( i )  An edge e i s  a loop  o f  th e  graph G i f  and o n ly  i f  

i t  i s  a lo o p  in  th e  m a tro id  fl?(G) .

( i i )  Two edges a re  p a r a l l e l  in  th e  graph G i f  and o n ly  i f  

th ey  a re  p a r a l l e l  i n  th e  m a tro id  fl|(G) .

( i i i )  For any su b se t ACE , th e  ran k  o f  A i n  W(G) i s  

g iven  by

r ( A)  = l v ( A) l  - k ( A)

where k(A) deno tes th e  number o f  connected  components 

in  th e  subgraph g e n e ra te d  by A .
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( iv )  I f  A c E  and e € E \ A  , th e n  e b e longs to  the

c lo su re  o f  A in  #?(G) i f  and o n ly  i f  th e re  i s  a

c i r c u i t  C o f  G w ith  e € C C A U e  .

(v)  For  A C E  ,  ^ ( G \ A )  = G ) \ A  .

( v i )  For A S E , « ! ( G / a ) = » I ( G) / A  .

( v i i )  A connected  graph G i s  k -s e p a ra te d  i f  and o n ly  i f  i t s

m a tro id  i s  k -s e p a ra te d -  That i s ,  \(#?(G ))= X(G) f o r  any 

connected  graph G .
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5 . Independent P a r t i t io n s

L et M be a  f i n i t e  m atro id  o f  s iz e  m and ran k  r  on a s e t  

E . An independen t i - p a r t i t i o n  o f  M i s  an o rd e red  p a r t i t i o n  (A , B) 

o f  E ( i . e .  A U B = E , A r i B = 0 )  such th a t

( i )  lAl = i  , I bI = m - i  .

( i i )  A and B a re  independent s e t s  i n  M .

We denote by TT̂ (m) th e  s e t  o f  a l l  independen t i - p a r t i t i o n s  

o f  M , and by ir^(M) th e  c a r d in a l i ty  o f  Tf^(M) .

Example. L et M = G) , where G i s  th e  graph in  F ig . 1 .

KG

F ig u re  1

Since r(M ) = 4  , jTq (M) = = x^(M) = Jtg(M) = 0 . For i  =2 ,  3 l e t

(A, B)6TTi (M) . I f  e1 , e g 6 B  , th en  e 6 A and 

(A -  e , B -  ) €TTi _1 (^(K )) . C onversely , i f

(C , D) (e  , e x , e2 ))  th e n  (C + e , D + f e 1 , e g } ) 6 ^ ( m) .

And, e ^ A ,  eg € B i f f  ( A - e 1 , B - e g )  € ^ ^ ( ^ ( h ) ) . So, 

jr2 (M) = Xj'W K) ) + ^ ( ^ ( H ) ) + n0 (?7?(K) ) = 3 + 2 • 4 = 11 ,  and

n3 (M) = (%(K)) + «2 (tf?(H)) + ^ ( ^ ( K ) ) = 3 + 2 • 6 + 3 = 18 . (We w i l l  use

" th is  m ethod" o f  coun ting  independent p a r t i t i o n s  in  C hapter 3)*
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Since (A , B) i s  an independen t i - p a r t i t i o n  o f  M i f  and on ly

i f  (B , A) i s  an independen t (m -i) -  p a r t i t i o n  o f  M , we have

^(M ) = nm_^(M) so t h a t  th e  sequence ^ (M ) , i = 0 ,  . . . , m  i s  sym m etric.

I f  M has a loop  o r  i f  r(M) < ~  , i t  i s  c le a r  th a t  = 0  .

In  f a c t ,  Edmonds and F u lk erso n  [ 65] have shown th a t  M has an in d e p e n ­

d en t i - p a r t i t i o n  f o r  some i  i f  and on ly  i f  r(A ) f o r  a l l  A cE  .

We began s tu d y in g  independent p a r t i t i o n s  as  a to o l  f o r  so lv in g  

some lo n g -s ta n d in g  c o n je c tu re s  about th e  number o f  independent s e ts

o f  s iz e  k  in  a m atro id  M o f  rank  r  . Welsh [71] has co n jec tu re d

1^ >m in[.Ij , I^ ) fo r  0 < j < k < J & < r

S tro n g er th an  W elsh 's  unim odal c o n je c tu re  i s  th e  lo g a rith m ic  co n cav ity  

c o n je c tu re  o f  Mason [72]

4  2  h - A +i 101 ° < l t < r  •

Dowling [80] showed th a t  s tro n g e r  s t i l l  i s  th e  independent p a r t i t i o n  

c o n jec tu re

\_ l ( M )  < ^ (M ) f o r  M o f  s iz e  2k , 

o r  more g e n e ra l ly ,  th a t  i f  M has s iz e  m ,

* i_ l(M )< n i(M ) fo r  i ^ 52̂  ,

t h a t  i s ,  th e  symmetric sequence , i  = 0 ,  . . .  ,  m i s  unim odal.

In  C hapter 3 , we prove the  l a t t e r  c o n je c tu re  f o r  polygon m atro id s  o f  

o u te rp la n a r  g rap h s .
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L et M be a  f i n i t e  m a tro id  o f  ran k  r  on a s e t  

E = ( e ^ ,  . . .  ,  em) . We co n s id e r th e  polynom ial r in g  R = Z [ e ^ ,  . . .  ,  e^] 

f r e e ly  g e n e ra te d  over th e  in te g e r s  by th e  elem ents o f  E , and d e fin e  

a  p a r t i a l  o rd e r  on R as fo l lo w s : f  < g i f  th e  c o e f f ic ie n t  o f  each 

term  o f  f  does n o t exceed the  c o e f f ic ie n t  o f  th e  co rrespond ing  term  

o f  g .

D efine a homomorphism a : R -*• 7L under which th e  image o f  a 

po lynom ial i s  th e  sum o f  i t s  c o e f f i c i e n t s .  C lea rly , f  <  g im p lies  

c r(f) <  aC g) • Now, f o r  0  <  % < r  ,  we l e t

where th e  sum i s  ex tended over a l l  independen t s e ts  A o f  s iz e  I  in

JyJ a rP h o n  -f* n q ^ n m A C fo n o n n c  0. on/^ n (  •P  ̂ — T T h e n  s i n C €

S.-1 l+ l

we have th a t

(1) f o r  0 < £ < r  ,

im p lie s

A -l J&+1 f o r  OCJ t Cr  .
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To o b ta in  an e q u iv a le n t form o f  ( l )  we need th e  fo llo w in g  

n o ta t io n s  and d e f in i t i o n s .  Given a m a tro id  M on a s e t  E , and 

d i s j o i n t  su b se ts  X and Y o f  E , th e  s iz e  o f  th e  m inor 

M | ( X i j Y ) / y  i s  th e  c a r d in a l i ty  o f  X , and i t s  d ep th  in  M i s  th e  

ran k  o f  Y in  M .

1 .3  P ro p o s it io n . Let M be a  f i n i t e  m a tro id  and t  a  p o s i t iv e  

i n t e g e r . Dien

(1) f^(M) > f ^ M f ^ C M )

i f  and o n ly  i f ,  f o r  ev ery  k < A  and every  m inor N o f  M o f  s iz e  

2k and dep th  & -  k  ,

(2) j^(N ) >  V ^C N ) .

P ro o f . We i n t e r p r e t  th e  c o e f f ic ie n ts  in  th e  homogeneous polynom ials

and ^ i- i f -  i+ i  • Each term  o f  e i t h e r  i s  an in te g e r  m u ltip le  o f  

a monomial o f  th e  form

g = If e . ff e2 ,
e . 6 y  e . € z Ji  j

where Y and Z a re  d i s j o i n t  su b se ts  o f  X s a t i s f y in g  

1 yJ + 2 j z l  =21 . Let  1 Yl =2k , so j z l  = J&-k . Then th e  c o e f f ic ie n t

o f  g i n  f^  i s  th e  number o f  o rd e red  p a i r s  ( A U Z ,  BUz )  o f

independent s e ts  in  th e  r e s t r i c t i o n  m | ( Y Uz )  such t h a t  ( A,  B)
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i s  an o rd ered  p a r t i t i o n  o f  Y and 1a 1 = | b 1 = k  . These correspond

to  th e  independen t k - p a r t i t i o n s  o f  th e  m inor N = m | ( Y U Z ) / z o f  s iz e

2k and d ep th  I  -  k in  M . Hence th e  c o e f f ic ie n t  i s  ^ ( N )  . In

l ik e  m anner, th e  c o e f f ic ie n t  o f  g in  f ^  ^  4+^ i s  1 (N) . So

(2 ) im p lie s  ( l ) .

C onversely , suppose ( l )  h o ld s  and l e t  N =M 1 ( Y U z ) / z  be a

m inor o f  s iz e  2k and d ep th  I  -  k i n  M . We may assume Z i s

independen t in  M , so t h a t  \ z \ = i - ' k  . D efine a monomial g as

above, and observe  t h a t  th e  c o e f f ic ie n ts  o f  g in  and f„  ,I  J J - l  J6+1

a re  g iven  by th e  l e f t  and r i g h t  s id e s  o f  (2 ) , r e s p e c t iv e ly ,  so th a t

(2 ) fo llo w s from ( l ) .

A c la s s  7ft o f  m a tro id s  i n  c lo se d  under m inors i f  N € when­

e v e r M € 7!\ and N i s  a m inor o f  M .

l . k  C o ro lla ry . Let 7ft be a c la s s  o f  m a tro id s  c lo se d  under m inors 

and suppose t h a t  (2 ) h o ld s  f o r  ev ery  k <  I  and ev ery  N in  7ft .

Then ( l )  h o ld s  f o r  ev ery  M in  7ft .



CHAPTER II
U nim odality  and C om binato ria l S equences: a  Survey

A sequence a  , k  = 0 ,  . . .  ,  r  o f  n o n -n eg a tiv e  r e a l  numbers i s  
k

s a id  t o  be unim odal i f

I n  th e  in tro d u c tio n  we looked a t  some sequences which have been 

c o n je c tu re d  to  be  unim odal o r  lo g a r i th m ic a l ly  concave (lo g  concave). 

In  t h i s  c h ap te r  we co n tin u e  t h i s  s tu d y  by  c o l le c t in g  some o f  th e  

well-know n u n im o d a lity  c o n je c tu re s  in  com binato rics  and in d ic a t in g  

th e  r e l a t e d  r e s u l t s .

One form  o f th e  Newton in e q u a l i ty ,  which i s  e x te n s iv e ly  

d isc u sse d  in  Hardy, P o lya, L ittlew o o d  [52] i s  th e  fo llo w in g :

2 .1  Theorem. I f  th e  g e n e ra tin g  polynom ial

f o r  i  <  j  < k  ,

t h a t  i s ,  th e  sequence has no lo c a l  minimum. A sequence 

k = 0 ,  . . .  ,  r  o f  n o n -n eg a tiv e  r e a l  numbers i s  s a id  to  be 

lo g a r i th m ic a l ly  concave i f

\  > V i V i  f o r  k ■ 1

o < k < r

19
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o f  a  f i n i t e  sequence a^ , 0 < k < r  , has o n ly  r e a l  ro o ts  (< 0) , th e n  

2 . k  r-k+ 1  _ . . . n
\  2: V l V l  s n  • T 3T  ’  2 < k < r  - 1  .

T his theorem  p ro v id es  a  pow erfu l to o l  f o r  p ro v in g  un im o d a lity

o f  c e r t a in  co m b in a to ria l sequences, f o r  example, th e  sequence o f

S t i r l i n g  numbers. The S t i r l i n g  number o f  th e  f i r s t  k in d , s ( n , k )  i s

d e fin e d  by ( -1 )  s ( n , k )  i s  th e  number o f  p e rm u ta tions o f  n

symbols which have e x a c tly  k c y c le s . I t  i s  well-known th a t  th e

g e n e ra tin g  fu n c tio n  f o r  s ( n , k )  i s

n k
S s(n  , k) x = x (x  -  l )  . . . (x  -  n + 1 ) , 

k = l

a polynom ial w ith  o n ly  r e a l  r o o ts .  Hence, Erdos [53] uaes Theorem 2 .1  

t o  p rove:

2 .2  C o ro lla ry . The sequence o f  th e  a b so lu te  va lues o f  th e  S t i r l i n g  

numbers o f  th e  f i r s t  k in d , s ( n , k )  , n f ix e d  (> 3 ) , k v a r ia b le  

(< n) i s  lo g -concave .

The number S(n , k) o f  p a r tit io n s  o f  a s e t  o f  n elements

in to  k non-empty subsets i s  c a lle d  th e S t ir l in g  number o f  the  

second k in d . Harper [ 67] has shown th a t the generating fu nction

n k
E S ( n ,  k )x  

k= l

has on ly  n o n -p o s itiv e  r e a l  r o o ts .  He u ses  t h i s  r e s u l t  to  show
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2 .3  C o ro lla ry . The sequence s ( n ,  k)  o f  th e  S t i r l i n g  numbers o f  th e  

second k ind , n  f ix e d  (>  3 ) > k v a r ia b le  (< n ) i s  lo g -co n cav e .

Lieb [68] g e ts  t h i s  same r e s u l t  u s in g  a  s l i g h t l y  d i f f e r e n t  g e n e ra tin g  

fu n c tio n .

There a re  o th e r  u n im o d a lity  c o n je c tu re s  -which have n o t been 

s e t t l e d .  B efore we p re s e n t them we need to  g iv e  some n o ta t io n  and 

d e f in i t io n s .  We w i l l  assume th e  re a d e r  i s  f a m il ia r  w ith  e lem en tary  

l a t t i c e  th e o ry  as g iven  in  B irk h o ff [6 7 ] . I f  M i s  a  m a tro id  on E , 

we can a s s o c ia te  w ith  M a  p a r t i a l l y  o rd ered  s e t  £(M) whose elem ents 

a re  th e  f l a t s  o f  M o rd ered  by in c lu s io n .  Under t h i s  in c lu s io n  

o rd e rin g  £(M) i s  a  geom etric  l a t t i c e  w ith  atoms th e  f l a t s  o f  ran k  

one in  M and w ith  hyperp lanes th e  f l a t s  o f  rank  eq u a l to  one l e s s  

th an  th e  rank  o f M . C onversely , a  f i n i t e  geom etric  l a t t i c e  i s  

isom orphic to  th e  l a t t i c e  o f  f l a t s  o f  a  m a tro id . We a ls o  assume th e  

re a d e r  has knowledge o f th e  Mobius fu n c tio n  n ,  o f  a p a r t i a l l y  o rd ered  

s e t  as g iven  i n  Rota [6 ^ ] .

L et G be a  g rap h . A k -c o lo r in g  o f a  graph G i s  th e  a s s ig n ­

ment to  each v e r te x  o f G one o f a  s p e c if ie d  s e t  o f k  c o lo r s .  A 

p ro p er k -c o lo r in g  o f  G i s  a  c o lo rin g  in  which no two a d ja c e n t v e r ­

t i c e s  a re  th e  same c o lo r .  Hhe chrom atic  polynom ial P(G J x )  i s  the  

fu n c tio n , d e fin e d  on the  p o s i t iv e  in te g e r s ,  which when \  i s  a  p o s i t iv e  

in te g e r  eq u a ls  th e  number o f  d i f f e r e n t  ways o f  p ro p e r ly  c o lo r in g  G 

in  \  c o lo r s . This d e f in i t io n  can be g e n e ra liz e d  to  m a tro id s . That
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i s ,  f o r  any m a tro id  M on a  s e t  E th e  chrom atic  polynom ial o f  M 

i s  g iven  by

P ( M | 1 )  = I  ( _ ! ) ! * !  xr ( l ) - r ( A )
A CE

where ag a in  r(A ) i s  th e  rank  o f A . Thus f o r  a graph G w ith  no 

loops o r  p a r a l l e l  edges

Xk(G) P(^(G) ; X) = P(G ; X) ,

where k(G) denotes th e  number o f  connected  components o f  G . B irk h o ff 

[12] and W hitney [32] were th e  f i r s t  to  s tu d y  th e  chrom atic  po lynom ia l.

2 .b  Theorem. I f  G i s  a  graph w ith o u t loops o r  p a r a l l e l  edges and 

e i s  an edge o f  G th en

P(G ; x)'  = P ( G \ e  ; X) - P ( G / e  ; X)

From t h i s  theorem  many p ro p e r t ie s  o f  th e  chrom atic  polynom ial

can be d e r iv e d . For example, th e  maximum degree o f  F(G ; x)
i s  1 V(G)I , th e  c o e f f ic ie n ts  o f  th e  chrom atic  polynom ial a l t e r n a t e

in  s ig n , and th e  chrom atic  polynom ial has a  re p re s e n ta t io n

P(G ; X) = I  i  I b 
i = l w  1

where b^ i s  th e  number o f  ways o f  p ro p e rly  c o lo r in g  G in  e x a c tly
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i  c o lo rs  w ith  c o lo r  in d if f e r e n c e .  Read, has c o n jec tu re d  th a t  i f  G 

i s  a  graph w ith  chrom atic  polynom ial

1 v(g) 1 .
P ( G ; \ ) =  Z  ( - l ) \ x k  ,  

k = l  *

then  th e  sequence a^ , 1 < k < JV(G)J i s  unimodal. Welsh [75]

made th e  stronger conjecture th at i f  M i s  a matroid w ith chromatic

polynom ial

r (M) k k 
P(M ; X) = Z ( -1 )  a, X ,

k=0 K

th e n  th e  sequence a^  , 0 < k < r(M) i s  log -concave . These con­

je c tu r e s  a re  t ru e  in  th e  in s ta n c e s  where th e  chrom atic polynom ial i s  

known.

For example,

1) F o r th e  com plete graph Kn

P(Kn ; X) = X(X -  1) . . . (X -  n+ 1)

2) F o r G a  t r e e  w ith  n v e r t ic e s

P(G ; X) = X ( X - l ) n_1

( in  f a c t ,  a  graph G i s  a  t r e e  w ith  n v e r t ic e s  i f  

and o n ly  i f  i t  has chrom atic  po lynom ial X ( X - l )
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3) F or G a  c y c le  w ith  n v e r t ic e s

F(G ; X) = ( X - 1 A  ( - l ) n ( X - l )

10 For G th e  Fano m atro id

P(G ; X) = X3-  7X2+ l ^ X - 8

F u r th e r  Heron [7 2 ] , has proved:

2 .5  Theorem. I f  G i s  a  connected  graph w ith  n v e r t ic e s  and

chrom atic  polynom ial

P(G ; x) = Xn-  a^X11"1*- . . . + { - l A ^ ^ X  

th e n  f o r  a l l  i  < (n  - l ) / 2  ,

V i ;  a i  •

R ota [6U-] has shown th a t  i f  M i s  a  sim ple  m atro id  on E and £ i s  

i t s  l a t t i c e  o f  f l a t s

P(M ; x) = E y , ( 0 , F) Xr ( E)  " r ( F )
F 6 £

where p, i s  th e  Mobius fu n c tio n  o f  £  . The c o e f f ic ie n t  w^ o f 
r ( E)  - kX in  P(M ; x) i s  known as th e  k th  W hitney number o f  th e  f i r s t

k in d . E v id e n tly ,

w = Z p(0 , F) , 0 < k < r ( E)
K r(F )= k
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U sing t h i s  c h a r a c te r iz a t io n  o f  th e  c o e f f ic ie n ts  o f  th e  chrom atic  

po lynom ial, Dowling and W ilson [7*+] have proved:

2 .6  Theorem. Let £ be a  f i n i t e  geom etric  l a t t i c e  o f  rank  r  w ith  

m atom s. Then

i v + ©>

and e q u a l i ty  h o lds f o r  some k  , 2 < k  < r  i f  and on ly  i f  £  i s  

isom orphic to  th e  d i r e c t  p ro d u c t o f  a  l in e  and a  f r e e  m a tro id .

On th e  o th e r  hand, Heron [72] has shown th a t

A lso  o f  i n t e r e s t  i s  th e  sequence Ŵ. o f  W hitney numbers o f  

th e  second k in d , where deno tes th e  number o f  f l a t s  o f  ran k  k

in  a  f i n i t e  m a tro id . R ota has c o n je c tu re d  th a t  th e  sequence ,

0 < k  < r(M) , i s  unim odal. This i s  known to  be t r u e ,  f o r  example, 

f o r  th e  p a r t i t i o n  l a t t i c e s  (se e  H arper [67] and Lieb [6 8 ] ) ,  paving 

m a tro id s , and p ro je c t iv e  o r  a f f in e  g eo m etrie s . In  f a c t ,  th e  s tro n g e r  

c o n je c tu re  t h a t  th e  sequence i s  log-concave seems t o  h o ld .

Mason [72] makes th e  p la u s ib le  c o n je c tu re  th a t  th e  r a t i o
O

Wk /Wk+1Wk 1 i s  m inim ized over a l l  m atro id s on m p o in ts  by th e  

f r e e  m a tro id , t h a t  i s ,

^  ^ k + 1 m - k + 1
k  -  k  m - k  Wk - lWk+ l

where m = W-̂  .
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The most g e n e ra l r e s u l t s  co n cern ing  th e se  c o n je c tu re s  were proved by- 

Dowling and W ilson [7 5 ] .

2 .7  Theorem. F or any f i n i t e  geom etric  l a t t i c e  £ , th e  W hitney 

numbers s a t i s f y

W_+ W + . . .  + W, <W  .+  • • • +  w + w .1 2 k -  r - k  r - 2  r - 1

where r  i s  th e  ran k  o f  £ , and 1 < k  < r  - 1  . I f  e q u a l i ty  

h o lds f o r  some k  th e n  £  i s  a  modular l a t t i c e .

2 .8  Theorem. Let £ be a  f i n i t e  geom etric  l a t t i c e  o f  ran k  r  w ith  

m atom s. Then

When r  >  k , e q u a l i ty  h o ld s  f o r  some k , 2 < k < r - 2  i f  and on ly  

i f  £ i s  isom orphic to  th e  d i r e c t  p roduct o f  a  m odular p lan e  and a  

f r e e  geom etry. (A f r e e  geom etry w ith  j  atoms i s  th e  geom etric  

l a t t i c e  o f  a l l  su b se ts  o f  a  j - s e t .  A m odular p lan e  i s  a m odular 

geom etric  l a t t i c e  o f  ran k  3 . )

A s p e c ia l  case  o f  th e  p rev io u s  c o n je c tu re  fo r  th e  sequence Wfc 

has been s tu d ie d  r e c e n t ly .  The P o in ts -L in e s-P la n es  c o n je c tu re  i s :

0 < k < r

w | > | w i ^



S to n e s i f e r  [75] proved t h i s  c o n je c tu re  f o r  g rap h ic  m a tro id s ; Seymour 

[8 2 ] proved t h i s  c o n je c tu re  f o r  m atro ids in  which no l in e  has f iv e  o r  

more p o in ts .  (A p o in t i s  a  f l a t  o f  ran k  1 , a  l i n e  i s  a  f l a t  o f  rank  

2 , a  p lan e  i s  a  f l a t  o f  ran k  3 •)

Analogous c o n je c tu re s  have been made f o r  th e  sequence I. o f
XV

independent s e t  numbers o f  a  m a tro id  M on E , where denotes

th e  number o f  independent s e ts  o f  s iz e  k . Welsh [71] made th e  

fo llo w in g  c o n je c tu re  in  1969

Ik > m i n d ^ ,  I k+1) , 2 < k < r(M) - 1  .

M ason's 

numbers

^ ¥ ^ 1  '

-2  . k-f 1 m - k +  1 _ T 
k -  k  m -k  \ - l  k+1 *

[72] lo g -c o n c a v ity  c o n je c tu re s  f o r  th e  independent s e t  

a re :  I f  2 < k < r(M) - 1 and m = Je | , th e n

Tt  2  '

These c o n je c tu re s  a re  known to  h o ld  f o r  M a  p ro je c t iv e  o r  a f f in e  

geom etry. F u r th e r ,  M i s  a  paving  m atro id  i f  and o n ly  i f
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More g e n e ra l r e s u l t s  which len d  support to  th e  t r u t h  o f  th e se  

c o n je c tu re s  can be found in  Mason [72] where he proves

2 .9  Theorem. I f  M i s  a  m a tro id  o f  rank  r  , th e n

fo r  k ^ r / 2 ‘

Seymour [75 ] proves th e  fo llo w in g  th re e  theorem s.

2 .1 0  Theorem. I f  M i s  a  m a tro id  o f  ran k  r  on a  s e t  E , and 

0 < k < r  - 1  , th e n

where d i s  th e  s iz e  o f  th e  s m a lle s t  c o c i r c u i t  o f  M , and m = \E | . 

(A su b se t A o f E i s  a  c o c i r c u i t  o f  M i f  and o n ly  i f  A has 

n o n -n u ll in te r s e c t io n  w ith  every  base  o f  M , and i s  m inim al w ith  

re s p e c t to  t h i s  p ro p e r ty .)

2 .1 1  Theorem. I f  M i s  a  m atro id  and k i s  a  p o s i t iv e  in te g e r  such 

th a t  f o r  any c i r c u i t  C o f  M , e i th e r  |C | = 1  o r jCj = 2  o r  

|C | > k y th e n



2 .1 2  Theorem. I f  a l l  c i r c u i t s  o f  M have s iz e  a t  l e a s t  k , th e n

j2  > k + 1 m - k  + 1 T T 
k -  k m -  k  k -1  k+1 *

m = |E 1 .

Dowling [80] proved

Jk  ^  f o r  ° < k < r ,  k < 7

Two o th e r in t e r e s t in g  log-concave sequences a re  g iven  by S ta n le y  [ 8 l ] ,  

We f i r s t  g ive  a  d e f in i t io n .  A m a tro id  M o f  ran k  r  on a  s e t  E o f  

s iz e  m i s  c a l le d  unim odular (o r  r e g u la r ) i f  th e r e  e x is t s  a  mapping

unim odular, i . e .  every  m inor has de te rm in an t 0 

o r  + 1 .

The most f a m il ia r  c la s s  o f  unim odular m atro ids a re  th e  g rap h ic  m a tro id s . 

S ta n le y 's  main r e s u l t s  a re  th e  fo llo w in g :

2 .13  Theorem. Let M be a  unim odular m a tro id  o f  ran k  r  on a  

f i n i t e  s e t  E , and l e t  A c s .  Let f^  be th e  number o f  bases B

i? : E -»• 3R such th a t

a ) a  su b se t A o f  E i s  independent i f  and o n ly  i f  

th e  | A I' column v e c to rs  #(E)  , e € A ,  a re  

l i n e a r l y  independen t, and

b) th e  r  x m m a tr ix  [t?(e^) . . . £ ( e m)]  i s  t o t a l l y

o f  M s a t i s f y in g  \B 0 A| = i  , and s e t Then th e

sequence g^ , > • ••  > Sr  i s  log-concave
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2 .1k  Theorem. Let P be a  f i n i t e  p a r t i a l l y  o rd e red  s e t  w ith  n 

e lem en ts , and l e t  x € P • Let be th e  number o f  o rd e r -p re s e rv in g

b is e c t io n s  a  : P -* {1 , 2 ,  . . .  n} s a t i s f y in g  ct(x) = i  . Then th e  

sequence . . .  ,N n i s  log -concave .

We d is c u s s  th e  independent p a r t i t i o n  c o n je c tu re s  in  th e  ensu ing  

c h a p te r s .



CHAPTER I I I  

The Independent P a r t i t i o n  C on jectu re

1 . D ow ling 's Theorem

We tu rn ,  th e n , to  th e  s tu d y  o f  independent p a r t i t i o n s  o f  a  

m atro id  o f  s iz e  2k . In  [8 0 ] , two b i p a r t i t e  graphs a re  a s s o c ia te d  

w ith  such a  m a tro id  M . Each has b i p a r t i t i o n  Tfk  ^(M) U ^ C m) • The 

graphs G = g(M) and H = H(M) a re  g iven  as fo llo w s : l e t  a  gA be

such th a t  (A, B)6TTfc(M) and (A \  a  ,  B + a)  € Tfk_^(M) , th en  in  G

( A \ a , B  + a)  i s  a d ja c e n t to  ( A , B ) . ,  and i n  H ( A \ a , B  + a)  i s  

a d ja c e n t to  b o th  (A ,B )  and (B ,  A) . An a l t e r n a t e  d e s c r ip t io n  i s  

h e lp f u l .  An independent p a r t i t i o n  may be reg a rd ed  as a  2 -c o lo r in g  o f  

th e  elem ents o f  M so  th a t  each c o lo r  re p re s e n ts  an independen t s e t  

in  M . A djacency in  G d e sc r ib e s  th e  a b i l i t y  to  sw itch  c o lo rs  on 

one e lem en t. In  H ,  (A ,  B) eTT^^M ) i s  a d ja c e n t to  (C , D) €Tfk (M) 

i f  (C ,  D) i s  a r r iv e d  a t  in  one o f  two ways:

(1 ) th e  c o lo r  o f  one elem ent o f  B i s  sw itched ,

(2 ) th e  c o lo r  i s  sw itched  on one elem ent o f  B and th en

a l l  c o lo rs  a re  sw itched .

In  a  b i p a r t i t e  graph  w ith  b i p a r t i t i o n  V1 u  Vg ,  a  m atching o f

V1 in to  i s  a  s e t  A o f  p a irw ise  n o n -a d ja ce n t edges such th a t

ev ery  v e r te x  in  i s  in c id e n t  w ith  some edge in  A . I f  we could

show th a t  th e re  i s  a  m atching o f  TTk _-]_(M) in to  tt̂ M ) in  e i th e r

graph , G o r  H ,  th en  we would have th e  in e q u a l i ty  (M) < n k (M) .

31
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When th e  graph H has such a m atching we say  M adm its an 

H -m atching. In  1980, Dowling [ 80] proved th a t  any m atro id  M o f  s iz e  

2k adm its an H-matching when k < 7  • We in c lu d e  h i s  p ro o f  h e re . In  

th e  n ex t s e c t io n  we e x h ib i t  a m a tro id  which has no H -m atching.

We f i r s t  need a r e s u l t  on m atchings in  b i p a r t i t e  g rap h s . For 

v e r t i c e s  x , y  o f  a  graph H , l e t  x ~ y  mean x i s  a d ja c e n t to  y  .

3 » i P ro p o s it io n . Let H be a  f i n i t e  sim ple b i p a r t i t e  graph w ith  

b i p a r t i t i o n  X U Y . Suppose th a t  d ^ C x ) ^ !  fo r  a l l  x € x  and th a t

(3) £  v  7*-T < 1 f ° r  each y  € Y .
x~y HW

Then G adm its a m atching o f  X in to  Y .

P ro o f . Let A be a  su b se t o f  X and l e t  N(A) be th e  s e t  o f  v e r t ic e s  

in  Y a d ja c e n t to  some v e r te x  in  A . By H a l l 's  Theorem, i t  s u f f ic e s  

to  show U1 < 1N(A) 1 . U sing (3 ) , we have

= S ^ T x T  = S S dTTxT -  S S d" Tx'1 — 1N(A)1x€A T T } x^A. x~y di r  '  y€N(A) x~y dĤ  ;

Denote by k(a ) th e  c lo su re  o f  a  s e t  A C E .  For 

(C , D)€TTk_1 (M) , we have (C + d , D \ d )  € TTk (M) i f  and on ly  i f

d € D- k(c) ,

d ^ C ,  D ) ) = l D -  k(C)1 and dJ(C , D)) = 2d^(C , D)) = 2 l D  -  k(C)1



33

And fo r  (A , B)

djj(A , B) = d0 ( A , B ) + d 0 ( B , A ) = l A - K ( B ) l  + l B- K( A) I

Let X = \ _ X(M) and Y = ^ ( m)

3 .2  Lemma. I f  r(fO  < k  o r r(M) = k + 1 and M has a co loop , th en  

the  graph H adm its a  m atching o f  X in to  Y . O therw ise, fo r  

(C , D) €X , (A , B) € Y

(4) Id - k (c)J > 3 and

( 5 )  1b - k ( A ) 1 > 2

P ro o f . I f  r ( M ) < k  th en  1 (M) = 0 and so th e  r e s u l t  i s  t ru e

vacuously . I f  r ( M ) = k  + l  and e i s  a coloop, th en  fo r  

(C , D) € x we have 1d | =k  + l  and so D i s  a b a s is  and hence 

e € D . We match (C , D) to  (C + e , d \  e )  . I f  r(M) > k  + 2 , or  

i f  r(M) =k + l  and M has no co loop , th en  th e re  a re  a t  l e a s t  3 

elem ents n o t in  th e  c lo su re  o f  an independent (k -  l ) - s e t ,  and a t  l e a s t  

2 e lem ents n o t in  th e  c lo su re  o f  an independent k - s e t ,  so (Ij-) and

(5) h o ld .
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For (A,  B) PTtk (M) , we c a l l  th e  p a i r  (B , A) and (A , B)

m a te s .

3 .3  Theorem. L et M he a  m atro id  on 2k e lem en ts , k < 7  •

Then H adm its a m atching o f  X in to  Y .

P ro o f . We may assume r ( M ) > k  + l  and i f  r ( M ) = k  + l  th en  M has

no co loop , so (If) and (5) h o ld . S ince th e  theorem  i s  t ru e  f o r  k = l  ,

we may assume k > 2  . We s h a l l  show th a t  under th e se  assum ptions, H 

s a t i s f i e s  (3)•

Let us f i x  ( A,  B) €Y and d e fin e  s e ts

Bq = B - k (A) — fh^  , hg , . . .  , h g }

Aq = A -  k (B) = f a^ , 8g , . .  • ,  a ^ )

where IBqI = x and |Aq1 = t  . Then (A , B) i s  a d jac e n t to  th e  

s + t  v e r t ic e s

(6 ) ( B \ b j  , A + h d ) , h ^ € B 0

(7) ( A\  a^ , B + a± ) , a±€ AQ

To determ ine th e  degree in  H o f  th e se  v e r t i c e s ,  we d e fin e

Bi  = B - k ( A \ a ± ) ,  l < i  <  t
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Aj = A - k ( B - b j )  , 1 < 3 < s

and l e t  = Ja^I , s^ = Ib^I . S ince A  ̂ 2Ag fo r  1 <  j  < s  and

B ^ B q  f o r  l < i < t  , we have u s in g  (5)

(8) 2 < t < t  < k , 2 < s < s .  < k .

The v e r t ic e s  a d ja c e n t in  H to  (7) a re  (A , B) , th e  s i  v e r t ic e s

( A- a ^  + b j ,  B + a ^ b ^ )  f o r  b ^ € B ^ ,  and th e  m ates o f  th e s e .  Thus

dg(A -  a^ ,B  + a^) = 2 ( s ^ + l )  . The v e r t i c e s  a d ja c e n t in  H to  (6)

a re  ( B . A )  , th e  t .  v e r t i c e s  ( B - b . +  a.  , A + b . - a . )  f o r  a . € A .'  j  '  j  i  * 0 i  i  0
and th e  m ates o f  th e s e .  Thus d„(B -  b .  , A + b  .)  = 2 ( t .+ l )  and th u s

" 0  0 J

1 "k 1 ^ 1
(C ,d H a ,B ) dH^C,D-) i = l  2 ( s 7 + lJ  5=1 2 l y I J

To e s ta b l i s h  (3) we must show

(9)  A  ^  * A  - 2 ■x=i i  j = i  j

L et J  = J ( s ^  , Sg , . . .  , s .̂ ,  t ^  , tg  , . . .  , t g ) denote  the  fu n c tio n  

g iven  by the  l e f t  s id e  o f  (9 ) whose domain i s  th e  s e t  o f  ad m issib le  

( s . )  and ( t . )  . I i s  a  d e c re a s in g  fu n c tio n  o f  each s .  and t .  ,1 tJ • 1 3
and so by (8)

<10> \  <  7 T T
S

+ t  + 1
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The r i g h t  hand s id e  o f  (10) i s  < 2  when

t ( t  + l )  + s ( s  + l ) < 2 ( t  + l ) ( s  + l )  ,

t h a t  i s  when

( l l )  ( t - s ) 2 < t  + s + 2

We may, w ith o u t lo s s  o f  g e n e r a l i ty ,  assume th a t  t  > s . Then (11) 

h o ld s  and hence (9 ) f o r  a l l  ( t  , s )  s a t i s f y in g  (8 ) w ith  k < 8 

ex cep t f o r  ( t  ,  s )  = (6 , 2 ) , (7 , 3) , (7 , 2 ) , (8 , 4 ) , (8 , 3) , (8 , 2 ) , 

To d e a l w ith  th e se  cases f o r  k  < 7 we need th e  fo llo w in g  Lemmas.

3 .k  Lemma. For each su b se t I  c  { 1 , 2 , . . .  , t )

(12) ^  *

I f  I  i s  a p ro p e r su b se t o f  { 1 ,  2 , . . .  , n)

(13) > U1 •i '

P ro o f . C le a r ly  (12) h o ld s  i f  B i s  empty, so assume B ^ <f) . Let 

F be th e  f l a t  o f  M d e fin ed  by
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where k(A) i s  th e  c lo su re  o f  A . S ince th e  s e ts  A -  a re  su b se ts  

o f  an independent s e t  A , we have

F =  k (  D  (A -  a . ) )  =  k (A -  U  a , )  ,  
i € l  1 '  i € l

a  f l a t  o f  rank  k - J l j  . S ince B i s  in d ependen t, l F 0 B ] < k - ] l |  .

But

F H B = n (k ( A - a .  ) Hb ) = n ( B- B .  ) = B - U  B. ,
i € l  1 i € l  1 i € l  1

so

IB - U  B,1 < k  -  | l l  ,
i € l  1

which g iv e s  (1 2 ) . Suppose now th a t  e q u a l i ty  h o ld s  in  (1 2 ). Then

B -  U B, i s  a  b a s is  o f  F , and th e re fo re  spans A -  U a . . Thus 
i € l  1 i € l  1

k ( b ) =k  (B -  U  B. ) a  A -  U a.
i € l  1 i € l  1

But k (B) OA = A - An , Anc  U a .  and we conclude th a t  I  = ( l , 2 , . . . , t }  .
i € l  1

We assume t > s  , and no te  th a t  (13) im p lie s  t h a t  a t  most s - 1  

o f  th e  B^ e q u a l Bq . Hence th e  upper bound o f  (10) can be improved to

( lM  f < L z l  + t - B .  + l  +
'  J - s  + l + s + 2 t + 1  '

and th e  r i g h t  hand s id e  o f  ( l4 )  i s  < 2  f o r  ( t  , s )  = (6 , 2 )  , (7 ,  3) and

( 8 , U)  .
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3 .5  Lemma. L et C ( b J  , j = s + l ,  . . .  , k  be th e  unique c i r c u i t
_ _ J

b^€ C(b^) CA Ubj  . Then

t  k
(15) r  (s - s )  = e  l c ( b  ) h a  J  .

i = l  j= s + l J U

P ro o f . For l < i < t  , s . - s = 1b . -  B«l . b j  B . - B„  means 
  — — i  * i  O'  j i O

j  € {s + 1 ,  . . . , k )  , b j  f  k (A -  a^) b u t (A) , which means

a ^ € c ( b ^ )  , j € { s  + l , . . . , k )  . To prove (15) we count o rdered  p a i r s

(b^ , B^- Bq) where b^€ B^- BQ .

There rem ains th e  case ( t  , s )  = ( 7 , 2 )  . S ince s = 2 ,

a t  m ost one s ^ = 2  . I f  s ^ > 3  f o r  l < i < 7  , th en
* 7 0

t + g  = 2 . I f  s^= 2 and a t  l e a s t  two s ^ > l  , th en
* 1 1 2 2J < j  + jj- + ^  + g < 2  . The rem ain ing  p o s s i b i l i t y  i s  s^= 2 and

( a t  l e a s t )  s^= 3 , th e n , by (15 ),

t  k  k
E ( s . - 2)  = E l c ( b . )  f U J  > E 2 = 2 ( k - 2 )

i = l  3=3 3 3=3

( i . e . ,  1C(b .)  1 > 3  as o th e rw ise  s . € k (b ) f o r  some i € { l , . . . , t } )  •
«J y 1

So,  2 ( k - 2 ) + 2 * 7 <  E s . = 2  + 5 * 3  + s„ . And s„  > 2 k  -  7 > 7  , f o r
i = l  1 '

r l  5 1 2
- 3 + i f + E + B < 2  ' com pletes th e  p ro o f o f

th e  theorem .

A c tu a lly , we have shown th a t  (9 ) h o ld s  f o r  a l l  ( t  , s )  s a t i s f y in g

(8 ) and (1 5 ) w ith  k  <  8 ex cep t f o r  ( t  ,  s ) = (8  , 3 ) , (8 , 2 ) .
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3he case ( t , s )  = (8 , 3 ) s im ila r  to  the  case

( t , s )  = ( 7 , 2 ) .  We see  th a t  s in ce  s =■ 3 f = 3 fo r  a t  most two

i ’s . I f  s i  > 4 fo r  i  = 2 , . . .  , 8 th e n  §  + 1  + 1  < 2 . So

we may assume s i  = s2 = ^ and fo r  • Then (15 ) g iv es

8 8 8 
E ( s . -  3)  > E 2 = 10 , o r  E s.  > 3^

i = l  1 i = l

8
A ll 5 - tu p le s  (s^ , •••  , Sg) such th a t  and E s.  ̂ > 28  a re

8 1  ^ 2  r
such th a t  E ----< 2 -  3  -  ^  . Hence, J < 2 in  th e  case

i=3 Si  ~  ~
( t , s )  = (8 , 3 ) •

The case ( t  , s )  = (8 , 2 )  i s  a s p e c ia l  case  o f  th e  fo llo w in g

theorem , where we show (M) < Jtg(M) w ith o u t showing th e  e x is te n c e

o f  an H -m atching.

3 .6  Theorem. Let M he a m a tro id  o f  s iz e  2k on E , and l e t  

e 1 , e g € E  he such th a t  fo r  N = M \ f e 1 , e 2 J , r (N)  = k ,  r ( { e 1 ,  e^ } ) =2  

and N has an H (N )-m atching. Then < ^ (M ) •

P ro o f. Let cp : TT̂  g(N) ■+ 1,6 th e  b is e c t io n  d e fin ed  by

cp(x) = y  i f  x  and y  a re  th e  ends o f  some edge o f  th e  m atching in  

H(N) . That i s ,  f o r  (C , D) , cp( (C , D )) = (C + d , D -  d) o r

( D - d  , C + d)  fo r  some d € D . U sing (p , we w i l l  d e f in e  a  b is e c t io n

+ : TTĵ  ^M ) -*■ ^ (M )  . (♦ may n o t d e sc r ib e  an H (M )-m atching.) We w i l l

use  th e  n o ta t io n  tp(C , D) fo r  tp((c ,D)) , + ( C , D )  f o r  ^ ( ( C , D ) )  .
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We see  th a t  r(M) < r (N)  + rCfe^^ , eg}) = k  + 2 , and we may 

assume r(M) >  k .

Case 1 . r(M) = k +2  . Then M i s  n o t connected and we can map as 

fo llo w s : L et (C ,D) €Ttk_1 (M) ;

( i )  i f  e ^ e g C D  l e t  i|f(C , D) = (C + e 1 , D -  e )

( i i )  i f  e ^ C ,  e2 6D l e t  *(C , D) = (C + e2 , D -  eg)

( i i i )  i f  e2 € c ,  e ^ D  l e t  ^(C , D) = (D -  e1 , C + e1 ) .

I t  i s  e a s i ly  checked th a t  t h i s  map i s  w e ll-d e f in e d .

Case 2 . r(M) = k  + 1 . I f  e ^ K  (n ) th en  eg i s  a  coloop and 

Lemma 3 .2  a p p l ie s .  Hence we may assume e^£i<(N) f o r  i = l , 2  .

D efine i|r as fo llo w s: Let (C, D)€TT ^ (m) ,

( i )  i f  e ^  C , e2 6 D and cp(C -  e;L , D -  eQ) = (A1 , B^) th en

l e t  ♦ ( C , D )  = (A1+ e 1 , Rj^+eg)

( i i )  i f  e g € C , e ^ € D ,  and tp(C -  e2 , D -  e ^ )  = (A^ , B^) th en  

l e t  i|r (C , D) = ( C + e ^ ,  D - e ^ )  i f  C + e1 i s  independen t 

and l e t  \jf(C , D) = (A^+ e2 , B^+ e^ ) i f  C + e1 i s

dependen t.

( i i i ) i f  ejOgC D , l e t  D1= D -  e ^ g  .

i f  th e re  i s  no cp“1 (D1 , C) , th e n  l e t  t ( C , D )  =

( D - e 2 , C + e2 ) ,
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i f  5p”1 (r»1 ,  C) ^ D j - d ,  C + d)  ,  th en  l e t  + ( C , D )  = 

(C + d , D - d )  ,

i f  «p“1 (D1 , C) = (C -  c , Dx+ c) ,  th e n  l e t

♦ (C , D)

(D.j + c , C -  c + ) i f  C -  c + i s  independen t

(C + eg , D -  e g ) i f  C -  c + e^eg i s  dep en d en t.

We m ust show th a t  ijr i s  w e ll-d e f in e d . L et (A , B) 6 tT^(m) . There 

a re  s e v e ra l  cases  fo r  (A , B) .

(1) I f  e x€ A , e2 €B , l e t  (A ^ B1 ) = (A -  e i  , B -  eg) Then

(A , B) has pre-im age in  ( i )  i f f  <p"’1 (A1 , Bj^) e x i s t s  and 

(A ,B ) has pre-im age in  ( i i i )  i f f  cp ^(A^ , B^) does n o t e x i s t .

(2) I f  eg € A ,  e ^ B ,  l e t  (A^ , B^) = (A -  eg ,  B - e )  . Then 

(A , B) has pre-im age in  ( i i )  i f f  ©”1 (A1 , B1 ) = (C^ , D1 ) and 

C^+e^eg i s  dependen t. And (A ,B ) h as  pre-im age in  ( i i i )  

i f  {p- 1 (B1 ,  A1 ) = (A ^  a , B1 + a )  and A ^ - a  + e ^ g  i s  dependent, 

and B + eg i s  in d ep en d en t. I f  p o s s ib le ,  suppose t h a t  

(C i+ e2 , Di + e i )  + ( A , B )  from ( i i )  and ( A ^ B ^ e ^ g )  +

( A, B) from ( i i i ) .  Then e i t h e r  o r  C^c b  . I f  CjCA

C^+ e^eg i s  dependent and A^- a + e^e^ i s  dependen t, b u t t h i s  

i s  im p o ssib le  a s  A^+ e.^ i s  in d ep en d en t. I f  C1<=B1 then

( i i )  g iv e s  C.j+ e1e2 dependent and ( i i i )  g iv e s  B^+ e ^ g  

in d ependen t, a n o th e r c o n tra d ic t io n .

th e n



b2

(3) The cases  e^  , e^SA and e^  , eg€B a re  e a s i ly  checked. 

We om it th e  d e t a i l s .  We conclude th a t  <  ĵ ( m) .

As a  c o r o l la r y  we g e t

3 .7  C o ro lla ry . L et M be a  m atro id  o f  s iz e  2k , k  < 8 . Then

V l (M) -  \ (M) •



2 . A counterexam ple

K :

F ig u re  2

C onsider th e  graph K o f  F ig . 2 w ith  edge s e t  

E =A UB UC U (e 1 , eQ , e^ , e^} where A = ^  , . . .  , a } ,

B =  *  ’  ’  * *  ^  =  ^ C1  f  * ’ ’ *  Cp ^  f  ® =  ^ 1  *  ’  ’ '  > *

Ie J = l|.p+ ^  = 2(2p  + 2 ) • Let k = 2 ( p  + l )  . Let M = J9?(K) .



1*

We see th a t  fo r  y  = (A + C+ e^+ , B + D + e^+ ) € Tt^(m) ,

( t  , s )  = (k , 2 ) and

r - r  1  2 ?  + 2  S  p  , 1  , l
x ~ > r* H ^  2 P̂ + 3) g(2p + 3) ~ t  P + 3 2p + 3

That i s ,  (A + c + e ^ + e ^ ,  B + D + e.j+ e^)  = ( X , Y)  i s  a d ja c e n t to  the  

2p v e r t i c e s  ( X - a ^ Y  + a^)  , ( X - c i , Y  + ci ) o f  degree 2 * b  and

the  2 v e r t ic e s  ( X - e ^ ,  Y + e^)  , (X -  e^ , Y + e^)  o f  degree

2 (p + 3 ) and th e  2 v e r t ic e s  (Y - e .^ , X + e.^) , ( Y - e ^ , X  + e^ )  o f  

degree 2(2p + 3 ) •

I f  p > ^ then  c le a r ly  X > 1 w hile  i f  p = 3 then

07

X = > 1 . Hence c o n d itio n  (3 ) , s u f f i c i e n t  b u t n o t n ecessa ry  fo r

a m atching , i s  v io la te d  where p > 3 • We n ex t show th a t  fo r  p

la rg e  enough, th e  graph H(M) indeed does n o t have a m atching,

a lthough  th e  in e q u a l i ty  < ^ (M ) i s  s a t i s f i e d .

S e ts  o f  the  form fa . , b . }  and f c ,  , d . } we s h a l l  c a l li  ’ i  i  '  i
w ings. L et W= AU b Uc Ud and

a  = (Oc, Y) € \ _ X(M) : e3 , e^ € x )  .

We w i l l  show th a t  k l  > U w i  .

For (X , Y) €d7 , l Y n { e ^ , e g } |  >  1 , s in ce  o th erw ise  the  c i r c u i t  

^e i , e2 , eg , e^} C X . L et a ±= { (X , Y) : e± , € Y) and

Ct2 = { (X , Y) €<7 : lY 0 fe-L , e^} t = 1 }  , th en  (7 = <7± + .
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(X , Y) im p lie s  Y cannot c o n ta in  two w ings. On th e  o th e r

hand, lYflwl = \ y \ -  l ( e 3 , e^} 1 = 2p + 1 means Y must c o n ta in  a wing.

S ince e ^ e ^ G x ,  X cannot c o n ta in  a w in g .  Hence = (2p)22p_1 .

( X ,Y ) 6 ^ 2 im p lie s  lx  0 wl = \ x \  -  3 = 2p -  2 and

| y Dw| = 1y | - 1  = 2p + 2 . Hence Y must c o n ta in  two wings and must meet

ev ery  w ing. So jdg l = 2 (p2 22 p -^) . So 1<?| = p (p + 2 )22p”‘*' .

N(£7) = NUN/ where N i s  th e  s e t  o f  neighbors in  G(M) ,

and N7 i s  th e  s e t  o f  m ates o f  e lem ents o f  N . Hence

1n(C7)1 =21nJ . A gain, N=NxUN2 where 1^= fX , Y) €N : e1 , eg € Y} and

N2 = C(X, Y ) € N :  1Y 0 f e i , e2 } I =1}

(X ,Y )€ N 1 im p lie s  |x  Dwl = |x l  -  2 = 2p , and Jy OwI = | Y l - 2 = 2 p .  

Mow, X cannot c o n ta in  a  w ing, as  {e^ , e^} CX , and hence n e i th e r  can 

Y . So InJ  = 22p .

(X , Y) € Mg im p lie s  U  0 wj = Jxl -  3 =2p -  1 and

Iy OwI = Iy ! -  1 = 2p + 1  . Then Y m ust m eet every  wing and c o n ta in  one

w ing. So lNgl = 2 (2p (22p_1)) .

Thus | N (/7) 1 = 2U 1 = 2 (2 2p+ 2 p 2 2 p )=  U(2p + l ) 2 2p“1 ,

\d \  = p (p  + 2)22p”"*‘ . For p > 7 } p (p  + 2 )  > U(2p + l )  . Hence fo r

every  k > 16 we see th a t  th e re  i s  a  m atro id  o f  s iz e  2k which has no

H -m atching.

I t  i s ,  however, e a s i ly  v e r i f i e d  th a t

^ ( M )  = (p 2 + 6 p  +  S j s 21" 1  ,

^ ( M )  = (p 2  + 6 p  + 6 ) 2 2 p  

t h a t  i s ,  <  ^ ( M) •



3 . The Independent P a r t i t i o n  C onjecture

S ince we cannot ex p ec t to  produce a m atching in  the  graph H to  

prove the  in e q u a l i ty  < ^ (M ) , f o r  M o f  s iz e  2k we now

tu rn  to  some r e s u l t s  about th e  s tro n g e r

C on jectu re  6 : I f  M i s  a m atro id  o f  s iz e  m and

Our f i r s t  r e s u l t  shows th a t  a s m a lle s t  counterexam ple to  Con­

je c tu r e  6 , shou ld  one e x i s t ,  m ust be connec ted . Theorem 3*9 i s  based  

on a  r e s u l t  o f  Andrews [ 7 5 ]  which s t a t e s  th a t  th e  p ro d u c t o f  two p o ly ­

nom ials w ith  symmetric unim odal c o e f f ic ie n ts  i s  a  polynomi a l  w ith  

sym m etric unim odal c o e f f i c i e n t s .

3 .8  Lemma. L et M = M.©M2 where M. has s iz e  m. , j = l , 2  . Then

P ro o f . (A ,  B)  CTT^M) i f  and o n ly  i f  (A ,  B )  = (A. j+ Ag  ,  B^+  B g )  where 

(A1 ,  B1 ) 6TTt (M1 ) and (Ag , B g )  < = V t (V  , t  = U -J  . Then

i  < ° g  1 , th en  < n^M ) .

Jt± (M ) -J t± - 1 (M ) =

And so

k6



S ["tCMj.) -  V l (Ml )][jri - t (M2 )] +
t < - ( 11̂ + 1 )

+ E [itJt(M1 ) -  Itjl_1 (M1 )H n i _Jj(N ^)]

i > ! ( “ ]_+1 )

-  E [ n t (M l ) -  Jrt _1 (M1 ) ] [ n i _t (M2 )]  +

t  < 1 ( ^ + 1 )

+ . 2  ‘  " t ^ l ^ ^ i - m  + t - 1 ^ M2 ^
t < | ( m 1+ l )  1

To g e t th e  l a s t  l i n e  we l e t  t= m  - 4  + 1  ,  th en  it (M^) = «  _ , ( Mi )  =X Jj X

J t^ C M i)  and = j f r f l ^  = * t ^  5 f u r th e r ,  i f

^(oL j+ l) < ± < 11̂  + 1 ther^ 0 < A < ^ ( “ 1+ 1 )  • A lso , =

ni  m + 1 1^M2^ * Noŵ , i f  we Use th e  f a c t  'fcha'fc ^ t ^ l ^  = nt - l ^ Ml^  i f  

t  = ^(m^+ l )  ,  th e n  we g e t

«± ( M ) = Z C«t (M1 ) ■ Jtt - 1 (M1 )^CJti - t ( M2) " Ki -m ,+ t- l^ M2 ^

3 .9  Theorem. L et M = Mj© Mg where has s iz e  ,  j  » 1 ,  2 . I f
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th en

*1-1  (M) -  * 1 ^  f o r  1 <  | ( m + 1 ) •

P ro o f . From Lemma 3*8 we have

t < | m i

We s h a l l  show th a t  i f  1 <  7j0a1+ l )  th e n  ev ery  term  i n  t h i s  sum i s

n o n n eg a tiv e . By assum ption , f o r  t  <  ^(m^) . A lso,

t  <  ^ (n ^ ) ,  i  <  jj(m1+m2 + l )  im p lie s  i  - m ^  t  -  l< £ (m g ) , and b o th

i  - 1 >  i  -  m^+ t  -  1 and mg - i  + t  > i - m ^  + t  -  1 . S ince one o f  i - t

o r m g - i  + t  i s  l e s s  th a n  i(m g+ l )  ,  we see  t h a t

<Xir n ex t r e s u l t  shows t h a t  a  s m a lle s t  counterexam ple to  Con­

je c tu r e  6 , shou ld  one e x i s t ,  has a  f l a t  whose ran k  i s  l a r g e r  th an  h a l f  

i t s  s i z e .

3 .10  Theorem. I f  M has a  f l a t  F such th a t  r ( F )  <  -̂ —1- and Con­

je c tu r e  6 h o ld s  f o r  M /F  and M| F ,  th en  C on jectu re  6 i s  t r u e  f o r  M .

P ro o f. I f  M has a  f l a t  F such th a t  r (F )  <  th e n  n^(M) = 0 f o r  

a l l  i  . That i s ,  i f  (A , B) € tTj_(M) th e n  one o f  |A p F | > o r

jB p F j > i s  t r u e .  So we may assume r ( F )  = . Ihen  f o r

(A , B) CtT^M) we must have |A P F | = jB P F j = = f  . Then

Jt± (M) = jtf (M| F )x j._f (M /F ) and i < | ( m  + l )  im p lie s  i  - f  < m ~2g + 1 .



CHAPTER I V  

T h e  M a in  T h e o r e m

1. S e r i e s - p a r a l l e l  Networks

There i s  a  sim ple ty p e  o f  e l e c t r i c a l  network term ed a  s e r i e s -  

p a r a l l e l  co nnec tion  which occurs f r e q u e n tly  in  bo th  t h e o r e t i c a l  and 

a p p lie d  e l e c t r i c a l  e n g in e e rin g . We have ta k en  th e  fo llo w in g  d e s c r ip t io n  

from D u ffin  [ 65 ] .

+

F ig u re  3 

A sim ple c i r c u i t

Shown in  F ig . 3 i s  a sim ple  c i r c u i t  c o n ta in in g  a  b a t te r y  o f  v o lta g e  E 

and a  r e s i s t o r  o f  r e s is ta n c e  R ohms. Then th e  c u r re n t  I  flow ing  in  

th e  c i r c u i t  i s  de term ined  by th e  r e l a t i o n

E / I  = R > 0

T his i s  Ohm's law .
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F ig u re  14- 

R e s is to rs  in  s e r ie s

Shown in  F ig . It- a re  two r e s i s t o r s  connected  in  s e r i e s .  One r e s i s t o r  

has r e s i s ta n c e  A ohms and th e  o th e r  has r e s i s ta n c e  B ohms. Then 

th e  j o i n t  r e s i s ta n c e  R between te rm in a ls  1 and 2 i s  g iven  by th e  

form ula

R = A + B

On th e  o th e r  hand, th e  two r e s i s t o r s  cou ld  be connected  in  p a r a l l e l  

as shown in  F ig . 5.

1
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F ig u re  5 

R e s is to rs  in  p a r a l l e l



5 1

C o n d u c t a n c e  i s  t h e  r e c i p r o c a l  o f  r e s i s t a n c e  a n d  c o n d u c t a n c e s  a d d  i n  

t h e  p a r a l l e l  c o n n e c t i o n ,  s o

R - 1 =  A ~ \  B " 1

S o l v i n g  f o r  R g i v e s

AB
R =

A +  B *

a n d  t h i s  i s  t h e  f o r m u l a  f o r  t h e  j o i n t  r e s i s t a n c e  R o f  t w o  r e s i s t o r s  

i n  p a r a l l e l . L e t

A : B =  AB
A +  B

Then A : B may be reg a rd ed  as a new o p e ra tio n  term ed p a r a l l e l  

a d d i t io n . P a r a l l e l  a d d i t io n  i s  d e fin e d  fo r  any nonnegative  numbers not 

both z e ro . The network model shows th a t  p a r a l l e l  a d d it io n  i s  commutative 

and a s s o c ia t iv e .  M oreover, m u l t ip l ic a t io n  i s  d i s t r i b u t iv e  over t h i s  

o p e ra tio n .

C onsider now an a lg e b ra ic  e x p re ss io n  in  th e  o p e ra tio n s  (+) and 

( : )  o p e ra tin g  on p o s i t iv e  numbers A , B , C , e tc .  An example i s

(16) R = A + B : (C + D : E)

To g iv e  a  network in te r p r e ta t io n  o f such a  polynom ial, re a d  A + B 

as "A s e r ie s  B1' and A :B  as "A p a r a l l e l  B "; th e n  i t  i s  c le a r  

t h a t  th e  ex p re ss io n  (16) i s  th e  jo in t  r e s is ta n c e  o f  th e  network shown 

in  F ig . 6 .
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2
F ig u re  6 

A s e r i e s - p a r a l l e l  connection

Networks o b ta in ed  from such polynom ials a re  term ed s e r i e s - p a r a l l e l  

c o n n e c tio n s .

Not every  network i s  a s e r i e s - p a r a l l e l  co n n ec tio n . In  p a r t i ­

c u la r ,  i t  can be checked th a t  th e  W heatstone b rid g e  co n n ec tio n  o f 

F ig . T i s  not a  s e r i e s - p a r a l l e l  co n n ec tio n .

1

2
F ig u re  7 

The W heatstone B ridge co n n ec tio n

We can g e n e ra liz e  th e s e  concepts to  m a tro id s , as su g gested  by 

M inty [66] and g iven  in  Welsh [7 6 ] .

Let M be a  m atro id  on E and l e t  e €E and suppose 

x E . The s e r ie s  e x ten s io n  o f  M a t  e by x is  th e  m atro id
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s M(e ,  x ) on E + x  whose independen t s e t s  axe o f  th e  form l )  o r 2)

1 ) A + x , where A i s  independen t in  M

2) A + e ,  where A i s  independen t in  M and e  ft A .

S im ila r ly  th e  p a r a l l e l  e x ten s io n  o f  M i s  th e  m atro id  

p M ( e ,x )  on E + x whose independen t s e t s  a re  o f  th e  form 3 ) o r  4)

3 ) A ,  where A i s  independen t in  M

h)  ( A \ e ) + x  where e 6 A and A i s  independen t in  M .

A m atro id  N i s  a  s e r i e s - p a r a l l e l  e x ten s io n  o f a  m a tro id  M

i f  N i s  a  s e r ie s  o r p a r a l l e l  e x ten s io n  o f  M o r i f  N = M©M1 where

i s  a  m a tro id  o f  s iz e  1 . A s e r i e s - p a r a l l e l  m a tro id  i s  one w hich 

can "be o b ta in ed  from a m a tro id  on one elem ent by  su cc e ss iv e  s e r i e s -  

p a r a l l e l  e x te n s io n s .

I t  i s  c le a r  th a t  i f  -we re p la c e  a  g iven  edge e o f  a  g raph  G 

by  a  p a i r  o f  edges e^  , i n  s e r ie s  o r  by  a  p a i r  o f  p a r a l l e l  edges 

e l  * e2 * 8,11(1 ®1 '  G2  deno te  r e s p e c t iv e ly  th e se  s e r ie s  and

p a r a l l e l  e x ten s io n s  o f  G , th en

»j(G1 ) *  s 0j(g) (e ,  e1 )

0?(G2 ) = PW(G) (e ,  e^ ) .

A graph i s  a  s e r i e s - p a r a l l e l  netw ork i f  each  connected  component can 

be o b ta in ed  from  a  l in k  o r lo o p  graph  by su c c e ss iv e  s e r ie s  and p a r a l l e l



e x te n s io n s . T r iv ia l ly ,  i f  G i s  a  s e r i e s - p a r a l l e l  netw ork then  Jfl(G) 

i s  a  s e r i e s - p a r a l l e l  m a tro id . M inty p o in ts  ou t t h a t  th e  converse i s  

a ls o  t r u e .  That i s ,  a  s e r ie s  - p a r a l l e l  m a tro id  i s  n o th in g  more than  

th e  polygon m a tro id  o f  a  s e r i e s - p a r a l l e l  netw ork.

U sing th e  fo llo w in g  Lemma due to  D irac  [5 2 ] , we can g iv e  an 

a l t e r n a t e  c h a r a c te r iz a t io n  o f  s e r i e s - p a r a l l e l  netw orks, a su b d iv is io n  

o f a  graph G i s  a  graph th a t  can be o b ta in ed  from G by a  sequence 

o f  edge s u b d iv is io n s .

^ .1  Lemma. A no n sep arab le  sim ple  graph in  which th e  degree  o f  every  

v e r te x  i s  a t  l e a s t  th r e e  has a subgraph which i s  a  s u b d iv is io n  o f  .

P ro o f . Let G be such a  g rap h . Then G has no c u t-v e r te x  and so

has a  c i r c u i t .  We show f i r s t  t h a t  G must have a  c i r c u i t  o f  le n g th

a t  l e a s t  fo u r .  S in ce  G i s  s im p le , i t  has no c i r c u i t  o f  le n g th  le s s

th a n  th r e e .  I f  p o s s ib le ,  l e t  C be a  c i r c u i t  o f  le n g th  th re e  w ith

v e r t ic e s  v1 , v£ , v^ . S in ce  th e  degree  o f v^ i s  g r e a te r  th an  or 

eq u al t o  3 j th e re  i s  a  v e r te x  v ^  v^ , v^ a d ja c e n t to  v^ . Then 

v i s  jo in e d  to  vg by a p a th  av o id in g  v^ and hence to  one o f  vg ,  v^ 

by a  p a th  whose i n t e r i o r  avo ids v^ , v^ , V3 . But t h i s  g ives a 

c i r c u i t  o f  s iz e  a t  l e a s t  fo u r .

Let C be a  c i r c u i t  o f  maximum le n g th , and l e t  th e  v e r t ic e s  o f 

C in  c y c l ic  o rd e r be > • • • j Tn '  Ti  ( n — **■) * ^  Pa^  between

two n o n -ad jacen t v e r t ic e s  o f  C having  o n ly  i t s  i n i t i a l  and te rm in a l 

v e r t ic e s  in  common w ith  C w i l l  be c a l le d  a  chord o f  C .
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We cla im : every  v e r te x  o f C i s  connected  by a  chord to

an o th e r v e r te x  o f  C . W ithout lo s s  o f  g e n e r a l i ty ,  we may co n sid e r

v, . I t  i s  Jo in ed  t o  v_ and v and to  a t  l e a s t  one o th e r  v e r te x1 2 n
u o f  G . I f  u€V(c)  th e n  we have th e  c la im . Assume u j£ v (c ) .

The v e r te x  v^ i s  not a  c u t-v e r te x  so th e re  is  a  p a th  P from u to

v_ which avo ids v.. . One o f  i t s  i n t e r i o r  v e r t i c e s  i s  on C as C2 1
i s  a  lo n g e s t c i r c u i t .  Let v^ be th e  f i r s t  v e r te x  o f  C in  th e

i n t e r i o r  o f  P . Then i  ^ n and i  ^  2 , a s  th e n  C would not be

a lo n g e s t c i r c u i t .  Hence th e r e  i s  a  chord  from  v^ to  v^ .

Now, i f  th e re  a re  two chords o f  C which J o in  d i f f e r e n t  p a ir s

o f  v e r t ic e s  o f  C and which have a  common v e r te x  we o b ta in  a  subgraph

homeomorphic to  u s in g  th r e e  v e r t ic e s  on C and th e  v e r te x

common t o  th e  two ch o rds. So assume th a t  every  p a i r  o f  chords from

d i s t i n c t  p a i r s  o f  v e r t ic e s  o f  C do no t i n t e r s e c t .  Every chord

d iv id e s  C in to  two a r c s . Let P be a  chord  which has one o f  th e  

two a rc s  o f  s h o r te s t  le n g th .  Say P ' Jo in s  non -ad jacen t v e r t ic e s  

vi  * vk  ŵ e re  i  < k , and th e  a rc  w ith  v e r t ic e s  v^ , v^+^ , . . .  , v^ 

i s  s h o r t e s t .  Then th e re  i s  v .  , i < J < k , o n  t h i s  a r c .  v .  i s  

Jo in ed  by a  chord  to  some non -ad jacen t v e r te x  v^ o f C . Then, 

because o f  our cho ice  o f  s h o r te s t  a rc ,  j & j £ { i , i + l , . . . , k )  , and 

we o b ta in  a  su b d iv is io n  o f  u s in g  v e r t i c e s  v^ , v^ ,  v^ ,  v^ ,

th e  two chords, and th e  c i r c u i t  C .

We a re  now read y  to  s t a t e  th e  excluded m inor c h a r a c te r iz a t io n

o f  s e r i e s - p a r a l l e l  m atro ids as su g g ested  in  D u ffin  [6 5 ] .
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k .2  Theorem. Let M be a  m atro id . The fo llo w in g  a re  e q u iv a len t:

(a ) M is  a  s e r i e s - p a r a l l e l  m a tro id .

(b) M is  g raph ic  and does not c o n ta in  ^(K ^) as a

m inor.

(c ) M is  th e  polygon m atro id  o f a  graph G which does n o t

co n ta in  a subgraph which i s  a su b d iv is io n  o f  .

The c h a r a c te r iz a t io n  we most o f te n  use is  g iven  in  ( c ) .  For 

o th e r  c h a r a c te r iz a t io n s  o f  s e r i e s - p a r a l l e l  m atro ids see  Welsh [7 6 ] .



2 . O u te rp lan ar Graphs

A graph  i s  s a id  to  be embedded in  a  su rfa c e  S when i t  i s  

drawn on S so  t h a t  no two edges i n t e r s e c t  a t  an i n t e r i o r  p o in t .  A 

graph  i s  p la n a r  i f  i t  can be embedded in  th e  p la n e ; a  p lane  graph has 

a lre a d y  been  embedded in  th e  p la n e . We w i l l  r e f e r  to  th e  reg io n s  

d e f in e d  by  a  p lan e  graph as i t s  f a c e s ,  th e  unbounded re g io n  be ing  c a l le d  

th e  e x te r io r  f a c e . • A p lan e  map i s  a  connected  p lane  graph  to g e th e r  w ith  

a l l  i t s  f a c e s .  A p la n a r  graph i s  o u te rp la n a r  i f  i t  can be embedded 

in  th e  p lan e  so t h a t  a l l  i t s  v e r t ic e s  l i e  on th e  same fa c e ;  we u s u a lly  

choose t h i s  fa c e  t o  be th e  e x te r io r .  I t  i s  easy  to  see  t h a t  i f  G 

i s  o u te rp la n a r  and e i s  an edge o f G , th e n  G -  e and G /  e a re  

both  o u te rp la n a r .  Hence any minor o f  an o u te rp la n a r  graph i s  o u te r ­

p la n a r  .

A l l  p lan e  embeddings o f  and ^ a re  o f  th e  forms

shown in  F ig . 8 in  which each has a  v e r te x  in s id e  th e  e x te r io r  

c i r c u i t .

K2 ,

F ig u re  8

C hartran d  and Haraxy [ 67 ] observed  th a t  th e s e  a re  th e  two b a s ic  

non- out e rp la n a r  g ra p h s .



58

Theorem. A graph i s  o u te rp la n a r  i f  and on ly  i f  i t  has no sub­

graph which is  a  su b d iv is io n  o f  o r Kg ^ •

P ro o f. The "o n ly  i f "  s ta tem en t i s  c l e a r .  We prove th e  " i f "  s t a t e ­

m ent. I f  p o s s ib le ,  assume th a t  th e re  i s  a graph which i s  not o u te r ­

p la n a r  and which has no subgraph which i s  a  su b d iv is io n  o f o r

K_ - • Among a l l  such graphs l e t  G be such th a t  1e (G)J i s
i

minimum. Then G i s  nonseparab le  and s im p le . Hence, by Lemma 

1*. 1, G has a  v e r te x  v o f  degree 2 . Let v be in c id e n t w ith  

edges e^ and eg which jo in  v to  v^ and Vg , r e s p e c t iv e ly .

I t  must be t h a t  G /  e^ has no subgraph which i s  a  su b d iv is io n  o f

Kv o r K ; hence G /  e, i s  o u te rp la n a r .  C onsider a p la n a r*T C. y i  J-
embedding o f  G /  e^ in  •vdiich a l l  th e  v e r t ic e s  l i e  on th e  e x te r io r  

f a c e .  I f  th e re  i s  such an embedding in  which eg is  on th e  e x te r io r  

fa c e , th e n  G i s  o u te rp la n a r , as G i s  o b ta in e d  from G /  e.^ by

su b d iv id in g  th e  edge eg . So assume eg is  not on th e  e x te r io r

fa c e  in  any o u te rp la n a r  embedding o f G /  e^ . The v e r t ic e s  v^ and 

Vg d iv id e  th e  boundary o f  th e  e x te r io r  fa c e  in to  two a r c s .  S ince 

eg is  not on t h i s  boundary, th e re  i s  a  v e r te x  on each a rc , say  v^ 

and v^ . But th en  G has a  subgraph which i s  a  su b d iv is io n  o f 

Kg ^ u sing  th e  v e r t ic e s  v^ , Vg and v^ , v^ , v . This c o n tra ­

d ic t io n  proves th e  theorem .

14-A  C o ro lla ry . An o u te rp la n a r  graph i s  a s e r i e s - p a r a l l e l  netw ork.
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3. The Main Theorem

Let G be a g raph . A han d le  i s  a  sim ple  p a th  in  G whose 

in t e r i o r  v e r t ic e s  have degree  2 . A graph G which has a  hand le  P 

and an edge e ^  P such th a t  P + e i s  a  c i r c u i t  i s  s a id  to  have a 

hand le  on an edge. •■-•••

k .k  Lemma. Let G be a  nonseparab le  graph o f  s iz e  >  2 .

1) I f  G i s  a  s e r i e s - p a r a l l e l  netw ork, th e n  G has

hand les P ,Q  w ith  common end v e r t i c e s .

2) I f  G i s  o u te rp la n a r , th en  G has a hand le  on an 

edge.

P ro o f . We proceed  by in d u c tio n  on th e  number o f  edges o f  G .

1) Suppose G i s  a  s e r i e s - p a r a l l e l  netw ork. I f  G

is  not sim ple , th e n  th e re  a re  p a r a l l e l  edges u ,v  and hence hand les 

P • (u) , Q= (v) . So we may assume G i s  sim ple o f  s iz e  >  3 and 

nonseparab le  and th e r e f o r e ,  by Lemma k . l ,  G has a v e r te x  v o f 

degree 2 on edges e , e '  . Then G / e  is  s e r i e s - p a r a l l e l ,  non­

sep a rab le  o f  s iz e  > 2 and hence has hand les P ' , Q' w ith  common 

end v e r t i c e s . S ince  G i s  o b ta in ed  from G / e  by su b d iv id in g  an 

edge e , G has handles P , Q, w ith  common end v e r t i c e s .

2) Suppose G i s  o u te rp la n a r .  Then G is  a  s e r i e s -

p a r a l l e l  network and th e re fo re  has h an d les  P , Q w ith  common end 

v e r t ic e s .  Among a l l  such "double han d les"  choose a p a i r  such th a t
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th e  le n g th  o f  P i s  lo n g e s t .  I f  Q has le n g th  one we a re  done.

So assume Q, has le n g th  g r e a te r  th a n  one. L et th e  common end v e r ­

t i c e s  be u , v . We must have d ^ ,(u )> 3  , as  o th e rw ise  we would 

c o n tr a d ic t  our cho ice  o f  P . S ince  G i s  nonsep arab le , th e re  i s  

a n o th e r p a th  R from  u to  v . I f  R has le n g th  one we a re  done.

But R cannot have le n g th  g re a te r  th an  one, as th e n  G would have a  

subgraph which i s  a  su b d iv is io n  o f  K_ _ .

I f  G i s  s e r i e s - p a r a l l e l  w ith  double hand les P and Q o f 

s iz e s  p , q r e s p e c t iv e ly ,  l e t

TTj/G) = ^ W G ) )  , «i ( G ) - « i (»l(G)) , 

h = g \  ( p + q ) k = g / ( p + q )

V= {(A , B) CTT^G) : P cA  , Q cB ) , W= {(A , B) € TT±(G) : QcA , P c B )

X =  ((A  , B) C ^ C G )  : P H A ^ 0  , P O B ^ 0 }  , Y = {(A ,  B) C lT ^ G ) : Q pA  ^  0  ,  Q OB 4 0} 

Z = {(A ,  B) gTT^G ) : P PA 0  0  ,  P  f |B  j* 0  , Q HA f  0  ,  Q OB 4 0}

Then,

(17) fl.(G) = 1V1 + jwl + 1X1 + lYj -1Z1 ,
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o th e rw ise .

We now d e r iv e  form ulas f o r  th e  c a r d in a l i t i e s  o f  th e  s e ts  

ap p earin g  in  (1 7 ) . F i r s t  we no te  t h a t  i f  Cp i s  a  c i r c u i t  o f  s iz e  

p , th en

*.(C  ) 
i  P

Now, (A , B) € V i f  and o n ly  i f  ( A \ P  , B \Q )  €TL_p(K) and 

(A , B) €W i f  and o n ly  i f  (A \Q  , B \ P )  €TT. (K) . F u r th e r ,

(A , B) 6X i f  and o n ly  i f  (A - P , B -  P) P) where

t  = |A OPl ; and (A ,B) €Y i f  and o n ly  i f  (A \Q  , B \Q )  6 ^ ^ (G \Q )

where t  = jAMQl . F in a l ly ,  (A , B) € Z i f  and o n ly  i f

(A \  (P+  Q) , B \  (P + Q) €U . (H) where t  = |A fl P | , s =  JA 00,1 .
X —s

Hence,

|V1 + |Wl + \X | + 1Y1 - l z |  = " i .p fK )  + +

I ) V t ( G \ P ) +^ (  I ) V t ( G \ « )  - ' ? (  P )%\ I )
t = l  t = l  '0=1 S=1

P Q
= n. (K) + n . (K) + E i ( C  ) n  . (G \ P) + E n  (C ) n. . (G \Q )  i - p  i - q  t=Q t  p i - t  t=Q t  q 1--C

P q

t = o  s = o  z p  s  q  i “ t _ s

Hence th e  fo llo w in g  fo rm ula  fo r  a  s e r i e s - p a r a l l e l  netw ork G ,
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^ ( G )  = Jt± ((G \  P) ©Cp ) + «i ( (G \ Q) ©C^) -  ^ ((^ © (^ © H ) + «±_p (K) + (K) .

When G i s  o u te rp la n a r , we may choose Q so th a t  Q has le n g th  one,

so  C i s  a  lo o p . Then we have 
<1

Jt± (G) = Jti ((G \P )ff iC p ) + n i _p (K )+ rt1_1 (K) .

Lemma 4 .5 . Let G be a  nonseparab le  o u te rp la n a r  g rap h . E i th e r  G i s  

c i r c u i t  o r  G has hand les P ^ , Pg on edges e^ , eg ,  r e s p e c t iv e ly ,  

su ch t th a t  | (P ^+ e^) fl (P2+ e 2^1 — ^ *

P ro o f . L et m be th e  number o f  edges o f  G . We proceed  by in d u c tio n

on m . The theorem  i s  t r u e  i f  G i s  a  c i r c u i t ,  so we may assume G

i s  n o t a  c i r c u i t  and m > 3 •

L et P be a  handle on an edge e* . I f  G \P  i s  a  c i r c u i t

C , th en  P and C \e *  a re  d i s j o i n t  hand les on e* . Hence we may 

assume G \P  i s  n o t a  c i r c u i t .  L et G \ P  have handles ,  Qg on 

edges e1 re s p e c t iv e ly ,  such t h a t  | (q, ^  e ^  fl (Qg+ eg )l < 1  •

I f  e*j£Q1+ e 1 , th e n  G has d i s j o i n t  handles P ,Q^ on 

d i s t i n c t  edges e* ,  e ^ , r e s p e c t iv e ly .  S im ila r ly , th e  theorem  i s  t ru e

i f  e* 4  V e2 '

I f  e* = e1 = e g ,  th en  G has p a irw ise  d i s j o i n t  hand les 

P t > §2 on ec*®e e* *
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I f  e*€ Q ^ and e* = , th en  Q1 = {eg )= { e * )  and G has

d i s j o i n t  hand les P , (e^} on th e  edge e* . S im ila r ly , th e  theorem  i s  

t ru e  i f  e* *  e^ € Qg .

I f  e* € Q 1 nQ2 » th en  and Q1 =Qg = {e*} . In  t h i s  case

G has p a irw ise  d i s j o i n t  h an d les  P ,  {e^} , (eg} on th e  edge e* .

S ince we have exhausted  a l l  th e  c a se s , the  theorem  i s  proved.

h .6  Main Theorem. L et G he an o u te rp la n a r  graph w ith  m edges and 

no lo o p s , and l e t  e be an edge o f G . Then f o r  i  <  ^(m + l )  ,

1) «± (G )- a ^ C G )  > K j t e / e )  - n ^ G / e )

and

2) «■.(&) > ^ ( G )  .

P ro o f. For k  € Z  , l e t

A± (G , e ) = j t ± (G) - « i - k (G) “ ^ ( G / e ) +Jti _k ( G /e )  .

To prove l )  we must show A^(G , e )  >  0 f o r  i  < ^ ( m + l)  . S ince , 

fo r  k >  1 ,

e) =



6k

we have A e )  > 0 f o r  k > 1 , whenever ( G , e )  > 0  f o r1 ”“ -L “* Jo
0 < jj < k .

We proceed  by in d u c tio n  on m . The theorem  i s  t ru e  f o r  m = 0 

as th en  Kq (g ) = 1 . The theorem  i s  t ru e  f o r  m = 1 as then  

jt^(G) = jIq (g) =Kq (g /  e )  = 1  , and jt̂ ( g /  e )  = 0 . Hence we may assume 

m > 2 .

I f  i  = i(m  + l )  th en  Jt^(G) =ju ^(G) and ju ^ (g /  e ) >

g (G / e ) = r t f t G/  e)  . Hence we may assume i  < i|(m) .

I f  G i s  n o t sim p le , th en  G has p a r a l l e l  edges e^  , e^ .

Let G' = G /  {e1 , eg } , th en  f o r  i  € 2Z ,

iti (G) = 2it± _ 1(G ')

I f  G' has a  loop , th en  Jt^(G) = r t ^ ( G/ e ) = 0  f o r  i  g 2  and any

edge e o f  G . Hence we may assume th a t  G' has no loops so  th a t  

th e  theorem  i s  t r u e  f o r  G* . Let e be an edge o f  G . I f

e = e^ , th en  jt^ (G /  e ) = 0 f o r  i  £ 7L ; hence, f o r  i  < ^(m) ,

Aj](G) = rt±(G) -  ^ ^ ( G )  = 2[jti _1 (G* ) -  > °  •

I f  e jz {e^ , eg] , th en  e^  and e^ a re  p a r a l l e l  edges in  G / e  and

Jt i (G / e) = 2n±_1 (G' / e )  

f o r  i  f  E ;  hence f o r  i  < ^(m) ,
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-  a3;(G) ® ^ 1i _1 (G ') >  0 .

Hence we may assume G i s  s im p le .

I f  G i s  s e p a ra b le , th en  G has subgraphs G-̂  ,Gg such th a t

^ ( G )  =Jt^(G^©Gg) •

Let G  ̂ have m̂  > 1 edges, j  = 1 , 2  . S ince G does n o t have a 

lo o p , G-̂  and Gg do n o t have lo o p s . U sing Lemma 3 -8  we have

* i< 0 )  - * 1 - 1  <0 )  -  \ )]
0 < t  < g m

Suppose e i s  an edge o f Gg . W ithout lo s s  o f  g e n e r a l i ty  we may 

assume Gg i s  n o n sep a ra b le . I f  m^= 1 ,  th e n  G / e  = G^ and

« ± ( G )  = J t i ( G / e ) + J t 1 _1 ( G / e )  = n i (G1 ) +  n i _1 (G1 ) .

D ie re fo re , f o r  i  < ^(m) ,

aJ(G  >e ) = C«i (G1 ) + n i - 1 (G1 )] -  [« i _1 (G1 ) + j u ^ G ^ ]  -  «i (G1 ) + «i _1 (G1 )



66

I f  mg> 1 , th en  G sim ple , Gg n o n sep arab le  im p lies  3 . Then

A i ( G , e ) -  e  ^ t ^ l ^  “" t - l ^ l ^ ^ i - t ^ ^  " *i-m  + t - l ^ G2 ^
° < t < i m i

- = [?t<Gi> “ V i ( Gi > H V t (V e) - rti-m1+t-l <Gs/e)]

m - 2 t+ l
s  (Q2 ’ e ) ]  •

Now, 0 < t  <  im p lie s  m.^- 2 t  + 1 >  1 , hence i f  i  -  t  <  £(%,+

we have

nv -2t+ l  
A i- t  (G2 , e ) > 0 .

I f  i  -  t  > |(m 2+ 1) > th en  i - m ^ t - l ^  n i g - i + t  < ^(nig -  l )  , and

m1 -2 t+ l
Ai-t Ĝ2 * =ni-t^G2^ " “i-mj+t-l^^ “rti-t^G2^ + "i-n^+t-l^/ ̂

= %g-i+t ̂  “ rti-m^+t-l^G2^ “ "nig-l-i+t^G2 ̂  ̂  + " i ^ + t - l ^  /

= V 2 - i + t ^ G2  ̂ " " n i g - i + t - l ^ ^  +Jtm2 - i + t - l ^ G2  ̂ " '‘i - r y - t - l ^

'  ,fBfe- i + t - l (G2 / e ) + , t i ^ i L+ t J . (0a / e )



Since n ig - i  + 1 < ^(fflg+l) , i f  m - 2 i  > 1 th e n  we can use 

in d u c tio n  to  prove l )  . But i f  m = 2 i  ,  th en

L t - 1 (G2 ’ e > - 0 •

We use Theorem 3»9 to  prove 2) .

Hence we may assume G i s  sim ple , nonseparab le  and m > 3 •

Let P be a  handle  o f  le n g th  p > 2 on an edge e* . Let e be an

edge o f  G . There a re  th re e  cases to  c o n s id e r .

Case 1 . e P + e* .

Then G / e  i s  o u te rp la n a r  w ith  no loops and P i s  a  handle

on th e  edge e* . Let H = G \ P  , K = G /  (P + e * )  , C = , H = H / e  ,

K = K / e  , and h =  |E (H )| . S ince G i s  sim ple , h i s  g r e a te r  th an  2 , 

and K has no lo o p s .

aJ(G ) = [* i (C ® H )+ *i _1 (K )+Jti _p (K)] - [ j t i _1 (C © H )+fti _2 (K )+ n i _1 _p (K)]

-  [rt± (C ©H) + ^ ( K )  + J^i.pCK)] + [* i-;L(C©H) + «±_2 (K) + " i.x .pC K )]

= rt± (C ®H) -  ©H) -  ji^ C  ©H) + ©H)
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+ * ^ 0 0  - " i .p . iC K )  - V p W  + W K )

E  C«t ( c )  -  itt _ 1 ( C ) ] [ n i _t ( H )  -  i t i _ p f t _ 1( H )  -  « i _ t ( H )  +  i t i _p + t ( H ) ]  
° < t < |

+ aJ_x (K , e ) + A j _ p ( K,  e)

P -2 t+ l , ,
= Z t Jtt (C) ' Itt - l (C)[Ai - t  (H , e n + A ^ C K ,  e)+At ;  (K , e)

° < t  < |

= Z [nt (c) - n t _1 ( G ) ] [ A ^ t+ 1 (H , e ) ]  + [ A ^ ( H ,  e ) + A^ _ [ K,  e ) ]

2 < t  < |

+ [Ai_p (K , e ) ]  .

To com plete th e  p ro o f o f  l ) ,  we show th a t  each bracketed, te rm  i s  

n o n negative . S ince C i s  not a loop , \ ( c ) > nt - l ^ )  ^°r  

l < t < | .  I f  l < t < | ,  th e n  p -  2 t + 1 > 1 . Hence i f  

i  -  t  < - |(h +  l )  we have

Ai-t* :+1(H » e ) > 0 *

I f  i  - t  > i ( h  + 1) , th e n  h - i  + 1 < ^ (h  -  l )  and

i j l f +1(H , e) .  V t (H) -  *1. p f t . l (H) -  /  e) + /  a)
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I f  i  - 1 < i ( j E ( K ) l  + 1) , th e n

, e )  +A^_X(K , e) >  0

I f  i  -  1 > •g(h) , then  h -  i  + 1 < ^ (h) and

, e) + ^ i_ x(K , e) = a ^ H )  - a ^ G O  -  a ^ H )  +

+ " i - l ^  " ni-2 ^ K  ̂ " " i - l ^  + “ i - 2 ^

= " h - i + l ^  ” ni-p ^ H  ̂ ‘ " h - i ^  + ni - p ®  + V - i ^  “ " h - i + l ^  -  " h - i - l ^

+ n. . (K) h - i '

nh - i - l ^ H  ̂ " nh - i ^  _ " h - i + l ^  + * h - i ^  + Ah - i  + " h - i ^

’ " h - i - l ^

-  At i + i (H '  e* } + C f (H >e) + V i (* } -  v i - i ®  ^ 0 •

( I f  K has a  loop , th e n  a ^ - i ^  = nh - i - l ^ ^  = °  ’ i f  K has n°  

loops th e n , by in d u c tio n , a ^ ^ K )  > ah _^_1(K)*)

S ince  i  < ~(m) = ^ (h +  p) in p l ie s  i  -  p < - |(h  -  p) < - |( |E (K ) | + 1) , 

i - p < ± ( h - p )  < | ( l E ( K ) l  +1) , we have

Ai_p (K , e ) > 0 .



T his proves l ) .  By in d u c tio n , s in c e  G / e  has no loops and

i  < ^(m - 1) + 1 ) ,  we have

n ^ G /  e) - n i _1( G / e )  > 0 .

Hence l )  and 2) a re  t r u e  in  t h i s  c a se .

Case 2 . e € P .

I f  G i s  th e  c i r c u i t  P + e *  , th e n  l )  and 2) a re  e a s i ly  

v e r i f i e d .  Assume G i s  no t a c i r c u i t .  By Lemma k-,5, G has a  

hand le  Pg on an edge eg such th a t  J (P + e*) 0 (Pg+ e^) 1 < 1 .

S ince  P has le n g th  g r e a te r  th an  one, e £ Pg+ e^ . Hence, we can

use Case 1 t o  prove th e  theorem .

Case 3 . e = e* .

I f  G has a  h an d le  Pg on an edge e^ such th a t  e Pg+ e ^ ,

we use Case 1 t o  prove th e  theorem ; i f  G i s  a c i r c u i t ,  we use

Case 2 . Hence we may assume th a t  G i s  sim ple , is  not a c i r c u i t ,

has a han d le  Q 4  P on an edge and, f u r th e r ,  th a t  every  hand le  Pg

on an edge eg i s  such th a t  e 6 P+ eg . S ince  G has no subgraph

which i s  a  su b d iv is io n  o f  K _ , G has e x a c tly  two hand les  P , Q
2 > 3

on th e  edge e . Let Q have le n g th  q > 2 . Then, f o r  i  < —(m) ,
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Hence, f o r  i  < -|(m) = ^ (p +  q+  l )  we have i  -  p < • |(q +  1 - p )  < i ( q ) , 

and

Ai< ° )  -  ”i (cp ® V i ) - ”i - i (-cp ® V i ) - " i (0P ® c q ) + , t i - i ( cp " c 9 )

+ V i ' 0 ,*  -  ” i - 2 ' Cq > + ”i - p (0q> - " i - p - l (0q>

S K '° p >  -  e> 1 +
1 <t < |

+ * i-p< Cq ) - " l - P - l ^ q )  i  O V  S) + - ’' i - a ' V

b e fo re , i f  i - l < ^ ( q + l )  , th e n  ni _ i ( Cq) > ni-2 ^ Cq^ ’ an<i i f  

i  -  1 > • j |(q + l)  , th e n

As

k l - l (Cq+l ’ e > + ” i - l ( ° q > - ’, i - 2 (Cq>

= " i - l ^ q + l ^  " n i - p ^ Cq + l^  -  " i - l ^ q ^  + " i - P ^ q ^  + " i - l ^ q ^  " iTi - 2 ^Cq^

nq-i+ 2^Cq+l^ " " i - p ^ q + l^  '  " q - i + P ^  + " i - P ^ V

Aq-i+ 2  ^Cq+1' -  '

s in c e  q -  i  + 2 < 7j ( q + 1) , m + l - 2 i > l  , and Cq+i  i s  not a lo o p . 

As in  Case 1, we use 1) to  prove 2 ) .
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k . 11 C o ro lla ry . Let G be an o u te rp la n a r  graph w ith  m ed g es . 

Then, f o r  i  < ^(m + l )  ,

«i (G) > ^ ( G )  •

P ro o f . I f  G has a  loop , th e n  «^(G) = 0 fo r  a l l  i  . I f  G 

does not have a  loop , use Theorem 14-. 10.

k .12 C o ro lla ry . I f  G i s  an o u te rp la n a r  graph w ith  independent 

s e t  numbers 1^ , 0 < i  < r(G ) , th en



CHAPTER V
Independent P a r t i t i o n  Numbers f o r  some O u te rp lan ar Graphs

In  t h i s  c h ap te r  a l l  o u te rp la n a r  graphs a re  embedded in  th e  p lane  

so th a t  a l l  v e r t ic e s  l i e  on th e  e x te r io r  f a c e .

1 . Maximal O u te rp lan ar g ra p h s .

A sim ple n o n separab le  o u te rp la n a r  graph G i s  maximal o u te r ­

p la n a r  i f  no edge can be added w ith o u t lo s in g  o u te r p la n a r i ty .  C le a r ly , 

every  maximal o u te rp la n a r  graph i s  a  t r i a n g u la t io n  o f a  polygon.

Haraxy [71] proved th e  fo llo w in g  sim ple  but im portan t theorem .

5 . 1  Theorem. Let G be a  maximal o u te rp la n r  graph w ith  P > 3 

v e r t ic e s  a l l  ly in g  on th e  e x te r io r  f a c e .  Then G has p - 2  i n t e r i o r  

f a c e s .

P ro o f . O bviously th e  r e s u l t s  h o ld s  f o r  p = 3 • Suppose i t  i s  t r u e  

f o r  p = n and l e t  G have p = n + 1 v e r t ic e s  and m in t e r i o r

fa c e s .  G has a  han d le  P o f  s iz e  2 on an  edge; th u s  G \P  has

p -  1 = n v e r t ic e s  and m - 1 i n t e r i o r  f a c e s . By in d u c tio n  

m - l = n - 2  , o r m = p - 2 .

5 .2  C o ro lla ry . Every maximal o u te rp la n a r  graph w ith  p v e r t ic e s  has

2p - 3 edges
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P ro o f . Use th e  E u le r form ula, p - q + r  = 2 , where p , q  and r  

th e  number o f  v e r t i c e s ,  edges and fa c e s , r e s p e c t iv e ly .

Let G be maximal o u te rp la n a r  w ith  n + 1  > 3 v e r t ic e s  and

2n -  1 ed g es . Then

jt̂ G ) = 0 f o r  i  < n - 1 

and, s in c e  G has a han d le  P on an edge e ,

-  *n<G> ’  V l (K) + 2 V l ( » > *  V 2(IC) '

where K = G / ( P + e ) , H = G \ P .  K has 2n -  lj- edges and n - 1  

v e r t i c e s ,  hence

V l (K) -  ”n -3 (K) -  °  '

H i s  maximal o u te rp la n a r  w ith  n v e r t ic e s  and 2n -  3 edges.

I f  n = 2 we see  t h a t

nn (G) » 2 * 1 + 1 =  n2n"2+ 2n“2 = (n +  l ) 2 n"2

I f  n > 2 , th e n  K has p a r a l l e l  edges e ^ , eg and so

7^

a re

" n - 2 ®  = 2 V 3 ( K / t e l ’ e2})
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We se e , th e r e f o r e ,  th a t

v 2 <k > - 2""2 •

We have shown:

5.3  Theorem. I f  G i s  a  maximal o u te rp la n a r  graph w ith  

v e r t i c e s ,  th e n

V l (G) = nn (G) = ( n + 1 )2n"2

ju (G) = 0 fo r  i  < n - 1  and i  > n

n+ 1 > 3

7
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g . Some C o n je c tu re s .

When G i s  o u te rp la n a r  b u t n o t maximal we do n o t have such an 

e x p l i c i t  fo rm ula fo r  3t^(G) ; however, s in ce  G has a handle P of 

s iz e  p on an edge e , i f  we l e t  H = G \  P , K  = G / ( P + e )  , then  

we can use  th e  re d u c tio n  fo rm u la ,

to  compute jt^(G) . A computer program which does t h i s  com putation was

L et G be a  sim ple no n sep arab le  o u te rp la n a r  graph w ith  m > 3

edges and n i n t e r i o r  f a c e s .  We d e fin e  two seq u en ces . I f  G has

e x a c tly  one i n t e r i o r  fa c e  F^ , then  l e t  p^= m - 1 and a^ = 0 .

Assume G has more th an  one i n t e r i o r  fa c e , l e t  P be a handle  o f

s iz e  p on an edge e and l e t  F be th e  fa c e  bounded by P + e .

Assume th a t  th e  n - 1  fa c e s  o f  G \P  a re  o rd ered  F^ , . . .  , F  ^

and th a t  p, , . . .  , p .. and a . a have been d e fin e d . r l '  ’ n -1  1 '  '  n - l
L et p = p and a  = & where ». € { l , . . .  ,  n -  l )  i s  such th a t  e l i e s  ±n n ’
on th e  boundary o f  F . In  t h i s  manner, th e  g raph  G determ ines

I
sequences p fc , 1 < t  < n  , c a l le d  a  hand le  sequence, and a t  ,

1 < t  < n , c a l l e d  a  p a re n t sequence. S ince G may have s e v e ra l  

h and les on edges, th e se  sequences a re  n o t u n iq u e . However, i t  i s  easy

w r i t te n  in  BASIC f o r  th e  Apple I I + . A f te r  b r i e f l y  e x p la in in g  how th e  

program w orks, we use  i t  to  compare th e  numbers 3t^(G) to  th e

b in o m ia l c o e f f ic ie n ts
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t o  see  t h a t  th e se  sequences determ ine  a  t r e e  T(G) w ith  v e r te x  s e t  

V = C ( t  , p t ) ; l < t < n )  where ( t  , p t ) i s  a d ja c e n t to  (& , p^) , 

t  >  fj , i f  JL = .

C onversely , g iven  a  t r e e  T and a  fu n c tio n  w :V(T) -*-11 we can

d e fin e  an o u te rp la n a r  graph G = G(t ) such t h a t  T(G) S' T ; 5??(G) 

i s  u n iq u e ly  de term ined . F or an example, see  F ig u re  9«

(6,3)
(3 ,2 )

F ig u re  9

An o u te rp la n a r  graph G and t r e e  T(G)

Let a be a  fu n c tio n  from  [n ] = {1 , 2 , . . .  , n) to  

{ 0 , 1 ,  . . .  , n -  1} such t h a t  <?(t) < t  , and l e t  U^= IT X . . .  X IT 

( t  f a c t o r s ) .  We now re c u r s iv e ly  d e f in e  fu n c tio n s  f^  : IT ->E + . Let

i  ( (Xl+)
E'i(xi) \  i  / i f  1 < i  < x x 

o th e rw ise

Assume f . , H < t  , j  < i  have been d e f in e d . Let 
0



I t  i s  c le a r  th a t  i f  a ( t )  = b j . , l < t < n ,  th e n  f? (x ^  , . . .  , x^) = n. (G) 

th e  numbers f t  co rrespond  to  independent p a r t i t i o n  numbers o f  minors 

o f  G .

The program  computes th e  numbers > ••• > x n) • To minimize

s to ra g e  re q u irem en ts , th e  program o n ly  computes th e  f t  needed in  

th e  com putation o f  Jt  ̂ .

In  th e  ta b le s  below and in  th e  appendix , th e  fo llo w in g  n o ta tio n  

i s  u sed . L et G be th e  g rap h .

M = th e  number o f  edges,

V = th e  number o f  v e r t i c e s ,

R = V - 1  (The ran k  o f  th e  g rap h ),

N = th e  number o f  fa c e s ,

P(G) = th e  p a re n t sequence,

H(G) = th e  h an d le  sequence,



P I ( I )  =  i r ^ G )  ,

b c ( i ) = 0 '

P I / B C  =  B i ( G )  / Q )  ,

PR(I )  = ^ ( G )  /  jrI _1 (G) , 

« (G) /  jt . (G)
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Fiscure 10. An O u te rn lan ar Graph

M=28 <**=21 P<G>=X1222555 21 MINORS
R=20 N=8 H(G)= 44334333

I PI < I) BC< I > PI/BC PR< I ) PR/BCR
8 88303 3108105 0 . 0 2 8 4 XX XX
9 691374 6906900 0 . 1 7 . 8 2 9 5 3 . 5 2 3 3
10 270 8 7 8 7 13123110 0 . 2 0 6 4 3 . 9 1 7 9 2 . 0 6 2
1 1 6 9 7 3 4 5 8 21474180 0 . 3 2 4 7 2 . 5 7 4 3 1 .5 7 3 2
12 13080837 30421755 0 .4 2 9 9 1 .8 7 5 8 1 .3 2 4
13 18784128 37442160 0 . 5 0  16 1 .4 3 6 1 .1 6 6 7

>14 21 142322 40116600 0 . 5 2 7 1 .1 2 5 5 1 .0 5 0 5
15 18784128 37442160 0 . 5 0 1 6 0 . 8 8 8 4 0 . 9 5 1 9
16 13080837 30421755 0 . 4 2 9 9 0 . 6 9 6 3 0 .8 5 7
17 6 9 7 3 4 5 8 21474180 0 . 3 2 4 7 0 .5 3 3 1 0 . 7 5 5 2
18 2 70 8 7 8 7 13123110 0 . 2 0 6 4 0 . 3 8 8 4 0 . 6 3 5 6
19 691374 6906900 0 .  1 0 . 2 5 5 2 0 . 4 8 4 9
20 88303 3108 105 0 . 0 2 8 4 0 . 1 2 7 7 0 . 2 8 3 8
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F ig u re  11 . An O u te rp lan ar Graph

M=28 V=21 P< G> =X1222555 21 MINORS
R=20 N=8 H(6 ) = 3 5 3 3 4 3 3 3

I PI < I > BC< I > PI/BC PR< I ) PR/BCR
8 87232 3108105 0 . 0 2 8 XX XX
9 680031 6906900 0 . 0 9 8 4 7 . 7 9 5 6 3 . 5 0 8
10 2657391 13123110 0 . 2 0 2 4 3 . 9 0 7 7 2 . 0 5 6 7
11 6832 1 7 9 21474180 0 .3 1 8 1 2 . 5 7 1 1 .5711
12 12809076 30 421755 0 .4 2 1 1 .8 7 4 8 1 .3 2 3 3
13 18391086 37442160 0 .4 9 1 1 1 .4 3 5 7 1 .1 6 6 5

>14 20699450 40116600 0 . 5 1 5 9 1 .1 2 5 5 1 .0 5 0 4
15 18391086 37442160 0 .4 9 1 1 0 . 8 8 8 4 0 . 9 5 1 9
16 12809076 30421755 0 .4 2 1 0 . 6 9 6 4 0 . 8 5 7 2
17 683 2 1 7 9 21474180 0 .3 1 8 1 0 . 5 3 3 3 0 . 7 5 5 6
18 2657391 13123110 0 . 2 0 2 4 0 . 3 8 8 9 0 . 6 3 6 4
19 680031 6906900 0 . 0 9 8 4 0 . 2 5 5 9 0 . 4 8 6 2
20 87232 3108105 0 . 0 2 8 0 . 1 2 8 2 0 . 2 8 5
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M=28 </=21 P<G>=X1222555 19 MIN
R=20 N=8 H<G>= 534 3 3 3 3 3

I P H I ) BC(I) PI/BC PR< I) PR/BCR
8 74403 3108 105 0 . 0 2 3 9 XX XX
9 593730 6906900 0 . 0 8 5 9 7 . 9 7 9 9 3 . 5 9 0 9
10 2358891 13123110 0 . 1 7 9 7 3 . 9 7 3 2 . 0 9 1
1 1 6137154 21474180 0 . 2 8 5 7 2 . 6 0  17 1 .5 8 9 9
12 11597913 3 0 421755 0 . 3 8 1 2 1 .8 8 9 7 1 .3 3 3 9
13 16728444 37442160 0 . 4 4 6 7 1 .4 4 2 3 1 .1 7 1 9

>14 18856242 401 16600 0 .4 7 1 .1271 1 .0 5 2
15 16728444 37442160 0 . 4 4 6 7 0 .8 8 7 1 0 . 9 5 0 5
16 11597913 3 0421755 0 . 3 8 1 2 0 . 6 9 3 3 0 . 8 5 3 2
17 6137154 21474180 0 . 2 8 5 7 0 .5 2 9 1 0 . 7 4 9 6
18 2358891 13123110 0 . 1 7 9 7 0 . 3 8 4 3 0 . 6 2 8 9
19 593730 6986900 0 . 0 8 5 9 0 . 2 5 1 6 0 . 4 7 8 2
20 74403 3108 105 0 . 0 2 3 9 0 . 1 2 5 3 0 . 2 7 8 4

M=28 V=21 P<G>=X1222555
R=20 N=8 H<G>= 4 4 4 3 3 3 3 3

I P H I ) BC< I >
8 82773 3108105
9 653850 6906900
10 2576331 13123110
1 1 6658614 21474180
12 12522591 30421755
13 18009072 37442160

> 14 20279682 40116600
15 18009072 37442160
16 12522591 30421755
17 6658 614 21474180
18 2576331 1 3 1 2 3 U 0
19 653850 6906900
20 82773 3108 105

20 MINORS

PI/BC PR< I > PR/BCR
0 . 0 2 6 6 XX XX
0 . 0 9 4 6 7 . 8 9 9 3 3 . 5 5 4 6
0 . 1 9 6 3 3 . 9 4 0 2 2 . 0 7 3 8
0 .3 1 2 . 5 8 4 5 1 .5 7 9 4
0 .41 16 1 .8 8 0 6 1 .3 2 7 5
0 . 4 8 0 9 1 .4381 1 .1 6 8 4
0 . 5 0 5 5 1 . 126 1 .051
0 .480 9 0 .8 8 8 0 . 9 5 1 4
0 . 4 1 1 6 0 . 6 9 5 3 0 . 8 5 5 8
0 .3 1 0 . 5 3 1 7 0 . 7 5 3 2
0 . 1 9 6 3 0 . 3 8 6 9 0 .6 3 3 1
0 . 0 9 4 6 0 . 2 5 3 7 0 .4 8 2 2
0 . 0 2 6 6 0 . 1 2 6 5 0 . 2 8 1 3
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M=28 V=21 P<G>=X1222555 20 MINi
R=20 N=8 H(G)= 453 3 3 3 3 3

I PI < I > BC< I ) PI/BC PR< I ) PR/BCR
8 8 2 0 0 8 3 108105 0 . 0 2 4 3 XX XX
9 4449 8 5 4904900 0 . 0 9 3 3 7 . 8 4 4 9 3 . 5 3 9 2
10 2533 9 0 5 13123110 0 .  193 3 . 9 2 8 4 2 . 0 4 7 4
1 1 4538041 21474180 0 . 3 0 4 4 2 . 5 8 0 2 1 .5 7 4 8
12 12284332 3 0421755 0 . 4 0 3 8 1 .8 7 9 2 1 .3 2 4 4
13 17444442 37442140 0 . 4 7 1 7 1 .4 3 7 7 1.1481

> 14 19896484 40114400 0 .4 9 5 8 1. 124 1 .0 5 0 9
15 17444442 37442140 0 . 4 7 1 7 0 . 8 8 8 0 . 9 5 1 5
14 12284332 304 2 1 7 5 5 0 . 4 0 3 8 0 . 4 9 5 5 0 . 8 5 4
17 4538 041 21474180 0 . 3 0 4 4 0 .5 3 2 1 0 . 7 5 3 8
18 2 5 3 3 9 0 5 13123110 0 .  193 0 . 3 8 7 5 0 .4 3 4 1
19 4 4 4 9 8 5 4904900 0 . 0 9 3 3 0 . 2 5 4 5 0 . 4 8 3 4
20 82 0 0 8 3108105 0 . 0 2 4 3 0 .1 2 7 1 0 . 2 8 2 5

M=28 V=21 P<G>=X1222555
R=20 N=8 H<G>= 343 3 3 3 3 3

I P I ( I ) BC< I)
8 78192 3 10 8 1 0 5
9 4 1 3 5 4 8 4904900
10 2 4 1 2 0 9 9 13123110
1 1 4 2 3 9 3 7 4 21474180
12 11759580 30 421755
13 14945092 37442140

> 14 19094290 40114400
15 14945092 37442160
14 11759580 3 0 421755
17 4 2 3 9 3 7 4 21474180
18 2412 0 9 9 13123110
19 4 1 3548 4906906
20 78192 3108105

20 MINORS

PI/BC PR(I> PR/BCR
0 .0251 XX XX
0 . 0 8 8 8 7 . 8 4 6 6 3 .5 3 1
0 . 1 8 3 8 3 . 9 3 1 3 2 .0 6 9 1
0 . 2 9 0 5 2 . 5 8 6 6 1 .5 8 0 7
0 . 3 8 6 5 1 .8 8 4 7 1 .3 3 0 4
0 . 4 5 2 5 1 .4 4 0 9 1. 1707
0 .4 7 6 1 .1 2 6 9 1 .0 5 1 8
0 . 4 5 2 5 0 . 8 8 7 3 0 . 9 5 0 7
0 . 3 3 6 5 0 . 6 9 3 9 0 . 8 5 4 1
0 . 2 9 0 5 0 . 5 3 0 5 0 . 7 5 1 6
0 . 1 8 3 8 0 . 3 8 6 5 0 . 6 3 2 6
0 . 0 8 8 8 0 . 2 5 4 3 0 . 4 8 3 2
0 .0 2 5 1 0 . 1 2 7 4 0 . 2 8 3 2



Ok

M=28 U=21 P<6 )= * 1 2 2 2 5 5 5 19 MIN
R=20 N=8 H< G>= 633 3 3 3 3 3

I PI CI> BC< I ) PI/BC PRC I) PR/BCR
8 68769 3108105 0 .0221 ** **
9 54 9423 6906900 0 . 0 7 9 5 7 . 9 8 9 3 3 . 5 9 5 2
10 2189511 13123110 0 . 1 6 6 8 3 . 9 8 5 1 2 . 0 9 7 4
1 1 5719491 21474180 0 . 2 6 6 3 2 . 6 1 2 2 1 .5 9 6 3
12 10849707 3 0421755 0 . 3 5 6 6 1 .8 9 6 9 1 .3 3 9
13 15690510 37442160 0 . 4 1 9 1 .4461 1. 175

> 14 17702874 40116600 0 . 4 4 1 2 1 .1 2 8 2 1 .0 5 3
15 15690510 37442160 0 . 4 1 9 0 . 8 8 6 3 0 . 9 4 9 6
16 10849707 3 0421755 0 . 3 5 6 6 0 . 6 9 1 4 0 . 8 5 1
17 5719491 21474180 0 . 2 6 6 3 0 .5 2 7 1 0 . 7 4 6 8
18 2189511 13123110 0 . 1 6 6 8 0 . 3 8 2 8 0 . 6 2 6 4
19 549423 6906900 0 . 0 7 9 5 0 . 2 5 0 9 0 . 4 7 6 7
20 68769 3108105 0 .0 2 2 1 0 . 1 2 5 1 0 .2 7 8 1

M=28 y = 2 i PC G> =X 1222555
R=20 N=8 HCG)= 543 3 3 3 3 3

I PICI) BCC I >
8 79128 3108105
9 625563 6906900
10 2467917 13123110
1 1 6387147 21474180
12 12026268 3 0 421755
13 17308890 37442160

> 14 19496574 40 1 16600
15 17308890 37442160
16 12026268 30421755
17 6 38 7 1 4 7 21474180
18 2467917 131231 10
19 6 2 5 5 6 3 6986900
20 79 128 3108105

20 MINORS

PI/BC PRC I > PR/BCR
0 . 0 2 5 4 XX XX
0 . 0 9 0 5 7 . 9 0 5 7 3 . 5 5 7 5
0 . 188 3 . 9 4 5 1 2 . 0 7 6 3
0 . 2 9 7 4 2 . 5 8 8 1 .5 8 1 5
0 . 3 9 5 3 1 .8 8 2 8 1 .3 2 9
0 . 4 6 2 2 1 .4 3 9 2 1 .1 6 9 3
0 . 4 8 5 9 1 .1 2 6 3 1 .0 5 1 2
0 . 4 6 2 2 0 . 8 8 7 7 0 . 9 5 1 2
0 . 3 9 5 3 0 . 6 9 4 8 0 .8 5 5 1
0 .2 9 7 4 0 .531 0 . 7 5 2 3
0 . 188 0 . 3 8 6 3 0 . 6 3 2 2
0 . 0 9 0 5 0 . 2 5 3 4 0 . 4 8 1 6
0 . 0 2 5 4 0 . 1 2 6 4 0 .2 8 1



In  a l l  th e s e  examples and in  th e  appendix we observe t h a t

1) PI /BC in c re a se s  f o r  i  < >

2)  FR (l) d e c re a se s ,

3) PR / BCR d e c re a se s .

Hence, we c o n je c tu re  th a t  i f  M i s  a  m atro id  o f  s i z e  m , th e n

1 )  j k (m ) >  — n i _ 1 (M) ,

2 )  [ n 1 ( M ) ] 2 >  n 1 + 1 (M) ,

3 )  [ ^ ( M ) ] 2 >  ^  ^  n i _1 (M) * . + 1 (M) ,

where m- r ( M)  < i  < r(M) .



APPENDIX
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M=24 V=18 P<G>=X123456 13 MINORS
R= 17 N=7 H<G>= 3 3 3 5 3 3 3

I PI < I) BC< I ) PI/BC PR< I ) PR/BCR
7 17136 346104 0 . 0 4 9 5 XX XX
8 113635 735471 0 .  1545 6 . 6 3 1 3 3 .  1206
9 376614 1307564 0 .2 8 8 3 . 3 1 4 2 1 .8 6 4 2
10 8 1 2128 1961256 0 . 4 1 4 2 . 1 5 6 3 1 .4 3 7 5
11 1253898 2496 144 0 . 5 0 2 3 1 .5 4 3 9 1.2131

> 12 1443642 2 704156 0 . 5 3 3 8 1 .1 5 1 3 1 .8627
13 1253898 2496144 0 . 5 0 2 3 0 . 8 6 8 5 0 . 9 4 0 9
14 8 1 2128 1961256 0 . 4 1 4 0 . 6 4 7 6 0 . 8 2 4 3
15 376614 1307504 0 .2 8 8 0 . 4 6 3 7 0 . 6 9 5 6
16 113635 735471 0 . 1 5 4 5 0 . 3 0 1 7 0 . 5 3 6 4
17 17136 346104 0 . 0 4 9 5 0 . 1 5 0 7 0 . 3 2 0 4

M=24 V=18 P<G>=X123456 13 MINORS
R= 17 N=7 H<G)= 4 4 3 3 3 3 3

I PI < I ) BC< I > PI/BC PR<I> PR/BCR
7 17675 346104 0 .051 XX XX
8 117107 735471 0 . 1 5 9 2 6 . 6 2 5 5 3 . 1 1 7 9
9 38750 9 1307504 0 . 2 9 6 3 3 . 3 0 9 1 .8 6 1 3
10 834400 1961256 0 . 4 2 5 4 2 . 1 5 3 2 1 .4 3 5 4
1 1 1287008 2496144 0 . 5 1 5 5 1 .5 4 2 4 1 .2 1 1 9

> 12 1481242 2704156 0 . 5 4 7 7 1 .1 5 0 9 1 .0 6 2 3
13 1287008 2496 144 0 . 5 1 5 5 0 . 8 6 8 8 0 . 9 4 1 2
14 834400 1961256 0 . 4 2 5 4 0 . 6 4 8 3 0 .8 2 5 1
15 387509 1307504 0 . 2 9 6 3 0 . 4 6 4 4 0 . 6 9 6 6
16 1 17107 735471 0 . 1 5 9 2 0 . 3 0 2 2 0 .5372
17 17675 346104 0 .0 5 1 0 . 1 5 0 9 0 .3 2 0  7

M=24 V=18 P<G>=X123456 13 MINORS
R= 17 N=7 H<G>= 4 3 43333

I P H I ) BC< I > PI/BC PR( I > PR/BCR
7 17746 346104 0 . 0 5 1 2 XX XX
8 117740 735471 0 . 16 6 . 6 3 4 7 3 . 1 2 2 2
9 390160 1307504 0 . 2 9 8 4 3 . 3 1 3 7 1 .8 6 3 9
10 841 1 16 1961256 0 . 4 2 8 8 2 . 1 5 5 8 1 .4 3 7 2
1 1 1298366 2496144 0 .5 2 0 1 1 .5 4 3 6 1 .2 1 2 8

> 12 1494704 2704156 0 . 5 5 2 7 1 .1 5 1 2 1 .0 6 2 6
13 1298366 2496144 0 .5 2 0 1 0 . 8 6 8 6 0 .941
14 8 4 1116 1961256 0 . 4 2 8 8 0 . 6 4 7 8 0 . 8 2 4 5
15 390160 1307504 0 . 2 9 8 4 0 . 4 6 3 8 0 . 6 9 5 7
16 117740 735471 0 . 16 0 . 3 0  17 0 . 5 3 6 4
17 17746 346104 0 . 0 5 1 2 0 . 1 5 0 7 0 . 3 2 0 2
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M=24 <*>=18 P<G>=X123456 13 MINORS
R= 17 N=7 H< 6) =4334333

I PI < I ) BC< I > PI/BC PR< I > PR/BCR
7 17751 346104 0 . 0 5 1 2 XX XX
3 117807 735471 0 .1 6 0 1 6 . 6 3 6 6 3 .  1231
9 390513 1307504 0 . 2 9 8 6 3 . 3 1 4 8 1 .8 6 4 6
16 842160 1961256 0 . 4 2 9 3 2 . 1 5 6 5 1 .4 3 7 6
1 1 1300312 2496144 0 . 5 2 0 9 1 .5 4 4 1 .2131

> 12 1497090 2704156 0 . 5 5 3 6 1 .1 5 1 3 1 .0 6 2 7
13 1300312 2496144 0 . 5 2 0 9 0 . 8 6 8 5 0 . 9 4 0 9
14 842160 1961256 0 . 4 2 9 3 0 . 6 4 7 6 0 . 8 2 4 2
15 390513 1307504 0 . 2 9 8 6 0 . 4 6 3 7 0 . 6 9 5 5
16 117807 735471 0 .1 6 0 1 0 . 3 0  16 0 . 5 3 6 3
17 17751 346104 0 . 0 5 1 2 0 . 1 5 0 6 0 . 3 2 0  1

M=24 U=18 P<G>=X123456 13 MINORS
R= 17 N=7 H< G> = 4 3 33433

I PI < I) BC< I > PI/BC PR< I) PR/BCR
7 17750 346104 0 .0 5 1 2 XX XX
8 117792 735471 0 . 1 6 0  1 6 .6 3 6 1 3 .  1229
9 39 0436 1307504 0 . 2 9 8 6 3 . 3 1 4 6 1 .8 6 4 4
10 84 1996 1961256 0 . 4 2 9 3 2 . 1 5 6 5 1 .4 3 7 7
1 1 1300134 2496 144 0 . 5 2 0 8 1 .5441 1 .2 1 3 2

>12 1496936 2 704156 0 . 5 5 3 5 1 .1 5 1 3 1 .0 6 2 8
13 1300134 2496144 0 . 5 2 0 8 0 . 8 6 8 5 0 . 9 4 0 9
14 841996 1961256 0 . 4 2 9 3 0 . 6 4 7 6 0 . 8 2 4 2
15 39 0436 1307504 0 . 2 9 8 6 0 . 4 6 3 7 0 . 6 9 5 5
16 117792 735471 0 .160  1 0 . 3 0  16 0 . 5 3 6 3
17 17750 346104 0 . 0 5 1 2 0 . 1 5 0 6 8 . 3 2 0 2

M=24

00II:> P<G>=X123456 13 MINORS
R= 17 N=7 H<G>= 4333343

I P I ( I ) BC( I > PI/BC PR<I) PR/BCR
7 17731 346104 0 . 0 5 1 2 XX XX
8 117579 735471 0 . 1 5 9 8 6 . 6 3 1 2 3 . 1 2 0 5
9 389581 1307504 0 . 2 9 7 9 3 . 3 1 3 3 1 .8 6 3 7
10 840064 1961256 0 . 4 2 8 3 2 . 1 5 6 3 1 .4 3 7 5
1 1 1297163 2496 144 0 . 5 1 9 6 1 .5441 1 .2 1 3 2

> 12 1493546 2704156 0 . 5 5 2 3 1 .1 5 1 3 1 .0 6 2 8
13 1297168 2496144 0 . 5 1 9 6 0 . 8 6 8 5 0 . 9 4 0 8
14 840064 1961256 0 . 4 2 8 3 0 . 6 4 7 6 0 . 8 2 4 2
15 389581 1307504 0 . 2 9 7 9 0 . 4 6 3 7 0 . 6 9 5 6
16 1 17579 735471 0 . 1 5 9 3 0 . 3 0 1 8 0 . 5 3 6 5
17 17731 346104 0 . 0 5 1 2 0 . 1 5 0 8 0 . 3 2 0 4
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M=24 U=18 P<6 ) =X123456 13 MINORS
R= 17 N=7 H<G>=4333334

I P H I ) BC< I > PI/BC PR< I ) PR/BCR
7 17466 346104 0 . 0 5 0 4 XX XX
8 115828 735471 0 . 1 5 7 4 6 . 6 3 1 6 3 .  1207
9 38 4024 1307504 0 . 2 9 3 7 3 . 3 1 5 4 1 .8 6 4 9
10 828668 1961256 0 . 4 2 2 5 2 . 1 5 7 8 1 .4 3 8 5
1 1 1230206 2496144 0 . 5 1 2 8 1 .5 4 4 8 1 .2 1 3 8

> 12 1474272 2704156 0 .5 4 5 1 1 .1 5 1 5 1 .0 63
13 1280206 2496144 0 . 5 1 2 8 0 . 3 6 8 3 0 . 9 4 0 7
14 828668 1961256 0 . 4 2 2 5 0 . 6 4 7 2 0 . 8 2 3 8
15 384024 1307504 0 . 2 9 3 7 0 . 4 6 3 4 0 .6 9 5 1
16 115823 735471 0 . 1 5 7 4 0 . 3 0  16 0 . 5 3 6 2
17 17466 346104 0 . 0 5 0 4 0 . 1 5 0 7 0 . 3 2 0 4

M=24 V=18 P<6 )= X 123456 13 MINORS
R=17 N=7 H<G>=3443333

I PI < I) BC( I > PI/BC PR< I > PR/BCR
7 17955 346104 0 . 0 5 1 8 XX XX
8 118963 735471 0 .  1617 6 .6 2 5 6 3 .  1 179
9 393453 1307504 0 . 3 0 0 9 3 . 3 0 7 3 1 .8 6 0 3
10 846688 1961256 0 . 4 3 1 7 2 . 1 5 1 9 1 .4 3 4 6
1 1 1305360 249614.4 0 . 5 2 2 9 1 .5 4 1 7 1 .2 1 1 3

> 12 1502106 2704156 0 . 5 5 5 4 1 .1 5 0 7 1 .0 6 2 2
13 1305360 2496144 0 . 5 2 2 9 0 .8 6 9 0 . 9 4 1 4
14 846638 1961256 0 . 4 3 1 7 0 . 6 4 3 6 0 . 8 2 5 5
15 393453 1307504 0 . 3 0 0 9 0 . 4 6 4 6 0 .6 9 7
16 118963 735471 0 . 1 6 1 7 0 . 3 0 2 3 0 . 5 3 7 5
17 17955 346104 0 . 0 5 1 8 0 . 1 5 0 9 0 . 3 2 0 7

M=24 V=18 P< G)=X123456 13 MINORS
R= 17 N=7 H<G>=3434333

I PI < I > BC< I > PI/BC PRC I ) PR/BCR
7 180 16 346104 0 .0 5 2 XX XX
8 119528 735471 0 . 1 6 2 5 6 . 6 3 4 5 3 .  1221
9 395838 1307504 0 . 3 0 2 7 3 . 3 1 1 6 1 .8 6 2 8
10 852764 1961256 0 . 4 3 4 8 2 . 1 5 4 3 1 .4 3 6 2
1 1 1315714 2496144 0 .5 2 7 1 .5 4 2 8 1 .2 1 2 2

> 12 1514424 2704156 0 .5 6 1 . 151 1 .0 6 2 4
13 1315714 2496144 0 .5 2 7 0 . 8 6 8 7 0 .9 4 1 1
14 852764 1961256 0 . 4 3 4 8 0 .6 4 8 1 0 . 8 2 4 9
15 395838 1307504 0 . 3 0 2 7 0 .4 6 4 1 0 .6 9 6 2
16 119528 735471 0 . 1 6 2 5 0 . 3 0  19 0 . 5 3 6 8
17 180 16 346104 0 . 0 5 2 0 . 1 5 0 7 0 . 3 2 0  2
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M =24 V = 1 8 PC G >=X 1 2 3 4 5 6 13 MINORS
R= 17 N = 7 H<G>= 3 4 3 3 4 3 3

I P I  < I > BC< I > P I / B C PRC I > P R /B C R
7 1801? 346104 0 .0 52 XX XX
8 119567 735471 0 .  1625 6 • 6 3 5 6 3 . 1 2 2 6
9 3 9 6045 1307504 0 . 3 0 2 ? 3 . 3 1 2 3 1 .8631
i e 8 5 3424 1961256 0 .4 3 5 1 2 . 1 5 4 8 1 .4 3 6 5
11 1317040 2496 144 0 .5 2 7 6 1 .5 4 3 2 1 .21 2 5

> 12 1516098 2704156 0 . 5 6 0 6 1 .1511 1 .0 6 2 5
13 1317040 2496144 0 . 5 2 7 6 0 . 8 6 8 7 0 .941
14 8 5 3424 1961256 0 .4351 0 . 6 4 7 ? 0 . 8 2 4 7
15 396045 1307504 0 . 3 0 2 ? 0 .4 6 4 0 .6 96
16 1 19567 735471 0 . 1625 0 .30  1? 0 . 5 3 6 7
17 180 1? 346104 0 .052 0 . 1 5 0 7 0 . 3 2 0 2

M=24 V=18 P<G)=X123456 13 MINORS
R= 17 N=7 HCG>=3433343

I PI < I> BCC I ) PI/BC PRC I) PR/BCR
7 18000 346104 0 .0 52 XX XX
8 119356 735471 0 .  1622 6 . 6 3 0  8 3 .  1204
9 395214 1307504 0 . 3 0 2 2 3 . 3 1  12 1 .8 6 2 5
10 8 5 1 5 9 6 1961256 0 . 4 3 4 2 2 . 1 5 4 7 1 .4 3 6 5
1 1 1314306 2496144 0 . 5 2 6 5 1 .5 4 3 3 1 .2 1 2 6

> 12 1513008 2704156 0 . 5 5 9 5 1 .1511 1 .0 6 2 6
13 1314306 2496144 0 . 5 2 6 5 0 . 8 6 8 6 0 .941
14 8 5 1 5 9 6 1961256 0 . 4 3 4 2 0 . 6 4 7 9 0 . 8 2 4 6
15 3952 1 4 1307504 0 . 3 0 2 2 0 .4 6 4 0 .6 9 6 1
16 119356 735471 0 . 1 6 2 2 0 .3 0 2 0 . 5 3 6 8
17 18000 346104 0 .052 0 . 1 5 0 8 0 . 3 2 0 4

M=24 V=18 P<G)=X123456 13 MINORS
R= 17 Z II N H<G>= 3 3 44333

I PI < I) BCC I ) PI/BC PRC I) PR/BCR
7 17975 346104 0 .0 5 1 9 XX XX
8 1 19187 735471 0 . 162 6 . 6 3 0 7 3 . 1 2 0 3
9 3943 5 3 1307504 0 . 3 0 1 6 3 . 3 0 8 6 1 .8611
10 8487 3 6 1961256 0 . 4 3 2 7 2 . 1 5 2 2 1 .4 3 4 8
1 1 1308536 2496144 0 . 5 2 4 2 1 .5 4 1 7 1 .2 1 1 3

> 12 1505754 2704 156 0 . 5 5 6 8 1 .1 5 0 7 1 .0621
13 1308536 2496144 0 . 5 2 4 2 0 .8 6 ? 0 . 9 4 1 4
14 8 4 8 7 3 6 1961256 0 . 4 3 2 7 0 .6 4 8 6 0 . 8 2 5 5
15 3943 5 3 1307504 0 . 3 0  16 0 . 4 6 4 6 0 .6969
16 119187 735471 0 .  162 0 . 3 0 2 2 0 . 5 3 7 3
17 17975 346104 0 .0 5 1 ? 0 . 1 5 0 8 0 . 3 2 0 4
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M=24 <*>=18 P<G>=X123456 13 MINORS
R—17 N=7 H<G>= 5 3 33333

I PI < I > BC< I ) PI/BC PR< I > PR/BCR
7 16686 346104 0 .0 4 3 2 XX XX
8 110725 735471 0 . 1505 6 . 6 3 5 3 3 . 1 2 2 7
9 367432 1307504 0 .281 3 . 3 1 8 4 1 .8 6 6 6
10 7 9 3 3 1 2 1961256 0 .4 0 4 4 2 .  159 1 .4 3 9 3
1 1 1225898 2496 144 0 . 4 9 1  1 1 .5 4 5 2 1 .2141

> 12 1411830 2704156 0 .522 1 .1 5 1 6 1.0  63
13 1225898 2496 144 0 .491 1 0 . 8 6 8 3 0 . 9 4 0 6
14 7 9 3 3 1 2 1961256 0 .4 0 4 4 0 .6 4 7 1 0 . 8 2 3 6
15 3674 3 2 1307504 0 .281 0 .4 6 3 1 0 . 6 9 4 7
16 110725 735471 0 . 1505 0 . 3 0  13 0 . 5 3 5 7
17 16636 346104 0 . 0 4 8 2 0 . 1 5 0 6 0 . 3 2 0 2

M=24 
R= 17

V=18
N=7

P(G)=X123456  
H<G)=3533333

13 MINORS

_I_ PI<I> BC<I> PI/BC PR< I > PR/BCR
7 17104 346104 0 .0 4 9 4 XX XX
8 113283 735471 0 . 154 6 .6 2 3 1 3 . 1 1 6 7
9 3 7 5238 1307504 0 . 2 8 6 9 3 . 3 1 2 3 1 .8 6 3 2
10 8090 5 6 1961256 0 .4 1 2 5 2 .1 5 6 1 1 .4 3 7 4
1 1 1249162 2496144 0 . 5 0 0 4 1 .5 4 3 9 1 .2131

> 12 1438202 2704156 0 .5 3 1 8 1 .1 5 1 3 1 .0 6 2 7
13 1249162 2496144 0 .5 0 0 4 0 . 8 6 8 5 0 . 9 4 0 9
14 8090 5 6 1961256 0 .4 1 2 5 0 . 6 4 7 6 0 . 8 2 4 3
15 3 7 5238 1307504 0 . 2 8 6 9 0 . 4 6 3 7 0 . 6 9 5 6
16 113283 735471 0 . 154 0 . 3 0 1 8 0 . 5 3 6 7
17 17104 346104 0 .0 4 9 4 0 . 1 5 0 9 0 . 3 2 0 8

M=24 <*>=18 P<G)=X 123456 13 MINORS
R= 17 N=7 H<G)=3353333

I P H I ) BC< I > PI/BC PR< I) PR/BCR
7 17134 346104 0 .0 4 9 5 XX XX
8 113605 735471 0 . 1544 6 . 6 3 0 3 3 . 1 2 0  1
9 3 7 6 4 5 6 1307504 0 . 2 8 7 9 3 . 3 1 3 7 1 .8 6 3 9
10 81 1744 1961256 0 .4 1 3 8 2 . 1 5 6 2 1 .4 3 7 5
1 1 1253290 2496144 0 .5 02 1 .5 4 3 9 1 .2 131

> 12 1442934 2704156 0 . 5 3 3 5 1 .1 5 1 3 1 .0 6 2 7
13 1253290 2496144 0 .5 02 0 . 8 6 8 5 0 . 9 4 0 9
14 81 1744 1961256 0 .4 1 3 8 0 . 6 4 7 6 0 . 8 2 4 3
15 376456 1307504 0 . 2 8 7 9 0 . 4 6 3 7 0 . 6 9 5 6
16 113605 735471 0 . 1 5 4 4 0 . 3 0 1 7 0 . 5 3 6 4
17 17134 346104 0 . 0 4 9 5 0 . 1 5 0 8 0 . 3 2 0 4



92

M=24 V=18 PCG>=X123455 14 MINORS
R= 17 N=7 H(6 ) = 5 3 3 3 3 3 3

I PI < I) BCC I > PI/BC PR< I> PR/BCR
7 16514 346104 0 . 0 4 7 7 X X XX
3 1^9967 735471 0 . 1 4 9 5 6 ■ 659 3 . 1 3 3 6
9 36 5528 1307504 0 . 2 7 9 5 3 . 3 2 3 9 1 .8 6 9 7
10 789856 1961256 0 . 4 0 2 7 2 . 1 6 0 8 1 .4 4 0 5
1 1 1221062 2496144 0 .4 8 9 1 1 .5 4 5 9 1 .2 1 4 6

> 12 1406434 2704156 0 .5 2 0 1 1 .1 5 1 8 1 .0 6 3 2
13 1221062 2496144 0 .4 8 9 1 0 .8 6 8 1 0 . 9 4 0 5
14 789856 1961256 0 . 4 0 2 7 0 . 6 4 6 8 0 . 8 2 3 2
15 365528 1307504 0 . 2 7 9 5 0 . 4 6 2 7 0 .6 9 4 1
16 10996? 735471 0 . 1 4 9 5 0 . 3 0 0 8 0 . 5 3 4 8
17 16514 346104 0 . 0 4 7 7 0 . 150 1 0 .3 1 9 1

M=24 V=18 PCG>=X123455 14 MINORS
R=17 Z II H<G>=3533333

I P H I ) BC( I > PI/BC PRC I) PR/BCR
/ 16928 346104 0 .0 4 8 9 XX XX
8 1 12513 735471 0 . 1 5 2 9 6 . 6 4 6 5 3 . 1 2 7 7
9 373322 1307504 0 . 2 8 5 5 3 . 3 1 8 1 .8 6 6 3
10 805600 1961256 0 . 4 1 0 7 2 . 1 5 7 9 1 .4 3 8 6
1 1 1244342 2496 144 0 . 4 9 8 5 1 .5 4 4 6 1 .2 1 3 6

:> 12 1432830 2704156 0 . 5 2 9 8 1 .1 5 1 4 1 .0 6 2 9
13 1244342 2496144 0 . 4 9 8 5 0 . 8 6 8 4 0 . 9 4 0 8
14 805600 1961256 0 . 4 1 0 7 0 . 6 4 7 4 0 . 8 2 3 9
15 37 3322 1307504 0 . 2 8 5 5 0 . 4 6 3 4 0 . 6 9 5  1
16 1 12513 735471 0 . 1 5 2 9 0 . 3 0  13 0 . 5 3 5 ?
17 16928 346104 0 . 0 4 8 9 0 . 1 5 0 4 0 . 3 1 9 7

M=24 V=18 PCG>=X 123455 14 MINORS
R= 17 N=7 HCG>= 3353333

I PICI) BC< I) PI/BC PRC I) PR/BCR
7 16962 346104 0 .0 4 9 XX XX
8 112879 735471 0 . 1 5 3 4 6 . 6 5 4 8 3 .  1316
9 374712 1307504 0 . 2 8 6 5 3 . 3 1 9 5 1 .8 6 7 2
10 80 8672 1961256 0 . 4 1 2 3 2 .1 5 8 1 1 .4 3 8 7
1 1 1249062 2496144 0 . 5 0 0 3 1 .5 4 4 5 1 .2 1 3 6

> 12 1438242 2 704156 0 . 5 3 1 8 1 .1 5 1 4 1 .0 6 2 8
13 1249062 2496 144 0 . 5 0 0 3 0 . 8 6 8 4 0 . 9 4 0 8
14 808672 1961256 0 . 4 1 2 3 0 . 6 4 7 4 0 . 8 2 3 9
15 374712 1307504 0 . 2 8 6 5 0 . 4 6 3 3 0 .695
16 112879 735471 0 . 1 5 3 4 0 . 3 0  12 0 . 5 3 5 5
17 16962 346104 0 .0 4 9 0 . 1 5 0 2 0 . 3 1 9 3



93

M=24 V=18 P<G>=X123455 14 MINORS
R=17 N=7 H<G>=3335333

I PI <I) BC< I > PI/BC PR< I ) PR/BCR
7 17024 346104 0 .04 91 XX XX
8 113281 735471 0 . 154 6 .6 5 4 1 3 . 1 3 1 3
9 376010 1307504 0 . 2 8 7 5 3 . 3 1 9 2 1 .8 6 7
10 811360 1961256 0 . 4 1 3 6 2 . 1 5 7 8 1 .4 3 8 5
1 1 1253078 2496144 0 .5 0 2 1 .5 4 4 4 1 .2 1 3 4

> 12 1442814 2704156 0 . 5 3 3 5 1 .1 5 1 4 1 .0 6 2 8
13 1253078 2496144 0 . 5 0 2 0 . 8 6 8 4 0 . 9 4 0 8
14 811360 1961256 0 . 4 1 3 6 0 . 6 4 7 4 0 .824
15 376010 1307504 0 . 2 8 7 5 0 . 4 6 3 4 0 .6 9 5 1
16 113281 735471 0 .  154 0 . 3 0 1 2 0 . 5 3 5 5
17 17024 346104 0 .0491 0 .  1502 0 . 3 1 9 3

M=24 V=18 P<G>=X 123455 14 MINORS
R=17 N=7 H<G)= 3 3 33533

I PI < I ) BC<I> PI/BC PR< I) PR/BCR
7 17496 346104 0 . 0 5 0 5 XX XX
8 115747 735471 0 . 1 5 7 3 6 . 6 1 5 6 3 . 1 1 3 2
9 382830 1307504 0 . 2 9 2 7 3 . 3 0 7 4 1 .8 6 0 4
10 8 2 4416 1961256 0 . 4 2 0 3 2 . 1 5 3 4 1 .4 3 5 6
1 1 1271898 2496 144 0 . 5 0 9 5 1 .5 4 2 7 1 .2121

> 12 1463994 2 704156 0 . 5 4 1 3 1.151 1 .0 6 2 4
13 1271898 2496144 0 . 5 0 9 5 0 . 8 6 8 7 0 .9 4 1 1
14 8 2 4416 1961256 0 . 4 2 0 3 0 .6 4 8 1 0 . 8 2 4 9
15 382830 1307504 0 . 2 9 2 7 0 . 4 6 4 3 0 . 6 9 6 5
16 115747 735471 0 . 1 5 7 3 0 . 3 0 2 3 0 . 5 3 7 5
17 17496 346104 0 . 0 5 0 5 0 . 1 5 1  1 0 . 3 2 1 2

M=24 V=18 P<G>=X123455 14 MINORS
R= 17 N=7 H<G>=3333353

I PI ( I ) BC( I ) PI/BC PR< I ) PR/BCR
7 16574 346104 0 . 0 4 7 8 XX XX
8 1 10341 735471 0 . 15 6 . 6 5 7 4 3 . 1 3 2 9
9 366776 1307504 0 . 2 8 0 5 3 . 3 2 4 1.S 6 9 7
10 792 544 1961256 0 .4 0 4 1 2 .  1603 1 .4 4 0 5
1 1 1225130 2496 144 0 . 4 9 0 8 1 .5 4 5 8 1 .2 1 4 5

> 12 1411062 2704156 0 . 5 2 1 8 1 .1 5 1 7 1 .0631
13 1225130 2496 144 0 . 4 9 0 8 0 . 8 6 8 2 0 . 9 4 0 5
14 792544 1961256 0 .4 0 4 1 0 . 6 4 6 9 0 . 8 2 3 3
15 366776 1307504 0 . 2 8 0 5 0 . 4 6 2 7 0 .6 9 4 1
16 11034 1 735471 0 . 15 0 . 3 0 0 8 0 . 5 3 4 8
17 16574 346104 0 . 0 4 7 8 0 . 1 5 0 2 0 .3 1 9 1



9^

M=24 U=18 P<G>=X123455 14 MINORS
R=17 N=7 H<G>=4433333

I P I ( I ) BC< I > PI/BC PR< I) PR/BCR
7 17493 34 6164 0 . 6 5 0 5 XX XX
3 1 16369 735471 6 .1 5 8 1 6 . 6 4 8 8 3 . 1 2 8 8
9 385523 1307504 0 . 2 9 4 8 3 . 3 1 4 6 1 .8 6 4 4
16 8 3 6316 1961256 0 . 4 2 3 6 2 .  155 1 .4 3 6 6
1 1 1282008 2496144 0 . 5 1 3 5 1 .5 4 3 1 .2 1 2 4

>12 1475676 2764156 6 . 5 4 5 7 1.151 1 .6 6 2 5
13 1282608 2496144 0 . 5 1 3 5 6 . 8 6 8 7 6 .9 4 1  1
14 830816 1961256 0 . 4 2 3 6 0 . 6 4 8 6 . 8 2 4 8
15 335523 1307564 0 . 2 9 4 8 0 .4 6 4 0 .696
16 1 16369 735471 0 .1 5 8 1 6 . 3 6  16 0 • 5 3 6 3
17 17493 346104 0 . 6 5 6 5 0 . 1 5 6 4 0 . 3 1 9 6

M=24 V=18 P<G)=X123455 14 MINORS
R=17 N=7 H< G>= 4343333

I P I ( I ) BC( I > PI/BC PRCI) PR/BCR
7 17566 346104 0 . 0 5 0 7 XX XX
8 1 16968 735471 0 . 159 6 . 6 5 8 7 3 . 1 3 3 5
9 388284 1307504 0 . 2 9 6 9 3 . 3 1 9 5 1 .8 6 7 2
18 837788 1961256 0 .4271 2 . 1 5 7 6 1 .4 3 8 4
1 1 1293766 2496144 0 . 5 1 8 3 1 .5 4 4 2 1 .2 1 3 3

> 12 1489592 2704156 0 . 5 5 0 8 1 .1 5 1 3 1 .0627
13 1293766 2496144 0 . 5 1 8 3 0 . 8 6 8 5 0 .940 9
14 8 3 7788 1961256 0 . 4 2 7  1 0 . 6 4 7 5 0 . 8 2 4  1
15 388284 1307504 0 . 2 9 6 9 0 . 4 6 3 4 0 .6 9 5 1
16 116968 735471 0 . 159 0 . 3 0  12 0 . 5 3 5 5
17 17566 346104 0 . 0 5 0 7 0 . 1 5 0  1 0 .3 1 9 1

M=24 V=18 P<G)=X123455 14 MINORS
R= 17 N=7 H<G)=4334333

I P I ( I ) BC( I ) PI/BC PR< I > PR/BCR
7 17609 346104 0 . 0 5 0 8 XX XX
8 1 17289 735471 0 . 1 5 9 4 6 .6 6 0  7 3 . 1 3 4 4
9 389447 1307504 0 . 2 9 7 8 3 . 3 2 0 4 1 .8 6 7 7
10 840496 1961256 0 . 4 2 8 5 2 .1 5 8 1 1 .4 3 8 7
1 1 1298192 2496144 0 .5 2 1 .5 4 4 5 1 .2 1 3 5

> 12 1494798 2704156 0 . 5 5 2 7 1 .1 5 1 4 1 .0 6 2 8
13 1298192 2496144 0 . 5 2 0 . 8 6 8 4 0 . 9 4 0 8
14 840496 1961256 0 . 4 2 8 5 0 . 6 4 7 4 0 .8 24
15 389447 1307504 0 . 2 9 7 8 0 . 4 6 3 3 0 .6 9 5
16 1 17289 735471 0 . 1 5 9 4 0 .3 0 1 1 0 . 5 3 5 4
17 17609 346104 0 . 0 5 0 8 0 .150  1 0 . 3 1 9



95

M=24 V=18 P<G>=X 123455 14 MINORS
R= 17 N=7 H<G>= 4 3 3 3 4 3 3

I PI< I> BC< I ) PI/BC PR< I ) PR/BCR
7 17944 34 6104 0 . 0 5 1 8 XX XX
8 119052 735471 0 . 1 6 1 8 6 . 6 3 4 6 3 .1 2 2 1
9 394390 1307504 0 . 3 0  16 3 . 3 1 2 7 1 .8 6 3 4
10 850060 1961256 0 . 4 3 3 4 2 . 1 5 5 3 1 .4 369
11 1312114 2496144 0 . 5 2 5 6 1 .5 4 3 5 1 .2 1 2 7

> 12 1510544 2704156 0 . 5 5 8 6 1 .1 5 1 2 1 .0 6 2 6
13 1312114 2496 144 0 . 5 2 5 6 0 . 8 6 8 6 0 . 9 4  1
14 850960 1961256 0 . 4 3 3 4 0 . 6 4 7 8 0 . 8 2 4 5
15 394390 1307504 0 . 3 0  16 0 . 4 6 3 9 0 . 6 9 5 9
16 119052 735471 0 . 1 6 1 8 0 . 3 0  18 0 . 5 3 6 6
17 17944 346104 0 . 0 5 1 8 0 . 1 5 0 7 0 . 3 2 0 2

M=24 V=18 P<G>=X123455 14 MINORS
R= 17 N=7 H<G>= 4 3 3 3 3 4 3

I P H I ) BC< I > PI/BC PR< I ) PR/BCR
7 17324 346104 0 . 0 5 XX XX
8 115272 735471 0 . 1 5 6 7 6 . 6 5 3 8 3 . 1 3 1 2
9 382912 1307504 0 . 2 9 2 8 3 . 3 2 1 8 1 .8 6 8 5
10 8 2 7 0 0 8 1961256 0 . 4 2 1 6 2 . 1 5 9 7 1 .4 3 9 8
11 1278132 2496144 0 .5 1 2 1 .5 4 5 4 1 .2 1 4 3

> 12 1472048 2704156 0 . 5 4 4 3 1 .1 5 1 7 1 .0631
13 1278132 2 496144 0 .5 1 2 0 . 8 6 8 2 0 . 9 4 0 6
14 8 2 7008 1961256 0 .4 2 1 6 0 .6 4 7 0 . 8 2 3 5
15 382912 1307504 0 . 2 9 2 8 0 .4 6 3 0 . 6 9 4 5
16 115272 735471 0 . 1 5 6 7 0 .30  1 0 .5 3 5 1
17 17324 346104 0 .0 5 0 . 1 5 0 2 0 . 3 1 9 3

M=24 V=18 P< G)=X123455 14 MINORS
R= 17 N=7 H(G>= 3 4 4 3 3 3 3

I P H I ) BC< I > PI/BC PR< I) PR/BCR
7 17773 346104 0 . 0 5 1 3 XX XX
8 118185 735471 0 . 1 6 0 6 6 . 6 4 9 6 3 . 1 2 9 2
9 391571 1307504 0 . 2 9 9 4 3 . 3 1 3 2 1 .8 6 3 6
10 843360 1961256 0 .4 3 2 . 1 5 3 7 1 .4 3 5 8
1 1 1300768 2496 144 0 . 5 2  1 1 1 .5 4 2 3 1 .2 1 1 8

>12 1497006 2704156 0 . 5 5 3 5 1 .1 5 0 8 1 .0 6 2 3
13 1300768 2496144 0 .5 2 1 1 0 . 8 6 8 9 0 . 9 4 1 3
14 843360 1961256 0 . 4 3 0 . 6 4 8 3 0 .8 2 5 1
15 391571 1307504 0 . 2 9 9 4 0 . 4 6 4 2 0 . 6 9 6 4
16 118185 735471 0 . 1 6 0 6 0 . 3 0  18 0 . 5 3 6 5
17 17773 346104 0 . 0 5 1 3 0 . 1 5 0 3 0 . 3 1 9 5



96

M=24 V=18 P<6 ) = * 1 2 3 4 5 5 14 MINORS
R=17 N=7 H<G>=3434333

I PI < I ) BC< I > PI/BC PR< I ) PR/BCR
7 17872 346104 0 . 0 5 1 6 ** **
8 119004 735471 0 . 1 6 1 8 6 . 6 5 8 6 3 .1 3 3 4
9 394 766 1307504 0 . 3 0  19 3 . 3 1 7 2 1 .8 6 5 9
10 851100 1961256 0 . 4 3 3 9 2 . 1 5 5 9 1 .4 3 7 3
11 1313602 2496144 0 . 5 2 6 2 1 .5 4 3 4 1 .2 1 2 6

> 12 1512144 2704156 0 .5 5 9 1 1 .1 511 1 .0 6 2 5
13 1313602 2496 144 0 . 5 2 6 2 0 . 8 6 8 7 0 .9 4 1
14 851100 1961256 0 . 4 3 3 9 0 . 6 4 7 9 0 . 8 2 4 6
15 39 4766 1307504 0 . 3 0  19 0 . 4 6 3 8 0 . 6 9 5 7
16 119004 735471 0 . 1 6 1 8 0 . 3 0 1 4 0 . 5 3 5 9
17 17372 346104 0 . 0 5 1 6 0 . 150 1 0 .3 1 9 1

M=24 V= 18 P<G>=* 123455 14 MINORS
R= 17 N=7 H<G>=3433433

I P I ( I ) BC< I) PI/BC PR< I ) PR/BCR
7 18216 346104 0 . 0 5 2 6 ** **
8 120847 735471 0 . 1 6 4 3 6 .6 3 4 1 3 . 1 2 1 9
9 400062 1307504 0 . 3 0 5 9 3 . 3 1 0 4 1 .8621
10 861616 1961256 0 . 4 3 9 3 2 .  1537 1 .4 3 5 8
1 1 1329210 2496144 0 . 5 3 2 5 1 .5 4 2 6 1 .2121

> 12 1529922 2704156 0 . 5 6 5 7 1 .151 1 .0 6 2 4
13 1329210 2496144 0 . 5 3 2 5 0 . 8 6 8 8 0 . 9 4 1 2
14 861616 1961256 0 . 4 3 9 3 0 . 6 4 8 2 0 .8 2 5
15 400062 1307504 0 . 3 0 5 9 0 . 4 6 4 3 0 . 6 9 6 4
16 120347 735471 0 . 1 6 4 3 0 .3 0 2 0 .5 3 7
17 18216 34 6104 0 . 0 5 2 6 0 .  1507 0 . 3 2 0 3

M=24 V=18 P<G>=*123455 14 MINORS
R= 17 N=7 H<G>= 3 4 33343

I P I ( 1 ) BC< I > PI/BC PR< I ) PR/BCR
7 17587 346104 0 .0 5 0 8 ** **
8 1170 17 735471 0 .  1591 6 . 6 5 3 6 3 .1 3 1 1
9 3 8 8467 1307504 0 .2 9 7 1 3 . 3 1 9 7 1 .8 6 7 3
10 8 3 8 4 1 2 1961256 0 . 4 2 7 4 2 . 1 5 8 2 1 .4 3 8 8
1 1 1295098 2496 144 0 . 5 1 8 8 1 .5 4 4 7 1 .2 1 3 6

>12 1491318 2704156 0 . 5 5 1 4 1. 1515 1 .0 6 2 9
13 1295098 2496 144 8 . 5 1 8 8 0 . 8 6 8 4 0 . 9 4 0 7
14 8 3 8 4 1 2 1961256 0 . 4 2 7 4 0 . 6 4 7 3 0 . 8 2 3 9
15 388467 1307504 0 .2 9 7 1 0 . 4 6 3 3 0 . 6 9 5
16 1170 17 735471 0 .1 5 9 1 0 . 3 0 1 2 0 . 5 3 5 5
17 17587 34 6104 0 .0 5 0 8 0 . 1 5 0 2 0 . 3 1 9 3



97

M=24 V=18 P<G>=X123455 14 MINORS
R=i 7 N=7 H<G)= 3 3 4 4 3 3 3

I PI < I > BC< I ) PI/BC PRC I ) PR/BCR
7 17833 346104 0 . 0 5 1 5 XX XX
8 118677 735471 0 . 1613 6 . 6 5 4 9 3 . 1 3 1 7
9 3 9 3335 1307504 0 . 3 0 0 8 3 . 3 1 4 3 1 .8 6 4 3
10 847200 1961256 0 .4 3 1 9 2 . 1 5 3 8 1 .4 3 5 9
1 1 1306624 2496144 0 . 5 2 3 4 1 .5 4 2 2 1.21 17

> 12 1503702 2704156 0 .5 5 6 1 .1 5 0 8 1 .8 6 2 3
13 1306624 2496144 0 . 5 2 3 4 0 . 8 6 8 9 0 . 9 4 1 3
14 847200 1961256 0 . 4 3 1 9 0 . 6 4 8 3 0 . 8 2 5 2
15 3 9 3335 1307504 0 . 3 0 0 8 0 . 4 6 4 2 0 . 6 9 6 4
16 1 18677 735471 0 . 1 6 1 3 0 . 3 0 1 7 0 . 5 3 6 3
17 17833 346104 0 . 0 5 1 5 0 . 1 5 0 2 0 . 3 1 9 3

M=24 V= 18 P<G>=X123455 14 MINORS
R= 17 N=7 HCG) = 3 3 43433

I P I ( I ) BC< I > PI/BC PR< I > PR/BCR
7 18232 346104 0 .6 5 2 6 XX XX
8 121016 735471 0 . 1645 6 . 6 3 7 5 3 . 1 2 3 5
9 4 0 0662 1307504 0 . 3 0 6 4 3 . 3 1 0 8 1 .8 6 2 3
10 8 6 2 7 4 8 1961256 0 . 4 3 9 8 2 . 1 5 3 3 1 .4 3 5 5
1 1 1330642 2496144 0 .5 3 3 1 .5 4 2 3 1 .2 1 1 8

>12 1531416 2704156 0 . 5 6 6 3 1 .1 5 0 8 1 .0 6 2 3
13 1330642 2496 144 0 .5 3 3 0 . 8 6 3 8 0 . 9 4 1 3
14 8 6 2 7 4 8 1961256 0 . 4 3 9 8 0 . 6 4 8 3 0 .8 2 5 1
15 4 0 0662 1307504 0 . 3 0 6 4 0 . 4 6 4 4 0 . 6 9 6 6
16 1210 16 735471 0 . 1 6 4 5 0 .3 0 2 0 . 5 3 6 9
17 18232 346104 0 . 0 5 2 6 0 . 1 5 0 6 0 . 3 2 0  1

M=24 U= 18 P<G>=X123455 14 MINORS
R=17 N=7 HCG>= 3 3 43343

1 P I ( I ) BC< I > PI/BC PRC I) PR/BCR
7 17608 346104 0 . 0 5 0 8 XX XX
8 117252 735471 0 . 1 5 9 4 6 . 6 5 9 3 .  1336
9 33 9404 1307504 0 . 2 9 7 8 3 .3 2 1 1 .86 81
10 8 4 0496 1961256 0 . 4 2 8 5 2 . 1 5 8 4 1 .4 3 8 9
1 1 1298236 2496144 0 .5 2 1 .5 4 4 6 1 .2 1 3 6

>12 1494872 2704156 0 . 5 5 2 3 1 .1 5 1 4 1 .0 6 2 8
13 1298236 2496144 0 . 5 2 0 . 8 6 8 4 0 . 9 4 0 8
14 840496 1961256 0 .4 2 8 5 0 . 6 4 7 4 0 . 8 2 3 9
15 38 9404 1307504 0 . 2 9 7 8 0 . 4 6 3 3 0 . 6 9 4 9
16 117252 735471 0 . 1 5 9 4 0 .30  1 1 0 . 5 3 5 3
17 17608 346104 0 . 0 5 0 8 0 .1 5 0 1 0 .3 1 9 1



98.

M=24 V=18 P<G>=X123455 14 MINORS
R=17 N=7 H<G)= 3 3 34433

I P I ( I ) BC< I > PI/BC PR< I ) PR/BCR
7 18184 346104 0 . 0 5 2 5 XX XX
8 120563 735471 0 .  1639 6 .6 3 0 1 3 .  12
9 398718 1307504 0 . 3 0 4 9 3 .3 8 7 1 1 .8 6 0 2
ie 857696 1961256 0 . 4 3 7 3 2 .1 5 1 1 1 .4 3 4
i i 1321882 2496144 0 . 5 2 9 5 1 .5 4 1 2 1 .2 1 0 9

> 12 1520922 2704156 0 . 5 6 2 4 1 .1 5 0 5 1 .0 6 2
13 1321882 2 496144 0 . 5 2 9 5 0 .8 6 9 1 0 .9 4 1 5
14 857696 1961256 0 . 4 3 7 3 0 . 6 4 8 8 0 . 8 2 5 8
15 39 8718 1307504 0 . 3 0 4 9 0 . 4 6 4 8 0 . 6 9 7 3
16 120563 735471 0 . 1 6 3 9 0 . 3 0 2 3 0 . 5 3 7 5
17 18184 34 6104 0 . 0 5 2 5 0 . 1 5 0 8 0 . 3 2 0 5

M=24 V=18 P< G)=X123455 14 MINORS
R= 17 Z II M H<G>=3334343

I PI < I) BC< I ) PI/BC PR< I > PR/BCR
7 17639 346104 0 . 0 5 0 9 XX XX
8 1 17453 735471 0 . 1 5 9 6 6 . 6 5 8 7 3 . 1 3 3 5
9 389991 1307504 0 . 2 9 8 2 3 . 3 2 0 4 1 .8 6 7 7
10 841500 1961256 0 .4 2 9 2 . 1 5 7 7 1 .4 3 8 4
11 1299410 2496 144 0 . 5 2 0 5 1 .5441 1 .2 1 3 2

> 12 1496046 2704156 0 . 5 5 3 2 1 .1 5 1 3 1 .0 6 2 7
13 12994 10 2496144 0 . 5 2 0 5 0 . 8 6 8 5 0 . 9 4 0 9
14 841500 1961256 0 .4 2 9 0 . 6 4 7 6 0 . 8 2 4 2
15 389991 1307504 0 . 2 9 8 2 0 . 4 6 3 4 0 .6 9 5 1
16 1 17453 735471 0 . 1 5 9 6 0 .3 0 1 1 0 . 5 3 5 4
17 17639 346104 0 .0 5 0 9 0 .  150 1 0 .3 1 9 1

M=24 U= 18 P<G>=X123455 14 MINORS
R=17 N=7 H<G>=3333443

I PI < I ) BCCI) PI/BC PR< I > PR/BCR
7 17899 346104 0 . 0 5 1 7 XX XX
3 1 18659 735471 0 . 1 6 1 3 6 . 6 2 9 3 3 . 1 1 9 7
9 392629 1307504 0 . 3 0 0 2 3 . 3 0 8 8 1 .8 6 1 2
10 845152 1961256 0 . 4 3 0 9 2 . 1 5 2 5 1 . 4 3 5
11 1303168 2496144 0 .5 2 2 1 .5 4 1 9 1 .2 1 1 5

> 12 1499642 2704156 0 . 5 5 4 5 1 .1 5 0 7 1 .0 6 2 2
13 1303168 2496144 0 .5 2 2 0 . 8 6 8 9 0 . 9 4 1 4
14 845152 1961256 0 . 4 3 0 9 0 . 6 4 8 5 0 . 8 2 5 4
15 39 2629 1307504 0 . 3 0 0 2 0 . 4 6 4 5 0 . 6 9 6 8
16 118659 735471 0 .  1613 0 . 3 0 2 2 0 . 5 3 7 2
17 17899 346104 0 . 0 5 1 7 0 . 1 5 0 8 0 . 3 2 0 5



99

M=24 V=18 PCG>=X123446 14 MINORS
R= 17 N=7 H<G>=5333333

I PI <I> BCCI) PI/BC PRC I > PR/BCR
7 16502 346104 0 .0 4 7 6 XX XX
8 109861 735471 0 . 1 4 9 3 6 . 6 5 7 4 3 . 1 3 2 9
9 1365248 1307504 0 . 2 7 9 3 3 . 3 2 4 6 1.8701
10 789344 1961256 0 .4 0 2 4 2 . 1 6 1 1 1 .4 4 0 7
1 1 1220330 2496144 0 . 4 8 8 8 1 .546 1 .2 1 4 7

> 12 1405622 2704 156 0 . 5 1 9 8 1 . 1518 1 .0 632
13 1220330 2496144 0 . 4 8 8 8 0 .8 6 8 1 0 . 9 4 0 5
14 789344 1961256 0 . 4 0 2 4 0 . 6 4 6 8 0 . 8 2 3 2
15 365248 1307504 0 . 2 7 9 3 0 . 4 6 2 7 0 .694
16 109861 735471 0 . 1 4 9 3 0 . 3 0 0 7 0 .5 3 4 7
17 16502 346104 0 . 0 4 7 6 0 . 1 5 0 2 0 .3 1 9 1

M=24

00i

PCG)=X123446 14 MINORS
R=17 N=7 HCG>= 3 5 33333

I PI < I ) BCC I ) PI/BC PRC I) PR/BCR
7 16920 346104 0 .0 4 8 8 XX XXow 112451 735471 0 . 1 5 2 8 6 • e-46 3 . 1 2 7 5
9 373214 1307504 0 . 2 8 5 4 3 . 3 1 8 9 1 .8 6 6 8
10 805472 1961256 0 . 4 1 0 6 2 .  1582 1 .4 3 8 8
1 1 1244202 2496144 0 . 4 9 8 4 1 .5 4 4 6 1 .2 1 3 6

> 12 1432698 2704 156 0 . 5 2 9 8 1 .1 5 1 4 1 .0 6 2 9
13 1244202 2496 144 0 . 4 9 8 4 0 . S634 0 . 9 4 0 8
14 805 472 1961256 0 . 4 1 0 6 0 . 6 4 7 3 0 . 8 2 3 9
15 37 3214 1307504 0 . 2 8 5 4 0 . 4 6 3 3 0 .6 9 5
16 112451 735471 0 . 1 5 2 8 0 . 3 0 1 3 0 . 5 3 5 6
17 16920 346104 0 . 0 4 8 8 0 . 1 5 0 4 0 . 3 1 9 7

M=24 <7=18 P<G>=X123446 14 MINORS
R= 17 N=? HCG>=3353333

I P H I ) BCC I ) PI/BC PRC I> PR/BCR
7 170 14 346104 0 .0491 XX XX
8 113189 735471 0 . 1 5 3 9 6 . 6 5 2 6 3 . 1 3 0 6
9 375744 1307504 0 . 2 8 7 3 3 . 3 1 9 6 1 .8 6 7 2
10 810848 1961256 0 . 4 1 3 4 2 . 1 5 7 9 1 .4 3 8 6
1 1 1252330 2496144 0 . 5 0 1 7 1 .5 4 4 4 1 .2 1 3 5

> 12 1441974 2704 156 0 . 5 3 3 2 1 .1 5 1 4 1 .0 6 2 8
13 1252330 2496144 0 . 5 0 1 7 0 . 8 6 8 4 0 . 9 4 0 8
14 810848 1961256 0 . 4 1 3 4 0 . 6 4 7 4 0 . 8 2 4
15 375744 1307504 0 . 2 8 7 3 0 . 4 6 3 3 0 . 6 9 5
16 113189 735471 0 . 1 5 3 9 0 . 3 0 1 2 0 . 5 3 5 5
17 170 14 346104 0 .0 4 9 1 0 . 1 5 0 3 0 . 3 1 9 4



100

M=24 <7=18 P<G>=X123446 14 MINORS
R=17 N=7 H(G> —3335333

I P H I ) BC< I > PI/BC PR< I > PR/BCR
7 17524 346164 6 . 6 5 6 6 XX XX
8 1 16651 735471 6 . 1 5 7 7 6 . 6 2 2 4 3 . 1 1 6 4
9 383994 1367564 6 . 2 9 3 6 3 . 3 6 8 8 1 .8 6 1 2
16 826976 1961256 6 .4 2 1 6 2 . 1 5 3 6 1 .4 3 5 7
1 1 1275826 2496144 6 .5 1 1 1 1 .5 4 2 7 1 .2121

> 12 1468566 2764156 6 .543 1.151 1 .6 6 2 4
13 1275826 2496144 6 .5 1 1 1 6 . 8 6 8 7 6 . 9 4 1  1
14 826976 1961256 6 . 4 2 1 6 6 .6 4 8 1 6 . 8 2 4 9
15 383994 1367564 6 . 2 9 3 6 6 . 4 6 4 3 6 . 6 9 6 5
16 116651 735471 6 . 1 5 7 7 6 . 3 6 2 2 8 . 5 3 7 2
17 17524 346164 6 . 6 5 6 6 6 . 1 5 1 6 . 3 2 6 8

M=24 <7= 18 P<G)=X123446 14 MINORS
R=17 N=7 H< G> =3333533

I P H I ) BC< I) PI/BC PR< I > PR/BCR
7 16566 346104 6 .0 4 7 8 XX XX
S 116277 735471 6 . 1499 6 . 6 5 6 8 3 .  1326
9 366 656 1367564 6 .2 8 6  4 3 . 3 2 4 8 1 .8 7 6 2
18 792416 1961256 6 .464 2 .1 6 1 1 1 .448 7
1 1 1225662 2496144 0 . 4 9 6 7 1 .5 4 5 9 1 .2 1 4 6

>12 1416934 2764156 0 .5 2 1 7 1 .1 5 1 7 1 .6631
13 1225662 2496144 6 .4 9 6  7 0 . 8 6 8 2 0 . 9 4 6 5
14 792 416 1961256 6 .4 64 0 . 6 4 6 8 0 . 8 2 3 2
15 36 6656 1367564 6 . 2 8 6 4 6 . 4 6 2 7 6 .6 94
16 116277 735471 6 . 1499 0 . 3 6 0 7 6 . 5 3 4 6
17 16566 346104 6 .04 7 8 6 .  1562 6 . 3 1 9 2

M=24 <7=18 P<G)=X123446 14 MINORS
R=17 N=7 H(G)=3333353

I P H I ) BC<I> PI/BC PR< I) PR/BCR
7 16984 346104 8 .6 4 9 XX XX
8 112865 735471 0 . 1 5 3 4 6 . 6 4 5 3 3 . 1 2 7 2
9 374514 1307564 6 . 2 8 6 4 3 . 3 1 8 2 1 .8 6 6 5
10 803166 1961256 6 .4 1 2 2 . 1 5 7 8 1 .4 3 8 5
1 1 1248214 2496144 6 . 5 1 .5 4 4 5 1 .2 1 3 5

> 12 1437246 2764156 6 . 5 3 1 4 1 .1 5 1 4 1 .0 6 2 8
13 1248214 2496144 0 . 5 0 . 8 6 8 4 0 . 9 4 0 8
14 868160 1961256 0 . 4 1 2 0 . 6 4 7 4 0 . 8 2 4
15 374514 1387504 0 .2 8 6 4 0 . 4 6 3 4 0 .6951
16 112865 735471 0 . 1 5 3 4 0 . 3 0 1 3 0 . 5 3 5 7
17 16984 346104 0 .0 4 9 0 .  1504 0 . 3 1 9 7



101

M=24 V=18 P<G>=X123446 14 MINORS
R= 17 N=7 H<G>= 3 3 3 3 3 3 5

I PI ( I ) BC< I > PI/BC PR< I ) PR/BCR
7 16506 346104 0 . 0 4 7 6 XX XX
8 109903 735471 0 . 1 4 9 4 6 . 6 5 8 3 3 . 1 3 3 3
9 3 6 5408 1387504 0 . 2 7 9 4 3 . 3 2 4 8 1 .8 7 0 2
10 7 8 9 7 2 8 1961256 8 . 4 0 2 6 2 . 1 6 1 2 1 .4 4 0 8
1 1 1220934 2496144 0 .4 8 9 1 1 . 5 4 6 1 .2 1 4 7

> 12 1406306 2 704156 0 .5 2 1 .1 5 1 8 1 .8 6 3 2
13 1220934 2496144 0 .4891 0 .8681 0 . 9 4 8 5
14 7 8 9728 1961256 8 .4 0 2 6 0 . 6 4 6 8 0 . 8 2 3 2
15 3 6 5408 1307584 0 . 2 7 9 4 0 . 4 6 2 7 0 . 694
16 189903 735471 8 . 1 4 9 4 0 . 3 0 8  7 0 . 5 3 4 6
17 16506 346104 0 . 0 4 7 6 0 . 150 1 0 . 3 1 9 1

M=24

COJ

P<G>=X123446 14 MINORS
R= 17 N=7 H<G)= 4 4 33333

I PI < I) BC( I > PI/BC PR< I) PR/BCR
7 17483 346104 0 . 0 5 8 5 XX X &
8 1 16227 735471 0 . 153 6 . 6 4 8 3 .  1284
9 385349 1387504 0 . 2 9 4 7 3 . 3 1 5 4 1 .8 6 4 9
18 838 568 1961256 8 . 4 2 3 4 2 . 1 5 5 3 1 .4 3 6 8
1 1 1281680 2496144 0 . 5 1 3 4 1 .5 431 1 .2 1 2 4

> 12 1475322 2784156 0 . 5 4 5 5 1.151 1 .0 6 2 5
13 1281680 2 496144 0 . 5 1 3 4 0 . 8 6 8 7 0 .9 4 1 1
14 838560 1961256 8 . 4 2 3 4 0 .6 4 8 0 . 8 2 4 7
15 385349 1307584 0 . 2 9 4 7 0 . 4 6 3 9 0 . 6 9 5 9
16 1 16227 735471 0 . 158 0 . 3 0  16 0 . 5 3 6 2
17 17483 346184 0 . 0 5 0 5 0 . 1 5 0 4 0 . 3 1 9 6

M=24 U= 18 P<G)=X123446 14 MINORS
R= 17 N=7 H<G>=4343333

I PI < I > BC( I > PI/BC PR< I ) PR/BCR
7 17594 346104 0 . 0 5 0 8 XX XX
8 117140 735471 0 . 1 5 9 2 6 . 6 5 7 9 3 .  1331
9 388920 1307504 0 . 2 9 7 4 3 .3 2 0 1 1 .8 6 7 5
10 3391 9 6 1961256 0 . 4 2 7 8 2 . 1 5 7 7 1 .4 3 8 5
1 1 1295918 2496144 0 .5 1 9 1 1 .5 4 4 2 1 .2 1 3 3

> 12 1492064 . 2704 156 0 . 5 5 1 7 1 .1 5 1 3 1 .0 6 2 7
13 1295918 2496144 0 .5 1 9 1 0 . 8 6 8 5 0 . 9 4 0 9
14 839196 1961256 0 . 4 2 7 8 0 . 6 4 7 5 0 . 8 2 4 1
15 388920 1307504 0 . 2 9 7 4 0 . 4 6 3 4 0 . 6 9 5 1
16 117140 735471 0 . 1 5 9 2 0 .3 0 1 1 0 . 5 3 5 4
17 17594 346104 0 . 0 5 0 8 0 . 1 5 0  1 0 . 3 1 9 1



102

M=24 V=18 PC 6) = * 1 23446 14 MINORS
R=17 N=7 HCG>=4334333

I PI < I> BCC I) PI/BC PR< I ) PR/BCR
7 1795? 346104 0 . 0 5 1 8 ** **
S 119223 735471 0 .1 6 2 1 6 . 6 3 8 6 3 .  124
9 39508? 1307504 0 .3 0 2 1 3 . 3 1 3 8 1 .8 6 4
10 851632 1961256 0 . 4 3 4 2 2 . 1 5 5 5 1 .4 3 7
1 1 1314472 2496144 0 . 5 2 6 6 1 .5 4 3 4 1 .2 1 2 7

> 12 1513202 2704 156 0 . 5 5 9 5 1 .1511 1 .0 6 2 6
13 1314472 2496144 0 . 5 2 6 6 0 . 8 6 8 6 0 .941
14 851632 1961256 0 . 4 3 4 2 0 . 6 4 7 8 0 . 8 2 4 5
15 395089 1307504 0 .3 0 2 1 0 . 4 6 3 9 0 . 6 9 5 8
16 119223 735471 0 .1 6 2 1 0 . 3 0 1 7 0 . 5 3 6 4
17 17959 346104 0 . 0 5 1 8 0 . 1 5 0 6 0 . 32

M=24 C II 00 PCG>=*123446 14 MINORS
R=17 N=7 H< G)=4333433

_I_ P H I ) BC< I ) PI/BC PRC I > PR/BCR
7 17314 346104 0 .0 5 **
8 115188 735471 6 . 1 5 6 6 6 . 6 5 2 8 3 . 1 3 0  7
9 382728 130 7504 0 . 2 9 2 7 3 . 3 2 2 6 1 .8 6 8 ?
10 826764 1961256 0 . 4 2 1 5 2 . 1 6 0  1 1 .4 4 0  1
1 1 1277814 2496144 0 . 5 1 1 9 1 .5 4 5 5 1 .2 1 4 3

> 12 1471680 2704156 0 . 5 4 4 2 1 .1 5 1 7 1 .0631
13 1277814 2496144 0 . 5 1 1 9 0 . 8 6 8 2 0 . 9 4 0 6
14 826764 1961256 0 . 4 2 1 5 8 . 6 4 7 0 . 8 2 3 4
15 382728 1307504 0 . 2 9 2 7 0 . 4 6 2 9 0 . 6 9 4 3
16 115188 735471 0 . 1 5 6 6 0 . 3 0 0 9 0 .5 3 5
17 17314 346104 0 . 0 5 0 . 1 5 0 3 0 . 3 1 9 4

M=24 U=  18 PCG>=*123446 14 MINORS
R= 17 IIz

HCG>=4333343

I P H I ) BCC I) PI/BC PRC I > PR/BCR
7 17579 346104 0 .0 5 0 7 ** S*
8 116977 735471 0 . 15? 6 . 6 5 4 3 3 .  1314
9 388331 1307504 0 .2 9 7 3 . 3 1 9 7 1 .8 6 7 3
10 838 156 1961256 0 . 4 2 7 3 2 .  1583 1 .4 3 8 ?
1 1 1294730 2496144 0 .5 1 8 6 1 .5 4 4 7 1 .2 1 3 7

> 12 1490886 2704156 0 . 5 5 1 3 1 .1 5 1 5 1 .0 6 2 9
13 1294730 2496144 0 . 5 1 8 6 0 . 8 6 8 4 0 . 9 4 0 7
14 838156 1961256 0 . 4 2 7 3 0 . 6 4 7 3 0 . 8 2 3 9
15 388331 1307504 0 .2 9 7 0 . 4 6 3 3 0 . 6 9 4 9
16 116977 735471 0 . 15? 0 . 3 0  12 0 . 5 3 5 5
17 17579 346104 0 .0 5 0 7 0 . 1 5 0 2 0 . 3 1 9 3



103

M=24 V=18 PCG>=X123446 14 MINORS
R= 17 N=7 H<G>= 4333334

I PI < I) BC< I > PI/BC PR< I > PR/BCR
7 17276 346104 0 .0 4 9 9 XX XX
8 1 14952 735471 0 . 1 5 6 2 6 . 6 5 3 8 3 . 1 3 1 2
9 381856 1307504 0 .2 9 2 3 . 3 2 1 8 1 .8 6 8 5
10 8 2 4832 1961256 0 . 4 2 0 5 2 .  16 1 .44
1 1 1274884 2496144 0 . 5 1 0 7 1 .5 4 5 6 1 .2 1 4 4

> 12 1468336 2704156 0 . 5 4 2 9 1 .1 5 1 7 1 .0631
13 1274884 2496144 0 . 5 1 0 7 0 . 8 6 8 2 0 . 9 4 0 6
14 8 248 3 2 1961256 0 . 4 2 0 5 0 . 6 4 6 9 0 . 8 2 3 4
15 381856 1307504 0 .2 9 2 0 . 4 6 2 9 0 . 6 9 4 4
16 114952 735471 0 . 1 5 6 2 0 . 3 0  1 0 .5 3 5 1
17 17276 346104 0 . 0 4 9 9 0 . 1 5 0 2 0 . 3 1 9 3

M=24 V=18 PCG>=X123446 14 MINORS
R=17 N=7 H<G)=3443333

I PI C I> BCC I) PI/BC PRC I) PR/BCR
7 17803 346104 0 . 0 5 1 4 XX XX
8 113371 735471 0 . 1609 6 . 6 4 8 9 3 .  1289
9 392261 1307504 0 . 3 3 . 3 1 3 8 1 .864
10 844896 1961256 0 . 4 3 0 7 2 . 1 5 3 9 1 .4 3 5 9
1 1 1303120 2496144 0 . 5 2 2 1 .5 4 2 3 1 .2 1 1 8

> 12 1499706 2704156 0 . 5 5 4 5 1 .1 5 0 8 1 .0 6 2 3
13 1303120 2496144 0 .5 2 2 0 . 8 6 8 9 0 . 9 4 1 3
14 8448 9 6 1961256 0 . 4 3 0 7 0 . 6 4 3 3 0 .8 2 5 1
15 392261 1307504 0 . 3 0 . 4 6 4 2 0 . 6 9 6 4
16 1 13371 735471 0 . 1 6 0 9 0 . 3 0  17 0 . 5 3 6 4
17 17803 346104 0 . 0 5 1 4 0 . 1 5 0 4 0 . 3 1 9 6

M=24 V=18 PCG>=X123446 14 MINORS
R=17 N=7 HCG)= 3434333

_I_ PICI) BCC I) PI/BC PRC I > PR/BCR
7 18228 346104 0 . 0 5 2 6 XX XX
8 120976 735471 0 . 1 6 4 4 6 . 6 3 6 8 3 .  1232
9 400530 1307504 0 . 3 0 6 3 3 . 3 1 0 8 1 .8 6 2 3
10 362492 1961256 0 . 4 3 9 7 2 . 1 5 3 3 1 .4 3 5 5
1 1 1330266 2496144 0 . 5 3 2 9 1 .5 4 2 3 1 .2 1 1 8

> 12 1530984 2704156 0 .5 6 6 1 1 .1 5 0 8 1 .0 6 2 3
13 1330266 2496144 0 . 5 3 2 9 0 . 8 6 8 8 0 . 9 4 1 3
14 8 6 2492 1961256 0 . 4 3 9 7 0 . 6 4 8 3 0 .8 2 5 1
15 40053O 1307504 0 . 3 0 6 3 0 . 4 6 4 3 0 . 6 9 6 5
16 120976 735471 0 . 1 6 4 4 0 .3 0 2 0 . 5 3 6 9
17 18228 346104 0 . 0 5 2 6 0 . 1 5 0 6 0 . 3 2 0  1



lo lf

M=24 if M 00 P< 6) =X 123446 14 MINORS
R= 17 N=7 H<6 )= 3 4 3 3 4 3 3

! PICO BCC I > PI/BC PRC I) PR/BCR
7 17579 346164 0 .0 5 0 7 XX XX
8 116955 735471 0 . 159 6 .6 5 3 1 3 . 1 3 6 8
9 388 365 1367504 0 .2 97 3 . 3 2 0 6 1 .8 6 7 3
16 838326 1961256 0 . 4 2 7 4 2 . 1 5 8 5 1 .4 3 9
1 1 1294952 2496144 0 . 5 1 8 7 1 .5 4 4 6 1 .2 1 3 6

> 12 1491 1 14 2764156 0 . 5 5 1 4 1 .1 514 1 .0 6 2 9
13 1294952 2496144 0 . 5 1 8 7 0 .8 6 8 4 0 . 9 4 0 8
14 838326 1961256 0 . 4 2 7 4 0 . 6 4 7 3 0 . 8 2 3 9
15 38 8365 1307504 0 .2 97 0 . 4 6 3 2 0 . 6 9 4 8
16 116955 735471 6 . 159 0 .3 0 1 1 0 . 5 3 5 3
17 17579 346164 0 .0 5 0 7 0 . 1 5 0 3 0 . 3 1 9 3

M=24 V=18 PCG>=X123446 14 MINORS
R=17 N=7 HCG>= 3433343

I PICO BCC I > PI/BC PRC I> PR/BCR
7 17848 34610 4 0 . 0 5 1 5 XX XX
8 118770 735471 0 . 1 6 1 4 6 . 6 5 4 5 3 .  1315
9 394040 1307504 0 . 3 0  13 3 . 3 1 7 6 1 .8661
10 849840 1961256 0 . 4 3 3 3 2 . 1 5 6 7 1 .4 3 7 8
1 1 1312048 2496144 0 . 5 2 5 6 1 .5 4 3 8 1 .2 1 3

>12 1510524 2704156 0 . 5 5 8 5 1 .1 5 1 2 1 .0 6 2 7
13 1312648 2496144 0 . 5 2 5 6 0 . 8 6 8 6 0 . 9 4 0 9
14 849840 1961256 0 . 4 3 3 3 0 . 6 4 7 7 0 . 8 2 4 3
15 394046 1307504 0 . 3 0 1 3 0 . 4 6 3 6 0 . 6 9 5 4
16 118770 735471 0 . 1 6 1 4 0 . 3 0 1 4 0 . 5 3 5 8
17 17848 346104 0 . 0 5 1 5 0 . 1 5 0 2 0 . 3 1 9 3

M=24 V=18 PCG>=X123446 14 MINORS
R=17 N=7 HCG>= 3433334

_L PICO BCC I ) PI/BC PRC I > PR/BCR
7 17541 34 6104 0 . 0 5 0 6 XX XX
8 116723 735471 0 . 1 5 8 7 6 . 6 5 4 2 3 .  1314
9 387521 1307504 0 . 2 9 6 3 3 . 3 2 1 .8 6 7 5
10 836492 1961256 0 . 4 2 6 5 2 . 1 5 8 5 1 .4 3 9
1 1 1292250 2496144 0 . 5 1 7 6 1 .5 4 4 8 1 .2 1 3 8

> 12 1488066 2704156 0 . 5 5 0 2 1 .1 5 1 5 1 .0 6 2 9
13 1292250 2496144 0 . 5 1 7 6 0 . 8 6 8 4 0 . 9 4 0  7
14 836492 1961256 0 . 4 2 6 5 0 . 6 4 7 3 0 . 8 2 3 8
15 387521 1307504 0 . 2 9 6 3 0 . 4 6 3 2 0 . 6 9 4 9
16 116723 735471 0 . 1 5 8 7 0 . 3 0 1 2 0 . 5 3 5 4
17 17541 346104 0 . 0 5 0 6 0 . 1 5 0 2 0 . 3 1 9 3



105

M=24 
R= 17

V=18
N=7

P<G>=X123446  
H<6 ) = 3 3 4 4 3 3 3

14 MINORS

I P I ( I ) BC( I > PI/BC PR< I) PR/BCR
7 18199 346104 0 . 0 5 2 5 XX XX
8 120731 735471 0 .  1641 6 . 6 3 3 9 3 . 1 2 1 8
9 3 9 9 3 9 3 1307504 0 . 3 0 5 4 3 .3 0 8 1 1 .8 6 0 8
10 8 5 9 2 3 2 1961256 0 .4 3 8 1 2 . 1 5 1 3 1 .4 3 4 2
1 1 1324264 2496144 0 . 5 3 0 5 1 .5 4 1 2 1 .2 1 0 9

>12 1523658 2704156 0 . 5 6 3 4 1 .1 5 0 5 1 .0 6 2
13 1324264 2496144 0 . 5 3 0 5 0 .8 6 9 1 0 . 9 4 1 5
14 8 5 9 2 3 2 1961256 0 .4 3 8 1 0 . 6 4 8 8 0 . 8 2 5 7
15 3993 9 3 1307504 0 . 3 0 5 4 0 . 4 6 4 8 0 . 6 9 7 2
16 120731 735471 0 .1 6 4 1 0 . 3 0 2 2 0 . 5 3 7 3
17 18199 346104 0 . 0 5 2 5 0 .  1507 0 . 3 2 0 3

M=24 M= 18 P<G>=X123446 14 MINORS
R=17 N=7 H<G>= 3 3 4 3 4 3 3

I PI < I > BC< I > PI/BC PR< I > PR/BCR
7 17630 346104 0 . 0 5 0 9 XX XX
8 1 17376 735471 0 . 1 5 9 5 6 . 6 5 7 7 3 .  133
9 389 812 1307504 0 .2 9 8 1 3 .3 2 1 1 .8 6 8
10 841244 1961256 0 . 4 2 8 9 2 .  158 1 .4 3 8 7
1 1 1299086 2496 144 0 . 5 2 0 4 1 .5 4 4 2 1 .2 1 3 3

> 12 1495688 2704156 0 .5 5 3 1 1 .1 5 1 3 1 .0 6 2 7
13 1299086 2496144 0 . 5 2 0 4 0 . 8 6 8 5 0 . 9 4 0 9
14 841244 1961256 0 . 4 2 8 9 0 . 6 4 7 5 0 .8 2 4 1
15 389812 1307504 0 .2981 0 . 4 6 3 3 0 .6 9 5
16 117376 735471 0 . 1 5 9 5 0 . 3 0  1 1 0 . 5 3 5 3
17 17630 346104 0 . 0 5 0 9 0 . 1 5 0 2 0 .3 1 9 1

M=24 V=18 P<G>=X123446 14 MINORS
R= 17 N=7 H<G>= 3 3 43343

_L PI < I > BC( I) PI/BC PR< I > PR/BCR
7 17899 346104 0 . 0 5 1 7 XX XX
8 119181 735471 0 . 162 6 . 6 5 8 5 3 . 1 3 3 4
9 3 9 5435 1307504 0 . 3 0 2 4 3 . 3 1 7 9 1 .8 6 6 3
10 8 5 2 6 3 6 1961256 0 . 4 3 4 7 2 .1 5 6 1 1 .4 3 7 4
1 1 1315978 2496144 0 . 5 2 7 2 1 .5 4 3 4 1 .2 1 2 6

>12 1514862 2704156 0 .5 6 0 1 1 .1511 1 .0 6 2 5
13 1315978 2496144 0 . 5 2 7 2 0 . 8 6 8 7 0 .9 4 1  1
14 852636 1961256 0 . 4 3 4 7 0 . 6 4 7 9 0 . 8 2 4 6
15 395435 1307504 0 . 3 0 2 4 0 . 4 6 3 7 0 . 6 9 5 6
16 1 19181 735471 0 . 162 0 . 3 0 1 3 0 . 5 3 5 8
17 17899 346104 0 . 0 5 1 7 0 .1 5 0 1 0 .3 1 9 1



106

M=24 <7=18 PCG>=X123446 14 MINORS
R= 17 N=7 HCG>=3343334

I PI C I > BC(I) PI/BC PR< I) PR/BCR
7 17600 346104 0 . 0 5 0 8 XX XX
8 1 17212 735471 0 .  1593 6 . 6 5 9 7 3 .  134
9 389268 1307504 0 . 2 9 7 7 3 .3 2 1 1 .8 68
10 840240 1961256 0 . 4 2 8 4 2 . 1 5 8 5 1 .439
1 1 1297868 2496144 0 . 5 1 9 9 1 .5 4 4 6 1 .2 1 3 6

> 12 1494440 2704156 0 . 5 5 2 6 1 .1 514 1 .0 6 2 8
13 1297868 2496144 0 . 5 1 9 9 0 . 8 6 8 4 0 . 9 4 0 8
14 840240 1961256 0 . 4 2 3 4 0 . 6 4 7 4 0 . 8 2 3 9
15 38 9268 1307504 0 . 2 9 7 7 0 . 4 6 3 2 0 . 6 9 4 9
16 117212 735471 0 . 1 5 9 3 0 .30 1 1 0 . 5 3 5 3
17 17600 346104 0 . 0 5 0 8 0 .150 1 0 . 3 1 9

M=24 <7=18 PC G>=X 123446 14 MINORS
R= 17 N=7 H<G) = 3 3 34433

I PI < I) BCCI) PI/BC PRC I) PR/BCR
7 17915 346104 0 . 0 5 1 7 XX XX
8 1 13843 735471 0 . 1 6 1 5 6 . 6 3 3 7 3 . 1 2 1 7
9 393397 1307504 0 . 3 0 0 8 3 . 3 1 0 2 1 • 86 ;̂
10 846944 1961256 0 . 4 3 1 8 2 . 1 5 2 8 1 .4 3 5 2
1 1 1305968 2496 144 0 .5 2 3 1 1 .5 4 1 9 1 .2 1 1 5

> 12 1502858 2704 156 0 . 5 5 5 7 1 .1 5 0 7 1 .0 6 2 2
13 1305968 2496 144 0 .5 2 3 1 0 . 8 6 8 9 0 . 9 4 1 4
14 846944 1961256 0 . 4 3 1 8 0 . 6 4 8 5 0 .8 2 5 3
15 393397 1307504 0 . 3 0 0 8 0 . 4 6 4 4 0 . 6 9 6 7
16 1 18343 735471 0 .  1615 0 . 302 0 .5 37
17 17915 346104 0 . 0 5 1 7 0 . 1 5 0 7 0 . 3 2 0 3

M=24 <7=18 P<G)=X 123446 14 MINORS
R= 17 N=7 HCG) =3334343

I PI CI> BCC I) PI/BC PRC I> PR/BCR
7 18180 346104 0 . 0 5 2 5 XX X X
8 120523 735471 0 .  1638 6 . 6 2 9 4 3 .  1 197
9 398586 1307504 0 . 3 0 4 8 3 .3 0 7 1 1 .86 0 2
10 857440 1961256 0 .4 3 7 1 2 . 1 5 1 2 1 .4341
1 1 1321506 2496 144 0 . 5 2 9 4 1 .5 4 1 2 1 .2 1 0 9

> 12 1520490 2704156 0 . 5 6 2 2 1 .1 5 0 5 1 .062
13 1321506 2496144 0 . 5 2 9 4 0 .8 6 9 1 0 . 9 4 1 5
14 857440 1961256 0 .4 3 7 1 6 . 6 4 8 8 0 . 8 2 5 7
15 398586 1307504 0 . 3 0 4 8 0 . 4 6 4 8 0 . 6 9 7 2
16 120523 735471 0 . 1 6 3 3 0 . 3 0 2 3 0 . 5 3 7 5
17 18180 346104 0 . 0 5 2 5 0 .  1508 0 . 3 2 0 5



107

M=24 U=18 PCG>=X123446 14 MINORS
R=17 N=7 H<G)= 3 3 34334

I P H ! ) BC< I > PI/BC PR< I > PR/BCR
7 17956 346164 0 . 0 5 1 8 XX XX
8 119184 735471 0 .  162 6 . 6 3 7 5 3 . 1 2 3 5
9 39 4882 1367504 0 . 3 6 2 3 . 3 1 3 2 1 .8 6 3 6
16 85 6972 1961256 0 .4 3 3 8 2 .  155 1 .4 3 6 6
11 1313146 2496 144 0 .5 2 6 1 .5431 1 .2 1 2 4

> 12 1511528 2764156 0 . 5 5 8 9 1 .151 1 .0 6 2 5
13 1313146 2496144 0 .5 2 6 0 . 8 6 8 7 0 .9 4 1 1
14 85 0972 1961256 0 . 4 3 3 8 6 .6 4 8 0 . 8 2 4 7
15 394882 1307564 0 .3 0 2 0 .4 6 4 0 .6 9 6
16 119184 735471 0 . 162 6 . 3 6 1 8 0 . 5 3 6 5
17 17956 346164 0 . 0 5 1 8 0 .  1566 0 .3 2 0 1

M=24 V=18 PC 6 ) = * 1 2 3 4 4 6 14 MINORS
R=17 N=7 HCG>= 3 3 33443

I PI C I) BCC I > PI/BC PRC I > PR/BCR
7 1761 1 346104 0 . 0 5 0 8 XX XX
8 117161 735471 0 . 1 5 9 3 6 . 6 5 2 7 3 .1 3 0  6
9 388947 1307504 0 . 2 9 7 4 3 . 3 1 9 7 1 .8 6 7 3
10 839324 1961256 0 . 4 2 7 9 2 . 1 5 7 9 1 .4 3 8 6
1 1 1296130 2496144 0 . 5 1 9 2 1 .5 4 4 2 1 .2 1 3 3

> 12 1492278 2704 156 0 . 5 5 1 3 1 .1 5 1 3 1 .0 6 2 7
13 1296130 2496144 0 . 5 1 9 2 0 . 8 6 8 5 0 . 9 4 0 9
14 839324 1961256 0 . 4 2 7 9 0 . 6 4 7 5 0 .8 2 4 1
15 38 8947 1307504 0 . 2 9 7 4 0 . 4 6 3 4 0 .6 9 5 1
16 1 17161 735471 0 . 1 5 9 3 0 . 3 0 1 2 0 . 5 3 5 5
17 1761 1 346104 0 . 0 5 0 8 0 . 1 5 0 3 0 . 3 1 9 4

M=24 U=18 PCG>=X123446 14 MINORS
R= 17 N=7 HCG>=3333434

I PI < I ) BCCI) PI/BC PRC I ) PR/BCR
7 17316 346104 0 .0 5 XX X*
8 115208 735471 0 . 1 5 6 6 6 . 6 5 3 2 3 . 1 3 0 9
9 382800 1307504 0 . 2 9 2 7 3 . 3 2 2 6 1 .8 6 9
10 82 6928 1961256 0 . 4 2 1 6 2 .  1602 1 .440  1
1 1 1277996 2496144 0 . 5 1  19 1 .5 4 5 4 1 .2 1 4 3

>12 1471824 2704156 0 . 5 4 4 2 1 .1 5 1 6 1 .0 6 3
13 1277996 2496144 0 . 5 1  19 0 . 8 6 8 3 0 . 9 4 0 6
14 826928 1961256 0 . 4 2 1 6 0 .6 4 7 0 . 8 2 3 5
15 382800 1307504 0 . 2 9 2 7 0 . 4 6 2 9 0 . 6 9 4 3
16 115208 735471 0 . 1 5 6 6 0 . 3 0 0 9 0 .5 3 5
17 17316 346104 0 .0 5 0 . 1503 0 .3 1 9 3



M=24 V=18
R= 17 N=7

PCG>=X123446 
HCG>=3333344

14 MINORS

I PI C I > BCC I > PI/BC PRC I) PR/BCR
7 17525 346104 0 . 0 5 0 6 XX XX
8 1 16517 735471 0 . 1 5 8 4 6 . 6 4 8 6 3 .  1287
9 386307 1307504 0 . 2 9 5 4 3 . 3 1 5 4 1 .8 6 4 9
10 8 3 2 6 0 8 1961256 0 . 4 2 4 5 2 . 1 5 5 3 1 .4 3 6 8
1 1 1284776 2496144 0 . 5 1 4 7 1 . 5 4 3 1 .2 1 2 4

> 12 1478838 2704156 0 . 5 4 6 8 1.151 1 .0 6 2 5
13 1284776 2496144 0 . 5 1 4 7 0 . 8 6 8 7 0 .9 4 1 1
14 832608 1961256 0 . 4 2 4 5 0 . 6 4 8 0 . 8 2 4 7
15 38630 7 1307504 0 . 2 9 5 4 0 . 4 6 3 9 0 . 6 9 5 9
16 1 16517 735471 0 . 1 5 8 4 0 . 3 0  16 0 . 5 3 6 2
17 17525 346104 0 . 0 5 0 6 0 . 1 5 0 4 0 . 3 1 9 6



109

M=24 V= 18 PCG)=X123436 16 MINORS
R= 17 N=7 HCG)= 5 3 33333

I PI < I) BCCI) PI/BC PRC I > PR/BCR
7 16494 346104 0 . 0 4 7 6 XX XX
8 169797 735471 0 . 1492 6 . 6 5 6 7 3 . 1 3 2 6
9 365128 1307504 0 . 2 7 9 2 3 . 3 2 5 4 1 .8 7 0 5
10 78 9216 1961256 0 .4 0 2 4 2 .1 6 1 4 1 .4 4 0 9
1 1 1220202 2496 144 0 . 4 8 8 8 1 .5 4 6 1 .2 1 4 7

> 12 1405494 2704156 0 .5 1 9 7 1 .1 5 1 3 1 .0 6 3 2
13 1220202 2496144 0 . 4 8 3 8 0 .8 6 8 1 0 .9 4 0 5
14 789216 1961256 0 .4 0 2 4 0 .6 4 6 7 0 .8 2 3 1
15 36 5128 1307504 0 . 2 7 9 2 0 . 4 6 2 6 0 .6 9 3 9
16 109797 735471 0 . 1 4 9 2 0 . 3 0 0 7 0 .5 3 4 5
17 16494 346104 0 . 0 4 7 6 0 . 1 5 0 2 0 . 3 1 9 2

M=24 V= 18 PC6 ) = * 1 2 3 4 3 6 16 MINORS
R= 17 2 II M HCG>= 3 5 33333

I PI < I > BCCI) PI/BC PRC I) PR/BCR
7 16976 34 6104 0 .0 4 9 XX XX
8 112303 735471 0 . 1 5 3 3 6 . 6 4 4 3 3 . 1 2 6 9
9 374406 1307504 0 . 2 8 6 3 3 .3 1 9 1 1 .867
10 808032 1961256 0 . 4 1 1 9 2 .1 5 8 1 1 .4 3 8 7
1 1 1248074 2496144 0 . 5 1 .5 4 4 5 1 .2 1 3 6

> 12 1437114 2704156 0 . 5 3 1 4 1 .1 5 1 4 1 .0 6 2 8
13 1248074 2496 144 0 . 5 0 . 8 6 8 4 0 . 9 4 0 3
14 308032 1961256 0 .41 19 0 . 6 4 7 4 0 . 8 2 3 9
15 374406 1307504 0 . 2 8 6 3 0 . 4 6 3 3 0 .6 9 5
16 112803 <• 735471 0 . 1 5 3 3 0 . 3 0  12 0 . 5 3 5 6
17 16976 346104 0 .0 4 9 0 . 1 5 0 4 0 . 3 1 9 7

M=24 V=18 PCG)=X123436 16 MINORS
R= 17 N=7 HCG)= 3 3 53333

I PI Cl) BCCI) PI/BC PRC I) PR/BCR
7 17550 346104 0 . 0 5 0 7 XX XX
8 116325 735471 0 . 1581 6 . 6 2 8 2 3 .1 1 9 1
9 335000 1307504 0 . 2 9 4 4 3 . 3 0 9 6 1 .8 6 1 7
10 8 2 9152 1961256 0 . 4 2 2 7 2 . 1 5 3 6 1 .4357
1 1 1279146 2496144 0 . 5 1 2 4 1 .5 4 2 7 1 .2121

> 12 1472310 2704156 0 . 5 4 4 4 1 . 151 1 .0 6 2 4
13 1279146 2496144 0 . 5 1 2 4 0 . 8 6 8 8 0 . 9 4 1 2
14 829152 1961256 0 . 4 2 2 7 0 . 6 4 8 2 0 . 8 2 4 9
15 335000 1307504 0 . 2 9 4 4 0 . 4 6 4 3 0 . 6 9 6 4
16 116325 735471 0 .  1581 0 .3 0 2 1 0 .5 3 7 1
17 17550 346104 0 . 0 5 0 7 0 . 1 5 0 8 0 . 3 2 0 5



110

M=24 V=18 PCG)=X 123436 16 MINORS
R= 17 N=7 H<6 )= 4 4 3 3 3 3 3

I P I ( I ) BC( I > PI/BC PR< I ) PR/BCR
7 17515 346104 0 . 0 5 0 6 XX XX
8 1 16435 735471 0 . 1 5 8 3 6.6477 3 .  1283
9 386133 1307504 0 . 2 9 5 3 3 . 3 1 6 2 1 .8 6 5 4
10 832 352 1961256 0 . 4 2 4 3 2 . 1 5 5 6 1 .4 3 7
1 1 1284448 2496144 0 . 5 1 4 5 1 .5431 1 .2 1 2 4

> 12 1478490 2704 156 0 . 5 4 6 7 1.151 1 .0 6 2 5
13 1284448 2496144 0 . 5 1 4 5 0 . 8 6 8 7 0 . 9 4  1 1
14 832352 1961256 0 . 4 2 4 3 0 . 6 4 8 0 . 8 2 4 7
15 38 6133 1307504 0 . 2 9 5 3 0 . 4 6 3 9 0 . 6 9 5 8
16 116435 735471 0 . 1 5 8 3 0 . 3 0  15 0 . 536
17 17515 34 6104 0 . 0 5 0 6 0 . 1 5 0 4 0 . 3 1 9 6

M=24 V=18 PCG)=X123436 16 MINORS
R=17 N=7 H<G>= 4343333

I PI < I > BCC I ) PI/BC PRC I) PR/BCR
7 17970 346104 0 . 0 5 1 9 XX XX
8 119340 735471 0 . 1 6 2 2 6 . 6 4 1 3 .  1252
9 395504 1307504 0 . 3 0 2 4 3 . 3 1 4 1 .8641
10 852380 1961256 0 . 4 3 4 6 2 .1 5 5 1 1 .4 3 6 7
1 1 1315326 2496 144 0 . 5 2 6 9 1 .5431 1 .2 1 2 4

> 12 1514032 2704 156 0 . 5 5 9 8 1.151 1 .0 6 2 5
13 1315326 2496 144 0 . 5 2 6 9 0 . 8 6 8 7 0 .9 4 1 1
14 852380 1961256 0 . 4 3 4 6 0 .6 4 8 0 . 8 2 4 7
15 395504 1307504 0 . 3 0 2 4 0 . 4 6 3 9 0 . 6 9 5 9
16 119340 735471 0 . 1 6 2 2 0 . 3 0  17 0 . 5 3 6 4
17 17970 346104 0 . 0 5 1 9 0 . 1 5 0 5 0 . 3 1 9 9

M=24 V=18 PCG)=X123436 16 MINORS
R= 17 N=7 HCG)= 4334333

I P I ( I ) BCCI) PI/BC PRC I) PR/BCR
7 17571 346104 0 .0 5 0 7 XX XX
8 1 16915 735471 0 . 1 5 8 9 6.6538 3 . 1 3 1 2
9 388229 1307504 0 . 2 9 6 9 3 . 3 2 0 6 1 .8 6 7 8
10 833064 1961256 0 . 4 2 7 3 2 . 1 5 8 6 1.4391
1 1 1294584 2496144 0 . 5 1 8 6 1 .5 4 4 7 1 .2 1 3 7

> 12 1490682 2704156 0 . 5 5 1 2 1 .1 5 1 4 1 .0 6 2 9
13 1294584 2496 144 0 . 5 1 8 6 0 . 8 6 8 4 0 . 9 4 0 8
14 838064 1961256 0 . 4 2 7 3 0 . 6 4 7 3 0 .8 2 3 9
15 38 8229 1307504 0 . 2 9 6 9 0 . 4 6 3 2 0 .6 9 4 8
16 116915 735471 0 . 1 5 8 9 0 . 3 0  1 1 0 . 5 3 5 3
17 17571 346104 0 .0 5 0 7 0 . 1 5 0 2 0 . 3 1 9 3



I l l

M=24 V=18 PCG)=X123436 16 MINORS
R= 17 N=? HC8 )= 4 3 3 3 4 3 3 -

I PI < I) BC< I > PI/BC PRC I) PR/BCR
7 17266 346184 0 . 0 4 9 8 XX XX
8 1 14868 735471 0 .1 5 6 1 6 . 6 5 2 8 3 . 1 3 0 7
9 381672 1307564 0 . 2 9 1 9 3 . 3 2 2 7 1 .8 6 9
ie 824588 1961256 0 . 4 2 0 4 2 .  1604 1 .4 4 0 3
11 1274566 2496 144 0 . 5 1 0 6 1 .5 4 5 7 1 .2 1 4 4

> 12 1467968 2704156 0 . 5 4 2 8 1 .1 5 1 7 1.0631
13 1274566 2496 144 0 . 5 1 0 6 0 . 8 6 8 2 0 . 9 4 6 6
14 8 2 4588 1961256 0 .4 2 0 4 0 . 6 4 6 9 0 . 8 2 3 3
15 38 1672 1307504 0 . 2 9 1 9 0 . 4 6 2 8 0 . 6 9 4 2
16 114868 735471 0 .1 5 6 1 0 . 3 0 0 9 0 . 535
17 17266 346104 0 . 0 4 9 8 0 . 1 5 0 3 0 . 3 1 9 4

M=24 V=18 PCG)=X123436 16 MINORS
R=17 N=7 HCG)= 3443333

I P l ( I ) BCC I> PI/BC PRC I> PR/BCR
7 18195 346104 0 . 0 5 2 5 XX XX
8 120691 735471 0 .1 6 4 1 6 .6 3 3 1 3 . 1 2 1 5
9 399261 1307504 0 . 3 0 5 3 3 .3 0 8 1 1 .8 6 0 8
10 8 5 8976 1961256 0 . 4 3 7 9 2 . 1 5 1 4 1 .4 3 4 2
1 1 1323888 2496144 0 . 5 3 0 3 1 .5 4 1 2 1 .2 1 0 9

>12 1523226 2704 156 0 . 5 6 3 2 1 .1 5 0 5 1 .0 6 2
13 1323888 2496144 0 . 5 3 0 3 0 .8 6 9 1 0 . 9 4 1 5
14 858976 1961256 0 . 4 3 7 9 0 . 6 4 8 8 0 .8 2 5 7
15 399261 1307504 0 . 3 0 5 3 0 . 4 6 4 3 0 . 6 9 7 2
16 120691 735471 0 .  1641 0 . 3 0 2 2 0 . 5 3 7 3
17 18195 346104 0 . 0 5 2 5 0 . 1 5 0 7 0 . 3 2 0  3

M=24 V=18 PCG)=X123436 16 MINORS
R= 17 N=7 HCG)= 3434333

I PICI> BCC I) PI/BC PRC I) PR/BCR
7 17872 346104 0 . 0 5 1 6 XX X X
8 118908 735471 0 .  1616 6 . 6 5 3 3 3 .  1309
9 39 4502 1307504 0 . 3 0 1 7 3 . 3 1 7 7 1 .8 6 6 2
10 8507 1 6 1961256 0 . 4 3 3 7 2 . 1 5 6 4 1 .4 3 7 6
1 1 1313098 2 496144 0 . 5 2 6 1 .5 4 3 5 1 .2 1 2 7

> 12 1511568 2704 156 0 . 5 5 8 9 1.1511 1 .0 6 2 5
13 1313098 2496 144 0 .526 0 . 8 6 8 6 0 .941
14 850716 1961256 0 . 4 3 3 7 0 . 6 4 7 8 0 . 8 2 4 5
15 394502 1307504 0 . 3 0 1 7 0 . 4 6 3 7 0 . 6 9 5 5
16 113908 735471 0 . 1 6 1 6 0 . 3 0  14 0 . 5 3 5 8
17 17872 346104 0 . 0 5 1 6 0 . 1 5 0 3 0 . 3 1 9 3



112

M=24 U=18 P<6 ) =X123436 16 MINORS
R= 17 N=7 H<G)=3433433

I PI < I > BC< I > PI/BC PR< I > PR/BCR
7 17571 346104 0 . 0 5 0 7 XX XX
8 116915 735471 0 . 1 5 8 9 6 . 6 5 3 8 3 . 1 3 1 2
9 388229 1307504 0 . 2 9 6 9 3 . 3 2 0 6 1 .8 6 7 8
10 838064 1961256 0 . 4 2 7 3 2 . 1 5 8 6 1 .4391
1 1 1294584 2 496144 0 . 5 1 8 6 1 .5 4 4 7 1 .2 1 3 7

> 12 1490682 2704156 0 . 5 5 1 2 1 . 1514 1 .0 6 2 9
13 1294584 2496144 0 . 5 1 8 6 0 . 8 6 8 4 0 . 9 4 0 8
14 83 8064 1961256 0 . 4 2 7 3 0 . 6 4 7 3 0 . 8 2 3 9
15 388229 1307504 0 . 2 9 6 9 0 . 4 6 3 2 0 . 6 9 4 8
16 116915 735471 0 . 1 5 8 9 0 . 3 0  1 1 0 . 5 3 5 3
17 17571 346104 0 . 0 5 0 7 0 . 1502 0 . 3 1 9 3



I l l
M=24 V=18 PCG)=X123444 15 MINORS
R=17 N=7 H<G>= 5 3 33333

I PI <I> BCCI) PI/BC PRC I) PR/BCR
7 16146 34 6104 0 .0 4 6 6 XX XX
8 108423 735471 0 . 1 4 7 4 6 . 7 1 5 1 3 .  16
9 361656 1307504 0 . 2 7 6 6 3 . 3 3 5 6 1 .8 7 6 2
10 782928 1961256 0 .3 9 9 1 2 .  1648 1 .4 4 3 2
1 1 121 1382 2496144 0 . 4 8 5 3 1 .5 4 7 2 1 .2 1 5 6

> 12 1395666 2704156 0 .5 1 6 1 1 .1521 1 .0 6 3 5
13 121 1382 2496144 0 . 4 8 5 3 0 . 8 6 7 9 0 . 9 4 0 2
14 782928 1961256 0 .3 9 9 1 0 . 6 4 6 3 0 . 8 2 2 5
15 361656 1307584 0 . 2 7 6 6 0 . 4 6 1 9 0 . 6 9 2 8
16 108423 735471 0 . 1 4 7 4 0 . 2 9 9 7 0 . 5 3 2 9
17 16146 346104 0 . 0 4 6 6 0 . 1 4 8 9 0 . 3 1 6 4

M=24 V=18 P< G> =X123444 15 MINORS
R=17 Z II M H<G>= 3 5 33333

I PI < I > BCCI) PI/BC PRC I) PR/BCR
7 16560 34 6104 0 . 0 4 7 8 XX XX
8 1 1 1033 735471 0 . 1 5 0 9 6 . 7 0 4 8 3 . 1 5 5 2
9 369738 1307504 0 . 2 8 2 7 3 . 3 2 9 9 1 .8731
10 799344 1961256 0 . 4 0 7 5 2 .  1619 1 .4 4 1 2
1 1 1235718 2496144 0 .4 9 5 1 .5 4 5 9 1 .2 1 4 6

> 12 1423278 2704156 0 . 5 2 6 3 1. 1517 1 .0631
13 1235718 2496144 0 .4 9 5 0 . 8 6 8 2 0 . 9 4 0 5
14 79 9344 1961256 0 . 4 0 7 5 0 . 6 4 6 8 0 . 8 2 3 2
15 36 9738 1307504 0 . 2 8 2 7 0 . 4 6 2 5 0 . 6 9 3 8
16 1 1 1033 735471 0 .  1509 0 . 3 0 8 3 0 . 5 3 3 8
17 16560 346104 0 .0 4 7 8 0 .1 4 9 1 0 . 3 1 6 9

M=24 U= 18 PCG)=X123444 15 MINORS
R= 17 N=7 HCG)= 3 3 53333

I PICI) BCCI) PI/BC PRC I) PR/BCR
7 16722 346104 0 . 0 4 8 3 XX XX
8 1 12167 735471 0 . 1 5 2 5 6 . 7 0 7 7 3 . 1 5 6 5
9 373464 1307504 0 . 2 8 5 6 3 . 3 2 9 5 1 .8 7 2 8
10 807120 1961256 0 . 4 1 1 5 2 .  161 1 1 .4 4 0 7
1 1 1247382 2496144 0 . 4 9 9 7 1 .5 4 5 4 1 .2 1 4 3

> 12 1436562 2704156 0 . 5 3 1 2 1 .1 5 1 6 1 .0 6 3
13 1247382 2496144 0 . 4 9 9 7 0 . 8 6 8 3 0 . 9 4 0 6
14 807120 1961256 0 . 4 1  15 0 . 6 4 7 0 . 8 2 3 5
15 373464 1307504 0 . 2 8 5 6 0 . 4 6 2 7 0 .6 9 4
16 112167 735471 0 . 1 5 2 5 0 . 3 0 0 3 0 . 5 3 3 9
17 16722 346104 0 . 0 4 8 3 0 . 149 0 . 3 1 6 7



Ilk
M=24 U= 18 PCG)=X123444 16 MINORS
R= 17 N-7 H<6>= 3 3 3 5 3 3 3

I P I ( I ) BCCI) PI/BC PR< I > PR/BCR
7 17856 346184 0 . 0 5 1 5 XX XX
8 118881 735471 8 .  1605 6 . 6 1 2 9 3 . 1 1 1 9
9 398114 1387504 0 . 2 9 8 3 3 . 3 0 3 7 1 .8583,
18 839288 1961256 8 . 4 2 7 8 2 .1 5 1 1 1 .4 3 4  1
1 1 1293822 2496 144 0 . 5 1 8 3 1 .5 4 1 7 1 .2 1 1 3

>12 1488894 2784 156 8 . 5 5 8 5 1 .1 5 0 7 1 .0 6 2 2
13 . 1293822 2496144 8 . 5 1 8 3 0 . 8 6 8 9 0 . 9 4 1 3
14 83928 0 1961256 0 . 4 2 7 8 0 . 6 4 8 6 0 . 8 2 5 5
15 398 1 14 1307504 0 . 2 9 8 3 0 . 4 6 4 8 0 . 6 9 7 2
16 118881 735471 0 .  1605 0 • 3 0 2 6 0 .5 3 8 1
17 17856 346184 0 . 8 5 1 5 0 . 1 5 1 2 0 . 3 2 1 3

M=24 <7= 18 P<6)=X123444 15 MINORS
R=17 N=7 H<G)= 3 3 33533

_L P H I ) BCCI) PI/BC PRC I) PR/BCR
7 16274 346184 0 .0 4 7 XX XX
8 189191 73547  1 8 . 1 4 8 4 6 . 7 0 9 5 3 . 1 5 7 4
9 364184 1387504 0 . 2 7 8 5 3 . 3 3 5 2 1 .8761
10 78838 4 1961256 0 . 4 0 1 9 2 .  1645 1 .4 4 3
1 1 1219478 2496 144 8 . 4 8 8 5 1 .5 4 6 9 1 .2 1 5 4

:> 12 1404882 2704156 0 . 5 1 9 5 1 . 152 1 .0 6 3 4
13 1219478 2496144 0 . 4 8 8 5 0 .8 6 8 0 .9 4 0  3
14 78 8304 1961256 0 . 4 0  19 0 . 6 4 6 4 0 . 8 2 2 7
15 364184 1307504 0 . 2 7 8 5 0 . 4 6 1 9 0 . 6 9 2 9
16 109191 735471 0 . 1 4 8 4 0 . 2 9 9 8 0 .533
17 16274 346184 0 .0 4 7 0 . 149 0 . 3 1 6 7

M=24 V=18 PCG)=X123444 15 MINORS
R= 17 N=7 HCG)= 4 4 33333

I PICI) BCCI) PI/BC PRC I) PR/BCR
7 17109 346104 0 .0 4 9 4 XX XX
8 1 14741 735471 0 . 156 6 . 7 0 6 4 3 . 1 5 5 9
9 3 8 1699 1307504 0 . 2 9 1 9 3 . 3 2 6 6 1 .8 7 1 2
10 8 2 4112 1961256 0 .4 2 0 1 2 .  159 1 .4 3 9 3
1 1 1272744 2496144 0 . 5 0 9 8 1 .5 4 4 3 1 .2 1 3 4

>12 1465398 2704156 0 . 5 4 1 9 1 .1 5 1 3 1 .0 6 2 8
13 1272744 2496144 0 . 5 0 9 8 0 . 8 6 8 5 0 . 9 4 0 9
14 824112 1961256 0 .4 2 0 1 0 . 6 4 7 5 0 .8 2 4 1
15 381699 1307504 0 . 2 9 1 9 0 .4 6 3 1 0 . 6 9 4 7
16 1 14741 735471 0 . 156 0 . 3 0 0 6 0 . 5 3 4 4
17 17109 346104 0 . 0 4 9 4 0 .1 4 9 1 0 . 3 1 6 8



115

M=24 <7=18 P<G>=X123444 15 MINORS
R=17 N=7 H<G>= 4 3 4 3 3 3 3

I PI < I) BC< I > PI/BC PR< I ) PR/BCR
7 17262 346104 0 .0 4 9 8 X* XX
8 115920 735471 0 . 1 5 7 6 6 . 7 153 3 .1 6 0 1
9 386100 1307504 0 . 2 9 5 2 3 . 3 3 0 7 1 .8 7 3 5
10 834444 1961256 0 . 4 2 5 4 2 . 1 6 1 2 1 .4 4 0 8
11 1289502 2496144 0 . 5 1 6 5 1 .5 4 5 3 1 .2141

> 12 1485000 2704156 0 .5 4 9 1 1 . 1516 1 .0 6 3
13 1289502 2496144 0 . 5 1 6 5 0 . 8 6 3 3 0 . 9 4 0 7
14 834444 1961256 0 . 4 2 5 4 0 .6 4 7 1 0 . 8 2 3 5
15 336100 1307504 0 . 2 9 5 2 0 . 4 6 2 7 0 .694
16 115920 735471 0 . 1 5 7 6 0 . 3 0 0 2 0 . 5 3 3 7
17 17262 346104 0 . 0 4 9 8 0 . 1 4 8 9 0 . 3 1 6 4

M=24 <7=18 P<G>=*123444 16 MINORS
R= 17 N=7 H<G>= 4 3 34333

I PI < I ) BC< I ) PI/BC PR< I > PR/BCR
7 18077 346 104 0 . 0 5 2 2 XX XX
8 120163 735471 0 . 1 6 3 3 6 . 6 4 7 2 3 .1 2 8 1
9 398243 1307504 0 . 3 0 4 5 3 .3 1 4 1 1 .8 6 4 2
10 858256 1961256 0 . 4 3 7 6 2 .1 5 5 1 1 .4 3 6 7
1 1 1324448 2496 144 0 . 5 3 0 5 1 .5431 1 .2 1 2 5

> 12 1524570 2704156 0 . 5 6 3 7 1 .151 1 .0 6 2 5
13 1324448 2496 144 0 . 5 3 0 5 0 . 8 6 8 7 0 .9 4 1  1
14 858256 1961256 0 . 4 3 7 6 0 .6 4 8 0 . 8 2 4 7
15 398243 130 7504 0 . 3 0 4 5 0 .464 0 .696
16 120163 735471 0 . 1 6 3 3 0 . 3 0  17 0 . 5 3 6 4
17 18077 346104 0 . 0 5 2 2 0 . 1 5 0 4 0 . 3 1 9 6

M=24 <7=18 P<G)=X123444 15 MINORS
R= 17 N=7 H<G>= 4 3 3 3 4 3 3

_I_ PI < I) BC< I) PI/BC PR< I > PR/BCR
7 16932 346104 0 . 0 4 9 XX XX
8 113903 735471 0 . 1 5 4 8 6 . 7 0 7 5 3 . 1 5 6 5
9 379784 1307504 0 . 2 9 0 4 3 .3 3 4 1 1 .8 7 5 4
10 821740 1961256 0 . 4 1 8 9 2 .  1637 1 .4424
1 1 1271042 2496144 0 . 5 0 9 2 1 .5 4 6 7 1 .2 1 5 3

> 12 1464192 2704156 0 . 5 4 1 4 1 .1 5 1 9 1 .0 6 3 3
13 1271042 2496144 0 . 5 0 9 2 0 .8 6 8 0 . 9 4 0 4
14 821740 1961256 0 . 4 1 8 9 0 . 6 4 6 5 0 . 8 2 2 8
15 379784 1307504 0 . 2 9 0 4 0 .4 6 2 1 0 . 6 9 3 2
16 1 13908 735471 0 . 1 5 4 8 0 . 2 9 9 9 0 . 5 3 3 2
17 16982 346104 0 .0 4 9 0 . 149 0 . 3 1 6 3



116

M=24 U= 18 PCG)=X123444 15 MINORS
R= 17 N=7 H<G)=3443333

I P H I ) BCCI) PI/BC PRC I ) PR/BCR
7 17469 346104 0 . 0 5 0 4 XX XX
8 117153 735471 0 . 1 5 9 2 6 . 7 0 6 3 3 . 1 5 5 9
9 389475 1307504 0 . 2 9 7 8 3 . 3 2 4 4 1 .87
10 840246 1961256 0 . 4 2 8 4 2 . 1 5 7 3 1 .4 3 8 2
1 1 1296864 2496 144 0 . 5 1 9 5 1 .5 4 3 4 1 .2 1 2 7

>12 1492830 2704 156 0 .5 5 2 1 .1511 1 .0 6 2 5
13 1296864 2496144 0 . 5 1 9 5 0 . 8 6 8 7 0 .9 4 1  1
14 840240 1961256 0 . 4 2 8 4 0 . 6 4 7 9 0 . 8 2 4 6
15 389475 1307504 0 . 2 9 7 8 0 . 4 6 3 5 0 . 6 9 5 2
16 117153 735471 0 . 1 5 9 2 0 . 3 0 0 7 0 . 5 3 4 7
17 17469 346104 0 . 0 5 0 4 0 .1 4 9 1 0 . 3 1 6 3

M=24 V=18 PCG)=X123444 16 MINORS
R=17 N=7 HCG)=3434333

_L P I ( I ) BCC I) PI/BC PRC I > PR/BCR
7 18349 346104 0 .0 5 3 XX XX
3 121944 735471 0 . 1 6 5 8 6 . 6 4 5 8 3 . 1 2 7 4
9 40 3787 1307504 0 . 3 0 3 8 3 . 3 1 1 2 1 .8 6 2 5
10 869340 1961256 0 . 4 4 3 2 2 . 1 5 2 9 1 .4 3 5 3
1 1 1340584 2496 144 0 .5 3 7 1 .5 4 2 1 .2 1 1 6

> 12 1542744 2704 156 0 . 5 7 0 5 1 .1 5 0 7 1 .0 6 2 2
13 1340584 2496 144 0 .5 3 7 0 . 8 6 3 9 0 . 9 4 1 3
14 369340 1961256 0 . 4 4 3 2 0 . 6 4 8 4 0 . 8 2 5 3
15 403787 1307504 0 . 3 0 8 8 0 . 4 6 4 4 0 . 6 9 6 7
16 121944 735471 0 . 1 6 5 8 0 .3 0 2 0 . 5 3 6 8
17 18349 346104 0 .0 5 3 0 . 1 5 0 4 0 . 3 1 9 7

M=24 V=18 P<G)=X123444 15 MINORS
R= 17 N=7 HCG)= 3433433

I P H I ) BCCI) PI/BC PRC I) PR/BCR
7 17245 346104 0 . 0 4 9 8 XX XX
8 115689 735471 0 . 1 5 7 2 6 . 7 0 8 5 3 . 1 5 6 9
9 38551 1 1307504 0 . 2 9 4 8 3 . 3 3 2 3 1 .8 7 4 4
10 833520 1961256 0 . 4 2 4 9 2 .1 6 2 1 1 .4 4 1 4
1 1 1288540 2496144 0 . 5 1 6 2 1 .5 4 5 9 1 .2 1 4 6

> 12 1484046 2704 156 0 . 5 4 8 8 1 .1 5 1 7 1 .0631
13 1288540 2496144 0 . 5 1 6 2 0 . 8 6 8 2 0 . 9 4 0 6
14 833520 1961256 0 . 4 2 4 9 0 . 6 4 6 8 0 . 8 2 3 2
15 38551 1 1307504 0 . 2 9 4 8 0 . 4 6 2 5 0 . 6 9 3 7
16 115689 735471 0 . 1 5 7 2 0 . 3 0 . 5 3 3 4
17 17245 346104 0 . 0 4 9 8 0 . 149 0 . 3 1 6 7



117

M=24 V=18 PC6 )= * 1 2 3 4 4 4 16 MINORS
R= 17 N=7 HCG)=3344333

I PI Cl) BCCI) PI/BC PRC I > PR/BCR
7 18337 346104 0 . 0 5 2 9 XX XX
8 121815 735471 0 . 1 6 5 6 6 .6 4 3 1 3 .1 2 6 1
9 403031 1307504 0 . 3 0 8 2 3 . 3 0 8 5 1.861
10 866880 1961256 0 .4 42 2 . 1 5 0 9 1 .4 3 3 9
1 1 1335784 2496144 0 .5351 1 .5 4 0 9 1 .2 1 0 7

> 12 1536786 2 704156 0 . 5 6 8 3 1 . 1504 1 .0 6 1 9
13 1335784 2496144 0 .5 3 5 1 0 . 8 6 9 2 0 . 9 4 1 6
14 866880 1961256 0 .4 4 2 0 . 6 4 8 9 0 . 8 2 5 9
15 403031 1387504 0 . 3 0 8 2 0 . 4 6 4 9 0 . 6 9 7 3
16 121815 735471 0 . 1 6 5 6 0 . 3 0 2 2 0 . 5 3 7 3
17 18337 346104 0 . 0 5 2 9 0 . 1 5 0 5 0 . 3 1 9 8

M=24 V=18 PC G)= *123444 15 MINORS
R=17 N=7 HCG)=3343433

I PI CI> BCCI) PI/BC PRC I) PR/BCR
7 17338 346104 0 .0 5 XX XX
8 116376 735471 0 . 1 5 8 2 6 .7 1 2 1 3 . 1 5 8 6
9 387788 1387504 0 . 2 9 6 5 3 .3 3 2 1 1 .8 7 4 3
10 838140 1961256 0 . 4 2 7 3 2 . 1 6 1 3 1 .4 4 0 8
1 1 1295194 2496144 0 . 5 1 8 8 1 .5 4 5 3 1 .2141

> 12 1491480 2704156 0 . 5 5 1 5 1 .1 5 1 5 1 .0 6 2 9
13 1295194 2496 144 0 . 5 1 8 8 0 . 8 6 8 3 0 . 9 4 0 7
14 838140 1961256 0 . 4 2 7 3 0 .6 4 7 1 0 . 8 2 3 6
15 38 7788 1307504 0 . 2 9 6 5 0 . 4 6 2 6 0 . 694
16 116376 735471 0 . 1 5 8 2 0 .3 0 0 1 0 . 5 3 3 5
17 17338 346104 0 . 0 5 0 . 1 4 8 9 0 . 3 1 6 5

M=24 V=18 PC G> =X123444 16 MINORS
R=17 N=7 HCG)= 3334433

_ I PICI) BCCI) PI/BC PRC I) PR/BCR
7 18049 346104 0 .0521 XX XX
8 119879 735471 0 . 1 6 2 9 6 . 6 4 1 8 3 . 1 2 5 5
9 396903 1307504 0 . 3 0 3 5 3 . 3 1 0 8 1 .8 6 2 3
10 854336 1961256 0 . 4 3 5 6 2 . 1 5 2 5 1 .4 3 5
1 1 13171 12 2496144 0 . 5 2 7 6 1 .5 4 1 6 1 .2 1 1 3

>12 1515570 2704156 0 . 5 6 0 4 1 . 1586 1 .0621
13 13171 12 2496144 0 . 5 2 7 6 0 .8 6 9 0 . 9 4 1 4
14 854336 1961256 0 . 4 3 5 6 0 . 6 4 8 6 0 . 8 2 5 5
15 396903 1307504 0 . 3 0 3 5 0 . 4 6 4 5 0 . 6 9 6 8
16 1 19879 735471 0 . 1 6 2 9 0 .3 0 2 0 . 5 3 6 9
17 18049 346104 0 .0 5 2 1 0 .  1505 0 . 3 1 9 9



118

M=24 V=18 P<G>=X123444 15 MINORS
R=17 N=7 H<G>=3333443

I PI <I> BC< I > PI/BC PR< I > PR/BCR
7 17054 346104 0 . 0 4 9 2 XX XX
8 1 14324 735471 0 . 1 5 5 4 6 . 7 0 3 6 3 .  1546
9 381240 1307504 0 . 2 9 1 5 3 . 3 3 4 7 1 .8 7 5 7
10 824700 1961256 0 .4 2 0 4 2 . 1 6 3 2 1 .4421
1 1 1275146 2496144 0 . 5 1 0 8 1 .5461 1 .2 148

>12 146S704 2704156 0 .5 4 3 1 1 .1 5 1 7 1.0631
13 1275146 2496 144 0 . 5 1 0 8 0 . 8 6 8 2 0 .9 4 0 5
14 824700 1961256 0 . 4 2 0 4 0 . 6 4 6 7 0 .8 2 3 1
15 381240 1307504 0 . 2 9 1 5 0 . 4 6 2 2 0 .6 9 3 4
16 114324 735471 0 .1 5 5 4 0 . 2 9 9 8 0 .5 3 3 1
17 17054 346104 0 . 0 4 9 2 0 .1 4 9 1 0 .3 1 6 9



119

M=24 V=18 P<G>=X123336 15 MINORS
R= 17 N=7 H(G) = 5 3 33333

I P I ( I ) BC(I) PI/BC PR< I ) PR/BCR
7 16136 346104 0 . 0 4 6 6 XX XX
8 108303 735471 0 .  1472 6 . 7 1 4 3 3 .  1597
9 361464 1307504 0 . 2 7 6 4 3 . 3 3 7 5 1 .8 7 7 3
10 782688 1961256 0 .3 9 9 2 . 1 6 5 3 1 .4 4 3 5
1 1 1211174 2496144 0 . 4 8 5 2 1 .5 4 7 4 1 .2 1 5 8

> 12 1395426 2704156 0 . 5 1 6 1 .1521 1 .0 6 3 5
13 1211174 2496144 0 . 4 8 5 2 0 . 8 6 7 9 0 . 9 4 0 2
14 782688 1961256 0 .3 9 9 0 . 6 4 6 2 0 . 8 2 2 4
15 361464 1307504 0 . 2 7 6 4 0 . 4 6 1 8 0 . 6 9 2 7
16 108303 735471 0 .  1472 0 . 2 9 9 6 0 . 5 3 2 6
17 16130 346104 0 . 0 4 6 6 0 . 1 4 8 9 0 . 3 1 6 4

M=24 V=18 P<G>=X123336 15 MINORS
R= 17 N=7 H<G>= 3 5 33333

I PI < I > BC< I > PI/BC PR< I ) PR/BCR
7 16672 346104 0 .8481 XX XX
8 111681 735471 0 .  1518 6 . 6 9 8 7 3 . 1 5 2 3
9 371 882 1307504 0 . 2 8 4 4 3 . 3 2 9 8 1 .8 7 3
10 803808 1961256 0 . 4 0 9 8 2 . 1 6 1 4 1 .4 4 0 9
1 1 1242454 2496144 0 . 4 9 7 7 1 .5 4 5 7 1 .2 1 4 4

> 12 1430910 2704156 0 .5 2 9 1 1 .1 5 1 6 1 .063
13 1242454 2496144 0 . 4 9 7 7 0 . 8 6 8 2 0 . 9 4 0 6
14 8 0 3808 1961256 0 . 4 0 9 8 0 . 6 4 6 9 0 . 8 2 3 3
15 371882 1307504 0 . 2 8 4 4 0 . 4 6 2 6 0 . 6 9 3 9
16 111681 735471 0 . 1 5 1 8 0 . 3 0 0 3 0 . 5 3 3 8
17 16672 346104 0 .0 4 8 1 0 . 1 4 9 2 0 . 3 1 7 2

M=24 V=18 P<G>=X123336 16 MINORS
R=17 N=7 H<G>= 3 3 5 3 3 3 3

_L PI <I> BC< I > PI/BC PR< I ) PR/BCR
7 17880 346104 0 . 0 5 1 6 XX XX
8 118339 735471 0 .  1609 6 . 6 1 8 5 3 .  1 145
9 391086 1307504 0 .2 9 9 1 3 . 3 0 4 7 1 .8 5 8 9
10 8 4 1312 1961256 0 . 4 2 8 9 2 . 1 5 1 2 1 .4341
11 1297050 2496144 0 . 5 1 9 6 1 .5 4 1 6 1 .2 1 1 3

> 12 1492602 2704156 0 . 5 5 1 9 1 .1 5 0 7 1 .0 6 2 2
13 1297050 2496144 0 . 5 1 9 6 0 . 8 6 8 9 0 . 9 4 1 4
14 841312 1961256 0 . 4 2 8 9 0 . 6 4 8 6 0 . 8 2 5 5
15 391086 1307504 0 .2 9 9 1 0 . 4 6 4 8 0 . 6 9 7 2
16 118339 735471 0 . 1 6 0 9 0 . 3 0 2 5 0 . 5 3 7 9
17 17880 346104 0 . 0 5 1 6 0 .1 5 1 0 .321



M=24 V=18 P<G>=X123336 15 MINORS
R= 17 N=7 H<G>= 3 3 35333

I PI < I ) BC< I) PI/BC PR< I > PR/BCR
7 16254 346104 0 . 0 4 6 9 XX XX
8 109029 735471 0 . 1 4 8 2 6 . 7 0 7 8 3 .  1566
9 363832 1307504 0 . 2 7 8 2 3 . 3 3 7 1 .877
10 787680 1961256 0 . 4 0  16 2 .  1649 1 .4 4 3 3
1 1 1218666 2496 144 0 . 4 3 8 2 1 .5471 1 .2 1 5 6

> 12 1403958 2704156 0 .5 1 9 1 1 . 152 1 .0 634
13 1218666 2496 144 0 . 4 8 8 2 0 .8 6 8 0 . 9 4 0 3
14 787680 1961256 0 . 4 0  16 0 . 6 4 6 3 0 . 8 2 2 6
15 363832 1307504 0 . 2 7 3 2 0 . 4 6 1 9 0 . 6 9 2 8
16 109029 735471 0 . 1 4 8 2 0 . 2 9 9 6 0 .5 3 2 7
17 16254 346104 0 . 0 4 6 9 0 . 149 0 . 3 1 6 7

N24 V=18 P<6>=*123336 15 MINORS
:= 17 N=7 H<G>= 4 4 33333

1 P I ( I ) BC< I ) PI/BC PR< I ) PR/BCR
7 17173 346104 0 . 0 4 9 6 XX XX
8 1 15125 735471 0 . 1 5 6 5 6 . 7 0 3 8 3 .  1547
9 383123 1307504 0 .2 9 3 3 . 3 2 7 8 1 .8 7 1 9
10 827232 1961256 0 . 4 2 1 7 2 .1 5 9 1 1 .4 3 9 4
1 1 1277560 2496144 0 . 5 1 1 8 1 .5 4 4 3 1 .2 1 3 4
12 1470870 2704156 0 . 5 4 3 9 1 .1 5 1 3 1 .0 6 2 7
13 1277560 2496144 0 . 5 1 1 8 0 . 8 6 8 5 0 . 9 4 0 9
14 82 7232 1961256 0 .4 2 1 7 6 . 6 4 7 5 0 .8 2 4 1
15 383123 1307504 0 . 293 0 .4 6 3 1 0 . 6 9 4 7
16 1 15125 735471 0 . 1 5 6 5 0 . 3 6 0 4 0 . 5 3 4 2
17 17173 346104 0 . 0 4 9 6 0 .1 4 9 1 0 . 3 1 6 9

M=24 V=18 P<G>=X123336 16 MINORS
R= 17 N=7 H<G>= 4 3 43333

I P I ( I ) BC< I > PI/BC PR< I > PR/BCR
7 18084 346104 0 .0 5 2 2 XX XX
8 120248 735471 0 . 1 6 3 4 6 . 6 4 9 4 3 .1 2 9 1
9 398594 1307504 0 . 3 0 4 8 3 . 3 1 4 7 1 .8 6 4 5
10 858908 1961256 0 . 4 3 7 9 2 . 1 5 4 8 1 .4 3 6 5
1 1 1325178 2496144 0 . 5 3 0 8 1 .5 4 2 8 1 .2 1 2 2

> 12 1525272 2704156 0 .5 64 1 .1 5 0 9 1 .0 6 2 4
13 1325178 2496144 0 . 5 3 0 8 0 . 8 6 8 8 0 . 9 4 1 2
14 858908 1961256 0 . 4 3 7 9 0 .6 4 8 1 0 . 8 2 4 9
15 398594 1307504 0 . 3 0 4 8 0 .464 0 .6 9 6 1
16 120248 735471 0 . 1 6 3 4 0 . 3 0  16 0 . 5 3 6 3
17 18084 346104 0 . 0 5 2 2 0 . 1 5 0 3 0 . 3 1 9 5



1-1

M=24 V=18 P< 6) = * 1 23336 15 MINORS
R= 17 N=7 H<6>=4334333

I P H I ) BC< I > PI/BC PR< I > PR/BCR
7 16964 346104 0 .0 4 9 XX XX
8 113768 735471 0 . 1 5 4 6 6 . 7 0 6 4 3 . 1 5 5 9
9 3 7 9536 1307504 0 . 2 9 0 2 3 . 3 3 6 1 .8 7 6 5
10 821424 1961256 0 . 4 1 3 8 2 . 1 6 4 2 1 .442S
1 1 1270684 2496144 0 . 5 0 9 1 .5 4 6 8 1 .2 1 5 3

> 12 1463696 2 704 1 5 6 0 . 5 4 1 2 1 .1 5 1 9 1 .0 633
13 1270604 2 496144 0 .5 0 9 0 .8 6 8 0 .9 4 0 4
14 821424 1961256 0 .4 1 8 3 0 . 6 4 6 4 0 . 8 2 2 7
15 3 7 9536 1307504 0 . 2 9 0 2 0 .4 6 2 0 .693
16 113763 735471 0 .  1546 0 . 2 9 9 7 0 . 5 3 2 3
17 16964 346104 0 .049 0 .1 4 9 1 0 . 3 1 6 8

M=24 V=18 P<G>=X123336 15 MINORS
R= 17 N=7 H<6>= 4 3 3 3 3 4 3

I P I ( I ) BC( I ) ■ PI/BC PR< I) PR/BCR
7 17229 34 6104 0 . 0 4 9 7 XX XX
8 115617 735471 0 . 1 5 7 2 6 . 7 1 0 6 3 . 1 5 7 9
9 385263 1307504 0 . 2 9 4 6 3 .3 3 2 2 1 .8 7 4 3
10 833083 1961256 0 . 4 2 4 7 2 . 1 6 2 3 1 .4 4 1 5
1 1 1287876 2496144 0 . 5 1 5 9 1 .5 4 5 9 1 .2 1 4 6

> 12 1433326 2704156 0 . 5 4 8 5 1 .1 517 1 .0631
13 1287876 2496144 0 .5 1 5 9 0 . 3 6 8 2 0 . 9 4 0 5
14 8 3 3088 1961256 0 . 4 2 4 7 0 . 6 4 6 8 0 . 8 2 3 2
15 3 8 5263 1307504 0 . 2 9 4 6 0 . 4 6 2 4 0 . 6 9 3 6
16 115617 735471 0 . 1 5 7 2 0 . 3 0 . 5 3 3 5
17 17229 34 6104 0 . 0 4 9 7 0 . 149 0 . 3 1 6 6

M=24 V=18 P<G>=X123336 15 MINORS
R= 17 N=7 H<G>= 4 3 33334

I P H I ) BC< I ) PI/BC PRC I) PR/BCR
7 16386 34 6104 0 .0 4 8 7 XX XX
8 113316 735471 0 . 154 6 . 7 1 0 6 3 . 1 5 7 9
9 3 7 7 8 9 6 1307504 0 .2 8 9 3 . 3 3 4 8 1 .8 7 5 3
10 8 1 7 9 4 3 1961256 0 . 4 1 7 2 . 1 6 4 4 1 .4 4 2 9
1 1 1265378 2 496144 0 . 5 0 6 9 1 .5 4 7 1 .2 1 5 5

> 12 1457792 2704156 0 .5 3 9 1 . 152 1 .0 6 3 4
13 1265378 2 496144 0 . 5 0 6 9 0 .8 6 8 0 . 9 4 0 3
14 8 1 7948 1961256 0 . 4 1 7 0 . 6 4 6 4 0 . 8 2 2 6
15 3 778 9 6 1307504 0 .2 8 9 0 .4 6 2 0 .693
16 113316 735471 0 .  154 0 . 2 9 9 3 0 .5 3 3
17 16886 34 6104 0 .0 4 8 7 0 . 149 0 . 3 1 6 6



I P ?

M=24 V=18 PC6 )= * 1 2 3 3 3 6 16 MINORS
R= 17 N=7 H<G>= 3 4 43333

I PI < I ) BCC I > PI/BC PR< I > PR/BCR
7 18328 34 6104 0 .0 5 2 9 XX XX
8 121731 735471 0 .  1655 6 . 6 4 1 8 3 .  1255
9 4 0 2782 1307504 0 .3 0 8 3 . 3 0 8 7 1 .8611
1 0 866400 1961256 0 . 4 4 1 7 2 .1 5 1 1 .434
1 1 1335082 2496144 0 . 5 3 4 8 1 .540  9 1 .2 1 0 7

> 12 1535994 2704156 0 . 5 6 8 1 . 1504 1 .0 6 1 9
13 1335082 2496 144 0 . 5 3 4 8 0 .8 6 9 1 0 .9 4 1 6
14 86640 0 1961256 0 . 4 4 1 7 0 . 6 4 8 9 0 . 8 2 5 9
15 40 2782 1307504 0 .308 0 . 4 6 4 8 0 .6 9 7 3
16 121731 735471 0 . 1655 0 . 3 0 2 2 0 . 5 3 7 2
17 18328 346104 0 . 0 5 2 9 0.  1505 0 . 3 1 9 9

M=24 C II CD PCG>=X123336 15 MINORS
R= 17 N=7 HCG)=3434333

I PICI) BC< I > PI/BC PRC I > PR/BCR
7 17299 346104 0 . 0 4 9 9 XX XX
8 1 1600 1 735471 0 .  1577 6 . 7 0 5 6 3 .  1555
9 3 8 6603 13G7504 0 . 2 9 5 6 3 . 3 3 2 7 1 .8 7 4 6
10 835740 1961256 0 .4261 2 . 1 6 1 7 1 .441 1
1 1 1291618 2496144 0 . 5 1 7 4 1 .5 4 5 4 1 .2 1 4 3

> 12 1487430 2704 156 0 . 5 5 1 . 1516 1 .063
13 1291618 2496144 0 . 5 1 7 4 0 . 8 6 8 3 0 . 9 4 0 7
14 835740 1961256 0 .4 2 6 1 0 .6 4 7 0 . 8 2 3 5
15 3S6603 1307504 0 . 2 9 5 6 0 . 4 6 2 5 0 . 6 9 3 8
16 1 1600 1 735471 0 .  1577 0 . 3 0 . 5 3 3 4
17 17299 346104 0 . 0 4 9 9 0 .  1491 0 . 3 1 6 8

M=24 V=18 PCG>=X123336 15 MINORS
R= 17 N=7 H<G)=3433343

I P I ( I ) BC( I > PI/BC PRC I ) PR/BCR
7 17568 346104 0 . 0 5 0 7 XX XX
8 1 17864 735471 0 .  1602 6 . 7 0 9 3 .  1571
9 392 346 1307504 0 . 3 3 . 3 2 8 8 1 .8 7 2 4
10 847404 1961256 0 .4 3 2 2 . 1 5 9 8 1 .4 3 9 8
1 1 1308870 2496144 0 . 5 2 4 3 1 .5 4 4 5 1 .2 1 3 5

> 12 1507032 2704156 0 . 5 5 7 3 1 .1 5 1 3 1 .0 6 2 8
13 1308870 2496144 0 . 5 2 4 3 0 . 8 6 8 5 0 . 9 4 0 8
14 847404 1961256 0 .4 3 2 0 .6 4 7 4 0 .824
15 392 346 1307504 0 . 3 0 . 4 6 2 9 0 . 6 9 4 4
16 117864 735471 0 .  1602 0.3O04 0 .534
17 17568 346104 0 . 0 5 0 7 0 . 149 0 . 3 1 6 7



i ;  3

M=24 V=18 P<G>=X123336 16 MINORS
R= 17 N=7 H<G)=3344333

I PI < I > BC< I > PI/BC PR< I> PR/BCR
7 18059 346104 0 .0 5 2 1 XX XX
8 120003 735471 0 .1 6 3 1 6 . 6 4 5 3 .  127
9 397461 1307504 0 . 3 0 3 9 3 . 3 1 2 1 .8 6 3
10 8556 4 8 1961256 0 . 4 3 6 2 2 . 1 5 2 7 1 .4351
1 1 1319148 2494144 0 . 5 2 8 4 1 .5 4 1 7 1 .2 1 1 3

> 1 2 1517946 2704156 0 . 5 6 1 3 1 .1 5 0 6 1 .0621
13 1319168 2496144 0 . 5 2 3 4 0 .8 6 9 0 .9 4 1 4
14 8 556 4 8 1961256 0 . 4 3 6 2 0 . 6 4 8 6 8 . 8 2 5 5
15 397461 1307504 0 . 3 0 3 9 0 . 4 6 4 5 0 . 6 9 6 7
14 120003 735471 0 .1 6 3 1 0 . 3 0 1 9 0 . 5 3 6 7
17 18059 34610 4 0 .0 5 2 1 0 . 1 5 8 4 8 . 3 1 9 7

M=24 V=18 P<G>=X123336 15 MINORS
R= 17 N=7 H<G>= 3 3 34433

I P I ( I ) BC< I) PI/BC PR< I) PR/BCR
7 17034 346104 0 . 0 4 9 2 XX XX
8 114164 735471 0 . 1 5 5 2 6 .7 0 2 1 3 .  1539
9 380920 1307504 0 . 2 9 1 3 3 . 3 3 6 6 1 .8 7 6 8
18 824220 1961256 0 . 4 2 0 2 2 . 1 6 3 7 1 .4 4 2 5
1 1 1274526 2496144 0 . 5 1 0 5 1 .5 4 6 3 1 .2 1 4 9

> 12 1468064 2704156 0 . 5 4 2 8 1 .1 5 1 8 1 .0 6 3 2
13 1274526 2496144 0 . 5 1 0 5 0 .8 6 8 1 0 .9 4 0 5
14 824220 1961256 0 . 4 2 0 2 0 . 6 4 6 6 0 .8 2 3
15 380920 1307504 0 . 2 9 1 3 0 .4 6 2 1 0 . 6 9 3 2
16 114164 735471 0 . 1 5 5 2 0 . 2 9 9 7 0 . 5 3 2 8
17 17034 346104 0 . 0 4 9 2 0 . 1 4 9 2 0 . 3 1 7



M=24 V=18 PCG>=X123333 19 MINORS
R= 17 N=7 H<G)=3353333

I PI < I ) BC(I) PI/BC PR(1> PR/BCR
7 18172 346184 0 . 0 5 2 5 XX XX
8 120225 735471 0 .  1634 6 . 6 1 5 9 3 . 1 1 3 3
9 396878 1307504 0 . 3 0 3 5  . 3 .3 0 1 1 1 .8 5 6 8
16 852960 1961256 0 . 4 3 4 9 2 .1 4 9 1 1 .4 3 2 7
1 1 1314262 2496 144 0 . 5 2 6 5 1 .5 4 0 8 1 .2 1 0 6

> 12 1512126 2 704156 0 .5 5 9 1 1 .1 5 0 5 1 .0 62
13 1314262 2496 144 0 . 5 2 6 5 0 . 8 6 9  1 0 . 9 4 1 5
14 852960 1961256 0 . 4 3 4 9 0 .649 0 .826
15 39 6878 1307504 0 . 3 0 3 5 0 . 4 6 5 2 0 . 6 9 7 9
16 120225 735471 0 . 1 6 3 4 0 .3 0 2 9 0 . 5 3 8 5
17 18172 346104 0 . 0 5 2 5 0 .1 5 1 1 0 .3 2 1  1

M=24 V=18 PCG>=X123333 18 MINORS
R=17 N=7 H<G>= 4 3 43333

I PI CI> BC( I ) PI/BC PRCI) PR/BCR
7 18102 346104 0 . 0 5 2 3 XX XX
8 120828 735471 0 . 1 6 4 2 6 . 6 7 4 8 3 .1 4 1 1
9 400860 1307504 0 . 3 0 6 5 3 . 3 1 7 6 1•8661
10 8 6 4 0 1 2 1961256 0 . 4 4 0 5 2 . 1 5 5 3 1 .4 3 6 9
1 1 1333038 2496144 0 .5 34 1 .5 4 2 8 1 . 2 1 2 2

> 12 1534320 2704156 0 . 5 6 7 3 1 .1 5 0 9 1 .0 6 2 4
13 1333038 2496144 0 .534 0 . 8 6 8 8 0 . 9 4  12
14 8 6 4 0 1 2 1961256 0 .4 4 0 5 0 .6 4 8 1 0 . 8 2 4 9
15 400860 1307504 0 . 3 0 6 5 0 . 4 6 3 9 0 . 6 9 5 9
16 120828 735471 0 . 1 6 4 2 0 . 3 0  14 0 . 5 3 5 8
17 18102 346104 0 . 0 5 2 3 0 . 1 4 9 8 0 . 3 1 8 3

M=24 V= 18 PCG>=X123333 18 MINORS
R= 17 N=7 H<G>=3443333

I P I ( I ) BC( I > PI/BC PRC I> PR/BCR
7 18369 346104 0 .0 5 3 XX XX
8 122463 735471 0 . 1 6 6 5 6 . 6 6 6 8 3 . 1 3 7 3
9 405531 1307504 0 .3 1 0  1 3 . 3 1 1 4 1 .8 6 2 6
10 8724 9 6 1961256 0 . 4 4 4 8 2 . 1 5 1 4 1 .4 3 4 3
1 1 1344428 2496144 0 . 5 3 8 5 1 .5 4 0 8 1 .2 1 0 6

> 1 2 1546722 2704156 0 . 5 7 1 9 1 .1 5 0 4 1 .0 6 1 9
13 1344420 2496144 0 . 5 3 3 5 0 . 8 6 9 2 0 . 9 4 1 6
14 8724 9 6 1961256 0 . 4 4 4 8 0 . 6 4 8 9 0 . 8 2 5 9
15 405531 1307504 0 .3 1 0 1 0 . 4 6 4 7 0 .6 9 7 1
16 122463 735471 0 . 1 6 6 5 0 . 3 0  19 0 . 5 3 6 8
17 18369 346104 0 .053 0 . 1 4 9 9 0 . 3 1 8 7



1?"

M=24 <*>=18 P<6 ) =X123333 18 MINORS
R= 17 N=7 H(G>= 3 3 4 4 3 3 3

I P H I ) BC< I > PI/BC PR< I ) PR/BCR
7 18097 346104 0 .0 5 2 2 XX XX
8 120687 735471 0 .  164 6 . 6 6 8 8 3 . 1 3 8 3
9 400 103 1307504 0 .3 0 6 3 . 3 1 5 2 1 .8 6 4 8
10 861 504 1961256 0 . 4 3 9 2 2 . 1 5 3 2 1 .4 3 5 4
1 1 1328200 2496144 0 .5 3 2 1 1 .5 4 1 7 1 .2 1 1 3

> 12 1528290 2704156 0 .5 6 5 1 1 .1 5 0 6 1 .0621
13 1328200 2496144 0 .5 3 2 1 0 . 8  69 0 . 9 4 1 4
14 861504 1961256 0 . 4 3 9 2 0 . 6 4 8 6 0 . 8 2 5 5
15 400 103 1307504 0 .3 0 6 0 . 4 6 4 4 0 . 6 9 6 6
16 120687 735471 0 . 164 0 . 3 0  16 0 . 5 3 6 2
17 18097 346104 0 . 0 5 2 2 0 . 1 4 9 9 0 . 3 1 8 6



M=24 >7=18 P<G>=X122446 15 MINORS
R= 17 N=7 H<G>= 5 3 33333

I P I ( I ) BC< I ) PI/BC PRC I ) PR/BCR
7 16374 346104 0 . 0 4 7 3 XX XX
8 109413 735471 0 .  1487 6 .6 8 2 1 3 .  1445
9 364480 1307504 0 . 2 7 8 7 3 . 3 3 1 2 1 .8 7 3 8
ie 788448 1961256 0 .4 02 2 . 1 6 3 2 1.4421
11 1219434 2496144 0 . 4 8 8 5 1 .5 4 6 6 1 .2 1 5 2

> 12 1404726 2704156 0 . 5 1 9 4 1 . 1519 1 • 0633
13 1219434 2496144 0 . 4 8 8 5 0 . 8 6 8 0 .9 4 0 4
14 788448 1961256 0 .402 0 . 6 4 6 5 0 .8 2 2 9
15 364480 1307564 0 . 2 7 8 7 0 . 4 6 2 2 0 .6 9 3 4
16 109413 735471 0 .  1487 0 .3 0 0 1 0 .5 3 3 6
17 16374 346104 0 . 0 4 7 3 0 . 1 4 9 6 0 .318

M=24 17= 18 P<G>=X122446 15 MINORS
R=17 N=7 H<G)= 3 5 3 3 3 3 3

I P I ( I ) BC< I > PI/BC PR< I > PR/BCR
/ 17368 346104 0 .0 5 0 1 XX XX
8 1 15299 735471 0 .  1567 6 . 6 3 8 5 3 .  124
9 3820 4 6 1307504 0 .2 9 2 1 3 . 3 1 3 5 1 .8 6 3 8
10 823392 1961256 0 . 4 1 9 8 2 . 1 5 5 2 1 .4 3 6 8
1 1 1270762 2496144 0 .509 1 .5 4 3 3 1 .2 1 2 6

> 12 1462842 2704156 0 . 5 4 0 9 1 .1511 1 .0 6 2 6
13 1270762 2496144 0 .5 0 9 0 . 8 6 8 6 0 .941
14 8233 9 2 1961256 0 . 4 1 9 8 0 . 6 4 7 9 0 . 8 2 4 6
15 382846 1307504 0 .2 9 2 1 0 . 4 6 3 9 0 . 6 9 5 9
16 1 15299 735471 0 . 1 5 6 7 0 . 3 0  17 0 . 5 3 6 5
17 17363 346104 0 .0 5 0 1 0 . 1 5 0 6 0 .3 2

M=24 <7=18 P< G)=X122446 15 MINORS*■4IIa: N=7 H<G>= 3 3 35333

I PI ( I > BC( I > PI/BC PRC I ) PR/BCR
7 17404 346104 0 . 0 5 0 2 XX XX
8 1 15665 735471 0 . 1 5 7 2 6 . 6 4 5 8 3 . 1 2 7 4
9 333318 1307504 0 .2 9 3 1 3 . 3 1 4 1 .8641
10 826080 1961256 0 .4 2 1 1 2 .  155 1 .4 3 6 7
1 1 1274830 2496144 0 . 5 1 0 7 1 .5 4 3 2 1 .2 1 2 5

> 12 1467486 2704156 0 . 5 4 2 6 1 .1 511 1 .0 6 2 5
13 1274830 2496144 0 . 5 1 0 7 0 . 8 6 8 7 0 .9 4 1 1
14 826080 1961256 0 .4 2 1 1 0 . 6 4 7 9 0 . 3 2 4 7
15 383318 1307504 0 .2 9 3 1 0 .4 6 4 0 .6 96
16 115665 735471 0 .  1572 0 . 3 0  17 0 . 5 3 6 4
17 17404 346104 0 . 0 5 0 2 0 . 1504 0 . 3 1 9 7



1 2 1

M=24 V=18 P<G>=X122446 15 MINORS
R= 17 N=7 H<G>= 3333533

I P I ( I ) BC< I > PI/BC PR< I > PR/BCR
7 16378 346104 0 .0 4 7 3 XX XX
8 109455 735471 0 . 1488 6 . 6 8 3 3 .  1449
9 364640 1307504 0 . 2 7 8 8 3 .3 3 1 4 1 .8 7 3 9
16 788832 1961256 0 . 4 0 2 2 2 . 1 6 3 3 1 .4 4 2 2
1 1 1220038 2496 144 0 . 4 8 8 7 1 .5 4 6 6 1 .2 1 5 2

> 12 1405410 2704156 0 . 5 1 9 7 1 .1 5 1 9 1 .0 6 3 3
13 1220038 2496144 0 . 4 8 8 7 0 .8 6 8 1 0 . 9 4 0 4
14 738832 1961256 0 . 4 0 2 2 0 . 6 4 6 5 0 . 8 2 2 8
15 364640 1307504 0 . 2 7 3 8 0 . 4 6 2 2 0 . 6 9 3 3
16 109455 735471 0 . 1 4 8 8 0 .3 0 0 1 0 . 5 3 3 6
17 16378 346104 0 . 0 4 7 3 0 . 1 4 9 6 0 . 3 1 7 9

M=24 V=18 P<G>=X122446 15 MINORS
R=17 N=7 H<G>=3333353

I P I ( I ) BC< I > ' PI/BC PR< I) PR/BCR
7 16792 346104 0 . 0 4 8 5 XX XX
8 1 12035 735471 0 . 1 5 2 3 6 . 6 7 1 9 3 . 1 3 9 7
9 372 494 130750 4 0 . 2 8 4 8 3 . 3 2 4 8 1 .8 7 0 2
10 8 0 4576 1961256 0 . 4 1 0 2 2 . 1 5 9 9 1 .4 3 9 9
1 1 1243258 2496144 0 .4 9 8 1 .5 4 5 2 1 .2141

> 1 2 1431738 2704156 0 . 5 2 9 4 1 . 1516 1 . 863
13 1243258 2496144 0 .4 9 8 0 . 8 6 8 3 0 . 9 4 0 7
14 804576 1961256 0 . 4 1 0 2 0 .6 4 7 1 0 . 8 2 3 6
15 372494 1307504 0 . 2 8 4 8 0 . 4 6 2 9 0 . 6 9 4 4
16 1 12035 735471 0 . 1 5 2 3 0 . 3 0 0 7 0 . 5 3 4 7
17 16792 346104 0 . 0 4 8 5 0 . 1 4 9 8 0 . 3 1 8 4

M=24 V=18 P<G>=X122446 15 MINORS
R= 17 Z II N H<G)=3333335

_L P H I ) BC< I > PI/BC PR< I > PR/BCR
7 16310 346104 0 .0471 XX XX
8 109029 735471 0 .  1482 6 . 6 8 4 7 3 .  1457
9 36 3216 1307504 0 . 2 7 7 7 3 . 3 3 1 3 1 .8 7 3 8
10 785760 1961256 0 . 4 0 0 6 2 . 1 6 3 3 1 .4 4 2 2
1 1 1215386 2496 144 0 . 4 8 6 9 1 .5 4 6 7 1 .2 1 5 3

> 12 1400 1 18 2704156 0 . 5 1 7 7 1 .1 5 1 9 1 .0 6 3 3
13 1215386 2496144 0 . 4 8 6 9 0 . 8 6 8 0 . 9 4 0 3
14 785760 1961256 0 . 4 0 0 6 0 . 6 4 6 5 0 . 8 2 2 8
15 363216 1307504 0 . 2 7 7 7 0 . 4 6 2 2 0 . 6 9 3 3
16 109029 735471 0 . 1 4 8 2 0 .3 0 0 1 0 . 5 3 3 6
17 16310 346104 0 .0 4 7 1 0 . 1 4 9 5 0 . 3 1 7 8



l ? p

M=24 V=18 P<G>=X122446 15 MINORS
R= 17 N=7 H<G>= 4433333

I P I ( I ) BC< I > PI/BC PR< I ) PR/BCR
7 1773? 346104 0 . 0 5 1 2 XX X*
e 1186 1? 735471 0 . 1 6 0 4 6 . 6 5 3 3 . 1 3 0 8
? 3?130 1 1307564 0 . 2 9 9 2 3 . 3 1 5 5 1 .8 6 5
10 843104 1961256 0 . 4 2 9 8 2 . 1 5 4 6 1 .4 3 6 4
11 1300560 2496144 0 .521 1 .5 4 2 5 1 . 2 1 2

> 12 1496826 2704 156 0 . 5 5 3 5 1 .1 5 0 ? 1 .0 6 2 3
13 1300560 2496 144 0 .521 0 . 8 6 8 8 0 . 9 4 1 2
14 S43104 1961256 0 . 4 2 9 8 0 . 6 4 8 2 0 .8 2 5
15 391301 1307504 0 . 2 9 9 2 0 .4 6 4 1 0 .6 9 6 1
16 1180 1? 735471 0 .  1604 0 . 3 0 1 6 0 .5 3 6 1
17 1773? 346104 0 . 0 5 1 2 0 . 1 5 0 3 0 . 3 1 9 4

M=24 V=18 P< G>=X122446 15 MINORS
R= 17 N=7 H<G)=43 43333

I P H I ) BC( I ) PI/BC PR< I) PR/BCR
7 17146 346104 0 . 0 4 9 5 XX XX
8 114484 735471 0 . 1 5 5 6 6 . 6 7 7 3 .  1421
? 381144 1307504 0 . 2 9 1 5 3 . 3 2 9 2 1 .8 7 2 6
10 823964 1961256 0 .4 2 0  1 2 . 1 6 1 8 1 .4 4 1 2
1 1 1273678 2496 144 0 . 5 1 0 2 1 .5 4 5 7 1 .2 1 4 5

> 1 2 146 6 9 1 2 2704156 0 . 5 4 2 4 1 .1 5 1 7 1 .0631
13 1273678 2496144 0 . 5 1 0 2 0 . 8 6 8 2 0 . 9 4 0 6
14 823964 1961256 0 .4 2 0  1 0 . 6 4 6 9 0 . 8 2 3 3
15 38 1144 1307504 0 . 2 9 1 5 0 . 4 6 2 5 0 . 6 9 3 8
16 114484 735471 0 . 1 5 5 6 0 . 3 0 0 3 0 . 5 3 3 9
17 17146 346104 0 . 0 4 9 5 0 . 1 4 9 7 0 . 3 1 8 2

M=24 V=18 P<G>=X122446 15 MINORS
R= 17 N=7 H<G)= 4334333

_L P I ( I ) BC< I) PI/BC PR< I) PR/BCR
7 17839 346104 0 . 0 5 1 5 XX XX
8 11882? 735471 0 . 1 6 1 5 6 .6 6 1 1 3 . 1 3 4 6
9 3 9 4 4 7 9 1307504 0 . 3 0 1 7 3 . 3 1 9 7 1 .8 6 7 3
10 850844 1961256 0 .4 3 3 8 2 . 1 5 6 8 1 .4 3 7 9
1 1 1313410 2496144 0 .5 2 6 1 1 .5 4 3 6 1 .2 1 2 8

> 12 1511982 2704156 0 .5 5 9 1 1 .1511 1 .0 6 2 6
13 1313410 2496144 0 .5 2 6 1 0 . 8 6 8 6 0 .9 4 1
14 850844 1961256 0 . 4 3 3 8 0 . 6 4 7 8 0 . 8 2 4 4
15 39 447? 1307504 0 . 3 0  17 0 . 4 6 3 6 0 . 6 9 5 4
16 118829 735471 0 . 1 6 1 5 0 . 3 0 1 2 0 . 5 3 5 5
17 1783? 346104 0 . 0 5 1 5 0 . 1 5 0  1 0 . 3 1 9



j po

M=24 V=18 P<6 ) =X122446 15 MINORS
R= 17 N=7 H<G>= 4333433

I PI < I) BC< I) PI/BC PRC I > PR/BCR
7 17156 346104 0 . 0 4 9 5 XX XX
8 114568 735471 0 . 1 5 5 7 6 . 6 7 8 3 . 1 4 2 5
9 381520 1307504 0 . 2 9 1 7 3 . 3 3 1.8731
16 825008 1961256 0 . 4 2 0 6 2 . 1 6 2 4 1 .4 4 1 6
1 1 1275596 2496144 0 .5 1 1 1 .5461 1 .2 1 4 8

> 12 1469264 2704156 0 . 5 4 3 3 1 .1 5 1 8 1 .0 632
13 1275596 2496 144 0 .5 1 1 0 .8 6 8 1 0 . 9 4 0 5
14 825068 1961256 0 . 4 2 0 6 0 . 6 4 6 7 0 .8 2 3 1
15 381520 1307504 0 . 2 9 1 7 0 . 4 6 2 4 0 . 6 9 3 6
16 114568 735471 0 . 1 5 5 7 0 . 3 0 0 2 0 . 5 3 3 8
17 17156 346104 0 . 0 4 9 5 0 . 1 4 9 7 0 . 3 1 8 2

M=24 18 P<6 ) =X122446 15 MINORS
R= 17 N=7 H<G)= 4 3 33343

I P H I ) BCC I> PI/BC PR< I > PR/BCR
7 17419 346104 0 . 0 5 0 3 XX XX
8 116355 735471 0 . 1 5 8 2 6 . 6 7 9 7 3 . 1 4 3 4
9 387125 1307504 0 .2 9 6 3 .3 2 7 1 1 .8 7 1 4
10 836400 1961256 0 . 4 2 6 4 2 . 1 6 0 5 1 .4 4 0 3
1 1 1292512 2496144 0 . 5 1 7 8 1 .5 453 1 .2141

> 1 2 1488474 2704156 0 . 5 5 0 4 1 .1 516 1 .0 6 3
13 1292512 2496 144 0 . 5 1 7 8 0 . 8 6 8 3 0 . 9 4 0 7
14 836400 1961256 0 . 4 2 6 4 0 .6 4 7 1 0 . 8 2 3 5
15 38 7125 1307504 0 .2 9 6 0 . 4 6 2 8 0 . 6 9 4 2
16 116355 735471 0 . 1 5 8 2 0 . 3 0 0 5 0 . 5 3 4 3
17 17419 346104 0 . 0 5 0 3 0 . 1 4 9 7 0 .3 1 8 1

M=24 V=18 P<G)=X122446 15 MINORS
R= 17 N=7 H<G>=4333334

I P H I ) BCC I > PI/BC PRC I ) PR/BCR
7 171 14 346104 0 .0 4 9 4 XX XX
8 1 14308 735471 0 . 1 5 5 4 6 . 6 7 9 2 3 .  1431
9 380568 1307504 0 .291 3 . 3 2 9 3 1 .8 7 2 7
10 822924 1961256 0 . 4 1 9 5 2 . 1 6 2 3 1 .4 4 1 5
1 1 1272494 2496144 0 . 5 0 9 7 1 .5 4 6 3 1 .2 1 4 9

> 1 2 1465760 2704156 0 .5 4 2 1 .1 5 1 8 1 .0 6 3 2
13 1272494 2496144 0 . 5 0 9 7 0 .8 6 8 1 0 . 9 4 0 4
14 822924 1961256 0 . 4 1 9 5 0 . 6 4 6 7 0 . 8 2 3
15 380568 1307504 0 .291 0 . 4 6 2 4 0 . 6 9 3 6
16 114308 735471 0 . 1 5 5 4 8 . 3 0 0 3 0 . 5 3 3 9
17 17114 346104 0 . 0 4 9 4 8 . 1 4 9 7 0 .3 1 8 1



I V )
M=24 Vs* 18 P<G>=X122446 15 MINORS
R= 17 N=7 H<G)=3434333

I PI <I> BC(I) PI/BC PRO I ) PR/BCR
7 18408 346104 0 .0 5 3 1 XX XX
8 122107 735471 0 . 166 6 . 6 3 3 3 3 . 1 2 1 5
9 40 3758 1307504 0 . 3 0 8 8 3 . 3 0 6 5 1 .8 5 9 9
10 868192 1961256 0 . 4 4 2 6 2 . 1 5 0 2 1 .4 3 3 5
1 1 1337610 2496144 0 . 5 3 5 8 1 .5 4 0 6 1 .2 1 0 5

> 12 1538826 2704 156 0 .5 6 9 1 .1 5 0 4 1 .0 6 1 9
13 1337610 2496 144 0 . 5 3 5 8 0 . 8 6 9 2 0 . 9 4 1 6
14 86 8192 1961256 0 . 4 4 2 6 0 .6 4 9 0 .826
15 403758 1307504 0 . 3 0 8 8 0 .4 6 5 0 . 6 9 7 5
16 122107 735471 0 . 166 0 . 3 0 2 4 0 .5 3 7 6
17 18408 346104 0 .0531 0 . 1 5 0 7 0 . 3 2 0 3

M=24

00II>

P<G>=X 122446 15 MINORS
R= 17 N=7 HOG>= 3 4 33433

I PI < I ) BC< I) PI/BC PR< I) PR/BCR
7 17816 346104 0 . 0 5 1 4 XX XX
8 118596 735471 0 . 1612 6 . 6 5 6 7 3 .  1325
9 393 678 1307504 0 .30 1 3 . 3 1 9 4 1 .8 6 7 2
10 849180 1961256 0 .4 3 2 9 2 .  157 1 .4 3 8
1 1 1310906 2496144 0 .5 2 5 1 1 .5 4 3 7 1 .2 1 2 9

> 12 1509128 2704156 0 .5 5 8 1 .1 5 1 2 1 .0 6 2 6
13 1310906 2496144 0 .5 2 5 1 0■8636 0 .941
14 849180 1961256 0 .4 3 2 9 0 . 6 4 7 7 0 . 8 2 4 4
15 393678 1307504 0 .30  1 0 . 4 6 3 5 0 . 6 9 5 3
16 118596 735471 0 . 1 6 1 2 0 . 3 0  12 0 . 5 3 5 5
17 17816 346104 0 . 0 5 1 4 0 . 1 5 0 2 0 . 3 1 9 2

M=24 V=18 P0G>=X 122446 15 MINORS
R= 17 N=7 H<G>= 3 4 33343

I PI< I) BCO I > PI/BC PRO I) PR/BCR
7 18088 346104 0 . 0 5 2 2 XX XX
8 128423 735471 0 . 1637 6 . 6 5 7 6 3 . 1 3 2 9
9 399368 1307504 0 . 3 0 5 4 3 . 3 1 6 3 1 .8 6 5 4
10 860700 1961256 0 . 4 3 8 8 2 .1 5 5 1 1 .4 3 6 7
1 1 1327984 2496 144 0 .5 3 2 1 .5 4 2 9 1 . 2 1 2 2

> 12 1528506 2704156 0 . 5 6 5 2 1 .1 5 0 9 1 .0 6 2 4
13 1327984 2496 144 0 .5 3 2 0 . 8 6 8 8 0 . 9 4 1 2
14 860700 1961256 0 . 4 3 8 3 0 .6 4 8 1 0 . 8 2 4 8
15 399368 1307504 0 . 3 0 5 4 0 . 4 6 4 0 . 6 9 6
16 120423 735471 0 . 1 6 3 7 0 . 3 0  15 0 .536
17 18088 346104 0 . 0 5 2 2 0 . 1 5 0 2 0 .3 1 9 1



131

M=24 V=18 PCG>=X122448 15 MINORS
R=17 N=7 HCG>=3433334

I PI <I> BC< I) PI/BC PR< I > PR/BCR
7 17784 346104 0 . 0 5 1 3 XX XX
8 1 18418 735471 8 .1 6 1 6 . 6 5 8 6 3 . 1 3 3 4
9 393080 1307504 0 . 3 0 0 6 3 . 3 1 9 4 1 .8671
10 848048 1961258 0 . 4 3 2 4 2 . 1 5 7 4 1 .4 3 8 2
11 1309488 2496144 0 . 5 2 4 6 1 .5441 1 .2 1 3 2

:> 12 1507844 2704156 0 . 5 5 7 5 1 .1 5 1 3 1 .0 6 2 7
13 1309488 2496144 0 . 5 2 4 6 0 . 8 6 8 5 0 . 9 4 0 9
14 848048 1961256 0 . 4 3 2 4 0 . 8 4 7 6 0 . 8 2 4 2
15 393080 1307504 0 . 3 0 0 6 0 . 4 6 3 5 0 . 6 9 5 2
16 1 18418 735471 0 .1 6 1 0 . 3 0  12 0 . 5 3 5 5
17 17784 346104 0 . 0 5 1 3 0 . 150 1 0 .3 1 9 1

M=24 V=18 PCG>=X122446 15 MINORS
R=17 N=7 H<G)= 3 3 3 4 4 3 3

I P I ( I ) BCC I) PI/BC PRC I> PR/BCR
7 17765 346104 0 . 0 5 1 3 XX XX
8 118285 735471 0 . 1 6 0 8 6■6583 3 . 1 3 3 3
9 392243 1307504 0 . 2 9 9 9 3 . 3 1 8 1 .8 8 5 2
10 845152 1981256 0 . 4 3 0 9 2 . 1 5 4 6 1 .4 3 6 4
1 1 1303688 2496144 0 . 5 2 2 2 1 .5 4 2 5 1 . 2 1 2

> 12 1500390 2704156 0 . 5 5 4 8 1 .1 5 0 8 1 .8 6 2 3
13 1303688 2496144 0 . 5 2 2 2 0 . 8 6 8 8 0 . 9 4 1 3
14 845152 1961256 0 . 4 3 0 9 0 . 8 4 8 2 0 .8 2 5
15 39 2243 1307504 0 . 2 9 9 9 0 .4 6 4 1 0 .6 9 6 1
16 1 18285 735471 0 . 1 6 8 8 0 . 3 0  15 0 .5 3 6 1
17 17765 348104 0 . 0 5 1 3 0 . 150 1 0 .3 1 9 1

M=24 V=18 PCG>=X122446 15 MINORS
R=17 N=7 HCG)= 3 3 34343

_L PICI) BCC I) PI/BC PRC I) PR/BCR
7 18028 346104 0 .0 5 2 XX XX
8 1 19961 735471 0 .1 6 3 1 6 .6 5 4 1 3 .  1313
9 397430 1307504 0 . 3 0 3 9 3 . 3 1 2 9 1 .8 8 3 5
10 855648 1961256 0 . 4 3 6 2 2 . 1 5 2 9 1 .4 3 5 3
11 1319230 2496144 0 . 5 2 8 5 1 .5 4 1 7 1 .2 1 1 4

> 12 151803O 2704156 0 . 5 6 1 3 1. 1506 1 .0621
13 1319230 2496144 0 . 5 2 8 5 0 . 8 6 9 0 . 9 4 1 4
14 855648 1961256 0 . 4 3 6 2 0 . 6 4 8 5 0 . 8 2 5 4
15 397430 1307504 0 . 3 0 3 9 0 . 4 6 4 4 0 . 6 9 6 7
16 1 19961 735471 0 .1 6 3 1 0 . 3 0  18 0 . 5 3 6 6
17 18028 346104 0 .0 5 2 0 . 1 5 0 2 0 . 3 1 9 3



1 -3 ->

M=24 V= 18 PCG>=X122446 15 MINORS
R= 17 N=7 H< G)= 3 3 34334

I P I ( I ) BC< I > PI/BC PR< I > PR/BCR
7 17804 3 461 0 4 0 . 0 5 1 4 xx XX
S 1 18612 735471 0 . 1 6 1 2 6 . 6 6 2 3 .  1351
9 393674 1307504 0 .30  1 3 . 3 1 9 1 .8 6 6 9
10 849052 1961256 0 .4 3 2 9 2 .  1567 1 .4 378
1 1 1310666 2496144 0 .5 2 5 1 .5 4 3 6 1 .2 1 2 8

> 12 1508832 2704156 0 . 5 5 7 9 1 .1511 1 .0 6 2 6
13 1310666 2496144 0 . 525 0 • 8 6 8 6 0 .941
14 8 4 9052 1961256 0 . 4 3 2 9 0 . 6 4 7 8 0 .8 2 4 4
15 393674 1307504 0 . 30 1 0 . 4 6 3 6 0 .6 9 5 4
16 1 18612 735471 0 . 1 6 1 2 0 . 3 0  12 0 . 5 3 5 6
17 17804 3461 0 4 0 . 0 5 1 4 0 . 150 1 0 . 3 1 8 9

M=24 V=18 PCG>=X122446 15 MINORS
R= 17 N=7 H<G)= 3 3 3 3 4 4 3

I PI < I > BCC I) PI/BC PRC I) PR/BCR
7 17413 3 4 6104 0 .0 5 0 3 XX XX
8 1 16307 735471 0 .1 5 8 1 6 . 6 7 9 3 3 .  1432
9 386 897 1307504 0 . 2 9 5 9 3 . 3 2 6 5 1 .8711
10 835740 1961256 0 .4 2 6 1 2 . 1 6 0  1 1 .4 4
1 1 1291210 2496 144 0 . 5 1 7 2 1 .5 4 4 9 1 .2 1 3 9

> 12 1486818 2704156 0 . 5 4 9 8 1 .1 5 1 4 1 .0 6 2 9
13 1291210 2496144 0 . 5 1 7 2 0 . 8 6 8 4 0 . 9 4 0 8
14 835740 1961256 0 .4 2 6 1 0 . 6 4 7 2 0 . 8 2 3 7
15 386897 1307504 0 . 2 9 5 9 0 . 4 6 2 9 0 . 6 9 4 4
16 1 16307 735471 0 .1 5 8 1 0 . 3 0 0 6 0 . 5 3 4 4
17 17413 346104 0 . 0 5 0 3 0 . 1 4 9 7 0 .3 1 8 1

M=24 V=18 PCG>=X122446 15 MINORS
R= 17 N=7 HCG)= 3 3 33434

I PICI) BCC I) PI/BC PRC I) PR/BCR
7 17116 346104 0 . 0 4 9 4 XX XX
8 1 14328 735471 0 . 1 5 5 4 6 . 6 7 9 5 3 .  1433
9 380648 1307504 0 .2 9 1 1 3 . 3 2 9 3 1 .8 7 2 7
10 8 2 3088 1961256 0 . 4 1 9 6 2 . 1 6 2 3 1 .4 4 1 5
1 1 1272676 2496144 0 . 5 0 9 8 1 .5 4 6 2 1 .2 1 4 8

> 12 1465904 2704156 0 .5 4 2 1 .1 5 1 8 1 .0 6 3 2
13 1272676 2496144 0 . 5 0 9 8 0 .8 6 8 1 0 . 9 4 0 5
14 82 3088 1961256 0 . 4 1 9 6 0 . 6 4 6 7 0 .8 2 3 1
15 380640 1307504 0 .2 9 1 1 0 . 4 6 2 4 0 . 6 9 3 6
16 114328 735471 0 . 1 5 5 4 0 . 3 0 0 3 0 . 5 3 3 9
17 17116 346104 0 . 0 4 9 4 0 . 1 4 9 7 0 .3 1 8 1



M=24
R= 17

_I_
7
8
9
16
11

> 12
13
14
15
16
17

<*>= 18 P<G>=X122446
N=7 H<G)=3333344

PI < I ) BCC I)
17323 346104
1 15635 735471
384149 1307504
8 2 8768 1961256
1279456 2 496144
1472922 2704 1 5 6
1279456 2496144
8 2 8768 1961256
384149 1307504
1 15635 735471
17323 346104

122
15 MINORS

PI/BC PRC I > PR/BCR
0 .0 5 XX XX
0 . 1 5 7 2 6.6752 3 .  1412
0 . 2 9 3 8 3 . 3 2 2 1 . 8 6 8 6
0 . 4 2 2 5 2 . 1 5 7 4 1 .4 3 8 2
0 . 5 1 2 5 1 .5 4 3 8 1 .2 1 2 9
0 . 5 4 4 6 1 .1 5 1 2 1 .0 6 2 6
0 . 5 1 2 5 0 . 8 6 8 6 0 . 941
0 . 4 2 2 5 0 . 6 4 7 7 0 . 8 2 4 4
0 . 2 9 3 8 0 . 4 6 3 5 0 . 6 9 5 2
0 . 1 5 7 2 0 .30 1 0 .5 3 5 1
0 .0 5 0 . 1498 0 . 3 1 8 3



1 3 h

M=24 U=18 P<6 ) =X122455 15 MINORS
R= 17 N=7 H<G)= 5333333

I P H D BC< I > PI/BC PRC I) PR/BCR
7 16402 346104 0 .0 4 7 3 'XX XX
8 109575 735471 0 . 1 4 8 9 6 . 6 8 0 5 3 .  1438
9 364856 1307504 0 .279 3 . 3 2 9 7 1 .8 729
10 789072 1961256 0 .4 0 2 3 2 . 1 6 2 6 1 .4 4 1 7
11 1220278 2496144 0 . 4 8 8 8 1 .5 4 6 4 1 .215

> 12 140565O 2704156 0 . 5 1 9 8 1 . 1519 1 .0 6 3 3
13 1220278 2496144 0 . 4 8 8 8 0 .8 6 8 1 0 . 9 4 0 4
14 789072 1961256 0 . 4 0 2 3 0 . 6 4 6 6 0 . 8 2 2 9
15 3648 5 6 1307504 0 .279 0 . 4 6 2 3 0 . 6 9 3 5
16 109575 735471 0 .  1489 0 .3 0 0 3 0 . 5 3 3 9
17 16402 346104 0 .0 4 7 3 0 . 1 4 9 6 0 . 3 1 8

M=24 V=18 P< G> =X 122455 15 MINORS
R=17 N=7 H<6 )= 3 5 3 3 3 3 3

I P I ( I ) BCCI) PI/BC PRC I) PR/BCR
7 17320 346104 0 . 0 5 XX XX
8 1 15005 735471 0 . 1563 6 . 6 4 3 . 1 2 4 7
9 381050 1307504 0 . 2 9 1 4 3 . 3 1 3 3 1 .8 6 3 7
10 821280 1961256 0 . 4 1 8 7 2 . 1 5 5 3 1 .4 3 6 8
1 1 1267582 2496144 0 . 5 0 7 8 1 .5 434 1 .2 1 2 6

> 12 1459206 2704156 0 . 5 3 9 6 1 .1511 1 .0 6 2 6
13 1267582 2496144 0 . 5 0 7 8 0 . 8 6 8 6 0 .9 4 1
14 821280 1961256 0 . 4 1 8 7 0 . 6 4 7 9 0 .82 4 6
15 381050 1307504 0 . 2 9 1 4 0 . 4 6 3 9 0 . 6 9 5 9
16 115005 735471 0 . 1 5 6 3 0 . 3 0  18 0 . 5 3 6 5
17 17320 346104 0 .05 0 . 1 5 0 6 0 .32

M=24 V=18 PCG>=X122455 15 MINORS
R= 17 N=7 H<G)=3353333

I PI < I ) BCC I) PI/BC PRC I) PR/BCR
7 16402 346104 0 . 0 4 7 3 XX XX
8 109575 735471 0 . 1 4 8 9 6 . 6 8 0 5 3 . 1 4 3 8
9 364856 1307504 0 .2 7 9 3 . 3 2 9 7 1 .8 7 2 9
10 7890 72 1961256 8 . 4 0 2 3 2 . 1 6 2 6 1 .4 4 1 7
1 1 1220278 2496144 0 . 4 8 8 8 1 .5 4 6 4 1 .2 1 5

> 1 2 1405650 2704156 0 . 5 1 9 8 1 .1 5 1 9 1 .0 6 3 3
13 1220278 2496 144 0 . 4 8 8 8 0 .8 6 8 1 0 .9 4 0 4
14 789072 1961256 0 . 4 0 2 3 0 . 6 4 6 6 0 . 8 2 2 9
15 364856 1307504 0 .2 7 9 0 . 4 6 2 3 0 . 6 9 3 5
16 109575 735471 0 . 1489 0 . 3 0 0 3 0 . 5 3 3 9
17 16402 346104 0 .04 7 3 0 . 1 4 9 6 0 . 3 1 8



n .5 ,

M=24 V=18 P<G>=X122455 15 MINORS
R= 17 N=7 H<G>= 3 3 35333

I PI < I ) BC< I ) PI/BC PR< I ) PR/BCR
7 16912 346104 0 .0 4 8 8 XX XX
8 112923 735471 0 . 1 5 3 5 6 . 6 7 7 3 .1 4 2 1
9 375398 1307504 0 .2 8 7 1 3 . 3 2 4 3 1 .86 9 9
16 810576 1961256 0 . 4 1 3 2 2 . 1 5 9 2 1 .4394
1 1 1252234 2496144 0 . 5 0  16 1 .5 4 4 8 1 .2 1 3 8

> 12 1441962 2704156 0 . 5 3 3 2 1 .1 5 1 5 1 .0 6 2 9
13 1252234 2496144 0 . 5 0 1 6 0 . 8 6 8 4 0 . 9 4 0 7
14 81 0576 1961256 0 . 4  132 0 . 6 4 7 3 0 . 8 2 3 8
15 375398 1307504 0 .2 8 7 1 0 .4 6 3 1 0 . 6 9 4 6
16 112923 735471 0 . 1 5 3 5 0 . 3 0 0 8 0 .5 3 4 7
17 16912 346104 0 . 0 4 8 8 0 . 1 4 9 7 0 . 3 1 8 2

M=24 V=18 P<G>=X122455 15 MINORS
R= 17 Z II M H<G>= 4 4 33333

_L PI < I) BC< I) PI/BC PR< I ) PR/BCR
7 17717 346104 0 .0 5 1 1 XX XX
8 117877 735471 0 . 1602 6 . 6 5 3 3 3 . 1 3 0 9
9 390731 1307504 0 . 2 9 8 8 3 . 3 1 4 7 1 .8 6 4 5
10 84 1792 1961256 0 . 4 2 9 2 2 .  1544 1 .4 3 6 2
1 1 1298528 2496144 0 . 5 2 0 2 1 .5 4 2 5 1 . 2 1 2

:> 12 1494486 2704156 0 . 5 5 2 6 1 .1 5 0 9 1 .0 6 2 3
13 1298528 2496144 0 . 5 2 0 2 0 . 8 6 8 8 0 . 9 4 1 2
14 841792 1961256 0 . 4 2 9 2 0 . 6 4 8 2 0 .8 25
15 390731 1307504 0 . 2 9 8 8 0 .4 6 4 1 0 . 6 9 6 2
16 117877 735471 0 . 1602 0 . 3 0  16 0 . 5 3 6 3
17 17717 346104 0 .0 5 1 1 0 . 1 5 0 3 0 . 3 1 9 3

M=24 V= 18 P<G)=X122455 15 MINORS
R= 17 N=7 H< G>=4343333

I PI < I > BC( I > PI/BC PR< I) PR/BCR
7 17174 346104 0 .0 4 9 6 XX XX
8 114644 735471 0 . 1 5 5 8 6 . 6 7 5 4 3 . 1 4 1 3
9 381480 1307504 0 . 2 9 1 7 3 . 3 2 7 5 1 .8 7 1 7
10 824460 1961256 0 . 4 2 0 3 2 . 1 6 1 2 1 .4 4 0 8
1 1 1274306 2496144 0 . 5 1 0 5 1 .5 4 5 6 1 .2 144

> 12 1467584 2704156 0 . 5 4 2 7 1 .1 5 1 6 1 .063
13 1274306 2496144 0 . 5 1 0 5 0 . 8 6 8 3 0 .9 4 0 6
14 824460 1961256 0 . 4 2 0 3 0 . 6 4 6 9 0 .8 2 3 4
15 381480 1307504 0 . 2 9 1 7 0 . 4 6 2 7 0 .694
16 114644 735471 0 . 1 5 5 8 0 . 3 0 0 5 0 .5342
17 17174 346104 0 . 0 4 9 6 0 . 1 4 9 8 0 . 3 1 8 3



136

M=24 *7=18 PCG>=X 122455 15 MINORS
R=17 N=7 H<8 )= 4 3 3 4 3 3 3

I P I ( I ) BCC I > PI/BC PRC I > PR/BCR
7 17497 346104 0 .0 5 0 5 XX XX
8 116931 735471 0 . 1 5 8 9 6 . 6 8 2 9 3 . 1 4 4 9
9 383913 1307504 0 . 2 9 7 4 3 . 3 2 6 1 .8 7 0 8
16 839826 1961256 0 . 4 2 8 2 2 . 1 5 9 4 1 .4 3 9 6
1 1 1297270 2496144 0 . 5 1 9 7 1 .5 4 4 7 1 .2 1 3 6

> 12 1493730 2704 156 0 . 5 5 2 3 1 .1 5 1 4 1 .0 6 2 8
13 1297270 2496144 0 . 5 1 9 7 0 . 8 6 3 4 0 . 9 4 0 8
14 839820 1961256 0 . 4 2 8 2 0 . 6 4 7 3 0 . 8 2 3 9
15 388913 1307504 0 . 2 9 7 4 0 .4 6 3 0 . 6 9 4 6
16 116931 735471 0 . 1 5 8 9 0 . 3 0 0 6 0 . 5 3 4 5
17 17497 346104 0 .05 0 5 0 . 1 4 9 6 0 .3 1 7 9

M=24 *7=18 PC G> =X 122455 15 MINORS
R=17 N=7 HCG>=4333433

I PICI> BCC I) PI/BC PRC I) PR/BCR
” 7
i 17800 346104 0 . 0 5 1 4 XX XX
8 118502 735471 0 . 1 6 1  1 6 . 6 5 7 4 3 .  1329
9 393336 1307504 0 . 3 0 0 8 3 . 3 1 9 2 1 .8 6 7
10 848528 1961256 0 . 4 3 2 6 2 . 1 5 7 2 1 .4381
1 1 1310176 2496 144 0 . 5 2 4 8 1 .544 1 .2131

> 12 1588436 2704156 0 . 5 5 7 8 1 .1 5 1 3 1 .0 6 2 7
13 1310176 2496 144 0 . 5 2 4 8 0 . 8 6 8 5 0 . 9 4 0 9
14 848528 1961256 0 . 4 3 2 6 0 . 6 4 7 6 0 . 8 2 4 2
15 39 3336 1307504 0 . 3 0 0 8 0 . 4 6 3 5 0 . 6 9 5 3
16 118502 735471 0 .1 6 1 1 0 . 3 0 1 2 0 . 5 3 5 5
17 17800 346104 0 .0 5 1 4 0 . 1 5 0 2 0 .3 1 9 1

M=24 *7=18 PC G> =X122455 15 MINORS
R= 17 N=7 HCG)= 4333343

I PICI) BCC I) PI/BC PRC I) PR/BCR
7 17182 346104 0 .0 4 9 6 XX XX
8 114708 735471 0 . 1 5 5 9 6 . 6 7 6 3 . 1 4 1 6
9 381784 1307504 0 . 2 9 1 9 3 . 3 2 8 3 1 .8721
10 825340 1961256 0 . 4 2 0 8 2 .  1617 1 .441 1
1 1 1276042 2496144 0 .51 12 1 .5 4 6 1 .2 1 4 7

> 1 2 1469792 2704156 0 . 5 4 3 5 1 .1 5 1 8 1 .0 6 3 2
13 1276042 2496144 0 . 5 1  12 0 .8 6 8 1 0 . 9 4 0 5
14 825340 1961256 0 . 4 2 0 3 0 . 6 4 6 7 0 .8 2 3 1
15 381784 1307504 0 . 2 9 1 9 0 . 4 6 2 5 0 . 6 9 3 3
16 114708 735471 0 . 1 5 5 9 O.3 0 0 4 0 .5 3 4 1
17 17182 346104 0 . 0 4 9 6 0 .  1497 0 . 3 1 8 3



137

M=24 V=18 PCG>=X122455 15 MINORS
R= 17 N=7 HCG>=3434333

I PI < I) BCC I) PI/BC PRC I > PR/BCR
7 18040 346104 0 .0 5 2 1 XX XX
8 120045 735471 0 . 1 6 3 2 6 . 6 5 4 3 3 . 1 3 1 4
9 3 9 7682 1307504 0 .3 0 4 1 3 . 3 1 2 7 1 .8 6 3 4
16 8 5 6 1 2 8 1961256 0 . 4 3 6 5 2 .  1527 1.4351
1 1 1319926 2496144 0 . 5 2 8 7 1 .5 4 1 7 1 .2 1 1 3

> 12 1518822 2704156 0 . 5 6 1 6 1 . 1506 1 .0621
13 1319926 2496144 0 . 5 2 8 7 0 .8 6 9 0 . 9 4 1 4
14 8 5 6128 1961256 0 . 4 3 6 5 0 .6 4 8 6 0 . 8 2 5 5
15 3976S2 1307504 0 .3 0 4 1 0 . 4 6 4 5 0 . 6 9 6 7
16 120045 735471 0 . 1 6 3 2 0 . 3 0  18 0 . 5 3 6 6
17 18040 346104 0 .0 5 2 1 0 . 1 5 0 2 0 . 3 1 9 3

M=24 V=18 PCG)=X122455 15 MINORS
R= 1 7 N=7 HCG>= 3 4 33433

I PICI) BCC I) PI/BC PRC I) PR/BCR
7 18432 346104 0 . 0 5 3 2 XX XX
8 122320 735471 0 . 1 6 6 3 6 . 6 3 6 2 3 . 1 2 2 9
9 404766 1307504 0 . 3 0 9 5 3 . 3 0 9 1 .8 6 1 3
10 871 132 1961256 0 .4 4 4 1 2 .1521 1 .4 3 4 7
1 1 1343106 2496144 0 .5 3 8 1 .5 4  17 1 .2 1 1 4

> 1 2 1545576 2784 1 5 6 0 . 5 7 1 5 1 .1 5 0 7 1 .0 6 2 2
13 1343106 2496144 0 .5 3 8 0 .8 6 9 0 . 9 4 1 4
14 871 132 1961256 0 .4441 0 . 6 4 8 5 0 . 8 2 5 4
15 404766 1307504 0 . 3 0 9 5 0 . 4 6 4 6 0 . 6 9 6 9
16 122320 735471 0 . 1 6 6 3 0 .3 0 2 1 0 . 5 3 7 2
17 18432 346104 0 . 0 5 3 2 O.1 5 0 6 0 . 3 2 0 2



JL3B

M=24 V=18 P<G>=* 122444 16 MINORS
R= 17 N=7 H<G>= 3 3 3 3 5 3 3

I P I ( I ) BC( I > PI/BC PR< I > PR/BCR
7 1 6 0 6 2 346104 0 . 0 4 6 4 XX **
3 108261 735471 0 .  1471 6 . 7 4 0  1 3 . 1 7 1 8
9 361896 1307504 0 . 2 7 6 7 3 . 3 4 2 8 1 .8 3 0 3
16 784224 1961256 0 . 3 9 9 8 2 . 1 6 6 9 1 .4 4 4 6
1 1 1213818 2496144 0 . 4 8 6 2 1 .5 4 7 7 1 .2161

> 12 1393582 2704156 0 .5 1 7 1 1 .1 5 2 2 1 .0 6 3 5
13 1213818 2496144 0 . 4 8 6 2 0 . 8 6 7 8 0 . 9 4 0 2
14 784224 1961256 0 . 3 9 9 8 0 .6 4 6 0 . 8 2 2 2
15 361896 1307504 0 . 2 7 6 7 0 .4 6 1 4 0 . 6 9 2 2
16 163261 735471 0 .1 4 7 1 0 .2 9 9 1 0 . 5 3 1 8
17 16062 346104 0 . 0 4 6 4 0 .  1483 0 . 3 1 5 2

M=24 V=18 P<G>=*122444 16 MINORS
R=17 N=7 H<G> = 4 4 33333

I PI < I> BC< I ) PI/BC PR< I ) PR/BCR
7 17397 346104 0 . 0 5 0 2 XX S*
8 1 16757 735471 0 . 1 5 8 7 6 . 7 1 1 3 3 . 1 5 8 2
9 388395 1307504 0 .2 9 7 3 . 3 2 6 5 1 .8 711
10 833224 1961256 0 . 4 2 7 3 2 .1 5 8 1 1 .4 3 8 7
1 1 1293984 2496144 0 . 5 1 8 3 1 .5 4 3 7 1 .2 1 2 9

> 12 1489590 2704 156 0 . 5 5 0 8 1.1511 1 .0 6 2 6
13 1293984 2496144 0 . 5 1 8 3  . 0 . 8 6 8 6 0 .941
14 838224 1961256 0 . 4 2 7 3 0 . 6 4 7 7 0 . 8 2 4 4
15 3 8 8395 1307504 0 .2 9 7 0 . 4 6 3 3 0 .6 9 5
16 1 16757 735471 0 . 1 5 8 7 0 . 3 0 8 6 0 . 5 3 4 4
17 17397 346104 0 . 0 5 0 2 0 . 149 0 . 3 1 6 6

M=24 V=18 P<G>=X122444 16 MINORS
R= 17 N=7 H(G>=4343333

I PI < I) BC( I > PI/BC PR< I > PR/BCR
7 16758 346104 0 . 0 4 8 4 XX XX
8 1 12932 735471 0 .  1535 6.7389 3 . 1 7 1 2
9 377352 1307504 0 . 2 8 8 6 3 . 3 4 1 4 1 .8 7 9 5
10 81 7308 1961256 0 . 4 1 6 7 2 . 1 6 5 9 1 .4 4 3 9
1 1 1264482 2496144 0 . 5 0 6 5 1 .5 471 1 .2 1 5 6

> 1 2 1456704 2704156 0 . 5 3 8 6 1 . 152 1 .0 6 3 3
13 1264482 2496144 0 . 5 0 6 5 0 . 8 6 8 0 . 9 4 0 3
14 8 1 7 3 0 8 1961256 0 . 4 1 6 7 0 . 6 4 6 3 0 . 8 2 2 6
15 377352 1307504 0 . 2 8 8 6 0 .4 6 1 7 0 . 6 9 2 5
16 1 12932 735471 0 . 1 5 3 5 0 . 2 9 9 2 0 .5 3 2
17 16758 346104 0 . 0 4 8 4 0 . 1 4 8 3 0 . 3 1 5 3



1 \D -

M=24 V=18 P<G>=X122444 16 MINORS
R= 17 N=7 H(G)= 5333333

I P I ( I ) BC< I > PI/BC PR< I > PR/BCR
7 16602 346104 0 .0 4 6 2 XX XX
8 107919 735471 0 .  1467 6 . 7 4 4 3 . 1 7 3 6
9 3607 9 2 1307504 0 . 2 7 5 9 3 .3 4 3 1 1 .8 8 0 5
16 781920 1961256 0 . 3 9 8 6 2 . 1 6 7 2 1 .4448
11 1210374 2496144 0 . 4 8 4 8 1 .5 4 7 9 1 .2162

> 12 1394658 2704156 0 . 5 1 5 7 1 .1 5 2 2 1 .06 36
13 1210374 2496 144 0 . 4 8 4 8 0 . 8 6 7 8 0 .9 4 0 1
14 781920 1961256 0 . 3 9 8 6 0 .6 4 6 0 .8 2 2 2
15 3 6 0792 1307504 0 . 2 7 5 9 0 . 4 6 1 4 0 . 6 9 2  1
16 107919 735471 0 . 1 4 6 7 0 .2 9 9 1 0 . 5 3 1 7
17 16002 346104 0 . 0 4 6 2 0 . 1 4 8 2 0 . 3 1 5

M=24 U= 18 P<G)=X122444 16 MINORS
R=17 N=7 H<G)=3533333

I PI < I> BC< I > PI/BC PR< I ) PR/BCR
7 17064 346104 0 . 0 4 9 3 XX XX

1 14237 735471 0 . 1553 6 . 6 9 4 6 3 . 1 5 0 4
9 379674 1307504 0 . 2 9 0  3 3 . 3 2 3 5 1 .8 6 9 5
10 819 504 1961256 0 . 4 1 7 8 2 .1 5 8 4 1 .4 3 8 9
1 1 1265598 2496144 0 .5 0 7 1 .5 4 4 3 1 .2 1 3 4

:> 12 1457190 2704156 0 . 5 3 8 8 1 .1 5 1 3 1 .0 6 2 8
13 1265598 2496144 0 .5 0 7 0 . 8 6 8 5 0 . 9 4 0 8
14 819504 1961256 0 . 4 1 7 8 0 . 6 4 7 5 0 .8 2 4 1
15 379674 1307504 0 . 2 9 0 3 0 . 4 6 3 2 0 . 6 9 4 9
16 1 14237 735471 0 . 1 5 5 3 0 . 3 0 0 8 0 . 5 3 4 9
17 17064 346104 0 . 0 4 9 3 0 . 1 4 9 3 0 . 3 1 7 4

M=24 V=18 P<G)=X122444 17 MINORS
R= 17 N=7 H<G>= 3335333

_I_ P l ( I ) BC( I > PI/BC PR< I ) PR/BCR
7 17728 346104 0 . 0 5 1 2 XX XX
8 1 17663 735471 0 . 1 5 9 9 6 .6 3 7 1 3 .  1233
9 3 8 9366 1307504 0 . 2 9 7 7 3 .3 0 9 1 1 .8 6 1 4
10 8 3 8176 1961256 0 . 4 2 7 3 2 . 1 5 2 6 1 .4351
1 1 1292650 2496144 0 . 5 1 7 8 1 .5 4 2 2 1.21 17

> 12 1487682 2704156 0 . 5 5 0  1 1 .1 5 0 8 1 .8 6 2 3
13 1292650 2496144 0 . 5 1 7 8 0 . 8 6 8 9 0 . 9 4 1 3
14 8 3 8176 1961256 0 . 4 2 7 3 0 . 6 4 8 4 0 . 8 2 5 2
15 389366 1307504 0 . 2 9 7 7 0 . 4 6 4 5 0 . 6 9 6 8
16 117663 735471 0 . 1 5 9 9 0 .3 0 2 1 0 . 5 3 7 2
17 17728 346104 0 . 0 5 1 2 0 . 1 5 0 6 0 . 3 2 0  1



i i o

M=24 V=18 PCG>=X 122444 17 MINORS
R=17 N=7 H<G>= 4 3 3 4 3 3 3

I P H I ) BC< I > PI/BC PR< I ) PR/BCR
7 17947 346104 0 . 0 5 1 8 XX XX
8 119727 735471 0 . 1 6 2 7 6 .6 7 1 1 3 . 1 3 9 3
9 397547 1307504 0 .3 04 3 . 3 2 0 4 1 .8 6 7 7
10 857340 1961256 0 .4371 2 .  1565 1 .4 3 7 7
11 1323226 2496144 0 .5 3 0 1 1 .5 4 3 4 1 .2 1 2 6

> 12 1523178 2704156 0 . 5 6 3 2 1 .1511 1 .0 6 2 5
13 1323226 2496144 0 .5 3 0 1 0 . 8 6 8 7 0 .9 4 1 1
14 857340 1961256 0 .4 3 7 1 0 . 6 4 7 9 0 . 8 2 4 6
15 397547 1307504 0 .3 0 4 0 . 4 6 3 6 0 . 6 9 5 5
16 119727 735471 0 . 1627 0 .30 1 1 0 . 5 3 5 4
17 17947 346104- 0 .0 5 1 8 0 . 1 4 9 8 0 . 3 1 8 5

M=24 C II CD P<G>=X 122444 16 MINORS
R= 17 N=7 HC G)=4333433

I P I ( I ) BCC I > PI/BC PRC I) PR/BCR
7 16804 346104 0 . 0 4 8 5 XX XX
8 113208 735471 0 . 1 5 3 9 6 . 7 3 6 9 3 .  1703
9 378416 1307504 0 . 2 8 9 4 3 . 3 4 2 6 1 .8 8 0 2
10 819744 1961256 0 . 4 1 7 9 2 . 1 6 6 2 1 .4441
11 1268524 2496144 0 .5 0 8 1 1 .5 4 7 4 1 .2 1 5 8

> 12 1461456 2 704156 0 . 5 4 0 4 1 . 152 1 .0 6 3 4
13 1268524 2496144 0 .5 0 8 1 0 . 8 6 7 9 0 . 9 4 0 3
14 819744 1961256 0 . 4 1 7 9 0 . 6 4 6 2 0 . 8 2 2 4
15 378416 1307504 0 . 2 8 9 4 0 . 4 6 1 6 0 . 6 9 2 4
16 113208 735471 0 . 1 5 3 9 0 .2 9 9 1 0 . 5 3 1 8
17 16804 346104 0 . 0 4 8 5 0 . 1 4 8 4 0 . 3 1 5 4

M=24 >7=18 PCG>=X 122444 17 MINORS
R= 17 N=7 HCG)= 3 4 34333

I PI <I) BCC I > PI/BC PRC I) PR/BCR
7 18544 346104 0 . 0 5 3 5 XX XX
8 123183 735471 0 . 1 6 7 4 6 . 6 4 2 7 3 .  1259
9 407378 1307504 0 . 3 1 1 5 3 . 3 0 7 1 . 8 6 0 2
10 875808 1961256 0 . 4 4 6 5 2 . 1 4 9 8 1 .4 3 3 2
11 1349086 2496144 0 . 5 4 0 4 1 .5 4 0 3 1 .2 1 0 3

> 12 1551906 2704156 0 . 5 7 3 8 1 .1 5 0 3 1 .0 6 1 8
13 1349086 2496 144 0 . 5 4 0 4 0 . 8 6 9 3 0 . 9 4 1 7
14 8 7 5808 1961256 0 . 4 4 6 5 0 .6 4 9 1 0 . 8 2 6 2
15 40 7378 1307504 0 . 3 1 1 5 0 .4 6 5 1 0 . 6 9 7 7
16 123183 735471 0 . 1 6 7 4 0 . 3 0 2 3 0 . 5 3 7 5
17 18544 346104 0 . 0 5 3 5 0 . 1 5 0 5 0 . 3 1 9 8



M=24 V=18 PCG>=X122444 16 MINORS
R= 17 N=7 H< G)=3433433

I PI < I> BCC I) PI/BC PR(1> PR/BCR
7 17512 346104 0 . 0 5 0 5 XX XX
8 117540 735471 0 . 1 5 9 8 6 . 7 1 1 9 3 . 1 5 8 5
9 37 1514 1307504 0 . 2 9 9 4 3 . 3 3 0 9 1 .8 7 3 6
16 845820 1961256 0 . 4 3 1 2 2 .  1603 1 .4 4 0 2
1 1 1306654 2496144 0 . 5 2 3 4 1 .5 4 4 8 1 .2 1 3 8

> 1 2 1504512 2704156 0 . 5 5 6 3 1 .1 5 1 4 1 .0 6 2 8
13 1306654 2496144 0 . 5 2 3 4 0 . 8 6 8 4 0 . 9 4 0 8
14 845820 1961256 0 . 4 3 1 2 0 . 6 4 7 3 0 . 8 2 3 8
15 391514 1307504 0 . 2 9 9 4 0 . 4 6 2 8 0 . 6 9 4 3
16 1 17540 735471 0 . 1 5 9 8 0 . 3 0 0 2 0 . 5 3 3 7
17 17512 346104 0 . 0 5 0 5 0 . 1 4 8 9 0 . 3 1 6 5

M=24 U=18 PCG>=X 122444 17 MINORS
R= 17 N=7 H<G)=3334433

I PI C I) BCC I) PI/BC PRC I> PR/BCR
7 17887 34 6104 0 . 0 5 1 6 XX XX
8 1 19265 735471 0 .1 6 2 1 6 . 6 6 7 6 3 . 1 3 7 7
9 395609 1307504 0 . 3 0 2 5 3 . 3 1 7 1 .8 6 5 8
10 85 2288 1961256 0 . 4 3 4 5 2 .  1543 1 .4 3 6 2
1 1 1314472 2496144 0 . 5 2 6 6 1 .5 4 2 2 1 .2 1 1 7

> 1 2 1512702 2704156 0 . 5 5 9 3 1 .1 5 0 8 1 . 0  622'
13 1314472 2496144 0 . 5 2 6 6 0 . 8 6 8 9 0 . 9 4 1 3
14 85 2288 1961256 0 . 4 3 4 5 0 . 6 4 8 3 0 . 8 2 5 2
15 395609 1307504 0 . 3 0 2 5 0 .4 6 4 1 0 . 6 9 6 2
16 119265 735471 0 .1 6 2 1 0 . 3 0  14 0 . 5 3 5 9
17 17387 346104 0 . 0 5 1 6 0 . 1 4 9 9 0 . 3 1 8 7

M=24 U= 18 PCG>=X122444 16 MINORS
R=17 N=7 HCG>=3333443

I PICI> BCC I > PI/BC PRC I) PR/BCR
7 16834 346104 0 .0 4 8 6 XX XX
8 1 13364 735471 0 . 1 5 4  1 6 . 7 3 4 2 3 .  169
9 378920 1307584 0 . 2 8 9 8 3 . 3 4 2 5 1 .8801
10 820620 1961256 0 . 4 1 8 4 2 . 1 6 5 6 1 .4 4 3 7
1 1 1269526 2496144 0 . 5 0 8 5 1 . 5 4 7 1 .2 1 5 5

> 1 2 1462464 2704156 0 . 5 4 0 8 1 .1 5 1 9 1 .0 6 3 3
13 1269526 2496144 0 . 5 0 8 5 0 . 8 6 8 0 . 9 4 0 4
14 820620 1961256 0 . 4 1 8 4 0 . 6 4 6 3 0 . 8 2 2 6
15 378920 1307504 0 . 2 8 9 8 0 . 4 6 1 7 0 . 6 9 2 6
16 1 13364 735471 0 .1 5 4 1 0 .2 9 9 1 0 . 5 3 1 8
17 16834 346104 0 . 0 4 8 6 0 . 1 4 8 4 0 . 3 1 5 5



M=127 U=114 P<G>=X12345678910111213

R=113 N= 14 H(6 )= 9 9 9 9 9 9 9 9 9 9 9 9 9 9

P K I ) BC< I) PI/BC PRC I) PR/BCR
14 8 . 7 6 4 3 7 0 8 7 E + 13 1.5 4 8 8 3 3 3 2 E + 18 00 XX XX
15 4 • 4 8 6 6 4 9 8 8 E + 15 1 . 16678777E+19 03E -04 5 1 . 1 9 1 9 6 . 7 9 5 3
16 1 . 17280452E+17 8 . 16751436E+19 0 1 .4 E - 0 3 2 6 . 1 3 9 8 3 . 7 3 4 2
17 2 . 0 8 1 9 3 9 8 8 E + 18 5 . 33290643E+20 0 3 . 9 E - 0 3 1 7 .7 5 1 8 2 . 7 1 8 7
18 2 . 8 1752045E +19 3 . 2 5 8 9 9 8 3 8 E + 2 1 0 8 . 6 E - 0 3 1 3 .5 331 2 . 2 1 4 5
1? 3 . 0 9 4 8 7 7 1 4E+20 1 . 8 6 9 6 3 5 9 1E+22 0 . 0 1 6 5 1 0 .9 8 4 3 1 .9 1 4 7
2 0 2 .86958 2 6 6 E + 2 1 1.0 0960339E +23 0 . 0 2 8 4 9 . 2 7 2 1 .7 1 7
21 2 . 3 0 6 7 5 171E+22 5 .  1 4 4 16966E+23 0 . 0 4 4 8 8 . 0 3 8 6 1 .5 7 7 6
2 2 1 .63901769E +23 2 . 47855447E+24 0 . 0 6 6 1 7 .  1053 1 .4 7 4 6
23 1 .04447954E+24 1 . 1 3 1 5 14E+25 0 . 0 9 2 3 6 . 3 7 2 5 1 .3 9 5 9
24 6 .0 3 7 8 6 8 9 4 E + 2 4 4 . 90322733E+25 0 . 1 2 3 1 5 . 7 8 0 7 1 .3 34
25 3 .  19504567E+25 2 . 0 2 0 12966E+26 0 . 1 5 8 1 5 . 2 9 1 6 1 .2 8 4 3
26 1 .55917352E +26 7 . 9 2 5 12405E+26 0 . 1 9 6 7 4 . 8 7 9 9 1 .2 4 3 9
27 7 . 05993565E+26 2 . 96458344E+27 0 .2 3 8 1 4 . 5 2 7 9 1 .2 1 0 4
28 2 . 9 8 1 5 1005E+27 1 .0587798E+28 0 . 2 8 1 5 4 . 2 2 3 1 1 .1 8 2 4
29 1 . 17952386E+28 3 . 6 1 4 4 5 5 18E+28 0 . 3 2 6 3 3 .9 5 6 1 1 .1 5 8 8
30 4 .3 8 7 8 2 6 5 8 E + 2 8 1 . 1 8 0 7 2 2 0 3E+29 0 . 3 7 1 6 3 . 7 1 9 9 1 .1 3 8 7
31 1 . 5 3 9 8 6 8 0 7E+29 3 . 6 9 4 5 1 7 3 1E+29 0 . 4 1 6 7 3 . 5 0 9 4 1 .1 2 1 5
32 5 . 1 1 2 6 7 3 2 1E+29 1 . 1 0 8 3 5 5 19E+30 0 . 4 6 1 2 3 . 3 2 0 2 1 . 1067
33 1 .61002318E+30 3 . 1 9 0 7 1949E+30 0 . 5 0 4 5 3 .  149 1 .0 9 3 8
34 4 . 8 1 9 4 6 195E+30 8 . 8 2 140095E+30 0 . 5 4 6 3 2 . 9 9 3 4 1 .0 8 2 7
35 1 .37405042E+31 2 . 3 4 3 9 7 2 2 5 E + 3 1 0 . 5 8 6 2 2 .8 5 1 1 .0 7 2 9
36 3 . 7 3 7 7 2 8 4 8 E + 3 1 5 . 9 9 0 1 5 1 3 1E+31 0 . 6 2 3 9 2 . 7 2 0 2 1 .0 6 4 4
37 9 .7 1 6 2 2 4 7 3 E + 3 1 1 .4 7325343E +32 0 . 6 5 9 5 2 . 5 9 9 4 1 .0 5 6 9
38 2 . 4 1705569E+32 3 . 48928444E+32 0 . 6 9 2 7 2 . 4 8 7 6 1 .0 5 0 3
39 5 . 7 6 1 4 1422E+32 7 .9 6 2 7 2 6 0 4 E + 3 2 0 . 7 2 3 5 2 . 3 8 3 6 1 .0 4 4 5
40 1 .3 1742403E +33 1 .75179973E +33 0 . 7 5 2 2 . 2 8 6 6 1 .0 3 9 3
41 2 .8 9 2 8 7 4 3 4 E + 3 3 3 .7 1 7 2 3 3 5 7 E + 3 3 0 . 7 7 8 2 2 . 1 9 5 8 1 .0 3 4 8
42 6 . 1 0 5 9 3 9 4 1E+33 7 . 6 1 147826E+33 0 . 8 0 2 2 2 . 1 106 1 .0 3 0 7
43 1 .2 3984713E +34 1.5 0459454E +34 0 .8 2 4 2 . 0 3 0 5 1 .0 2 7 2
44 2 . 4 2 3 9 0 999E+34 2 . 8 7 2 4 0 775E+34 0 . 8 4 3 8 1 .9 5 5 1 .0 2 4
45 4 . 5656956E+34 5 . 29799653E+34 0 . 8 6 1 7 1 .8 8 3 6 1 . 0 2 1 2
46 8 . 2 9 12734E+34 9 . 44425468E+34 0 . 8 7 7 9 1 .8 1 5 9 1 .0 1 8 7
47 1 .4 5249882E +35 1 .62 762687E + 35 0 . 8 9 2 4 1 .7 5 1 8 1 .0 1 6 5
48 2 . 4 5 5 9 7 5 1 1E+35 2 . 7 1 2 7 1 145E+35 0 . 9 0 5 3 1 .6 9 0 8 1 .0 1 4 5
49 4 . 0 1 0 12464E+35 4 . 3735552E+35 0 . 9 1 6 9 1 .6 3 2 8 1 .0 1 2 7
50 6 . 3 2 5 7 2 135E+35 6 . 8 2 2 7 4 6 1 1E+35 0 . 9 2 7 1 1 .5 7 7 4 1 . 0 1 1 1
51 9 .6 4 3 9 4 9 1 8 E + 3 5 1 . 0 3 0 10088E+36 0 . 9 3 6 2 1 .5 2 4 5 1 .0 0 9 7
52 1 . 4 2 1 5 1 0 1 1E+36 1 . 5 0 5 5 3 2 0 6E+36 0 . 9 4 4 1 1 .4 7 3 9 1 .0 0 8 5
53 2 . 02645477E+36 2 .  1304699E+36 0 . 9 5 1 1 1 .4 2 5 5 1 .0 0 7 3
54 2 . 79474853E+36 2 . 9 1953282E+36 0 . 9 5 7 2 1 .3 791 1 .0 0 6 3
55 3 .7 2 9 7 5 5 8 4 E + 3 6 3 . 8 7 5 0 1629E+36 0 . 9 6 2 5 1 .3 3 4 5 1 .0 0 5 4
56 4 . 8 1 7 8 1 0 1E+36 4 . 9 8 2  1638E+36 0 . 9 6 7 1 .2 9 1 7 1 .0 0 4 6
57 6 .0 2 4 7 3 2 2 8 E + 3 6 6 . 2 0 5 8 5 3 1 6E+36 0 . 9 7 0 8 1 .2 5 0 5 1 .0 0 3 9
58 7 . 2 9 4 9 0 749E+36 7 .4 8 9 8 2 2 7 8 E + 3 6 0 . 9 7 3 9 1 .2 1 0 8 1 .0 0 3 2
59 8 . 55380575E+36 8 . 75928426E+36 0 . 9 7 6 5 1 .1 7 2 5 1 .0 0 2 6
60 9 . 7 1424298E+36 9 . 9 2 7  18882E+36 0 . 9 7 8 5 1 .1 3 5 6 1 . 0 0 2
61 1 .06858751E +37 1 .09 036336E +37 0 .9 8 1 . 1 1 .0 0 1 5
62 1 . 1 3 8 6 5 9 15E+37 1. 16070939E+37 0 .981 1 .0 6 5 5 1 .0 0 0 9

>63 1 . 17538582E+37 1 . 1975573E+37 0 . 9 8 1 4 1 .0 3 2 2 1 .0 0 0 4
>64 1 . 17538582E+37 1 . 1975573E+37 0 . 9 8 1 4 1 1
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