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INTRODUCTION

Let M be a finite matroid of rank r on a set E . We denote

by Ik the number of independent sets of size k . An independent

i-partition of M 1is an ordered partition (A, B) of E such that

A and B are independent in M and lAl =31 ., We denote by
TTi(M) the set of independent i-partitions of M and by n:i(M) the
éardinality of TTi(M) . Over the past thirteen years, several
interesting conjectures have been madp about the sequences

(Ik) and (Iti) . Welsh's unimodal conjecture [71l] was made in 1969.

Conjecture 1. I.k?_min[Ik_l, Ik+1] l<k<r-1.

In 1972, Mason [72] made the following conjectures:

Conjecture 2. ]'.i > Ik-lIk+l s

k+1
Conjecture 3. L >=ir 1 -,

k+]1 m-k+1
Conjecture 4, ].1'2<_>_ " —T o151 2

for 2<k<r -1, where m = |E| .

Stronger than the logarithmic concavity conjecture (Conjecture 2) is

Dowling's [80] independent partition conjecture appearing in 1980,




Conjecture 5. r(k_i(M) < 7:1;(M) for |E|] = 2k

or more generally,

el +1
2

Conjecture 6. ﬂi_l(M) < :ri(M) for 1<
There are many results which lend support to the truth of these

£
k 2 -

[75], in his doctoral dissertation, proved that if k is such that

conjectures. Mason [72] proved that ka. Ir- for k < Seymour

any circuit C of M has lCl =1, lCl =2 or lCle then,

2 _k+1

Lo 2 % %-1%kn

Further, if all circuits of M have size at least k , then

Ii S k+1lm=-k+1

K T me¥ Tkellk+l

'Dowling proved Conjecture 5 for k <7 . In Chapter 4, we prove
Conjecture 6 for polygon matroids of outerplanar graphs.

Our initial interest in independent partitions grew out of a
desire to prove the log-concavity conjecture. We hoped to use the
"method of proof" in Dowling [80]. That is, to each matroid M of
size 2k a certain bipartite graph H = H(M) with bipartition
TTk_l(M) U TTk(M) can be associated. Dowling proves that this graph
H(M) has a matching of TTk_l(M) into Tfk(M) (and hence

m.1(M) < m (M) if k < 7). We believed initially that the graph



H(M) had such a matching for every value of k , but we found
this to be untrue for k > 16 . The details of this discovery are
gilven in Chapter 3.

In Chapter 2 we list some well-known unimodality conjectures
and indicate any progress toward their resolution.

Dowling has written & computer program which computes the
numbers Ty for outerplanar graphs. We thank him for allowing us
access to this program. We make some conjectures about the behavior
of the sequence (ni) in Chapter 5.

Chapter 1 gives the necessary definitions and basic propositions.



CHAPTER I

Background

1. 8Set Theory Notation

We will use U,N,<,C to denote set-union, set intersection,
set-inclusion and proper inclusion, respectively. The empty set is
denoted by @ . For sets A, B, A\B 1is the set of elements in A but
not in B . When it is clear from the context that we are referring toa
set rather than an element we abbreviate (x} to x. If A and B are
sets such that ANB =@ , we may use A+B instead of AUB . Thus,
if x 1is an element not in a set A , we may write A+x %o mean
AU{x]} . lAI denotes the cardinality of the set A . 2A denotes
the set of all subsets of A .

The set of integers 1is denoted by Z , the set of nonnegative

integers by Z+ , and the set of positive integers by IN .



2. Graph Theory Preliminaries

A graph G is a triple (V,E, I) where V and E are disjoint

sets and I is a mapping I:VXE»{0, 1,2} such that for e€E ,

L I(v,e)=2 )
vEV

and for v €V there is an e €E such that I(v,e)>0 . The elements

of V and E are called vertices and edges, respectively. An edge

e is said to be incident with a vertex v if and only if I(v,e)>0;
if e 1is incident with v we say v 1is an end of e .

I1f the edge e 1is incident with distinet vertices uwu and v,
e 1is called a link. We say e Jjoins u and v and we call u,v
adjacent vertices. A 1loop of a graph is an edge e such that
I(v, e) =2 for some vE€EV . Two links e and e are parallel if

1 2
they Jjoin the same pair of vertices. A graph is simple if it has no

loops or parallel edges.

The degree of & vertex v in a graph G is £ I(v,e) , and
e€E
is denoted dG(v) . Thus in a simple graph, dG(v) is the number of

vertices adjacent to v .

Two graphs G, = (vl »Eq Il) > Gy= (v2

if there are bijections o : Vl + V2 and V¥ :El > E2 such that

s E2 R I2) are isomorphic

I(v,e)= I?_(cp(V) s ¥(e)) .

A bipartition of a graph is an ordered partition (Vl s V2)
of V such that for all e € E , there exist vertices
vie Vi, 1 =1,2, incident with e . A graphvwhich admits a

bipartition is called bipartite.



let 6= (V,E,I) and G, = (Vl,El,Il) be graphs. G,

said to be a subgraph of G if Vl;V, ElgE and Il is the restric-

is

tion of I to V;xE;, i.e., Il(v, e)=I(v,e) for all VEV,,e€E, .
When it is clear from the context, we omit reference to the incidence

map I For ASE , let V(A) be the set of vertices incident

1
with some e €A . Then G|A = (V(A),A) is the subgraph generated

by A . Often we abbreviate GlA to A when the meaning is clear
from the context. If XSV, we let Glv\X] , or simply G\X,
denote the subgraph obtained by deleting X and all edges incident

with some vertex in X from G .

For G=(V,E,I) =& pathin G is a finite sequence Vo €15
Vi eees Vo 12C00 Vs m>0 , such that ViEV, ejeE for 0<i<m
and 1<j<m,and e; has ends v, ; and v;,1<i<m . If the ver-
vertices v, are all distinct P is called simple. The length of P
is the number of edges m ; P is said to connect Vo and Vi * The

vertices Vo and v, are called the initial and terminal vertices of

P , respectively, or end vertices when order is not important. The

vertices vy 1<i<m-l are interior vertices of P . We may identi-

fy a sinple path with its edge set (eysen5 o-- ,em} . A circuit is
e path in which v, # vy for i £ j , except Vo=V, -

For G=(V,E,I), the relation ~ on V defined by
X~y 1f x=y or there is a path in G Joining x and y is an
equivalence relation on Vv . If Vl 3 eee Vn are the distinct
equivalence classes, then the subgraphs Gk =G[Vk] are called the

connected components of G . If n=1, G 1is connected.




Let Gy= (Vi » Ey > Ik) » 1<k<n be graphs such that the sets

Vk, Ek’ 1<k<n , are pairwise disjoint. Then
G®... G = (vl+ ceetV, Ej+ .. +E , I)

where

O if VeV ,e€E, end kfy,
I(v,e) =

Ik(v, e) if VeV, ,e€E ,

is called the direct sum of Gl 3 evey Gn .

et G=(V,E,I). If AcE. we write m(A) for the number
of common vertices of the subgraphs generated by A and E\A . Then
for k a positive integer, we say G is k-separated if and only if G
is connected and there exists AcE with |A]l >k, |[E\A|>k and
n(A) =k . We say G is O-separated if it is not connected. If there
exists a least nonnegative integer k such that G is k-separated,

we call it the connectivity of G and denote it by 3(G) . If there

is no such integer we write A(G) = . We say G is n-connected,
where n is a positive integer, if n<a(G) . If A(G) = 1 ‘there
is a vertex ve€V such that v 1is the only common vertex of a set
A of edges and E\A , both non-empty. We call such a vertex v

a cut-vertex. If G 1s connected with no cut- vertex we say G 1is

nonseparable.




Iet G=(V,E,I) be a graph and let e€E . G\e , pronounced
"G delete e ", is defined to be the subgraph (V-.L s E\e) where
V= (vev:I(V,a) £ 0 for some ag€E\e} . G/e , pronounced "G

1"

contract e = , is defined as follows: let e be incident with u

1

and Uy >
(i) irf W= U, , then G/e is G\e .

(ii) if ul;Eu then G/e=(Vl,E\e,Il) where

2 >
V=V~ [ul,ua] +{u} (ugvV) and Il(v, a) = I(v, a)

for v#£u and Il(u,a.)=I(ul,a.)+I(u2,a.) .

If AcE, then G\A is defined to be
((...((G\el)\ea)...)\en) and G/A is ((...((G/el)/ez...)/en)

where €15 ceney en are the elements of A (in any order). It can be
shown that these terms are well-defined. A minor of G is a graph

H which is obtained from G by a series of deletions and contractions.
It is easy to see that if H is a minor of G , then there are subsets
A, BcE such that H=(G\A)/B=(G/B)\A . Also, if K is a

minor of H and H is a minor of G , then K is a minor of G .



3. Matroid Theory Fundamentals

A matroid M is a finite set E and a collection 4 of sub-

sets of E (called independent sets) such that

(i) g€
(1i) if X € J and YSX, then YE€ U
(iii) if X, Y are members of J with 1Xl = lYl-i-l then

there exists an element x€X\Y such that YUx€J .

|E] is called the size of M .

A basis of M is a maximal independent subset of E . A subset
of E not belonging to 4 1is called dependent. A circuit of M is
a minimal dependent subset of E .

The function r :2E -+ ZZ defined by
r(a) = max(|x] :xsa,X€H)

is called the rank function of M . The rank of a subset A of E

is r(A); the rank of the matroid M is "r(E) and will be written
r(M) . It is not difficult to prove that every basis of M has
cardinality r(M) .

For e€E and ASE , we say e 1is in the closure of A if
and only if r(AUe) =r(A) . A set A is said to be a flat if its‘
closure is itself.

Iet e;,e, be elements of E . If r([el}) =0, then e;

is called a loop. If r({el, e2}) = r({el]) = r((ea}) =1, then
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ey and e2 are called parallel elements. A matroid with no loops
or parallel elements is called simple.
An element e €EE such that for ASE , e £A implies
r(AUe) =r(A)+1 is called a coloop. A coloop of M belongs to
every basis of M .
Based on the work of Whitney [35] and Tutte [66], we now show that
a matroid M on E induces two matrolds on E\e. _’flf. » Pronounced

"M delete e", is defined to be the matroid on E\ e in which XgE \ e 1is

independent in M\e if and only if X is independent in M . M/e ,

promounced "M contract e", is dafined to be the matrold on E\e given
by one of the following:

(1) if e is a loop, then M/e is M\e .

(i1) if e 1is not a loop, then XSE\e is independent

in M/e if and only if XUe is independent in M .

It is easily shown that these definitions do indeed give matroids.

We say that a matroid N is a minor of M if N can be
obtained from M by a series of deletions and contractions. If
e, eZEE , then it is easy to see that ((M\el)\ee) = ((M\ea)\el) ,
(01/e)) /) = ((/e;)/e)) ana ((\e))/ey) = ((/ex)\ey) -
Hence a minor N of M can be realized as (M\X)/Y for subsets
X,Y of E where M\X=(M\xl)\x2)\ oo \x.) and
M/X=((M/xl)/x2) )/xk for X = (x;, ... »%.} . Sometimes we
use the notation M|X for M\ (E\X) .

Tutte [66] alsoc has developed a theory of n-connection for

matroids which we shall need in the sequel. If M is a matroid on
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E with rank function r , define a function E :2F + Z by
E(A) =r(A) + r(E\A) - r(E) + 1 (A s E)

Call the matroid M k-separated for k a positive integer if there
exists ASE, |al>k, |E\Al>k , with €(A) =k . If there is a
least positive integer k such that M is k-separated we call k

the connectivity of M and denote it by A(M) . If there is no

such integer, then A(M) = ® . In either case, M is n-connected for

any n<A(M) . If A(M)>1, that is, if
r(aA) + »(E\A) > r(E)

for any proper subset A of E , then M is connected. If A(M)=1,

that is, if there exists a nonempty subset A c E such that
r(a) + r(B\a) = r(E),

we can form two deletion matroids M, =M\ (E\4) , M, =M\aA . My
and M2 are matroids on disjoint sets El and E2 s respectively and
a subset XG&E =E1UE2 is independent in M if and only if
b =XﬂEi is independent in Mi si=1,2 .

Iet Mi ,1i=1, ...,k be matroids on disjoint sets Ei »

i=1,...,k . The matroid M on E=E.+E_+...+E given by

1 "2 k
XSE 1is independent in M if and only if X; =X ﬂEi y is
independent in Mi s 1i=1,...yk, is called the direct sum of
Ml’ M2 y esey Mk . Thus, M 1is a direct sum of smaller matroids if

and only if A(M) =1 .



4., Graphic Matroids

In this section we relate the two previous sections by showing
that every graph G = (V,E) gives rise to a matroid 7(G) on E .
Actually, there are two well-known classes of matroids arising from
graphs, but we consider only one of them. For a detailed treatment
of both graphic and cogrephic matroids, and for proofs of statements

appearing below, see Welsh [ 76].

1.1 Proposition: Iet G be a graph with edge set E . The collection

J of subsets of E given by X€J if and only if X contains no
circuit is the collection of independent subsets of a matroid on E .
We denote this matroid by 7M(G) , and call it the polygon

matroid of G .

1.2 Proposition:

(1) An edge e is a loop of the graph G if and only if

it is a loop in the matroid 7M(G) .

(ii) Two edges are parallel in the graph G if and only if

they are parallel in the matroid M(G) .

(iii) For any subset ASE , the rank of A in M(G) is

glven by
r(a) =1v(a)] -x(a)

where x(A) denotes the mumber of connected components

in the subgraph generated by A .



(iv)
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If AcE and e€E\A, then e belongs to the
closure of A in 7M(G) if and only if there is a

circuit C of G with e€Cc<AlUe .
For ASE, MG\A) =M(G)\A .
For ASE, MGc/a) =ma) /A .

A connected graph G 1is k-separated if and only if its

matroid is k-separated. That is, A(M(G))= A(G) for any

-

connected graph G .



1k

5. Independent Partitions

IJet M be a finite matroid of size m and rank r on a set
E [ ]

An independent i-partition of M is an ordered partition (A, B)
of E (i.e. AUB=E,ANB=¢) such that

@) lal =i, 18] =m-1 .

(ii) A and B are independent sets in M .

We denote by ﬂ'i(M) the set of all independent i-partitions

of M, and by ﬂi(M) the cardinality of Tl'i(M) .

Example. Iet M =7(G) , where is the graph in Fig. 1 .

1<

Figure 1

Since r(M) =4 , JrO(M)=Jrl(M)=1r5(M)=:t6(M) =0 . For i=2,3 let
(A,B)ETTi(M) . If el,eaeB, then e €A and

A-e, B-[ele2]) ETl’i_l(m(K')) . Conversely, if
(C,D)Gﬂi_l(M/[e,el,ee}) then (C+e,D+(el,e2}) eﬂi(M) .
And, e EA, e, €B iff (A-el,B-e ) eTr._ (m(H))

n, (M) =, (A(K)) + n; (M(H)) + ny(M(K)) =3+2 +4=11, and

ry (M) = 7 OR(K)) + 7, OR(H)) + 7, (A(K)) =342+ 6+3 =18 .

So,

(We will use
"this method" of counting independent partitions in Chapter 3).
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Since (A, B) is an independent i-partition of M if and only
if (B,A) is an independent (m-i) - partition of M , we have

:ri(M) =1rm_i(M) so that the sequence ni(M) s, 1=0, ...,m is symmetric.

If M has a loop or if r(M) <-é'3 , it is clear that =, (M)=0 .
In fact, Edmonds and Fulkerson [65] have shown that M has an independ-
dent ‘i-partition for some i if and only if rfA) _>_-L‘%L for all AcE .

We began studying independent partitions as a tool for solving

some long-standing conjectures about the number Ik of independent sets

of size k in a matroid M of rank r . Welsh [71] has conjectured
IkZmin[,IJ., I,] for 0<j<k<i<r

Stronger than Welsh's unimodal conjecture is the logarithmic concawity

conjecture of Mason [72]

i > Ik-llk+l for O0<k<r .

Dowling [ 80] showed that stronger still is the independent partition

conjecture
rﬁ{_l(M)Sth(M) for M of size 2k ,

or more generally, that if M has size m,

m+ 1
2 }

;M) <m (M) for i<

that is, the symmetric seguence ni(M) s 1=0,...,m is unimodal.

In Chapter 3, we prove the latter conjecture for polygon matroids of

outerplanar graphs.



Iet M be g finite matroid of rank r on a set
E =(el, ceny em} . We consider the polynomial ring R=ZZ[el, cee s em]
freely generated over the integers by the elements of E , and define
a partial order on R as follows: f < g if the coefficient of each
term of f does not exceed the coefficient of the corresponding term
of g .

Define a homomorphism o :R -+ Z under which the image of a
polynomial is the sum of its coefficients. Clearly, f < g 3implies

o(f) <olg) . Now, for 0< g <r, we let

f=7‘,('ﬂ' e))
Y eiEAi

where the sum is extended over all independent sets A of size £ in

M . Then fz is homogeneous of degree £ and o(fz) = IL . Then since
= 2_ _¢p2 - =
Ii ‘("(fz)) "°(f1,) and °(fz-1fz.+1) 'o(f.e-l)o(le) =Tp1Tp41

we have that

(1) £

Z f)?,-Zl.f.(’,+1 for 0<4i<r,
implies

E-lI£+l for O0<£t<r . .

5, >1



17

To obtain an equivalent form of (1) we need the following
notations and definitions. Given a matroid M on a set E , and
disjoint subsets X and Y of E , the size of the minor

M} (XyUY)/Y is the cardinality of X , and its depth in M is the
rank of Y in M.

1.3 Propositions Let M be a finite matroid and ¢ a positive

integer. Then

2
(1) £,00 >¢ ,(0F ()

g+l
if and only if, for every k<4 and every minor N of M of size

2k and depth £-k ,
(2) M) > () .

Proof. We interpret the coefficients in the homogeneous polynomials

fi and fz-lfz+1 . Each term of either is an integer multiple of
a monomial of the form
g= W e,« T & ,

e€y 1 e €z J

i J
where Y and Z are disjoint subsets of X satisfying
lYl +2lZl =24 . Iet lYl =2k , so lZl =f«k . Then the coefficient
of g in f‘i is the number of ordered pairs (AUZ,BUZ) of

independent sets in the restriction M| (YUZ) such that (A, B)
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is an ordered partition of Y and lAl =\Bl =k . These correspond

to the independent k-partitions of the minor N=M| (YUZ)/Z of size
2k and depth £-k in M . Hence the coefficient is n:k(N) . In
like manner, the coefficient of g in Ty 1f4e1 18 uk_l(N) . So
(2) implies (1).

Conversely, suppose (1) holds and let N=M| (YUZ)/Z bve a
minor of size 2k and depth 2-k in M . We may assume Z is
independent in M , so that lZl =& -k . Define a monomial g as
above, and observe that the coefficients of g in f‘i and fz-1f1z+1
are given by the left and right sides of (2), respectively, so that
(2) follows from (1).

A class 7 of matroids in closed under minors if N € M when-

ever MENM and N is a minor of M .

1.4 Corollary. Iet M be a class of matroids closed under minors

and suppose that (2) holds for every k < £ and every N in 7 .

Then (1) holds for every M in 7 .



CHAPTER II

Unimodality and Combinatorial Sequences: a Survey
A sequence a.k s k=0, ... ,r of non-negative real numbers is
said to be unimodal if
8‘3 > [ai, ak}_ for i1<j<k,

that is, the sequence has no local minimum. A sequence &
k=0, ..., r of non-negative real numbers is said to be

logarithmically concave if

a.ﬁzak_la.k_'_l for k=1, ..., T=l .,

In the introduction we looked at some sequences which have been
conjectured to be unimodal or logarithmically concave (log concave).
In this chapter we continue this study by collecting some of the
well-known unimodality conjectures in combinatorics and indicating
the related results.

One form of the Newton inequality, which is extensively

discussed in Hardy, Polya, Littlewood [52] is the following:

2.1 Theorem. If the generating polynomial

k
P(x) = T x ,a #£0
c><1«:<rlaLk T

19
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of a finite sequence & 0<k<r , has only real roots (_<_ 0) , then

2 ., K, r-kil
& Z 8 1% k1 " yax 2 2SkZr-1l.

This theorem provides a powerful tool for proving unimodality
of certain combinatorial sequences, for example, the sequence of

Stirling numbers. The Stirling number of the first kind, s(n, k) is

defined by (-1)n‘ks(n ; k) 1is the number of permutations of n
symbols which have exactly k eyeles. It is well-known that the

generating function for s(n,k) is

n k
Ts(n,k)x =x(x-1)...(x-n+1),
k=1

a polynomial with only real roots. Hence, Erdos [53] uses Theorem 2.1

to prove:

2.2 Corollary. The sequence of the absolute values of the Stirling

numbers of the first kind, s(n,k) , n fixed (> 3) , k variable
(€ n) 1is log-concave.
The number S(n, k) of partitions of a set of n elements

into k non-empty subsets is called the Stirling number of the

second kind. Harper [67] has shown that the generating function
n
% S(n, k):t:k
k=1

has only non-positive real roots. He uses this result to show
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2.3 Corollary. The sequence S(n, k) of the Stirling numbers of the

second kind, n fixed (> 3) , k variable (< n) is log-concave.

Lieb [68] gets this same result using a slightly different generating
function.

There are other unimodality conjectures which have not been
settled. Before we present them we need to give some notation and
definitions. We will assume the reader is familiar with elementary
lattice theory as given in Birkhoff [67]. If M is a matroid on E s
we can associate with M a partially ordered set £(M) whose elements
are the flats of M ordered by inclusion. Under this inclusion
ordering £(M) is a geometric lattice with atoms the flats of rank
one in M and with hyperplanes the flats of rank equal to one less
than the rank of M . Conversely, a finite geometric lattice is
igomorphic to the lattice of flats of a matroid. We also assume the
reader has knowledge of the Mobius function p, of a partially ordered
set as given in Rota [64].

Iet G be a graph. A k-coloring of a graph G is the assign-
ment to each vertex of G one of a specified set of k colors. A

proper k-coloring of G 1is a coloring in which no two adjacent ver-

tices are the same color. The chromatic polynomial P(G ;1) is the

function, defined on the positive integers, which when ) is a positive
integer equals the number of different ways of properly coloring G

in % colors. This definition can be generalized to matroids. That
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is, for any matroid M on a set E the chromatic polynomial of M

is given by

;) = ¢ (-1)Al \F(E) -r(a)
AcE

where again r(A) is the rank of A . Thus for a graph G with no

loops or parallel edges

xk(G) P(m(G) ; A)=P(G; 1) ,

where k(G) denotes the number of connected components of G . Birkhoff

[12] and Whitney [32] were the first to study the chromatic polynomial.

2.4 Theorem. If G is a graph without loops or parallel edges and

e 1is an edge of G then

P(G;2)=P(G\e;1r)-P(G/e;nr) .

From this theorem many properties of the chromstic polynomial
can be derived. For example, the maximum degree of P(G ;)
is |v(G)| , the coefficients of the chromatic polynomial alternate

in sign, and the chromatic polynomial has a representation
A
P(G;x)=z(j)i:bi,
i=1

where bi is the number of ways of properly coloring G in exactly



i colors with color indifference. Read has conjectured that if G

is a graph with chromatic polynomial

then the sequence & , 1 <k < |v(G)] 4is unimodal. Welsh [75]
made the stronger conjecture that if M is a matroid with chromatic
polynomial

r(M)

k .k
PM;A) = T (<L),

k=0
then the sequence &, , 0 <k <r(M) is log-concave. These con=-
Jectures are true in the instences where the chromatic polynomial is
known.

For example,

1) For the complete graph K,

P(Kn; A =a(r-1)...(A-n+1)

2) For G a tree with n vertices

P(G ;) = A(x-1)""t

(In fact, a graph G is a tree with n vertices if

and only if it has chromatic polynomial A(A -l)n':l



3) For G a cycle with n vertices
n
P(G3A) = (A-1)"+ (-1)*(a-1)

4) For G the Fano matroid

P(G; ) = A= 7x2+ i) -8

Further Heron [T72], has proved:

2.5 Theorem. If G 1is a connected graph with n vertices and

chromatic polynomial

P(G ;1) = A°- alx“'l+ c+ (1)

n-1

then for all i < (n-1)/2,

ai-LS ai .

Rota [64] has shown that if M is a simple matroid on E and & is

its lattice of flats

P(M32) = T u(¢,F)Ar(E) -x(F)
Fes

where yu 1s the Mobius function of £ ., The coefficient w, of
\F(E) -k

2k

in P(M;2) is known as the kth Whitney number of the first

kind. Evidently,

w = I w(@,F) , 0<k<r(E) .
r(F)=k
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Using this characterization of the coefficients of the chromatiec

polynomial, Dowling and Wilson [7h] have proved:

2.6 Theorem. ILet & be a finite geometric lattice of rank r with

m atoms. Then

el 2 (F 1) @0 « ), osksr,

and equality holds for some k , 2 <k <r 1if and only if & 1is
isomorphic to the direct product of a line and & free matroid.

On the other hand, Heron [72] has shown that

b 1 < G:) .

Also of interest is the sequence W, of Whitney numbers of

k
the second kind, where Wk denotes the number of flats of rank k
in a finite matroid. Rota has conjectured that the sequence Wk »

0 <k <r(M) , is unimodal. This is known to be true, for example,
for the partition lattices (see Harper [67] and Lieb [68]), paving
matroids, and projective or affine geometries. In fact, the stronger
conjecture that the sequence Wk is log-concave seems to hold.

Mason [72] makes the plausible conjecture that the ratio

Wﬁ /W, W, is minimized over all matroids on m points by the

free matroid, that is,

W

k+lm=k+1
We > ko mok Vi-1"k+l 2

k
where m = Wl -
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The most general results concerning these conjectures were proved by

Dowling and Wilson [75].

2.7 Theorem. For any finite geometric lattice & , the Whitney

numbers satisfy

WykWot oo bW SW__ (b oo W+ W

where r is the rank of £, and 1<k <r-1 . If equality

holds for some k then & 1is a modular lattice.

2.8 Theorem. Let & be a finite geometric lattice of rank r with

m atoms. Then

r -2 r
W, > _l)(m-r)+(k), 0O<k<r.

When r > L4 , equality holds for some k , 2 <k <r-2 if and only
if &£ 4is isomorphic to the direct product of a modular plane and a

free geometry. (A free geometry with J atoms is the geometric

lattice of all subsets of a j-set. A modular plane is a modular

geometric lattice of rank 3 .)

A speclal case of the previous conjecture for the sequence

has been studled recently. The Points-Lines-Planes conjecture is:

2 3
WEZEWI% .
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Stonesifer [75] proved this conjecture for graphic matroids; Seymour
[82] proved this conjecture for matroids in which no line has five or
more points. (A point is a flat of rank 1, a line is a flat of rank
2 , a plane is a flat of rank 3 .)

Analogous conjectures have been made for the sequence Ik of

independent set numbers of a matroid M on E , vhere Ik denotes

the number of independent sets of size k . Welsh [71] made the

following conjecture in 1969

I

" > min{I

k1’ L) 2 2S5k<rM)-1.

Mason's [72] log-concavity conjectures for the independent set

numbers are: If 2 <k <r(M)-1 and m= |E| , then

2
e 2 Teailesr 2

2 _k+1
Ik z k Ik-lIk+1 ’

k+1lm-k+1
k  mok k-1Tk+l

2
Ik >

These conjectures are known to hold for M a projective or affine

geometry, Further, M is a paving matroid if and only if

m
Ik-Q , 0<k<r-1l.
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More general results which lend support to the truth of these

conjectures can be found in Mason [72] where he proves

2.9 Theorem. If M 1is a matroid of rank r , then

< < .
L £I._, for k<r/2

Seymour [75] proves the following three theorems.

2.10 Theorem. If M is a matroid of rank r on a set E , and

0O<k<r-1, then
r+d me-k
1 2 (k+'l' -l)lk and L, Sgyilk o

where d is the size of the smallest cocircuit of M , and m = |E| .
(A subset A of E is a cocircuit of M if and only if A has
non-null intersection with every base of M , and is minimal with

respect to this property.)

2,11 Theorem. If M is & matroid and k 1is a positive integer such

that for any circuit C of M, either |C] =1 or |C| =2 or

Icl >k , then

2 k+1
L 2 % Tt .
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2.12 Theorem. If all circuits of M have size at least k , then

>k+lm-k+lI T , m= |E|] .

I2
k= k m-k k-1 k+1

Dowling [80] proved

2
I, >IL L, for 0<k<r,k<7.

Two other interesting log-concave sequences are given by Stanley [81].
We first give a definition. A matroid M of rank r on a set E of

size m 1is called unimodular (or regular) if there exists a mapping

9:E > R such that
a) & subset A of E is independent if and only if
the |A| column vectors o(E) , e €A, are

linearly independent, and

b) the r x m matrix [0(el) .. .0(em)] is totally
unimodular, i.e. every minor has determinant O
or + 1.
The most familiar class of unimodular matroids are the graphic matroids.

Stanley's main results are the following:

2.13 Theorem. Let M be a unimodular matroid of rank r on a

finite set E , and let A CS . Let fi be the number of bases B

of M satisfying |B NnA] =1, and set g;= fi,/(i) . Then the

sequence g, » gl, ooy gr is log-concave.
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2.14 Theorem. Let P be a finite partially ordered set with n

elements, and let x € P . Let Ni be the number of order-pfeserving
bijections o:P+ {1 ,2, ...n} satisfying o(x) = i . Then the
sequence Nj_’Ng’ . ,Nn is log-concave.

We discuss the independent partition conjectures in the ensuing

chapters.



CHAPTER IIT

The Independent Partition Conjecture

l. Dowling's Theorem

We turn, then, to the study of independent partitions of a
matroid of size 2k . In [80], two bipartite graphs are associated
with such a matroid M . Each has bipartition ey (M) U, (M) . The
graphs G=g(M) and H=H(M) are given as follows: let agA be
such thet (A, B) em (M) end (A\ea,B+a) €t _,(M) , then in @
(A\a,B+a) 1is adjacent to (A,B)., and in H (A\a,B+a) is
adjacent to both (A ,B) and (B, A) . An alternate description is
helpful. An independent pertition may be regarded as a 2-coloring of
the elements of M so that each color represents an independent set
in M. Adjacency in G describes the ability to switeh colors on
one element. In H, (A,B) eTTk_l(M) is adjacent to (C, D) ETTk(M)

if (C,D) is arrived at in one of two ways:

(1) the color of one element of B is switched,
(2) the color is switched on one element of B and then

2ll colors are switched.

In & bipartite graph with bipartition Vl UV2 » & matching of
v, into V2 is & set A of pairwise non-adjacent edges such that
every vertex in vy is incident with some edge in A . If we could
show that there is a matching of ﬂk_l(M) into 'n'k(M) in either

greph, G or H , then we would have the inequality m_, (M)S“k(M) .
31
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When the graph H has such a matching we say M admits an
H-matching. In 1980, Dowling [80] proved that any matroid M of size
2k admits an H-matching when k<7 . We include his proof here. 1In
the next section we exhibit a matroid which has no H-matching.

We first need a result on matchings in bipartite graphs. For

vertices x,y of a graph H, let x~y mean x 1is adjacent to y .

3.1 Proposition. Iet H be a finite simple bipartite graph with

bipartition X UY . Suppose that d.H(x)Zl for all x€X and that

1
(3) T 3757 S1 foreach yE€Y.
X~y O\ X

Then G admits a matching of X into Y .

Proof. et A be a subset of X and let N(A) ©be the set of vertices
in Y adjacent to some vertex in A . By Hall's Theorem, it suffices

to show Al < IN(a)] . Using (3), we have

) d,(x)
12| —ng dH{x} x}éA x~y { ) yEN(A) )e~'y [ ) = < vl )

Denote by x(A) the closure of a set A S E . For
(¢, D)eﬁk_l(M) , we have (C+d, D\ d)enk(m) if and only if

d€p-«(C),

af(c,p)=Ip-«(c)] ana gflc,D)=2d((c, D)=2]D-«(C)]
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And for (A, B)ET (M)
a;(A,B) = a;(A, B)+d,(B,A) = la-x B +]B-x@)] .
Iet X =T ,(M) and Y =T (M)

3.2 Temma. If r(M) <k or r(M) =k+1 and M has a coloop, then
the graph H admits a matching of X into Y . Otherwise, for

(c,p)€x, (A,B) €Y
) ID -« (e)]>3 and

(5) [B-x ()] >2

Proof. If r(M)<k then = . (M) =0 and so the result is true
vacuously. If r(M)=k+1l and e is a coloop, then for

(C,D)€X we have |D|=k+1 and so D 4is a basis and hence

e €D . .We match (C,D) to (C+e,D\e). If r(M)>k+2, or

if r(M)=k+1 and M has no coloop, then there are at least 3
elements not in the closure of an independent (k -1)-set, and at least
2 ele;:nents not in the closure of an independent k-set, so (4) and

(5) hold.



For (A, B) FTTk(M) , we call the pair (B,A) and (A, B)

mates.

3.3 Theorem. Iet M be a matroid on 2k elements, k<7 .

Then H admits a matching of X into Y .

Proof. We may assume r(M)>k+1 and if r(M)=k+1 then M has
no coloop, so (4) and (5) hold. Since the theorem is true for k=1,
we may assume k>2 . We shall show that under these assumptions, H

satisfies (3).

Iet us fix (A, B) €Y and define sets

BO=B-x(A)={bl,b2, ...,bs}

AO=A-K(B)=[al,a2, ...,at}

where lBol =x and lel =t . Then (A,B) is adjacent to the

s + t vertices

(6) (B\bJ,A+bJ),b €5,

J

(7) (A\ai,B+ai),ai€Ao

To determine the degree in H of these vertices, we define

B; =B-x(A\e;), 1<i<t

3k
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A.=A-x(B-b,), 1<j<s
3 3 Sd =
= = R i =
end let t.'] lA;jl’si lBil Since A,j Ao for 1<j<s and

for 1<i<t , we have using (5)

=
Bi Bo

(8) 2<t<t. <k, 2<s<s,<k .

The vertices adjacent in H to (7) are (A, B) , the s, vertices

i

(A-ai-f-bj, B+ai-bj) for ‘bjEBi, and the mates of these. Thus

dH(A-a.i ,B+ai) = 2(si+ 1) . The vertices adjacent in H to (6)

are (B,A) , the tJ. vertices (B-b +a,, A+bj~ai) for a.]._EA;j

J
and the mates of these. Thus dH(B'bj ,A+bJ.) =2(tj+ 1) and thus

t s

1 1 1
z = X + .
(C,D)"‘(A,B) d-HzC,D') i=1 2{Si+ls ,j=l 2\tj+l;

To establish (3) we must show

t s
1 1
(9) T —— + % <2
1=1 si+1 j=1 t3+1-

let I =I(sl,s2, R T YR ts) denote the function
given by the left side of (9) whose domain is the set of admissible
(Si) and (t,j) . I is a decreasing function of each s; and t;j R
and so by (8)

t s
(10) !Ss+l+t+l .
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The right hand side of (10) is <2 when
t(t+1)+s(s+1)<2(t+1)(s+1),

that is when
(11) (t-s)2_<_t+s+2 .

We may, without loss of generality, assume that t >s . Then (11)
holds and hence (9) for all (t ,s) satisfying (8) with k < 8
except for (t:s)=(6,2)) (7,3)’ (7:2): (8,)"‘)1 (8,3): (8)2) .

To deal with these cases for k < 7 we need the following Lemmas.

3.4 Temma. For each subset I<{l1,2, ...,t]
(12) lu sl >zl .

igI T
If I 1is a proper subset of (1,2, ...,n)
(13) ly sl >11| .

igI .

Proof. Clearly (12) holds if B is empty, so assume B # @ . Iet

F be the flat of M defined by

F=N

K
ser A=-2;),
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where k(A) is the closure of A . Since the sets A-ai are subsets

of an independent set A , we have

F = NA-a,)) =«(A - U P
K(i€I< a,) =x( Uy

a flat of rank k-lI\ . Since B is independent, |FNB| 5k-|I] .

But

FNB= Nk(@A-a,)NB) =N (B-B,) =B-U B, ,
1€I * 1€T . i€r *

S0

[B-U 8| <x-11] ,
i€I

which gives (12). Suppose now that equality holds in (12). Then

B-U Bi is a basis of F , and therefore spans A -U a, . Thus
i€1 ier *

xk (B)=¢x(B -U Bi) 2A-U a
ierT i€T

i

But « (B) ﬂA=A-AO,AOC.léJIai and we conclude that I = {1,2, ..., t} .
1

We assume t>s , and note that (13) implies that at most s-1
of the Bi equal BO . Hence the upper bound of (10) can be improved to
(14) <s-l t-s+1 8

Ss+it "5+ ttyi ¢

and the right hand side of (14) is <2 for (t,s)=(6,2),(7,3) end
(8,4) .



38

3.5 lemma. Let C(bj) , J=s+1, ...,k be the unique circuit
b.€ c(b.)SAUb, . Th
3 c( ,j) 3 en

t k
(15) T (si- s) =% ]C(bj) ﬂAOl .

i=1 J=s+1
Proof. For 1<i<t , si-s=lBi-BO| . bJ.E B;- B, means

j€{s+1, ...,k}, bj¢ k(A-a;) but bjeK(A), which means

8, € C(bj) ; J€{s+1, ...,k} . To prove(l5) we count ordered pairs
(bj » By - BO) vhere bJE B;- By -
There remains the case (t ,s) = (7,2) . Since s =2,

at most one si=2 . If 8123 for 1<i<7 , then

Syp+g=2. If s;=2 and at least two sizh , then
1 L4 2 2 . s s3 s s . _
IS § )y + 3 + B < 2 . The remaining possibility is sl— 2 and
(at least) s;= 3 , then, by (15),

t k k
L (s;-2) = I lC(b.)ﬂAOl >T2 =2(k-2)
i=1 j=3 Y 3=3

(i.e., lC(bJ)l > 3 as otherwise aiEK (B) for some i€{1,...,t}) .
7

So, 2((k-2)+2 *7< Zsi=2+5°3+s7 . And s722k-727 , for
=1
2

5, 1 s
+E+ gt B < 2 . This completes the proof of

Wi He

k>7 . Hence, IS
the theorem.
Actually, we have shown that (9) holds for all (t ,s) satisfying

(8) and (15) with k < 8 except for (t,s)=(8,3),(8,2) .
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The case (t ,s) = (8,3) 1is similar to the case

(¢ ,8) = (7,2) . We see that since s =3, s; =3 for at most two

' { - 1,7,.3
i's . If sizh for i=2,...,8 then I5E+5+9<2‘ So

we may assume s, =s.,=3 and sizh for i>3 . Then (15) gives

1 2
8 8 8
T (s;-3) >T2 =10, or Ts; >34
i - . 1
i=1 j=l i=1
8
All 5-tuples (s, , ..., sq) such that 4<s, <8 and T s, >28 are
3 8 ="i= 123 i 2
8 1 3 2
such that .E ﬁs 2 - -1 - Hence, Is 2 in the case

1=
(t,8) =(8,3) .
The case (t,s) = (8,2) is a special case of the following
theorem, where we show 1r7(M) < n8(M) without showing the existence

of an H-matching.

3.6 Theorem. Iet M be a matroid of size 2k on E , and let

CI e2€E be such that for N=M\ (e; 585}, r(N) = k,r({el,ea})=2

and N has an H(N)-matching. Then =, (M) < m (M) .

Proof. Iet ¢ :ﬂk_e(n) - ‘lTk_l(N) be the bijection defined by

¢(x)=y if x and y are the ends of some edge of the matching in
H(N) . That is,. for (C,D)E€M _,(N), o((c,D))=(C+d,D~-d) or
(D-d,C+d) for some d €D . Using ¢ , we will define a bijection
1] :TTk_l(M) + TTk(M) . (¥ may not describe an H(M)-matching.) We will

use the notation ¢(C,D) for e((c ,D)), ¥(c,D) for ¥((c,D)) .
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We see that »(M) < r(N) + r([el, e2}) =k+2 , and we may

assume r{M) >k .

Case 1. r(M) =k+2 . Then M is not connected and we can map as

follows: Iet (C,D)€T _,(M) ;

(1) if el,e2€D let ¢(C,D)=(C+el,D-e)
(11) if e €c, e2€D let v(c,n)=(c+e2,n-e2)

(i1i) irf e,€C, ;€D 1let \y(c,D)=(D-el,c+el) .

It is easily checked that this map is well-defined.

Case 2. r(M) =k+1 . If el€|< (N¥) then e, 1is a coloop and
Lemma 3.2 applies. Hence we may assume e, €k (N) for i=1,2 .

Define ¢ as follows: ILet (C,D)ETTk_l(M) s

(1) 1irf el€c,e2€D and (p(C-el,D-e2)=(Al,Bl) then
let w(c,D)=(Al+el,Bl+e2)
(ii) if e2€C,el€D, and ¢(c-e2,D-el)=(Al,Bl) then

let ¥(C,D)=(C+ e s D-el) if C+e, is independent

1
and let ¢(C,D)= (Al+ ey, By + el) if C+e; is
dependent.
(iii) if ele2€D, let Dy=D-eqe, -

if there is no ¢ (D, ,C) , then let ¥(C,D) =

(D-ea, C+e2),
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1r o7(p,, ) =(Dj-d,C+d), then let ¥(C,D) =

(c+da,p-4) ,

if ¢'1(Dl, C) = (C-c,D;+c), then let

(Dl+ c,C~c+ elee) if C-c+e,e, 1is independent

‘k(C;D) =

(C+e2,D-e2) if C-c+e is dependent.

1%2
We must show that ¢ is well-defined. Iet (A ,B) Eﬂk(M) . There

are several cases for (A, B) .

(1) 1r elEA,eaeB , let (Al, Bl)= (A-el,B-ez) . Then
(A, B) has pre-image in (i) iff cp-l(Al, Bl) exists and

(A ,B) has pre-image in (iii) iff tp-l(Al, Bl) does not exist.

(2) 1Ir e2€A, elGB, let (Al,Bl)=(A-e s B-e) . Then

2
(A,B) has pre-image in (ii) iff cn-l(Al s Bl) = (Cl s Dl) and

C;+e,e, is dependent. And (A ,B) has pre-image in (iii)

-1 .
if ¢ (Bl R Al) = (Al— a, B + a) and A,-a+eje, is dependent,

and B+e, 1is independent. If possible, suppose that

2

(cl+ ey, Dy + el) + (A,B) from (ii) and (Al, Bl+ele2)

i (e
(A,B) from (iii). Then either C,cA;, or C,GB . If CicA

Cl+ e 8 is dependent and Al-ewele2 is dependent, but this

is impossible as A1+ ey is independent. If ClCBl then

(ii) gives C,+e,e, dependent and (iii) gives B,+eje,

independent, another contradiction.

-

1 then



(3) The cases e, e2€A and e, , e2€B are easily checked.

We omit the details. We conclude that m _,(M) < m (M) .

As a corollary we get

3.7 _Corollary. Iet M be a matroid of size 2k , k < 8 . Then

n (M) < x (M) .

ho



2. A counterexample

Figure 2

Consider the graph K of Fig. 2 with edge set
E=AUBUCU{el,e2,e3,e,+] where A=[al, ...,ap] R
B={bl’ coo,bp}, C=[Cl, oo-,cp],D=[dl, o-o,dp} .
|E] cup+lb=2(zp+2) . Iet k=2(p+1l) . Iet M=N(K) .
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We see that for y=(A+ C+e +e) , B+D+el+62)€"k(M) s

3
(t,s)=(k,2) and

1 2 1

2 2 -3 1
LG8 TGN A "kt 5EItE

=2
x~y
That is, (A+c+e3+ e,, B+D+e,+ e2) = (X,Y) is adjacent to the
2p vertices (X-ai,Y+ai) s (X-ci,Y+ci) of degree 2 *L4 and
the 2 vertices (X-e3, Y+e3) , (X-eh, Y+eh) of degree
2(p+3) and the 2 vertices (Y-el, X+el) , (Y—ee,x+e2) of
degree 2(2p+3) .

If p>k4 then clearly I > 1 while if p =3 then

L= -g—g > 1 . Hence condition (3), sufficient but not necessary for
a matching, is violated where p >3 . We next show that for p
large enough, the graph H(M) indeed does not have a matching,
although the inequality 1\'k_l(M)_<_nK(M) is satisfied.

Sets of the form [ai R bi} and {ci ’ di} we shall call

wings. Iet W=AUBUCUD and
a-={x, Y)E"k_l(M) fegs ey €x} .

We will show that |a]| > [N(@)] .

Ly

For (X,Y)€a, lYﬂ[el, e2]l > 1, since otherwise the circuit

{el,ee,e3,eh]s:x. let dl=[(X,Y)€d:el,e2€Y} and

= ((x,Y)€q : [Yﬂ[el,e2” =1}, then A=+ a, .
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(x,Y) €4, implies Y cannot contain two wings. On the other
hend, |lYnwl = |¥] - l[e3 , eh}l =2p+1 means Y must contain a wing.
Since ez ehEX , X cannot contain a wing. Hence ldl] = (2p)22p"l .

(x,Y)€d, implies Ixnw] =1x] -3=2p-2 and
lY ﬂWl = lYl -1 =2p+2 . Hence Y must contain two wings and must meet

2p-1

2p-1y | g0 lal = pp+2)2 )

every wing. So !dal = 2(p22
N(@) = NUN' where N is the set of neighbors in G(M) ,
and N’ is the set of mates of elements of N . Hence
In(@)] =2|n] . Again, N=N,UN, where Nj=({X,Y)€N:e ,e, €Y} and
N,={(X,Y)EN:|¥N(e,, e}] =1)
(X, Y) €Ny implies Ixnwl =]|x] -2 =2p, ana |¥Ynw] =|yY]-2=2p .
Now, X cannot contain a wing, as [e3 s eh} SX , and hence neither can
Y. so |m] = 2°P |
(X, Y) €N, implies Ixnw] =1x] -3=2p-1 and
lY ﬂw‘ =lYl -1 =2p+1 . Then Y must meet every wing and contain one
ving. So || = 2(2p(2®P1y) .
mus  |N(7)] = 2|n] = 2(2%P+ 2p2°P) = k(2p+1)2®P"L
lal = p(p+2)22p—l . For p>T7, p(p+2) >4(2p+1) . Hence for
every k > 16 we see that there is a matroid of size 2k which has no
H-matching.
- It is, however, easily verified that

n () = P+ 6p + 8)2°P°

n (M) = (° + 6p + 6)2°F ,

that is, nk_l(M) < n’k(M) .



3. The Independent Partition Conjecture

Since we cannot expect to produce a matching in the graph H to
prove the inequality rrk_l(M) < rck(M) , for M of size 2k we now

turn to some results about the stronger

Conjecture 6: If M 1is a matroid of size m and

m+ 1
5— » then nri_l(M) < :ri(M) .

Our first result shows that a smallest counterexample to Con-
jecture 6, should one exist, must be connected. Theorem 3.9 is based
on a result of Andrews [T75] which states that the product of two poly-
pomials with symmetric unimodal coefficients is & polynomial with

symmetric unimodal coefficients.
3.8 Temma. Iet M=M19M2 where Mj has size m, J=1,2 . Then

ﬂi(M) "ti_l(M) = z .' [ﬂt(Ml) -“t-l(Ml)][ni'-t(Ma) -ﬂi-ml-i-t-l(ME)] .
ost<gm

Proof. (A, B) Gﬂi(M) if and only if (A, B) = (A1+A2 » By* 132) where

(A, B))ET (M) and (A, B,)ET, (M), t =[a] . Then

7 (M) = %
0<t<

(M) ng ()
|
And so
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my (M) - my (M) = 2 my (M) ) _

=z :tt(M)

t =

£ (M) tz my My )7y g (M)

M) S B m g () (M)

- z [Ht(Ml) - “t-l( )][1[ t(Mz)] +

1
t _<_§(ml+ l)

+

1
= 12 [nt(Ml) - "t-l(Ml)]["i-t(Me)] +
ts§(ml+l)
+ 12 oo (M) = (M), _ “m+ b - M)
t<§(ml+ l)

To get the last line we let t=m -g+1 , then x (Ml)=:tml L(Ml) =
,G_l(M) and nz 1) = nml ;+1(M1) = (M) M.) ; further, if

1

aem +l)<.t<m1+l then 0<1,<—(ml+l) Also, “i-z( 2) =
" om 4+ £-1(M)) . Now, if we use the fact that x (M) = x, ,(4)) if

t = %—'(ml-o- 1), then we get

I‘::I_(M) '“i-l(M) = z
b

l\)ll—'

3.9 Theorem. ILet M= MlQ M2

T [my(M)) = mp (M) 10w, (M,)]

47
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where Mj has size mj,;]=l,2.

5y 1 (04)) S & (0)) for 3 532'-(mj+1) end j=1,2,

If
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then

1
ny 1 (M) Sy (M) for 1 <F(m+l) .

Proof. From Iemms 3.8 we have

# M) -y 200 =z D () -y 0010y () -y gy ()]
t<zm 1

We shall show that if 1 < %(ml+ 1) then every term in this sum is
1
nonnegative. By assumption, :rt(Ml) > Jtt_l(Ml) for t < -2-(ml) . Also,
1l 1 . 1
t < E(ml)’ 1< 5(m1+ m, + 1) implies i -+t - l<§(m2) , and both
i-tzi-ml+t-l and m2-i+tzi-m1+t-l . Since one of i-t
or my-i+t dis less than %(m2+ 1) , we see that

Ma) .

73 (M) 2 “iom + b 1
Our next result shows that a smallest counterexample to Con=-
Jecture 6, should one exist, has a flat whose rank is larger than half

its size.

3.10 Theorem. If M has a flat F such that r(F) _<_J-F2-J- and Con-

jecture 6 holds for M/F and M|F , then Conjecture 6 is true for M.

Proof. If M has a flat F such that r(F) <J%Lthen ni(M)=0 for
all i . That is, if (A, B)GTTi(M) then one of |ANF| 21%]- or

|BnrF| > -Lgl is true. So we may assume r(F) = -l%]- . Then for

(A, B) €m (M) we mst have |APF| = |BNF| = IH_r. men

2
1 m-2f+ 1
ni(M) = nf(M|F)xi_f(M/F) and is-é(m+l) implies i-f<=—%— .



CHAPTER 1V

The Main Theorem

l, Series-parallel Networks

There is a simple type of electrical network termed a series-
parallel connection which occurs frequently in both theoretical and
applied electrical engineering. We have taken the following description

from Duffin [65]. 1

™
P

Figure 3

A simple circuit

Shown in Fig. 3 is a simple circuit containing a battery of voltage E
and a resistor of resistance R ohms. Then the current I flowing in

the circuit is determined by the relation
E/I=R>0

This is Ohm's law.
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Figure U4t

Resistors in series

Shown in Fig. 4 are two resistors connected in series. One resistor
has resistance A ohms and the other has resistance B ohms. Then
the joint resistance R between terminals 1 and 2 is given by the

formula
R=A+ B .

On the other hand, the two resistors could be connected in parallel

as shown in Fig. 5.

Figure 5

Resistors in parallel

50
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Conductance is the reciprocal of resistance and conductances add in

the parallel connection, so

Rl a kgt
Solving for R gives
_ AB
R=2+8 °

and this is the formula for the joint resistance R of two resistors

in parallel. Let

Then A :B may be regarded as a new operation termed parallel
addition. Parallel addition is defined for any nonnegdtive numbers not
both zero. The network model shows that parallel addition is commutative
and associative. Moreover, multiplication is distributive over this
operation.

Consider now an algebraic expression in the operations (+) and

(:) operating on positive numbers A,B,C, etc. An example is
(16) R=A+B:(C+D:E) .

To give a network interpretation of such a polynomial, read A+ B
as "A series B" and A:B as "A parallel B"; then it is clear
that the expression (16) is the joint resistance of the network shown

in Fig. 6.



Figure 6

A series-parallel connection

Networks obtained from such polynomials are termed series-parallel

connections.

Not every network is a series-parallel connection. In parti-

cular, it can be checked that the Wheatstone bridge connection of

Fig. 7 is not a series-parallel connection.

Figure 7

The Wheatstone Bridge connection

We can generalize these concepts to matroids, as suggested by
Minty [66] and given in Welsh [76].
Iet M be a matroid on E and let e €E and suppose

x £E . The series extension of M at e by x is the matroid
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sM(e, x) on E+x whose independent sets are of the form 1) or 2)
1) A+x , where A 1is independent in M

2) A+e , where A 1is independent in M and e £ A .

Similerly the parallel extension of M is the matroid

pM(e, x) on E+x whose independent sets are of the form 3) or 4)
3) A, where A is independent in M

4) (A\e)+x where e€A and A is independent in M.

A matroid N 1is & series-parallel extension of a matrold M

if N 1s a series or parallel extension of M or if N = MeM_.L where

M. 1is & matroid of size 1 . A series=-parallel matroid is one which

1

can be obtained from a matroid on one element by successive seriesw-

parallel extensions.

It is clear that if .we replace a given edge e of a graph G
by a pair of edges €5 & in series or by a palr of parallel edges
SRACY, end if Gl y G2 denote respectively these series and

parallel extensions of G , then

m(G,) % sm(G) (e, e))

m(@,) = o) (eye;) -

A greph 1s s series-=parallel network if each connected component can

be obtaeined from & link or loop graph by successive series and parallel
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extensions. Trivially, if G is a series-parallel network then #(G)
is a Series-pa.rallel mgtroid. Minty points out that the econverse is
also true. That is, & series-parallel matroid is nothing more than
the polygon matroid of a series-parallel network.

Using the following Lemma due to Dirac [52], we can give an
alternate characterization of series-parallel networks. A subdivision
of a graph G 1s a graph that can be obtained from G by a sequence

of edge subdivisions.

4,1 Lemma. A nonseparable simple graph in which the degree of every

vertex is at least three has a subgraphwhich is a subdivision of Kh .

Proof. Let G be such a graph. Then G has no cut-vertex and so
has a circuit. We show first that G must have a circuit of length
at least four. Since G 1s simple, it has no circuit of length less
than three. If possible, let C be a circuit of length three with
vertices vl' 2 Vs v3 . Since the degree of vy is greater than or
. Then

adjacent to v

equal to 3 , there is a vertex v 9( V.,V

2”3 1

v is joined to v, by a path avolding vy and hence to one of Vo v3

2
by a path whose interior avoids Vi Vp s v3 . But this gives a
circuit of size at least four.

Let C be a circuit of maximum length, and let the vertices of
C in cyclic order be V), Vy jeee, ¥V, ¥y (n>4) . A path between

two non-adjacent vertices of C having only its initial and terminal

vertices in common with C will be called a chord of C .




55

We claim: every vertex of C 1is connected by a chord to
another vertex of C . Without loss of generality, we may consider
vy o. It is Joined to v2 and vn and to at least one other vertex
u of G . If u€v(C) then we have the claim. Assume ugvVv(C) .
The vertex vy is not a cut-vertex so there is a path P from u +to
vy which avoids vy . One of its interior vertices is on C as C
is & longest circuit. Let A be the first vertex of C 1in the
interior of P. Then i#n and i# 2, as then C would not be
a longest circuit. Hence there is a chord from vy to Vi -

Now, if there are two chords of C which join different pairs
of vertices of C and which have a Eommon vertex we obtain a subgraph
homeomorphic to Kh using three vertices on C and the vertex
common to the two chords. So assume that every pair of chords from
distinct pairs of vertices of C do not intersect. Every chord
divides C into two arcs. Let P be & chord which has one of the
two arcs of shortest length. Say P' Joins non-adjacent vertices
Vi Ve where i <k , and the arc with vertices VisViiq0 e Vi
is shortest. Then there is vJ. , 1<j<k , on this arc. vj is
joined by a chord to some non-adjacent vertex vz of C . Then,
because of our choice of shortest arc, g ¢ {i,i+1,...,k} , and
we obtain a subdivision of K), using vertices Vi Vo vj, vz »
the two chords, and the eircuit C .

We are now ready to state the excluded minor characterization

of series-parallel matroids as suggested in Duffin [65].
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4.2 Theorem. ILet M be a matroid. The following are equivalent:

(a) M 1is a series-parallel matroid.
(b) M 1is graphic and does not contain m(Kh) as a

minor.

(¢) M is the polygon matroid of a graph G which does not

contain a subgraph which is a subdivision of KL,_ .

The characterization we most often use is given in (¢). For

other characterizations of series-parallel matroids see Welsh [T76].



2. Outerplanar Graphs

A graph is said to be embedded in a surface S when it is
drawn on S so that no two edges intersect. at an interior point. A
graph is planar if it can be embedded in the plane; a plane graph has
already been embedded in the plane. We will refer to the regions
defined by a plane graph as its faces, the unbounded region being called

the exterior face. A plane map is a connected plane graph together with

all its faces. A planar graph is outerplanar if it can be embedded
in the plane so that all its vertices lie on the same face; we usually
choose this face to be the exterior. It is easy to see that if G
is outerplanar and e is an edge of G , then G-e and G/e are
both outerplanar. Hence any minor of an outerplanar graph is outer-
planar.

All plane embeddings of Kh and K2, 3 are of the forms
shown in Fig. 8 in which each has a vertex inside the exterior

circuit.

Kh :

Figure 8

Chartrand and Harary [67] observed that these are the two basic
non-outerplanar graphs.

27



58

4.3 Theorem. A graph is outerplanar if and only if it has no sub-

graph which is a subdivision of Ku or K2 3 *
s

Proof. The "only if" statement is clear. We prove the "if" state-
ment. If possible, assume that there is a graph which is not outer-
planar and which has no subgraph which is a subdivision of Kh or

K, 3 - Among all such graphs let G be such that lE(G)] is
b4

minimum. Then G 1is nonseparable and simple. Hence, by Lemma
4.1, G has a vertex v of degree 2 . Let v be incident with

edges e, and e, which join v to vy and \’ respectively.

It must be that G/e, has no subgraph which is a subdivision of

K, or K hence G-/el is outerplanar. Consider a planar

2,37
embedding of G/el in which all the vertices lie on the exterior

face. If there is such an embedding in which e, is on the exterior

face, then G 1is outerplanar, as G 1is obtained from G/el by

5 ° So assume e, is not on the exterior
face in any outerplanar embedding of G'/e1 . The vertices vy and

v, divide the boundary of the exterior face into two arcs. Since

subdividing the edge e

e is not on this boundary, there is a vertex on each arc, say v

2
and v, - But then G has a subgraph which is a subdivision of

3

using the vertices ViV and v3, VsV o This coatra-

K2, 3 >

diction proves the theorem.

L.4 Corollary. An outerplanar graph is a series-parallel network.
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3. The Main Theorem

Let G be a graph. A handle is a simple path in G whose
interior vertices have degree 2. A graph G which has a handle P
and an edge e £ P such that P+e is a circuit is said to have a

handle on an edge.

L.4 TLemma. Let G be a nonseparable graph of size > 2.
1) If G is a series-parallel network, then G has

handles P, Q with common end vertices.

2) If G is outerplanar, then G has a handle on an

edge.

Proof. We proceed by induction on the number of edges of G .

1) Suppose G is a series-parallel network. If G
is not simple, then there are parallel edges u ,v and hence handles
P.{u}, Q=(v) . So we may assume G is simple of size > 3 and
nonseparable and therefore, by Lemma 4.1, G has a vertex v of
degree 2 on edges e ,e' . Then G,/e is series-parallel, non-
separable of size > 2 and hence has handles P',Q' with common
end vertices. Since G 1is obtained from G /e by subdividing an

edge e, G has handles P, Q with common end vertices.

2) Suppose G is outerplanar. Then G is a series-
parallel network and therefore has handles P, Q with comwon end

vertices. Among all such "double handles" choose a pair such that
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the length of P is longest. If @ has length one we are done.

So assume Q has length greater than one. Let the common end ver-
tices be u,v . We must have dG(u)Z3 , as otherwise we would
contradict our choice of P . Since G 1is nonseparable, there is
another path R from u to v . If R has length one we are done.
But R cannot have length greater than one, as then G would have a
subgraph which is a subdivision of K2’ 3 -

If G 1is series-parallel with double handles P and Q of

sizes p,q respectively, let
m,(6) = m,(m(e)) , n;(G)=n,(m(G)) ,
H=G\ (P+Q) K=G/(P+Q)
V=((A,B) €M (G): PcA , =B} , W={(A,B) €M (G) : QsA, PcB)
X={((A,B) €7.(G) : PNA#P,PNBF P}, Y=((A,B) €T, (G) :QNA#P,QNB#P)
z={(a,B) €T (G): PNA#P,PNB#P,QNA#P,QNB#P} .

Then,

(17) 7, (@) = |Vl + (W] + [x] + Y] -12] ,
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We now derive formulas for the cardinalities of the sets

appearing in (17). First we note that if Cp is a circuit of size
p , then

(E) if o<i<p

ni(C ) =
P 0 otherwise.

Now, (A, B) €V if and only if (A\P,B\Q) ETli_P(K) and
(A,B) €W if and only if (A\Q,B\P) Eﬂi_q(K) . Further,
(A,B) €X 1if end only if (A-P,B-P)€T,  (G\P) where
t=|AnP| ; and (A ,B) €Y if and only if (A\Q,B\Q)e€m _ (6\Q)
vhere t = |AllQ] . Finally, (A ,B)€Z if and only if

(AN(P+Q) ,B\(P+Q) €N, . () where t =|ANP|, s=]ANQ] .

Hence,
vl + W]+ 1X] + 1Y) - 2] = g (K) +omg (KD +

p-1 q-1 p-1 _ q-1
a P Q

E (D) m (6D E (D) @\ -8 (})E (D @
P q

= ni_p(K) + n;l_q(x) +ti:ont(cp) s ¢(G\P) +t§ont(cq) n_(G\Q)

P q
- T s {C)n (C)=x H) .
+=0 g=0 t( P) S( q) i-t-s( )

Hence the following formula for a series-parallel network G,
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£y (6) =5, (G\B)8C,) + 5, ((61,@) ©C,) - 5, (000 BH) + 5y () +xy_ (K) .

When G 1s outerplanar, we may choose Q so that Q has length one,

so Cq is & loop. Then we have
4 (G) = ni((G\P)ecp)+ni_p(K)+ui_l(K) .

Lemms ’+.§. Iet G Dbe a nonseparable outerplanar graph. Either G is
circuit or G has handles Pl 9 P2 on edges €19 respectively,

sucht that ](Pl+ el)n (P2+ e2)] <1l.

Proof. Iet m be the number of edges of G . We proceed by induction
on m . The theorem is true if G is a circuit, so we may assume G
is not & circuit and m >3 .

Iet P be & handle on an edge e*¥ . If G\P is a circuit
C, then P and C\e¥* are disjoint handles on e¥ . Hence we may
assume G\ P is not a circuit. Let G\ P have handles Qs,Q on
edges e; ,e,, respectively, such that ](Ql+ el) n(Q2+ e2)l <1l.

If e¥ ;éQl+ e, , then G has disjoint handles P ,Q, on

distinct edges e¥*, e respectively. Similarly, the theorem is true

l J
if exg Wt e, -
If e*=el=e2, then G has peirwise disjoint handles

P,Ql,Q2 on the edge e¥* .
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If e* €Q; and e¥=¢e then Ql=[e2]=[e*) and G has

2)

disjoint handles P, {e on the edge e* . Similarly, the theorem is

1)
true if e¥*=e, €Q; .
If e*€Q, NQ, , then e, e, and Q, =Q,={e*} . In this case

G has pairwise disjoint handles P, (el} s (e on the edge e¥* .,

o)
Since we have exhausted all the cases, the theorem is proved.

4.6 Main Theorem. Let G be an outerplanar graph with m edges and

no loops, and let e be an edge of G . Then for i Sé-(m+l) ,

1) :ri(G) - :ti_l(G) > ni(G/ e) -ni_l(G/ e)
and
2) =;(@) >x; ,(a) .

Proof. For ke Z , let

k
Ai(G, e) =:ti(G) -ni_k(G) -ni(G/ e) +ni_k(G/e) .

1 1 .
To prove 1) we must show Ai(G »e) >0 for 1< §(m+ 1) . Since,

for k>1,

Al;(G, e) = z A]i- (G,e),
0<g<k 1-%
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we have AI;(G, e) >0 for k >1, whenever Ail-p,(G’ e) >0 for
0< 4<k.

We proceed by induction on m . The theorem is true for m = O
as then nO(G) =1 . The theorem is true for m = 1 as then
nl(G) =nO(G) =:tO(G/ e)=1, and nl(G/e) =0 . Hence we may assume
m>2.

Ir 1i=3m+l) then x,(@) =x, ,(G) and x; ,(G/e) >
ni_z(G/ e) =ni(G/ e) . Hence we may assume i < %(m) .

If G is not simple, then G has parallel edges ey 585 -

Let G'=G/ fe o) 5 then for iez ,

1 ¢

%, (@) = 20, _1(G")

If G' has a loop, then x,;(G) =r,(G/e)=0 for i €Z and any
edge e of G . Hence we may assume that G' has no loops so that
the theorem is true for G' . Let e be an edge of G . If

e = e, , then ui(G/e)=O for i €Z ; hence, for i< é‘—(m) s
1
Ai(G) =“i(G) _“i—l(G) =2[“i-l(G'> "‘ti_2(G')] 2 o .

If e £ (eg ,e2} , then e; and e, are parallel edges in G/e and

2

n,(G/e)=2n; 1(G"/e)

for i € Z ; hence for i < -;—(m) 3
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- a3(6) = 2%y (6 2 0.

Hence we may assume G is simple.

If G is separable, then G has subgraphs Gl ,G2 such that
ni(G)=ni(GleG2) .

Let G,j have m‘_j >1 edges, j =1,2 . Since G does not have a

loop, Gl and G2 do not have loops. Using Lemms 3.8 we have

R Q) -my (@)= £ [xg(e)-n,_(e)]lx, (@) -x (6] -

i-m1+t-l

Suppose e 1is an edge of G2 . Without loss of generality we may

assume G, is nonseparsble. If m,=1 , then G/e = and

Gy
ni(G) =:ti(G/ e) +ni_l(G/ e) =:ti(Gl) + ni_l(Gl) .
. 1
Therefore, for i < §(m) ,

Ai(G ,e) = [:ti(Gl) +:ti_l(Gl)] - [ni_l(Gl) +ni_2(Gl)] - ni(Gl) +ni_l(Gl)
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If m2> 1, then G simple, G2 nonseparable implies m22 3 . Then

8@ @) = B DGy oy G)IEny o (Gy) -y gy 41 ()]
t

ml~2t+l

[ﬂt(Gl) - ﬂt_l(Gl)][Ai_t (G2 ) e)] .

ml-2t+l

by (Gr2 ,e) >0 .

. 1 . 1
If i-t >§-(m2+l) , then 1-m+t-1< m2-1+t <§(m2-1), and

ml-2t+l

by (G, e)=umy 4(Gy) ’“i-ml+t-1(G2) S CVAL) +“i-ml+t-1(Ge/ e)

e) + Jt:i.-ml+7l:—]_

= “m2-1+t(G2) "‘i-ml+t-1(G2) - “m2-1-1+t(G2/ (cy/e)

= “m2-1+t(°’2) - "m2-i+t-1(G2) + “m2-5.+t-1(G2) - “i-ml+t-;(G2)

- “m2-1+t-l(G2/ e) *"i-m1+t-1(G2/ e)
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m-21

= "m2-1+t (G,)- “m2-1+t-1(G2) +ap

(Ga 2 e) hd
2=i+t-1

o] | ol

(B+1) , if m -2i > 1 then we can use

induction to prove 1) . But if m = 2i , then

Since me- i+t <

m-2i

Am2-1+t-1(G2’ e) =0.

We use Theorem 3.9 to prove 2) .
Hence we may assume G 1s simple, nonseparable and ‘o> 3.
Let P be a handle of length p>2 on an edge e¥ . Let e be an

edge of G . There are three cases to consider.

Case L. e £ P+ e* ,

Then G/e is outerplanar with no loops and P is a handle
on the edge e* . Let H=G\P, K=G/ (P+e¥), C=C,, H=H/e ,
K=K/e , and h=|E(H)] . Since G is simple, h 1is greater than 2,

and K has no loops.

83(0) = [x (C@M) 4y 1 (K) 4y ()] - [y, (CoM) 45 o(K) +xy ; (K)]

[y (CoH) +n,; 5 (K)+ :ti_p(f)] +[n; (CoH) +n; ,(K)+ ni_l_p(f{')]

ni(c oH) - ni_l(c ®H) - "1(0 eH) + “1-1(0 oH)

+

ni_l(K) - ni_a(K) - ni_l(ﬁ) + ni_l(ﬁ)



+ ni_p(K) - ni_p_l(K) - p('f{-) + “i-p-l(ﬁ)

= T On Q) e (10w ((B) -y e g () -m (@ 4my ()]

1

+ Ai-l

(X ,e) +Ai-—p(K , e)

p-2t+l 1 1
= & [n(C)-n _,(C)a;  (H,e)l+a] [(K,e) +Ai_p(K , €)
0<t

IN
nlo

= T In(©) -n  (@IATE N H )14 AT, ) 487 (K, 0]
t

2<

A
kg

He

+ [A._p(K ,e)l .

To complete the proof of 1), we show that each bracketed term is
nonnegative. Since C 1is not a loop, nt(C) > rrt_l(C) for

1<t<2. If 1<t <Z, then p-26+1> 1. Hence if

i-t< %(h+ 1) we have

-2t+1

a2 T, e) >0 .

If i-t >—;-(h+l) , then h-i+t <%(h-1) and

aPE Ly o) emy (M) omy o () g (H/e)wmy o (H )

m-21

(H) +8y {1t 1

= My gag )~ Ty gag (H,e) 20 .
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1f 1-1<2(|EEK)]+1) , then
p-1 1
Ai_l(H se)+d; ,(K,e) >0 .
. 1 . 1
If i-1> -2-(h) , then h-i+1< -é(h) and

-1 - -

AT ) +ay (K, e) = my o (H) - xy (H) -xy ) ()4 my (F)

+ ni_l(K) -7,

1K) =7y B+ my (B

g (B =g J(H) = s (@ w g (@) +m () -, (K) - LY

+ 4 (K)
= g () =y () —my o (K)o (K) + AT 21(H e)+n _ (®)
B ﬂh-i-l(i)
C Bl 0, ) AR e e my () my () 20

(If K has a loop, then nh_i(K) = nh_i_l(K) =0 ; if X has no
loops then, by induction, nh_i(ﬁ) > nh_i_l(ﬁ).)
Since i< -,i;(m) = -é-(h+ p) inplies i-p < -;-'(h -p) <%(IE(K” +1),

i-p<Z(h-p) < Z(|E(K)] +1) , we have

1
Al-p(K ,e) >0,
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This proves 1). By induction, since G /e has no loops and

i S-ali(m-l)+l), we have
ﬂi(G/e) -ni_l(G/e) >0.

Hence 1) and 2) are true in this case.

Case 2. e €P .

If G is the circuit P+e* , then 1) and 2) are easily
verified. Assume G 1is not a circuit. By Lemma 4.5, G has a
handle P, on an edge e, such that | (P + ex) n(P2+ e2)l <1.

Since P has length greater than one, e ¢ P2+ e2 . Hence, we can

use Case 1 to prove the theorem.

Case 3. e = e¥ ,

If G hes a handle P, on an edge e, such that e £ Pt e

we use Case 1l to prove the theorem; if G 1is a circuit, we use

2)

Case 2. Hence we may assume that G 1is simple, is not a circuit,

has a handle @Q 7! P on an edge and, further, that every handle P2

on an edge & is such that e € P+ e - Since G has no subgraph
which is a subdivision of K2 3’ G has exactly two handles P, Q
2

on the edge e . Let Q have length g >2 . Then, for i S%(m) s

ni(G) = ﬂi(cpecq-i-l) + ni_l(cq) + ni—p(cq) ,

and

:ni(G/e) = ni(CPQCq) .
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1 1 . 1 1
Hence, for i 5-2-(m) = 5(p+q+1) we have i-p< -2-(q+l-p) < -2-(q) ,

and
1 ,
a;(6) = “;(Cpecq+1) - "1-1("°pecq+1) - ni(cpecq)+ ni_l(cpecq)
+ ni_l(cq) - “i-z(cq) + ni_p(cq) - ni_p_l(cq)
- - p-2t+1
= X [nt(Cp) nt_l(cp)][Ai_t (Cq*lg e) ]+-ni_l(cq) -ni_a(cq)
2]
1<t <3

p-1
+ ﬂi-p(cq) '“i-p-l(cq) > Ai-l(cq+1’ e) + ni_l(cq) -ni_a(c ) .

a

. 1 , .
As before, if 1i-1< E(q+ 1) , then ni-l(cq) > ni_z(Cq) s and if

i-1 >—;~(q+l) , then

p-1
Ai_l(C , e)+ Iri_l(C ) - ni_e(cq)

at+l q

= ni-l(cq+l) - ni-p(cq+l) - ni—l(cq) + ni-p(cq) + ni-l(cq) - ;ti_e(cq)

C (cq)

= 7y 142(Cqu1) =75 p(Cai1) =y 140(Cq) + 1y

m+1l-21

=4 (c 108 =0,

g-i+2 g+

since q-i+25-2]5(q+1) ,m+l-2i>1, and C, ., is not a loop.

As in Case 1, we use 1) to prove 2).



4.11 Corollary. Let G be an outerplanar graph with m edges.

Then, for i 5%(m+ 1) ,

Proof. If G has a loop, then ni(G) =0 forall i . If G

does not have a loop, use Theorem 4,10,

4.12 Corollary. If G is an outerplanar graph with independent

set numbers I, , 0 <1 <r(G), then

i1%ie1 2 1<i<r(e)-1.

T2



CHAPTER V

Independent Partition Numbers for some Outerplanar Graphs

In this chapter all outerplanar graphs are embedded in the plane

so that all vertices lie on the exterior face.

1. Maximal Outerplanar graphs.

A simple nonseparable outerplanar graph G 1is maximal outer-

planar if no edge can be added without losing outerplanarity. Clearly,
every maximal outerplanar graph is & triangulation of a polygon.

Harary [71l] proved the following simple but important theorem.

5.1 Theorem. Let G be a maximal outerplanr graph with p > 3

vertices all lying on the exterior face. Then G has p -2 interior

faces.

Proof. Obviously the results holds for p = 3 . Suppose it is true
for p=n and let G have p= n+1l vertices and m interior
faces. G has a handle P of size 2 on an edge; thus G\ P has
p-1l=n vertices and m-1 interior faces. By induction

m-1l=n-2, or m=p-2 .

5.2 Corollary. Every maximal outerplanar graph with p vertices has

2p -3 edges
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Th
Proof. Use the Euler formula, p-q+r =2 , where p,q and r are
the number of vertices, edges and faces, respectively.
Let G be maximal outerplanar with n+ 1 > 3 vertices and

2n -1 edges. Then
ni(G) =0 for i<n-1
and, since G has a handle P on an edge e ,
nn_l(G) = :rn(G) = nn_l(K)+2nn_l(H)+ nn-2(K) ,

where K=G/(P+e) , H=G\P . K has 2n-4 edges and n-1

vertices, hence
mq(K) = oK) =0 .

H is maximal outerplanar with n vertices and 2n -3 edges.

If n =2 we see that
x (G) =2¢L+1=n2 " +2“'2= (n+1)2“‘2 .

If n>2 , then K has parallel edges e, € and so

nn_a(K) = 21In_3(K/ [el’ 32]) .



We see, therefore, that

We have shown:

2-3 Theorem. If G is a maximal outerplanar graph with n+1 > 3

vertices, then
_ _ n-2
1,16 = x (G) = (n+1)2

ni(G)=0 for i<n-1 and i>n .

5



76

2. Some Conjectures.

When G is outerplanar but not meximal we do not have such an
explicit formula for ni(G) 5 however, since G has a handle P of
size p on an edge e , if we let H=G\P , K =G/ (P+e) , then

we can use the reduction formula,
7, (G) = x, (H@C )+, (K)+ ni_P(K)

to compute xi(G) . A computer program which does this computation was
written in BASIC for the Apple II+. After briefly explaining how the
progream works, we use it to compare the numbers :ri(G) to the
binomial coefficients (I:) , where m = |E(G)] .

Let G be a simple nonseparable outerplanar graph with m > 3
edges and n interior faces. We define two sequences. If G has
exactly one interior face Fl , then let py=m- 1 and &l= 0.
Assume G has more than one interior face, let P be a handle of
size p on an edge e and let F be the face bounded by P+e .
Assume that the n-1 faces of G\P are ordered Fi,eee, B0
and that Pys eees Py q and al, ceey a‘n-l have been defined.

Let p=p and & =4 where € {1, ...,n-1} is such that e lies
on the boundary of F!. In this manner, the grai:h G determines

sequences p, , 1 <t<n, called a handle sequence, and 8

1< t<n, called a parent sequence. Since G may have several

handles on edges, these sequences are not unique. However, it is easy



7

v={(t ,pt) ; L<t<n} where (t ,pt) is adjacent to (z,pz) ,
t>9, if & = 8 -
Conversely, given a tree T and a function w :V(T) +» N we can

define an outerplanar graph G = G(T) such that T(G) & T ; 7%(G)

is uniquely determined. For an example, see Figure 9.

G:
7(G): (7,4)

(6,3)

(3,2)
(2,3)
(1,5) (5,2)
(4,2)
Figure 9

An outerplanar graph G and tree T(G)

Let o be a function from [n] = {1,2, ..., n} to
{0,1,...,n-1} such that o(t) <t , and let 1\Tt=1\Ix...x1\I

(t factors). We now recursively define functions f:: N *Z+ . Let
(cj:'- ]>
1 A if 1 <i<x
i‘i(xl) = i 1
0 otherwise

Assume fg , <t , j<1i have been defined. Let
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( Z ) l-z l b"

t
PI(X, 5 eeepX, )= T
i1 t 1_25

+ fi—l(xl v ey xo(t)-l’ cetey X_t_l)+ fi—xt(xl, s s 0y xc(t)-l, co ey xt-l) .

It is clear that if o(t) = b, » L<t <n, then f;_l(xl, ,xn)=ni(G) ;
the numbers f; correspond to independent partition numbers of miners
of G .

The program computes the numbers f?(xl, eee 3 X ) . To minimize

storage requirements, the program only computes the f. needed in

He ok

the computetion of T

In the tables below and in the appendix, the following notation

is used. Let G be the graph.

M = the number of edges,

V = the number of vertices,

o]
i

V-1 (The rank of the graph),

N = the number of faces,

P(G)

the parent sequence,

H(G)

]

the handle sequence,



PI(1) = n,(@) ,

BC(I) = (MI) ’
PI /BC = nI(G) /(1:) s

PR(I) = n(G) /n;_,(G) ,

np (@) /mp 1(8) y_1.1

@/

FR /BCR =

PFR(I) .

9
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Py
-
Figure 10. An Outervlaner Graph
M=28 U=21 P(G)=%122255S 21 MINORS
R=20 =8 H(G)=44334333
1 PICID) BC(I) P1/BC PRCI) PR/BCR
8 88303 3108185 6.0284 X% X%
v &9 1374 69086960 e.t 7.8295 3.5233
16 2788787 13123110 8.2064 3.92179 2.062
11 4973458 214741806 0.3247 2.5743 1.5732
12 130680837 30421755 0.4299 1.8758 1.324
13 18784128 37442148 8.5814 1.436 1.1667
>14 21142322 408114600 8.527 1.1255 1.050S
1S 18784128 37442146 @.5816 @.8884 8.9519
16 13080837 38421755 0.4299 0.6943 8.8S7
17 4973458 21474186 6.3247 a.5331 @.7552
18 2708787 1312311@ 0.2044 0.3884 8.4356
19 &91374 6786906 6.1 6.2552 6.4849%
20 88383 3108105 0.0284 8.1277 e.2838
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Figure 11. An Outerplanar Graph

V=21
N=8

PICI)
87232

4680831
2457391
6832179
12809076
18391684
204699450
183716846
12809676
4832179
2657391
46860831
87232

P(G) =% 1222555
H(G)=35334333

BCC1)
31881085
69646700
13123110
21474188
30421755
37442140
408116600
37442148
304217355
21474188
13123110
479045060
3108185

Pl1/BC
0.028

@.8984
0.2024
6.3181
8.4921

0.4911
0.5159
0.4911
0.421

e.3181
e.2024
8.8984
0.028

PRCI)
%%
7.7956
3.9077
2.571
1.8748
1.4357
1.1255
6.8884
0.6964
8.5333
0.3889
8 .255%
0.1282

21 MINORS

PR/BCR
X%
3.508
2.8567
1.5711
1.3233
1.1845
1.8564
8.9519%
0.8572
6.7556
0.63649
8.4842
0.285
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M=28 V=21 P(G)=%1222555 19 MINORS
R=28 N=8 H(G)=53433333

1 PICD) BCCI) P1/BC PRCI) PR/BCR
8 74403 3168105 0.023% T XX
9 593736 4904900 @.8859 7.9799 3.598%
10 2358891 13123110 0.1797 3.973 2.891
11 4137154 21474180 9.2857 2.6817 1.5899
12 11597913 30421755 6.3812 1.8897 1.3339
13 14728444 37442140 8.4467 1.4423 1.1719

>14 18854242 481146400 8.47 1.1271 1.852
15 16728444 37442168 8.4467 @.8871 @.9585S
16 11597913 30421755 0.3812 8.4933 @.8532
17 6137154 21474186 a.2857 8.5291 @.7494
18 2358891 13123118 0.1797 @.3843 8.6289
19 S9373@ 6984980 @.8859 @.2516 8.47g2
20 74403 3108105 8.8239 @.1253 @.2784

M=28 V=21 P(G)=X 1222555 28 MINORS

R=28 N=8 H(G)=44433333

1 PICD BCCI) P1/BC PRCI) PR/BCR
8 82773 3188105 0.0266 XX %%

$  45385@ 6904900 6.6946 7.8993 3.5544
16 2576331 13123110 @.1963 3.9402 2.8738
11 4658414 21474180 a.31 2.5845 1.5794
12 12522591 30421755 8.4116 1.8806 1.3275
12 18609072 37442146 @.4809 1.4381 1.1684

>14 28279682 40116400 0.5055 1.126 1.051
15 18005072 37442140 8.48@9 @.888 6.9514
16 12522591 30421755 0.4116 8.6953 @ .8558
17 4458414 21474180 .31 8.5317 @.7532
18 2576331 13123110 8.1943 @.3849 8.6331
19 453850 69084906 6.8944& 0.2537 6.4822
20 82773 3108105 0.0266 0.1245 0.2813
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M=28 V=21 P(G)=% 1222555 26 MINORS
R=20 N=8 H(G)=45333333

I PICI) BCC(I) P1/8C PRCI) PR/BCR
8 82068 31e81@S 0.82463 X% X%
? 4644985 6768708 8.8933 7.8649 3.5392
16 2533985 13123110 8.193 3.9288 2.8876
11 453884t 21474186 @.3a644 2.58a2 1.5748
12 12286332 38421735 6.4638 1.8792 1.3264
13 17664462 37442146 6.4717 1.4377 1.1481

>14 19896484 46114480 8.49358 1.124 1.6509
19 17864442 374421406 @.4717 @.888 6.9515
16 12284332 38421755 8.4838 @.6955 8.856
17 46538a41 214974188 8.3844 8.5321 8.7538
18 2533985 13123118 8.193 8.3875 8.58341
19 444985 6984988 @.6933 8.2545 #.4836
286 B8Zz2@es 3188105 0.0263 0.1271 6.2825

M=28 U=21 P(G)=X%X 1222535 28 MINORS

R=260 N=8 H(G6)=34333333

1 PI¢lI) BC(1) P1/BC RCI) PR/BCR
8 78192 31881835 8.8251 X% XX
4 4613548 49G4900 @.8888& 7.84446 3.531
16 24128%9 13123110 6.1838 3.9313 2.8691
11 &23%374 2147418a @.27635 2.5886 1.5867
12 117595886 38421755 @.3846S 1.8847 1.3384
13 14945692 3744214806 @.4525 1.44a69% 1.1767

>14 19894290 40116400 8.476 1.1269 1.8518
1S 16945092 374421¢6 0.4525 6.8873 a.vse7
16 117595860 30421755 8 .3845 0.5939% 8.8541
17 &239376 21474188 8.2%a% @.5385 8.7516
18 2412099 13123116 @.1838 @.3865 @.6326
19 613548 67647086 g.06888 @2.2543 6.4832
286 78192 3108105 0.6251 @.2832

8.1274
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M=28 V=21 P(G)=%12225355 1?2 MINORS

R=20 N=8 H(G)=43333333

. i P1<I) BC(C(1) P1/8BC PRC1) PR/BCR
8 68769 3108185 0.0221 X% XX
? S49423 4904980 6.0795 7.9893 3.5952
16 2189511 13123110 0.16468 3.9851 2.0974
11 5719494 21474184 8.2663 2.6122 1.5%43
12 16849767 30421755 0.3564 1.8969 1.339
13 154%651a 37442168 6.419 1.4461 1.175

>14 177062874 401146400 8.4412 1.1282 1.853
15 15496510 374421680 e.419 0.8863 6.9494
16 108849787 30421755 8.3566 0.69149 8.8951
17 5719491 21474180 6.2443 6.5271 @.7448
18 2189511 131231180 0.1668 0.3828 0.6264
19 549423 4704900 @.a79S e.25a9 8.4767
20 48749 3108185 8.0221 6.1251 8.2781

M=28 U=21 P(G)=% 1222555 28 MINORS

R=20 N=8 H(G)=54333333

I PICI) BCCI) P1/BC PR(I) PR/BCR
8 79128 31081065 8.9254 XX XX
k4 &25563 s784760 8.0%65 7.9857 3.557S
18 2447917 131231180 e.188 3.9451 2.08763
11 &387147 21474186 0.2%74 2.588 1.5815
12 120248248 36421739 @.3953 1.8828 1.329
13 173088%4a 3744214a 6.4622 1.4392 1.1693

>14 19496574 40116500 0 .4859% 1.1243 1.8512
15 172688940 374421486 @.44622 e.8877 a.¥9512
16 120828268 30421755 6 .3953 8.4948 8.8551
17 &387147 21474184 6.2974 6.531 6.7523
18 2467917 131231190 e.188 0 .3843 8.46322
19 &25543 490646700 é6.0%eS 6.2534 @.4816
20 79128 3182105 @.8254 0.1244 8.281



In all these examples and in the appendix we observe that

) 1
1) PI/BC increases for 1 <7(M),
2) PR(I) decreases,

3) PR /BCR decreases.
Hence, we conjecture that if M is a matroid of size m , then

m-i+1
l) Hi(M) 2 _—i——ﬂi—l(M) 2

2) [, (1% > n, (M) x (M) ,
3) [n, 01 >3 B L ) ()

where m-r(M) < i <r(M) .
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M=24 v=18 P(G) =% 123456 13 MINORS
R=17 N=7 H¢G)=3335333

1 PICD BCCI) P1/BC PRCI) PR/BCR
7 17136 346104 8.0495 XX X%
8 113435 735471 8.1545  6.6313  3.1204
9 376614 1307504 0.288 3.3142 1.8442
18 812128 1961256 9.414 2.1563 1.4375
11 1253898 2496144 0.5023 1.5439 1.2131

>12 1443842 2704156 B.5338 1.1513 1.0827
13 1253898 2494144 8.5023  9.8485  0.9409
14 &12128 1961256 0.414 8.6476  @.8243
15 374414 1307504 2.288 8.4637  ©.6954
16 113435 735471 @.1545  @.3817  0.5344
17 17134 346104 0.0495  9.1567  ©.3z04

M=24 U=18 PC¢G) =% 123454 13 MINORS

R=17 N=7 H(B)>=4433333

1 PID BCCI) PI/BC PRCI) PR/BCR
7 17675 344104 0.051 XX X%
g8 117187 735471 B.1592  6.6255  3.117%
9 387509 1307504 8.2943  3.309 1.86153
16 834400 1961254 0.4254  2.1532 1.4354
11 1287008 2496144 0.5155 1.5424 1.2119
>12 1481242 2704156 6.5477 1.156% 1.8623
13 1287008 2496144 6.5155  ©.8488  0.9412
14 834400 1961254 8.4254  8.6483  08.8251
1S 38750°7 1307504 P.2963  ©.4644  0.6965
15 117187 735471 8.1572  @.3822  8.5372
17 17675 344104 0.051 0.158¢9  @.3207

M=24 V=18 P(¢G) =X 123456 13 MINORS

R=17 N=7 H(6)>=4343333

1  PID BCCI) P1/BC PRCI) PR/BCR
7 17746 344164 0.6512 %X ¥

8 117740 735471 .14 4.4347 3,122
9 398160 1307504 0.2984  3.3137 1.8639
10 841116 1961256 6.4288  2.1558 1.4372
11 1298366 2496144 0.5201 1.5436 1.2128

>12 1494784 2704156 6.5527 1.1512 1.8824
13 1298344 2496144 9.5201  ©.8486  8.%41
14 841116 1961256 0.4288  8.4478  0.8245
15 390140 1307504 0.2934  ©.4638  8.6957
16 117740 735471 .16 0.3¢17  ©.5344
17 17746 344104 0.0512  @.1507  ©.3202
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M=24 V=18 P(G) =% 123456 13 MINORS

R=17 N=7 H(G) =4334333

1 PI(D BCCI) P1/BC PRCI) PR/BCR
7 17751 344104 @.0512 XX ¥¥
8 117867 735471 0.1401 4.6364 3.1231
$ 398513 1307504 8.2986 3.3148 1.8646
18 G42146 1961256 8.4293 2.1545 1.4374
11 1300312 2494144 8.520% 1.544 1.2131

12 14%7ave 2704154 @.5534 1.1513 1.6627
13 1300312 2495144 8.520% 0 .8635 @.740%
14 842146 1961254 @.4293 @.4478 @.2242
15 398513 13075084 8.2986 0.4637 @.4755
16 117287 735471 B.1401 @.3014 B.5345
17 17751 345104 @.0512 0.1504 @, 3261

M=24 U=18 P(G) =¥ 123456 13 MINORS

R=17 N=7 H(G)=4333433

1 PIKD BCCI) P1/BC PRCI) PR/BCR
7 17750 345104 @.0512 ¥¥ T
8 117792 735471 6.1401 &.8381 3. 1227
9 370436 1387504 @.2986 3.3144 1.8444
16 241994 1941254 B.4293 2. 1545 1.4377
11 1380134 2494144 8.5208 1.5441 1.2132

312 14969326 2764156 @.5535 1,1513 1.8428
13 1300134 2494144 9.5208 @.8485 @.940%
14 241994 1941254 0.4273 @.547& B.5292
15 3908434 1387504 0.2986 @.4637 8.4555
16 117792 735471 a.1481 @.3616& @.5343
17  1775@ 344104 @.6512 2.1504 9.3202

M=24 V=18 P(G) =% 123456 13 MINORS

R=17 N=7 H(G)=4333343

1 PICI) BC(I) P1/BC PRCI) PR/BCR
7 17731 344104 6.60512 X¥ X%
& 117579 735471 @.1598 6.4312 3.1285
9 389581 12307504 @.297% 3.3133 1.8437
16 240064 19612564 @.4283 2.1543 1.4375
11 1297168 24946144 8.5196 1.5441 1.2132

>12 1493546 2704156 6.5523 1.1513 1.0628
13 1297148 2494144 8.5196 @ .8435 9.9408
14 840044 1961256 @.4283 8.5476 @.8242
15 389581 1307504 0.297% 0.4637 @.5956
16 117579 735471 8.1598 6.3018 6.5245
17 17731 344104 0.0512 @.1508 0.3204
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M=24 V=18 P(G)Y=%123456 13 MINORS

R=17 N=7 H(G)>=4333334

1 PI1<1) BC<1) Pl/gcC PR(1) PR/BCR
rd 17466 344104 @.0504 ¥% %%
8 115828 735471 8.1574 6.43214& 3.1267
b4 3846249 13875604 @.2937 3.3154 1.8649
18 828448 174612548 8.4225 2.1578& 1.438%
11 12302848 2495144 @.5128 1.5448 1.213&

>12 1474272 2704156 8.5451 1.151% 1.80432
13 1z28wvzes 2496144 6.5128 6.8683 @.94a87
14 828848 1961258 @.4225 0.8472 a.,g8z38
15 3k4824 1387564 @.2937 8.4534 0.58951
14 115828 735471 8.,1574 a.2018 8,538z
17 17486 24é104 @.a8504 @.1587 8.2za4

M=24 V=18 PC(B)=%123456 13 MINORS

R=17 N=7 H(G)>=3443333

1 PIcld BC(I) P1/BC PRCID PR/BCR
rd 17955 34414 #.8518 £33 x¥
& 118943 735471 a.1817 &, 6254 3.117%
? 393453 1367584 @.36a8°? 3.2672 1.86683
1@ G4dss688 1781254 @.4317 2.151¢% 1.434&
11 1385340 2496144 @.5229 1.5417 1.2113

>12 15621848 2784158 @.535549 1.15a7 1.0822
13 13985348 24%46144 6.5229 @.889 @.%9414
14 8444E8 1981254 6.4217 6.8434 @.,8250
15 393453 1387564 e.308% 0.4446 @.&897
16 118943 735471 8.18617 @.3823 6.5375
17 179585 344184 R.6518 8.1589% 8.,3267

M=24 V=18 P(G) =% 123454 13 MINORS

R=17 N=7 H(G)=3434333

I PICI) BEC1) P1/BC PRCI) PR/BCR
7 18416 344104 @.852 L33 X%
8 119528 735471 @.1825 4.46345 3.1221
? 395838 1367564 8.3a27 2.3114 1.8é28
168 852744 1941254 @.42348 2.1543 1.43s82
11 1315714 2496144 e.527 1.5428 1.2122

>12 1514424 2784154 2.54 1.151 1.6824
13 1315714 2494144 @.527 8.8&87 0.92411
14 852744 1961256 @.4348 @8.4481 6.824%
15 395838 130675604 e.3027 8.4441 Q.86982
16 119528 735471 @a.1425 @.30819 6.5348
17 18816 346104 6.852 6.1507 @.32082



M=24 V=18 P(G)=X123454 13 MINORS

R=17 N=?7 H(G)>=3433433

_I PICI> BC(¢I)> P1/BC PRCI) PR/BCR
7 18619 344104 8.852 X% £¥
e 1198587 735471 6.1825 &.4306 2.1226
? 354845 1387564 @.382? 2.3123 1.8631
16 353424 1961254 8.4351 2.154% 1.4385
11 1317848 2494144 8.5278 1.5432 1.2125

»12 1518698 27684158 8.540& 1.1511 1.8525
13 1317848 2496144 8.527& @.8887 @.741
14 g53424 19612868 @.4351 8.447% @.82497
15 398845 13875604 6.302% 8.454 8.69&
16 119867 735471 G.14825 a.2a1% 6.532&7
1?7 1g01? 2344104 6.a52 6.1507 8.3262

M=24 V=18 P(G)=%X123456 13 MINORS

R=17 N=7 H(B)=3433343

i PI1¢I) BC(1) P1/BC PRCI) PR/BCR
v 18ve0 348104 @.852 x¥% X%
&8 11738& 735471 G.18622 4.48388 3.12a4
& 308214 123875a4 8.3022 3.3112 1.8625
18 851o%s 196125& 6.4342 2.1547 1.43685
11 13143z8é 24746144 6.5265 1.5432 1.212&

>lz2 1513888 2784156 @.35595 1.1511 1.6482a
13 1314284 2494144 8.5245 0.8488 6.v¥41
14 851578 19612548 6.4342 §.897% @.32948
1S 295214 13867584 8.3022 8.444 B.8%81
14 119354 73547 1 a.1822 6,302 @.5348
17  12@as 344184 @.852 8.15@88 6.32a4

M=24 V=18 P(G)=%123456 13 MINORS

R=17 N=?7 H(G)=3344333

1 PIcly BC(C1) P1/BC PRCI) PR/BCR
7 17975 34410849 @.a519 ¥ %%
& 119187 35471 0.182 6.6307 3.1263
14 374353 1387504 a.3818 3.3886 1.8611
10 248734 19612568 8.4327 2,1522 1.4348
11 1388536 2494144 @.5242 1.9417 1.2113

>12 1585754 2784156 @.5548 1.1587 1.8621
13 13885346 249495144 8.5242 @.8469 8.9414
14 848734 1961256 @.4327 6.8484 8.8255
15 394353 13867564 8.301& @.44846 @.8986%
14 119187 735471 @.1&2 6.3022 8.5373
172 17975 344104 0.8519% 8.1588 0.3204
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M=24 V=18 P(BG)=%123456 12 MINORS

R=17 N=?7 H(G)>=5333333

1 PICID BCCI) Pl/BC PRCI) PR/BCR
7 16484 348104 @.8482 X% X%
8 118725 735471 @.15aS é.46358 3.1227
? 367432 1367584 a.z281 3.3184 1.86688
16 7?3312 19&8125s G.4a449 2.159 1.4393
11 1225898 24%&8144 0.4%711 1.5452 1.21491

>12 1411338 2704158 a.522 1.15148 1.843
13 1225878& 24%4144 8.4%911 @.8483 é.74a4
14 793312 194612354 @.4644 8.6471 @.823&
13 367432 1387504 @.z81 0.44631 @.s947
18 118725 738471 @.15a& @6.z613 8.5357
1?7 14488 345104 @.08482 @.158¢6 @.3zaz

M=24 V=18 P(G>=% 123456 13 MINORS

R=17 N=7 H(G)=3533333

I PICI) BCC(I) P1/BC PRCI) PR/BCR
7z 17164 34&1a4 0.04%4 £¥ xx
8 113283 735471 a.154 &.6231 3.1147
? 375238 1367504 @.286% 3.3123 1.8&32
1@ 2e7854 1961256 @.4125 2.1561 1.4374
11 1249182 2474144 6.506e4 1.543°9 1.2131

>12 1438282 27841548 a.3318 1.1313 1.8827
13 1249182 2494144 8 .5e04 @.2485 @.%46%
14 gavasSs 1761254 8.4125 6.84748 6.8243
15 375228 1367504 @.2849 8.4437 8.&8954
1& 113283 7334971 é.1354 a.2a1s 8.2347
17 17184 344104 2.64%4 @.15a% 8.32a88

M=24 V=18 P(G>=%X123456 13 MINORS

R=17 N=7 H(G)=3353333

_I PICI) BCC1) P1/BC PRC1) PR/BCR
7 17134 344104 @.64%5 £¥ XX
a8 113465 7354971 @.15449 6.6383 3.12a1
2 3744546 138754 @.2879% 3.3137 1.883¢%
16 811744 1961258 6.4138& 2.15682 1.4375
11 1253296 24946144 a.5e2 1.543% 1.2131

212 14429324 2784154 8.5335 1.1513 1.8827
13 12532%0 2494144 @.582 9.8685 8.v4a8%
14 811744 1761288 6.413% @.8478 @.8243
15 376456 13875604 @.2879% 8.4837 8.8956
16 113665 735471 8.1544 @.3817 @.5344
17 17134 3446104 8.08495 a.1568 6.32684
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M=24 V=18 P(G)=% 123455 14 MINORS

R=17 N=7 H(B)>=3333333

- PICI) BC(C(I) P1/BC PRCI) PR/BCR
7 16514 344164 0.6477 % X%

8 182987 735471 a.14%5 &, 459 2.1324
¢ 345528 138756849 @.2793 3.3237 1.8497
1@ 78%856 1981256 @.4qaz27 2.18a68 1.4465
11 1221862 2474144 8.43%1 1.543¢% 1.2144%

>1Z2 1464434 2784158 @.5201 1.1518& 1.8622
13 1221062 2496144 e.48%1 @.8s81 b.948%
14 7878584 1781254 &.4827 7.4448 6.8232
15 345528 13847564 B.2793 0.4827 6.4941
1&  18%9%87 7354971 8.14%5 a.2082 @.35392
17 183514 3441484 Q.9477 @.156@1 6.21%1

M=24 V=18 P(G)=% 123455 14 MINORS

R=17 N=7 H(G>=3533333

1 PICI) BCLID P1/BC PRCI) PR/BCR
7 16928 34s1a4 8.848% x¥ ¥¥

& 112813 725471 a.152% 6.6465 3.1277
@ 373322 1387584 @ ,285% 2.218 1.8863
1@ 3eSs06 1941256 é.41a7 2.157% 1.4388
11 1244342 2495144 8.4%85 1.5444 1.2138
12  1432834@ 27604156 @a,32v& 1.13514 1.842%
13 1244342 24946144 8.4%38% 0.8484 @.%40%
14 ga5400 19612538 Gg.41a”7 6.4474 @.823¢
15 373322 123875604 8.2855 6.4434 6.4731
1& 112513 735471 4.152% a.za13 @.5357
17 16928 344104 a.848% 8.1584 a.3197

M=24 V=18 P(G)=% 123455 14 MINORS

R=17 N=7 H(G)=3353333

1 PICI) BC(I) Pl/BC PRCI) PR/BCR
Ie 16962 346104 2.04% % % XX
g 112879 735471 0.1534 &.46048 3.1316
9 374712 1387584 @.2865 3.31%9S 1.8672
ia 888672 1941254 8.4123 2.1581 1.4387
11 124%042 2496144 0.5683 1.5445 1.2136

12 1438242 2704156 6.5218 1.1514 1.0428
13 1249042 24946144 8.50@8e3 @.8s84 @.v488
14 &@8s72 1961254 8.4123 @.4474 a.8239
1S5 374712 1387504 8.28685 8.4433 09.6%90
16 112879 735471 6.1534 B.3012 @.5358
17 16942 3441849 0.049 8.15a2 0.3193
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M=24 V=18 P(G)=%X 123455 14 MINORS

R=17 N=7 H(G)=3335333

1 PICI) BC(1> Pl1/8BC PR(1) PR/BCR
7 17824 34451604 8.84%1 X% ¥x

8 113281 735471 a.154 4.46541 3.13213
? 374n10 1367584 0.2875 3.3192 1.867
18 8113s8 1941254 8.4136 2.1578 1.438S
11 1253878 2494144 8.502 1.5444 1.2134

>12 1442814 2784154 8.5335 1.1514 1.0428
12 12538r8 2494144 8.582 8.8684 e.v488
14 &11288 194125868 8.413& 6.4474 a.8249
15 3rseile 13e75e04 @.2875 6.44634 6.489351
14 113z81 735471 a.154 a.3a12 @.5355
17 17824 344104 0.0491 @.1562 0.3193

M=24 V=18 P(B)=% 123455 14 MINORS

R=17 N=7 H(G)>=3333533

- PICI) BC(C1) Pl1/BC PR(1) PR/BCR
7 17498 3481084 0.06583 %% %%

a 115747 725471 B.1573 &£.6158 3.1132
? 382830 1387504 @6.2927 3.32368749 1.8464
16 824418 17612548 6.4203 2.1534 1.435&
11 1271898 24941449 @.35a%3 1.5427 1.2121

212 1442754 2784158 G.54132 1.151 1.0424
13 1271898 24945144 2.58%S B.8487 6.9411
14 824414 1961258 @.42e63 4.&481 @.824%
15 38Zzgze 1367584 a.2927 0.4443 @.&785
14 115747 7302471 @.1573 @.3823 @.3373
17 174%4 344184 g.858% 8.1511 6.3z212

M=24 V=18 P(G)=%X 123455 14 MINGORS

R=17 N=7 H(G)=3333353

1 PI<CI) BC(I1) P1/BC PRCI) PR/BCR
7 16574 344104 0.8478 % %
8 118341 735471 8.15 &.8574 3.1329
? 846774 1387584 @.2805 3.324 1.88%7
le 792544 19612568 6.40491 2,1468 1.4405
11 1225138 24946144 6.4%08 1.5458 1.2145

>12 14118682 27841548 éa.3z218 1.1547 1.6831
13 1225130 2496144 2.4708 8.84682 8.%4835
19 792544 1761254 6.4041 8.8489 6.8233
1S 3647746 1287564 0.2885 0.4627 8.58941
1& 116341 735471 0.1S 8.2608 a.5348
17  1&574 394104 8.8478 8.1562 8.31%91



ol

M=24 U=18 P<(G)=%X123455 14 MINORS

R=17 N=7 H(G)>=4433333

1 PIC]) BCC1) P1/BC PRCI) PR/BCR
7 17493 344104 @.8585 X% x¥

a 118309 7235471 6.1581 é.46488 3.1288
? 385523 1387564 8.2948 2.314¢4 1.8444
1@ 838814 1541256 8.423& 2,155 1.4386
11 1282808 2496144 0.5135 1.543 1.2124

>12 1475478 2704154 @.54%57 1.151 1.8425
13 1282888 24946144 6.5135 @.8&87 6.9411
14 8Ragi1s 1961254 8.4232& @.é48 @,824%
15 385523 137504 @.2948 2.464 a.a896
16 114387 735471 @.1581 8.281s 6.532s43
17 174%3 344184 6.6585 e.15@4 8.31%7&

M=24 V=18 P(G)=%123455 149 MINORS

R=17 N=7 H(G)>=4343333

1 PBID BECI) P1/BC PRCIY PR/BCR
7 17566 3498104 @.asSe?7 XX %
= 118748 735471 6.15% &.8587 3.1335
7 388284 1387504 0.2%96% 3.31%93 1.8672
18 837788 198125& G.4271 2.157& 1.42&84
11 12937864 2495144 @.3183 1.5442 1.2133

*12 148%592 2784156 6.55683 1.1513 1.8427
13 12937&& 24946144 @.35183 0.8485 a.v4a@%
14 &37r788 17612548 @.427 #.8475 g.8241
15 38ezg84 12387504 8.27&% 6.4434 8.8%951
1& 1189488 735471 a.15? @.3@12 B.3355
17 175445 244184 @.a587 @.1501 6.3191

M=24 V=18 P(G)=% 123455 14 MINORS

R=17 N=7 H(G)=4334333

. PICI) BCC1) P1/BC PRC(I) PR/BER
7 17487 34944104 @.aseg XX XX
8 117289 735471 0.1374 &.4607 3.13449
? 389447 1387564 0.2978 3.32804 1.8477
18 848476 1961256 8.4285 2.1581 1.4387
11 1298192 24994144 @6.52 1.5445S 1.2135

>12 1494798 2784156 a.5827 1.1514 1.8428
13 1298192 2494144 @.52 @8.8484 8.9488
14 848494 1961254 #.42835 6.4474 6.8249
15 38%447 13067504 @.2978 8.4433 0.495
16 117289 735471 a.15%94 a.z011 @.3354
17 17489 346184 0.8568 g.1501 0.319
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M=24 V=18 P(G)=%123455 14 MINORS

R=17 N=7 H(G)>=4333433

1 PI<l)d BC(¢(1) P1/BC PRCI) PR/BCR
7 17944 3446184 8.8518 X% *¥%
8 119652 735471 B.15818 &.4344 3.1221
9 3943%4a 1387564 6.3016 3.3127 1.8634
18 g8S5eedse 19612848 @.4334 2.1883 1.4349%
11 1312114 2454144 0.5258s 1.5435 1.2127

>12 1518544 2784134 6.55848 1.1512 1.682&
13 1312114 2494144 @.5254 a.8486 g.v41
14 gSeess 1781254 @.43349 @.4478 a.8245
15 3743790 1367564 8.3018 6.4463% @.475%
16 119652 738471 @6.1818& g.3818 a.33&8
17 17944 348184 6.8518 0.15@7 8.3202

M=24 V=18 P(G)=¥123455 14 MINORS

R=17 N=7 H(G)>=4333343

- & PICI) BEC(I) Pl1/BC PRCI) PR/BCR
7 17324 3461049 8.85 X% XX
& 115272 735471 @.15&67 &,86538 3.1312
k4 382912 13873564 @.2728 2.3218 1.868%
18 §z7aes 1741254 @.421& 2,15%7 1.43%¢&
11 1278132 29946144 e.512 1.85454 1.2143

>12 1472848 27641%5& 8.5443 1.1517 1.8431
12 1278132 2994144 8.512 8.58682 @.%4064
149 827868 1961284 a.4218 6.647 @.8235
15 3827912 1387564 @.2928 8.443 @8.4945
16 1158272 735471 8.15&7 6.3ai @.5351
17 17324 344184 @.83 8.1502 p.3193

M=24 V=18 P{G)=% 123455 14 MINORS

R=17 N=7 H(G)>=3443333

L PICI) BCCI> pisBC PRCI)D PR/BCR
7 17773 344104 0.8513 X% X
& 118185 735471 a,146¢ 8.86498 3.1292
b4 391571 13875084 6.2994 3.3132 1.8434
18 8433s6 19412356 6.43 2.1537 1.4358
11 1308748 24%6144 @6.5211 1.5423 1.2118

212 1497606 2784158 @8.553S 1.15@8 1.8423
13 13088748 2494144 8.5211 @.8489% a.9413
14 843346 1961256 @.43 @.5483 6.8251
1S 391571 1367584 8.2994 @.46492 8.69549
16 1181&S 735471 @.18068 @.z018 8.53&5
17 17773 346184 8.8513 e.15683 80.31%5



M=24 V=18 P(G)=%¥123455S 14 MINORS

R=17 N=7 H(G)=3434333

1 PICI) BC(I) Pl/BC PRCI) PR/BCR
7 17872 346164 8.a516 X% X%
& 117864 735471 0.1418 é.46586 3.1334
? 3924766 1387504 e.sa1?9 3.3172 1.845%
1a g8St1ea 1961258 8.4329 2.155% 1.4373
11 1313402 24946144 8.35262 1.5434 1.2126

>12 1512144 2764154 8.55¢91 1.1511 1.8&25
13 1313662 24994144 @.5262 0.8437 8.v41
149 g&&11ea 1741254 #.433% @.847% @.82448
15 3?4784 1387504 0.3819 0.44638 8.86%957
16 1iveeq 735471 fg.1418 @.3a614 8.535%
17 17872 348184 @6.08516 6.15ae1 2.31%1

M=24 V=18 P(G)=%123455 14 MINORS

R=17 N=7 H(G)>=3433433

1 PICI) BC(1) P1/BC PR(I) PR/BCR
7 18214 344184 @.a52é6 XX XX
) 126847 735471 @.1s843 &.46241 2.1219
b4 4800482 1387564 8.38%59 3.3184 1.8821
18  8&81éié 1961256 @.4373 2.15387 1.43&8
11 132%218 2494144 @.5325 1.5428 1.2121

>12 1829922 276841358 8.5657 1.151 1.8&249
13 1329216 2494144 @.5325 0.8s88 6.79412
14 881816 1961256 @.4393 @.&44982 8.825
15 4qe06s2 1387564 8.3a5? 6.44643 6.8%44
14 126847 735471 @.15843 g.3a2 8.337
17 1821é 346184 8.85246 a.15a7 6.3283

M=24 V=18 P(G)=%123455 14 MINORS

R=17 N=7 H{(G)>=3433343

1 PICI) BC(I) Pl1/BC PRCI) PR/BCR
7 17587 344104 8.85a8 ¥¥% %
8 117617 735471 6.15%91 &.853%8 3.1311
4 388467 1387584 8.2971 3.3197 1.8673
18 338412 1961254 8.4274 2,1582 1.4388
11 12935698 24946144 8.5188 1.5447 1.213s8

>12 1491318 2784156 @.5514 1.1515 1.8429
13 1293098 24946144 8.5188 8.8484 @.94087
14 838412 1961256 8.42749 @.8473 6.28223¢%
15 388447 13673584 8.2971 2.4633 @.89S5
16 117817 735471 @.1591 8.2012 é.535%
17 17587 344184 6.65@8 8.1582 0.3193



M=24 V=18 P(G)=%123455 14 MINORS

R=17 N=? H(G)=3344333

1 PICI) BC(CI) Pl1/BC PRCI) PR/BCR
7 17833 344184 6.8515 £ ¥ X%
8 118477 735471 0.1613 é.6549 3.1317
2@ 393335 138754 @.3808 3.3143 1.8443
18 847200 1941254 @.4319% 2.,13538 1.435%
11 1368424 2474144 @.5234 1.5422 1.2117

>12 1sezrez 2784156 @.558 1.156e8 1.8623
13 1384524 24%5144 @.5234 8.888% 2.2413
14 I47200 1961254 6.431% @.s8482 @.8252
15 393335 1387504 6.3008 6.4642 0.6984
16 118&77 735471 6.14813 4.3017 @.52e3
17 17833 294184 @.8515 8.1582 2.3193

M=24 U=18 P(G>=% 123455 14 MINORS

R=17 N=7 H(G)=3343433

1 PICI) BCCI) P1/BC PR(1) PR/BCR
rd 18232 34é104 8.85248 X% xX
& 1218168 735471 8.1845 &.8375 2.1238
4 4084642 1367504 6.3064 3.3188 1.8623
18 882748 196125¢ 08.43%8 2.1533 1.4358
11 1338842 2494144 @.533 1.5423 1.2118

>i12 1531418 2784156 6.5663 1.1588 1.8423
13 1338442 2494144 8.533 @.8488 2.%9413
14 842748 1981254 8.4378 8.4483 @.8251
1S 4eass2 1387504 6.36&4 6.4444 B.5768
16 121814 733471 @.144% é.362 @.5xe%
17 18232 344184 8.8528 @.15aé 8.3201

M=24 U=18 P(G)=%123455 14 MINORS

R=17 N=?7 H(G)>=3343343

1 PICI) BC(1) P1/BC PRCI) PR/BCR
7 17608 346104 6.8588 XX b33
8 117282 735471 6.15%4 4.699 3.1334
? 387484 13675604 a.2978 3.321 1.8481
18 246494 1961256 8.4285 2.1584 1.438%
11 1298236 24946144 @8.52 1.544¢ 1.2136

>12 1494872 2704156 e.35528 1.1514 1.6628
13 1298236 24946144 8.52 0.8484 8.%408
14 8408494 1941254 @.4285 6.46474 6.8239
15 389404 1367504 0.2978 8.4433 8.4949
16 117252 735471 8.15%94 8.3611 @.5303
17 17488 346104 e.8568 8.1501 8.3191



98

M=24 V=18 P(BG)=%123455 14 MINORS

R=17 N=7 H(G>=3334433

1 PICI) BC(1) Pl/BC PRC1) PR/BCR
7 18184 3446104 @6.8525 ¥X ¥%
8 128543 7354714 8.183% é.6301 3.12

? 3¢8718 1367584 ?.3049% 3.3671 1.8662
1@ g574%74 19612548 8.4373 2.1511 1.434
11 1321882 24946144 8.5295 1.5412 1.2189

>z 15ze%22 27841548 6.5424 1.1565 1.882
13 1321882 2494144 8.5295 8.85691 8.741S
14 8%7s%4 1941254 €.43732 6 .6488 6.8258
15 398718 1307564 a.384% @.48483 6.5773
16 128563 735471 @.18329 a.3az22 @.537%
17 18184 346184 6.8325 a.15a8 8.32e%

M=24 V=18 P(G)=%X 123455 14 MINORS

R=17 N= H(G>»=3334343

_I PICI) BC(1) Pl1/BC PRCI) PR/BCR
7 17437 344104 @.8509 X% X%
& 117453 735471 0.15%4 &.46587 3.1335
? 3&5921 1307504 8.2982 3.3204 1.8477
i@ @8415ea 194612548 #.429 2.1877 1.43&84
11 12974186 24946144 86,5285 1.5441 1.2132

»12  147&@4¢& 2764156 8.5532 1.1513 1.8827
13 1279418 2496144 8.526S 6.8685 8.%948%
14 8415640 1961256 @.42% 8.4478 @.,8242
15 387991 1287504 a,2982 6.4634 8.6701
18 117453 733471 8.13%& a.3611 @8.53%4
17 17439 344184 6.8%54% a.15a1 6.3191

M=24 V=18 P(G>=%123455 14 MINORS

R=17 N=7 - H(G)=3333443

1 P1<1) BECI) P1/BC PRCI) PR/BCR
7 178%y 345104 @.8517 X¥ XX
8 118657 735471 6.1613 6.6293 2.1197
? 372629 1387584 e.3002 3.3088 1.8612
ie 845152 1961256 0.436%9 2.1825 1.435
11 1363148 2496144 8.522 1.5419% 1.2115

212 149%442 2784156 8.53545 1.1587 1.8622
13 12@3148 24946144 8.522 8.848% 8.9414
14 345152 1941256 8.4367 8.8485 8.8254
15 392629 1367584 8.3602 8.44645 8.58948
16 11834859 733471 @.1813 @.3822 8.3372
17 17899 344104 8.6517 @.1508 8.32865



99

M=24 V=18 P(G)=% 123446 14 MINORS

R=17 N=7 H(G)=5333333

I PICD BCC1) P1/BC PRCI) PR/BCR
7 14502 344104 9.0476 %% %%
8 189841 735471 @.1493 6.6574 3, 1329
® 345248 1307584 0.2793 3.3246 1.8701
16 739344 1941258 a.4624 2.1611 1.44a7
11 1220328 24941449 @.4885 1.546 1.2147

312 1485822 2764154 6,518 1.1518 1.B432
13 1220338 2496144 0.4888 0.2551 @.9405
14 7a»244 1941254 @.4624 6.694% 6.8232
15 345248 1307564 a.2793 @.4427 @.674
16 185841 735471 8.1493 @.3067 @.5347
17 14502 344104 @.0474 @.15@2 8.3191

M=24 U=18 P(G)=X 123444 14 MINORS

R=17 N=7 H(G) =3533333

1 PILD BCCID P1/BC PRCD) PR/BCR
7 14928 244164 B.04a8 %¥% ¥¥%
& 112451 735471 a.1528 6,644 3.127%
$ 373214 1367504 @ .26854 3.3189 1.8488
18 8eS47Z 1761254 G.3106 2.1582 1.4382
11 1244202 2494144 a.4984 1.5444 1.2134

312 1432498 2764154 @.5298 1.1514 1.062%
12 1244202 2494144 @.4554 6.3584 0.9408
14 205472 1961256 0.4106 @.4473 @.823%
15 373214 1307504 @ .2854 B .4433 @.595
14 112451 735471 a.1528 @.3013 8.535s
17 14924 344104 0.0488 @.1504 @.3197

M=24 U=18 P(G)=% 123446 14 MINORS

R=17 N=7 H(G)>=3353333

_1  PLCI) BCCI) PI/BC PRCI) PR/BCR
7 17014 345104 @.04%91 %% XX
8 113189 735471 f.153% 4.8524 3.13088
® 375744 1307504 @.2873 3.3196 1.8472
1@ &18843 1941256 @.4134 2.1579 1.4386
11 1252330 2494144 9.5017 1.5444 1.2135

12 1441974 2704154 ¢.5332 1.1514 1.8628
13 1252330 2496144 @.5017 0.8484 9.94088
14 108848 1961254 6.4134 @.5474 8.824
15 375744 13975084 @.2873 0.4433 0.695
16 113189 735471 @.1539 8.3012 @.5355
17 17014 346104 @.a491 @.15083 8.3194
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M=24 V=18 P(G) =X 123444 14 MINORS

R=17 N=7 H(G)=3335333

1 PICD BCCI) P1/BC PRCI) PR/BCR
7 17524 344104 0.0506 TR X¥%

8 114051 735471 6.1577 &.6224 3.1144
® 383994 1367504 0.2936 3.3088 1.8612
18 824976 1941254 @.4216 2.1534 1.4357
11 1275824 2496144 6.5111 1.5427 1.2121

12 1448504 2704156 @.543 1.151 1.0424
13 1275824 2494144 @.5111 0.8487 @.9411
14 824974 1941254 8.4216 8.4481 @.224%
15 383994 1307504 8.2936 8.4443 B.4545
14 114851 735471 @.1577 @.2022 @.5372
17 17524 344104 8.0564 9.151 @.3208

M=24 U=18 P(G)=X 123446 14 MINORS

R=17 N=7 H(¢G) =3333533

1 PI(D BCCI) P1/BC PRCI) PR/BCR
7 16566 344104 @.0478 %¥% %3

& 118277 735471 6.1459 &.4568 2. 1324
® 344654 1367504 @.2804 3.3248 1.8762
10 792416 1941254 @.464 2.1611 1.4407
11 1225062 2494144 8.4907 1.5459 1.2146

312 1410934 2764154 @.5217 1.1517 1.6431
13 1225062 2494144 0.4%07 8.8482 @.9465
14 79241& 1961254 “.404 8.44648 8.23232
15 368656 1307504 9.2804 Q.4427 @.494
16 118277 735471 6.1499 b.3607 B.539&
17 14584 346104 @.0478 9.1502 @.23152

M=24 V=18 P(G)=X 123446 14 MINORS

R=17 N=7 H(G)=3333353

1  PICD BCC(I) P1/BC PRCI) PR/BCR
7 14584 344104 9.64% X% X%
8 112865 735471 @.1534 6.6453 23,1272
® 274514 1307504 @.2844 3.3182 1.8445
10 863140 1961256 @.412 2.1578 1.4385
11 1248214 2494144 @.5 1.5445 1.2135

>12 1437244 2704156 6.5314 1.1514 1.8428
13 1248214 2495144 9.5 a.8484 0.9408
14 508140 1961256 @.412 @.6474 8.524
15 374514 1307504 0.2844 0.4434 8.6951
16 112845 735471 @.1534 6.3613 8.5357
17 16984 346104 0.049 @.1504 0.3197



101

M=24 U=18 P(G)=% 123444 14 MINORS

R=17 N=7 H¢G) =3333335

1 PL(D BCcI) P1/BC PRCI) PR/BCR
7 165086 344104 2.8474 *% X3

8 189983 735471 8.1494 4.46583 2.1333
® 345408 1307504 8.2794 3.3248 1.8782
16 789728 1951256 8.4024 2.1412 1.44882
11 1226934 2494144 8.4891 1.546 1.2147

12 1464304 2784154 @.52 1.1518 1.0432
12 1220934 2494144 @.4851 8.3481 f.9405
14 789728 1941256 4.4028 A.4448 a.e2az
15 345408 1307504 @.2754 @.4527 @.4654
16 185763 735471 a.1494 8.3007 @.5244
17  145@4 344104 8.0474 a.1561 @.3191

M=24 U=18 P(G)=% 123444 14 MINORS

R=17 N=7 H(¢G)=4433333

1 PI(D BC(1) P1/BC PR¢1) PR/BCR
7 17483 344104 0.65a5 £¥ % ¥

& 118227 735471 @.153 &.448 2, 1284
> 385349 1387504 @.2947 3.3154 1.844%
16 830540 1761256 6.4234 2.1558% 1.434%
11 1281408 2494144 0.5134 1.5431 1.2124

y12 1475322 2764154 6.5455 1.151 1.8425
13 1281480 2494144 @.5134 6.8487 0.9411
14 238550 1941256 6.4224 0 .448 @.5247
15 385349 1307504 8.2947 @.4639 8 .495%
16 118227 735471 @.158 8.3016 6.5362
17 17483 2441084 @.0505 @.1504 @.3194

M=24 U=18 P(G)=%X 123444 14 MINORS

R=17 N=7 H(G)>=4343333

1 PICD BCCI) P1/BC PRCID PR/BCR
7 17594 344104 6.0508 %X X%
8 117140 35471 @.15%2 é.4579 3.1331
$ 388720 1307504 0.2974 3.3201 1.867S
18 339196 1941256 6.4278 2.1577 1.43a85
11 1295918 2494144 @.5191 1.5442 1.2133

>12 1492044 2784158 @.5517 1.1513 1.8627
13 1295918 2496144 @.5191 @ .8485 8.9409
14 839194 19461256 @.4278 0.4475 @.8241
15 383929 1307504 @.2974 8.4634 @.6951
16 117140 735471 @.1592 8.3011 6 .5354
17 17594 344104 6.0508 0.1501 0.3191
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P(G)=%X123446

M=24 V=18 14 MINORS

R=17 N=7 H(G)=4334333

_1  PICD BCCI) P1/BC PRCI). PR/BCR
7 17959 344104 8.0518 % ¥ ¥¥

8 119223 735471 a.1421 6.6386 3.124
® 395089 1307504 @.3021 3.3138 1.844
10 851632 1961254 @.4342 2.1555 1.437
11 1314472 2494144 @.5244 1.5434 1.2127

Y12 1513202 2704156 @.5595 1.1511 1.6624
13 1314472 2494144 @.5264 8.3484 @.941
14 851432 1941254 9.4342 @.8478 0.8245
1S 395087 1367504 6.3021 @.4839 0. 5758
16 119223 735471 @.1621 @.3617 a.5364
17 17959 344104 @.0518 6.150& 9.32

M=24 V=18 P(G) =% 123446 14 MINORS

R=17 N=7 H(G)>=4333433

1  PICD BC( 1) P1/BC PRCI) PR/BCR
7 17314 244104 0.05 % ¥ %¥

& 115188 735471 @. 1566 &.6528 3.1307
¢ 382728 1307504 @.2727 3.3226 1.8485%
18 224744 1941254 @.4215 2.1401 1.4461
11 1277814 2494144 8.5119 1.5455 1.2143
»12 1471486 2704156 @.5442 1.1517 1.0431
13 1277814 2494144 @.5119 @.8482 @.9404
14 824744 1941256 @.4215 @.447 @.82349
1S 382728 1307504 @.2927 @.4429 @.46943
16 115188 735471 8. 1544 @.3868% @.535
17 17314 344104 @.085 e.1503 9.3194

M=24 U=18 P(B)=%123446 14 MINORS

R=17 N=7 H(G)=4333343

1 PICD BCCI) P1/BC PRCI) PR/BCR
7 17579 345104 @.a507 %X ¥ ¥

& 116977 735471 @.159% &.4543 2.1314
9 388331 13075084 @.297 3.3197 1.8673
18 838156 1961254 @.4273 2.1583 1.4389
11 1294738 2496144 @.5186 1.5447 1.2137

>12 1490888 2704154 @.5513 1.151S 1.0429
13 1294730 2496144 8.5186 @ .8484 2.9407
14 833154 1941254 8.4273 @.4473 8.823%
15 388331 1307504 @.297 @.4633 8.494%
16 118977 735471 a.159 @.36012 5355
17 17579 344104 ¢.0507 9.1502 0.2193



103

M=24 V=18 P(G)=% 123444 14 MINORS

R=17 N=7 H(G)=4333334

1 PICI) BC<I) P1/BC PRCI) PR/BCR
7 17276 345104 8.04%% X% ¥¥
8 114952 735471 6.15&2 4.6538 3.1312
? 381856 1387584 6.292 3.3218 1.8485S
18 824832 17461258 @.4285%5 2.1 1.449
11 1274884 2498144 6.5107 1.5436 1.2144

212 14483328 2784158 @.5429 1.1517 1.6431
13 1274884 2994144 a,51a7 @.8882 a.v48&
14 8249832 194612548 8.4285 a.449&% @.8224
15 3818354 123867504 8.2%2 @.4427 @.s6%44
16 114952 735471 6.15&82 a.3a1 8.5351
17 1727é 344184 8.8499 @.1502 a.3173

M=24 V=18 P(G)=%X123444& 14 MINORS

R=17 N=7 H(G)=3443333

1 PICI) BC(1) P1/BC PRCI) PR/BCR
7 17883 3448164 6.83514 X¥ %
a8 118371 735471 G.166%9 4&.,648¢% 2.1287
? 3922481 1387504 6.3 3.3138 1.349
18 244894 12681254 a.4z2a? 2.152% 1.435%
11 138312a 2474144 B.S522 1.5423 1.2118

X112 1479766 2784156 a.5545 1.15a8 1.0822
13 1363120 2494144 a.522 @.8s8% @.v413
14 g448%& 1961256 g.43a7 8.4483 a.2251
1S 272281 12367504 8.3 8.4442 6.8784
16 118371 735471 é6.l1s8% @.3617 6.53649
17 17883 3446184 6.6514 a.1564 8.2319&

M=24 V=18 P(G)=%123444 14 MINORS

R=17 N=7 H(G)=3434333

. PICI) BC¢1) P1/BC PRCI) PR/BCR
7 1822% 346184 @.a52é8 x¥ L33
& 126974 735471 @.1&8449 6.4348 3.1232
? 488538 1387584 6.3043 3.3te8 1.8423
16 282472 1961256 8.43%7 2.1533 1.435G
11 13382484 2494144 @.5329 1.5423 1.2118

>12 1538984 2704156 0.5661 1.15a8 1.0823
13 1338244 24946144 a.5329 8.8488 80.2413
14 842492 1961254 @.4397 @.5483 8.8251
15 4dee530 1387564 6.3063 8.4543 8.6965
16 128974 7235471 @.14449 @.262 @.53&%
17 18228 3461049 @.a526 @6.158¢ 6.3201



104

M=24 U=18 P(G>=% 123444 14 MINORS

R=17 N=7 H(5)>=3433433

I PICI) BCC(I) Pi/BC PRC1) PR/BCR
7 17579 344164 8.8587 *% X%

& 114955 7359471 g.15% 6.6531 3.13e8
bd 388345 13875684 @.297 2.32045 1.8478
1@ 83832 1741256 8.4274 2.,138%5 1.429
1t 1294952 2494144 6.5187 1.5444 1.213¢

>12 14%1114 2764154 6.3%514 1.1514 1.0é62%
13 1294952 249&144 8.51&87 8.8s889 B.9488
14 g3gz2e 19461256 a.4z274 0.4473 @.,8237%
15 3B83&5 13875604 @.297 @.4632 @.s89482
16 118755 720471 a.15% a.3811 @.3303
17 17&7% 46104 @.a5e? 6.13503 6.2193

M=24 V=18 P(G)=%¥123444 14 MINORS

R=17 N=?7 H(G)=3433343

1 PI1¢I)> BCC(I) Pl1/BC PRCI) PR/BCR
7 17848 344184 @.8515 L3S £33
& 11877a 730471 a.15814 &.4854% 3.13215
¥ 3v4a40 13867504 a.3813 3.217¢6 1.8881
1a &49z44a 1951288 G.4333 2.1587 1.4378
11 1312848 245144 @.3254 1.5438 1.2183

>12 1518524 2784154 G.552% 1.1512 1.6827
13 1312848 24961449 B.53258 2.868¢ 8.¥49a%
14 247844 194612546 @.4333 8.6477 g.8z242
15  32%4e40 1367504 0.3813 0.4836 6.49549
14 118778 735471 6.15814 @a.3a14 a.,5358
17 17848 345184 8.6515 @.13062 6.3193

M=24 V=18 P(G)>=% 123446 14 MINORS

R=17 N=7 H(G)=3433334

1 PICI) BC(I) P1/BC PRC1) PR/BCR
7 17541 348184 6.85048 £% X%
8 114723 735471 @.1587 &.48542 2.1314
9 387521 1367584 8.2%2463 3.32 1.8675
18 83s84%2 1941254 08.4285 2.1585 1.42%
11 1292250 2494144 0.5176 1.5448 1.21328

>12 14888448 27841548 a.5502 1.1515 1.8427%
13 129225 24946144 6.5176 2.8&84 0.7487
14 83&4%2 19461286 8.42435 @.8473 @.8238
15 387521 1367504 0.29s3 8.4432 0.894%
14 114723 73547 1 @.1587 e.3e12 @.53%4
17 17541 344104 @.858é 8.1502 8.3193



105

M=24 V=18 P(G)=%X123446 14 MINORS

R=17 N=7 H(G)=3344333

1 PICI) BC<I) P1/BC PRC1) PR/BCR
7 18199 344104 6.8525 X% X%
& 1286731 735471 6.1841 6.6339 3.1218
? 399392 1367564 6.3854 3.30881 1.84868
18 Q59232 1981256 @a.43a1 2.1513 1.4242
11 1324244 24746144 @.538% 1.5412 1.218%

>12 18522858 2784156 G.S5634 1.156S 1.682
13 1324284 2496144 @.5383 6.8671 0.9415
14 gS9z232 1981256 8.43¢&1 @.4488 a.,ezs?
15 3IPP3¥3 13a75684 @.3854 8.44648 0.8972
16 126731 738471 @.1441 B.3622 a.53732
17 18199 344104 6.8525 é.1587 0.3z203

M=24 V=18 P(B)=%X123444 14 MINORS

R=17 N=7 H(G)>=3343433

1 P1<1) BC(1) Pl/BC PRC1) PR/BCR
Ird 17438 344184 @.a358% X X¥
& 11737& 735471 6.1595 6.6577 2.1328
? 389812 13875e84 a.27981 3.321 1.888
1a 841244 1961286 #.428%9 2.158 1.4387
11 1299686 24941449 0.5204 1.5442 1.2133

>12 14795488 2784154 8.5531 1.1513 1.0827
13 1299884 2498144 6.5204 @.8485 @.v429
19 841244 19461256 @.428% @.8475 8.8241
15 387812 1367504 @.2581 8.4433 0.8%3
16 11737& 735471 8.159S 8.3011 @.,35353
17 17430 3446184 -8.050¢% @.15a2 8.3191

M=24 V=18 P(BG)=X123446 14 MINORS

R=17 N=7 H(G)=3343343

1 PICI) BCCI) Pl1/8BC PRCI) PR/BCR
7 173899 344104 @.a517 X% X%
8 119181 738471 8.182 &, 8089 3.1334
? 395435 1387584 6.30z24 3.3179 1.8863
1a 852436 174612568 @.4347 2.1361 1.4374
11 13215978 2494144 @.5272 1.5434 1.2126 -

>12 1514862 2764156 a.5s01 1.1511 1.8825
13 1315978 24946144 6.5272 8.8487 8.9411
14 832634 1961256 0.4347 8.447% @.824%
1S 3954835 1387504 8.3824 8.4437 @.89568
16 117181 735471 a.182 @.3813 @.535¢&
17 17899 3456104 @.8517 @.15a1 2.3191
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M=24 V=18 P(B)=%123446 14 MINORS

R=17 N=7 H(B)=3343334

1 PICD) BCCID P1/BC PRCI) PR/BCR
7 17600 344104 6.0508 f¥ ¥x

g 11721 735471 8.1593 é.46597 3.134
® 389ch 1387504 @.2977 “.321 1.868
16 Sg0z4de 1941254 @.4284 2. 1585 1.43%
11 1257368 2494144 0.519% 1.5446 1.2136

>12  149444a 2764156 @.552& 1.1514 1.0628
13 1297848 2494144 8.5199 8 .24E4 @.53488
14 S4dez4de 1941256 8.4284 8.5474 6,823
15 389248 1267564 @.2977 8.458572 B.4947
16 117212 735471 @.1573 @.3011 @.5353
17 17400 244104 @.6588 @.15@1 8,317

M=24 V=18 P(G)=% 123446 14 MINORS

R=17 N=7 H(G)=3334433

1 PICD) BECI) P1/BC PRCID PR/BCR
7 17915 345104 6.8517 ¥¥ X%
& 1188432 735471 @.1615 4,637 2.1217
o 393397 1267564 @.3008 2.3102 1.842
16 2445744 1941256 @.4318 2.1528 1.4352
11 1385548 2495144 8.5231 1.541% 1.2115

12 1502858 2764154 @.S557 1.15@7 1.8422
132 12305948 2454144 8.,5231 @.2S887 @.9414
14 ©44744 194125¢ 0.4318 §.&485 8,225
15 393397 1387504 @.3008 @.4444 B.6767
14 118243 73547 1 @.1615 @.302 @.537
17 17915 344104 @.0517 @.1587 @.3203

M=24 V=18 P(B) =% 123444 14 MINORS

R=17 N=7 H(G)=3334343

1 PI(D BC(1) P1/BC PRI PR/BCR
7 13180 246104 8.0525 x¥ ¥
8 126523 735471 8.1438 $.6294 3.1197
$ 398586 1387504 0.3048 3.3071 1.84082
16 857440 1961254 @.4371 2.1512 1.4241
11 1321506 2496144 8.5294 1.5412 1.2109

>12 1520490 2784 154 6.5622 1.1585 1.862
13 1321506 2494144 0.5294 9.28691 0.941S
14 357446 1961256 0.4371 @.4488 8.2257
15 398584 1307504 0.3048 @.4448 0.46972
16 120523 735471 8.1633 @.3023 @.5375
17 1818@ 3441084 0.0525 @.1588 6.3205
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M=24 V=18 P(G)=% 123444 14 MINORS

R=17 N=7 H(G)>=3334334

. . PICI) BC(1) Pi1/BC PRCID PR/7BCR
7 179356 344104 #.8518 % X
a8 119184 FIE471 a.182 6.8375 2.1235
b4 3y4a882 12875649 a.362 3.3132 1.883s
16 g5av72 1941256 @.4338 2,135 1.4938é&
11 131314& 2498144 8.526 1.54321 1.2124

>12 1511528 2784156 @.558% 1.151 1.68425
13 1313146 2494144 8.52& 9.8s87 80.9411
14 8Se?72 1981256 @.4338 @.s42 a.3247
15  3%488=2 13875684 6.302 @8.4944 a.8%68
14 117184 735471 8.142 G.3618 IO
17 17954 3441684 g.8518 0.15@84 6.3201

M=24 V=18 P(G)=%X1234446 14 MINORS

R=17 N=7 H(G)=3333443

_I PICI) BC(1) PI1/BC PRCI) PR/BCR
7 17611 3441849 g.a5e8 X% xE
8 117181 735471 a.15%3 6.8527 2.1304
? 288947 1287504 8.2974 3.31%97 1.8473
1@ 837324 1761254 @.427% 2.157% 1.438&
11 1294138 2498144 0.5192 1.5442 1.2133

12 1492278 27841958 8.5518 1.1513 1.8827
13 12%4138@ 2494144 86.5192 8.8685 e8.v49e%
14 837324 17461256 @.4279 @.847S 6.8241
1§ 388%47 1267564 0.2774 0.4634 6.s751
16 117161 735471 4.1593 6.2a12 @.53585
17 17811 344164 B.856e8 @.1503 0.3194

M=24 U=18 P{G)>=%X 123444 14 MINORS

R=17 N=7 H(G)=3333434

i g PICI) BC(C1) P1/BC PRCI) PR/BCR
7 17316 344184 6.85 X% xX
=] 115268 735471 8.,1956& 6 .83532 3.13089
' 38280880 1387564 @.2927 2.3226 1.869
18 324728 19461254 0.4216 2.18082 1.494a1
11 1277996 2496144 8.5112 1.54549 1.2143

212 1471824 2784154 8.5442 1.1514 1.843
13 1277996 2496144 8.5119 @.8483 8.9404
14 824728 1961256 8.4216& @.8497 @.8235
1S 3B8z&8e0 1307584 8.2927 @.48629 8.6943
16 115268 735471 8.15484 @8.368% 8.53%
17 17314 346104 @.05 86.1583 6.3193
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M=24 VU=1i8 P(BG)=%123444 14 MINORS

R=17 N=7 H(G)=3333344

1 BICD BCCD) P1/8C PR/BCR
7 17525 346184 @.050& %%

8 116517 735471 8.1584 2.1287
9  3883@7 1367504 0.2954 1.8449
10 g32ém8 1961254 @.4245 1.4368
11 1284776 2494144 8.5147 1.2124

Y12 1473838 2764156 6.5448 1.8425
13 1284774 2496144 0.5147 8.9411
14 832408 1761254 @.4245 @.8247
15 2384307 1267504 8.2954 @.855%
16 116517 735471 @.1584 @.53282
1?7 17525 3441049 6.0586 8.3198
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M=24 V=18 P(G>=%1234346 16 MINORS

R=17 N=7 H(G)>=5333333

- g PICI) BCCI) P1/BC PRCI) PR/BCR
e 15494 34s104 8.08474 X¥ XX
8 16?797 733471 @.1492 &.8567 3.13268
b4 345128 12867584 a.27%2 2.3254 1.87aS
16 7ar21s 19612568 a.4a024 2.15814 1.449a¢%
11 1220282 2494144 0.4888 1.54¢ 1.2147

*12 14085474 278415¢ 8.5197 1.1518& 1.80822
13 1220202 24948144 8.4888 @.8581 #.94985
14 7gpz1s 1941258 0.4a624 G.48447 a.az2z1
12 3&512¢ 1387504 @.2792 @.4824& @.872%
1& 189797 735471 6.1492 @.36887 @.534%5
17 14474 34104 0.847& @.1582 8.3192

M=24 V=18 P(G)=%123436 16 MINORS

R=17 N=7 H(G)>=3533333

_1 PICI) BCCI1) Pl/BC PR(1I) PR/BER
7 186978 346104 8.94% X¥% k¥
g 112383 735471 a.,i1szz &.4448 S.124¢
4 374408 1387564 @.2843 3.31%1 1.8&7
16 gzazez2 1961258 6.4119 2.1581 1.4387
11 1248874 24948144 6.5 1.85445 1.2134

»12 1437114 2784158 6.5214 1.1514 1.8628
13 1z2486749 24946144 2.5 0.84684 @.2488
14 ga8e3z 1961256 6.411% @.48474 @.823%
18 374484 1367584 @.28463 @.4633 @.8%5
1& 112883 735471 68,1533 6.3812 @.5334
17 1&%97& 345184 6.04% @.15@e4 8.31%97

M=24 V=18 P(G)=%123436 16 MINORS

R=17 N=7 H(G)=3353333

I PICI) BCCI) Pl1/BC PR(1) PR/BCR
7 1735540 344104 6.8567 X% %

a 114325 73347 % 8,.1581 6.6282 2.1191
? 385608 13075684 6.2%944 3.3896 1.8617
18 829152 1961256 @.4227 2,1536 1.4357
11 1279144 2494144 8.5124 1.5427 1.2121

>12 1472316 2704158 8 .5444 1.151 1.68249
13 12791446 24946144 0.5124 0 .8488 8.9412
14 829152 1741258 @.4227 8.46482 6.3247
15 385a406 13675a4 8.2944 8.4443 @8.&9848
16 116325 735471 6.1581 6.3621 @.S5371
17 17556 3451049 8.a507 @.15a68 8.32a85
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M=24 V=18 P{G)=% 123434 16 MINORS

R=17 N=7 H(G)>»=4433333

- PICI) BCCI) Pl1/BC PRCI) PR/BCR
7 17515 3441e4 @.8504 x% ¥¥

8 116435 735471 a.1583 é.6477 3.1283
@ 384133 1387504 A.2953 3.3142 1.84549
18 822352 19412548 @.4243 2.1554 1.437
11 1284448 2495144 8.5145 1.5431 1.21249

>12 14784%@ 2764158 8.54s7 1.151 1.8&25
13 1284448 2494144 8.514% @.8487 8.v411
14 @32352 12461254 @.4243 8.498 a.8247
13 386133 1387504 8.2953 8.4537 @a.4958
16 1148435 735471 @.1583 @.3815 a.323s8
1?7 175195 344184 8.850848 @.1564 6.31%9&

M=24 V=18 P(G)=%X123436 16 MINORS

R=17 N=7 H(G>=4343333

1 PICI) BC(1) P1/BC PR(1) PR/BCR
7 17978 3441049 0.8519 ¥ X%

a8 119348 28471 a.1422 4.641 2.1252
? 3556049 13675404 6.30249 3.3149 - 1.8841
‘16 852386 19461256 8.434¢4 2.1551 1.42387
11 1315328 2494144 8.5249% 1.5431 1.21249

>12 1514832 2784158 B.5598 1.151 1.8825
13 1315326 2494144 8.524% @.8487 6.%411
14 52284 1741256 8.434s8 @.448 @.8247
1S 395584 1367584 0.2024 0.443% 8.895¢%
16 119348 735471 G.1822 6.301?7 @.5344
17 17970 344164 @.a519 @.1585 a.,z21¢?

M=24 V=18 P(G)=%123434 16 MINORS

R=17 N=7 H(G)=4334333

I PICI) BCC(I) pPl/BC PRCI) PR/BCR
7 17571 244184 é.a507 XX X¥%

8 1158915 732471 8.1958% &. 60538 3.1312
9 388229 1387584 B.2949% 2.3204 1.8878
16 83&es4 1981256 6.4273 2.1586 1.4371
11 1294584 24946144 6.5184 1.5447 1.2137

>12 1490682 2784156 8.5512 1.1514 1.8429
13 1294584 2494144 @.5184 @.8484 2.5408
14 838044 1961256 @6.4273 6.46473 a.82%%
1§ 388229 1387564 8.2959 8.4432 a.4%48
1& 114715 735471 8.158¢% a.3e11 8,.5353
17 17571 34461049 a.as5e7?7 e.1582 8.3193



M=24 U=18 P(G)=X123436 16 MINORS

R=17 N=7 H(G)>=4333433

. PICI) BCCI) Pl/BC PRCI) PR/BCR
7 17286 345104 @.0498 3 X%
8 114848 739471 8.15&41 4.6528 3.1387
? [8 1672 1387584 e.2%1? 3.3227 1.84%
16 22458% 1981254 6.4284 2.14849 1.4483
11 12745646 2494144 6.51848 1.5457 1.2144

212 1447748 2704158 a,5428 1.1517 184631
13 1274548 249461449 e.51@aé& 8.8482 a.v48¢
14 8224538 1961258 @.4za4 8.44948% 8.2233
15 381472 1387584 8.271% @.4428 a.8782
14 1148&8 735471 a.1561 @.366% a.532%
17 17284 346184 8.84%8 6.1563 L3194

M=24 V=18 P(G)=%123436 16 MINORS

R=17 N=7 H(G)>=3443333

I P1ci1) BEC(1) P1/BC PRCI) PR/BCR
7 123195 34&1a4 @.8528 ¥ X%
& 128451 735471 @.1841 6.46331 2.1215
@ IeF2s1 1387564 @.3653 33,3881 1.8408%
16 8SEYFS 12812568 8.437% 2.1514 1.4342
11 1323888& 24946144 0.5303 1.5412 1.218%

F12 15923224 2704154 6.5832 1.158% 1.882
2 1323888 2494144 8.53a3 8.858%1 @.9419
14 &a58%7rs 1961256 8.437¢ @.48488 B.8287
15 399241 1387584 @.3a33 0.4448 6.8972
16 128871 73347 1 6.14491 G6.3822 @4.53732
17 181%S 245184 6.83525 0.15a7 @.3283

M=24 V=18 P(G)>=%123434 16 MINORS

R=17 N=7 H(G)=3434333

1 PICI) BC<C1) pl/gc PR(1) PR/BCR
7 17872 3458184 8.851¢8 %% X%

8 118748 735471 a.1814 4. 8533 3.138¢9
9 394502 1387504 e.3a17 3.3177 1.84882
18 85671é 1741256 ¥,4337 2.15849 1.4376
11 1313898 24941449 6.526 1.5435 1.2127

>12 1511548 2784156 e.558% 1.1511 1.8625
13 131368798 2494144 8.526 0.8486 2.741
14 8%S871é 19461256 @.4337 6.8978 9.8245
15 394502 1387584 a6.3017 @8.44637 @.4955
16 11&8%68 735471 a.14814 6.3014 @ .5358
17 17872 346104 8.0%16 @.15e3 8.3193
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M=24
R=17

y=18
N=7

PICI)
17571
116915
2388229
gzgasq
12749584
1476482
124584
az3644
38229
1149715
17571

P(G)=%123434
H(G)=3433433

BCCI)
344104
735471
1387504
1941256
2496144
2764156
2496144
19461258
1307504
735471
344184

P1/BC

a.a5a7
éG.158%
8.296%
6.4273
8.5186
8.5512
6.5186
A.4273
8.298%
8.18&%
a.a5e7

16 MINORS

RCI)
¥

0

X

&.465328
3.3286
2.158s&
1.5447
1.1514
@.8684
a.48473
0.,44632
a.3011
@.1c82

PR/BCR
X%

2.1312
1.8678
1.43%1
1.2137
1.882%
@.v4a8
@.82329
@.4748
@.5353

6.3193
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M=24 V=18 P(G)=% 123444 13 MINORS

R=17 N=7 H(G)=5333333

. g PI1¢l) BCC1) P1/BC PRCI) PR/BCR
7 161446 346184 0.084466 X% X%
8 1608423 735471 8.1474 é4.7151 .16
? 361656 137564 0.27866 2.3356 1.8762
16 732928 19612548 0.39%1 2.1448 1.4432
11 1211382 24996144 8 .4853 1.93472 1.2156

>12 13985866 278415¢ 6.5181 1.1521 1.8635
13 1211382 2494144 @8.4853 a.867% 0.5462
14 732928 1961254 6.3771 6.8943 8.a8225
1S 381858 1367504 8.2748 @.4581% @.46%928
1& 188423 735471 8.1474 n.2997 @.532%
7 18144 34é1649 8.04&6 @.148% 8.3144

M=24 V=18 P(G)=% 123444 15 MINORS

R=17 N=7 H(G)>=3533333

I PICI) -, BECI) Pl/BC PRC1) PR/BCR
7 14540 3446104 8.a478 XX X%
2 111833 735471 6.158% &.7048 3. 13322
' 349738 1367564 2.2827 3.329% 1.8731
18 7F97344 1961254 8.4@875 2.1817 1.441z2
11 1235718 24%4144 @.4%5 1.545% 1.2144

>12 1423278 2704156 8.05263 1.1517 1.68631
13 1235718 2494144 @.4%95 8.8s82 @8.9485
14 799344 1741256 @.4673 8.8448 a.8232
18 369738 1367564 8.2827 8.4425 é.6938
1& 111833 735471 6.158% a.3aaz a.5338
17 18560 3446184 0.e4978 8.14%91 6.31&%9

M=24 V=18 P(G)=¥%¥ 123444 15 MINORS

R=17 N=7 H(G>=3353333

- & PICI) BCCI) P1/BC PRCI) PR/BCR
7 14722 344104 @.e483 X% X%
8 112147 735471 8.152S5 &.7877 3.15&5
? 373444 1387564 @8 .2856 3.3295 1.8728
1@ B8e7i2e 1981254 8.411S 2.1411 1.4487
11 1247382 24946144 8.4997 1.5454 1.2143

>12 1434542 2784154 e.5312 1.1514 1.863
13 1247382 249946144 0.4%9%7 2.84683 8.94046
14 &67120 194612564 8.411S 8.447 8.823S5
15 373444 1367504 @.2858 0.4827 0.46%49
16 112147 735471 0.1525 6.38a3 @¢.533¢%
17 16722 344184 6.0483 0.149 B.3167
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M=24 U=18 P(G)=%123444 16 MINORS

R=17 N=7 H(G>=3335333

1 PIC1) BC(C1) Pl1/BC RCID PR/BCR
7 178564 344164 8.8515 L33 X%
8 118681 735471 @, 1485 £.6129 2.1119
? 378114 1387584 8.29383 3.3837 1.8383
18 8&3%200 194612548 @.4278 2.1511 1.4241
11 1293822 24%&144 8.5183 1.5417 1.2113

>12  1488&8%4 2784158 @.5585 1.1567 1.8422
13 . 1293822 2494144 8.5183 @6.888% 6.9413
14 &3?7z84a 1781258 6.4272 @.8488 @.8255
1S5 G3¥8114 12e7564 0.2983 6.4&£48 @.8972
16 11ga&d 735471 é8.1&485 a.302& @.5381
17 1785¢ 34&164 @.851S 6.1512 @.2213

M=24 V=18 P(G)=% 123444 15 MINORS

R=17 N=7 H(G>=3333533

_1 PICI) BC(1) P1/BC PR¢I) PR/BCR
7 16274 3448184 8.047 X% ¥¥

& 1av191 735471 a.,1d4z49 &.78%% 3.1574
? 3é4184 1267504 a.2785 2.23352 1.87&1
e 7ggze4d 1961254 6.481%9 2.1464% 1.443
11 1219478 2495144 6.488S5 1.544%9 1.2154

»12 1484882 2784158 8.3195 1.152 1.8&349
132 1219478 24946144 @.4885 6.848 2.9483
14 788304 1741258 g.401%9 8.44684 8.8227
1§ 344124 1267584 8.2785 8.4&81% 8.492%
16 171?91 735471 o.14849 @.z978 a.533
17 14274 3445184 2.e47 6.14¢ @.31&7

M=24 V=18 P(G>=%123444 15 MINORS

R=17 N=7 H(B>=4433333

_I PICI) BCCI) Pl1/BC PRC(I1) PR/BCR
7 1718% 344184 @.a84%94 X% XX

8 1147414 735471 a.158 &.7044 2.1559%
? 381469% 1367504 8.291% 3.3266 1.8712
16 824112 17681284 @.42a1 2.159 1.43%3
11 1272744 249496144 e.5ev8 1.95443 1.2134

>12 1485378 2764156 8.5419 1.1513 1.0628
13 1272744 2496144 8.50%8 8.8685 0.7489
14 824112 19461254 6.42a61 8.447S a.8241
15 381699 13875604 8.2719 8.4631 @.6947
16 114741 735471 6.156 a.2a66s @ .5344
17 1716% 344104 0.84%4 6.14%1 8.3148
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M=24 vV=i8 P(G)=X123444 15 MINORS

R=17? N=7 H(B)>=4343333

1 PICKD BC(I) P1/BC PRCI) PR/BCR
7 17282 346104 6.0498 X% %X
8 11592a 735471 @.157& 6.7153 3.1401
$ 384106 1307564 @.2952 3.3307 1.873S
16 824444 1961256 @.4254 2.1812 1.44a¢&
11 128%5a2 2496144 @.5145 1.5453 1.2141

>12  1485@6a 2784156 6.54%1 1.151& 1,083
13 1289502 2494144 0.5145 0.58483 8.74a7
14 834444 1961256 6.4254 @.4471 B.823S
15 386100 1307504 a.2952 0.4827 @.874
14 115920 725471 @.1576& 6.3002 @.5337
17 172&2 244184 9.2498 e.148% G.23169

M=24 y=18 P(G)=%123444 16 MINORS

R=17 N=7 H(G)=4334333

1  PICD BCC1) P1/BC PRCI) PR/BCR
7 18677 34&1849 @.6522 %% %%
& 126163 735471 B.1833 &.6472 3. 1281
$ 398243 1387504 6.3045 3.3141 1.8642
10 358254 1941254 @.4374 2.1851 1.43&7
11 1324448 2496144 0.5305 1.5431 1.2125

312 1524576 2704158 @.5437 1.151 1.0&25
12 1224448 2495144 @.5305 0 .8487 @.9411
14 gsg254 1981254 @.4376 @.448 @.3247
15 398243 1207564 8.3045 0.484 0,698
14 123143 735471 @.18323 @.3617 6.53:9
17 18977 344104 @.0522 0.15604 @.219&

M=24 y=18 P(G)=%X123444 15 MINORS

R=17 N=7 H¢G)>=4333433

L BI<D) BC(I) P1/BC PRCI) PRZBCR
7 16982 3461049 0.049 X X ¥
e 113908 735471 @.1548 &.787S 3.1545
®  37P784 1387504 8.2%04 3.2341 1.8754
18 821740 1961256 0.4189 2.1637 1.4424
11 1271042 2494144 6.5092 1.54647 1.2153

212 1444192 2704154 0.5414 1.1519 1.0423
13 1271042 24941449 0.508%2 0.848 0.%4049
14 3821740 19612568 06.418% 0.44485 6.8228
1S 379784 1307504 6.2904 8.4621 @.86932
16 113768 735471 6.1548 @.2999 @.5332
17 14982 344104 6.849 0.149 8.3162
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M=24 U=18 P(G)=%123444 15 MINORS

R=17 N=7 H(G)>=3443333

I PICI) BC(I) P1/BC PRCI) PR/BCR
7 17449 344104 6.85@04 % ¥
8 1172153 735471 @.15%2 &.7063 3.155%
? 38%475 1387504 8.2978 3.3244 1.87
18 848244 1761258 @.4284 2.157 1.4382
11 1296864 2495144 @.3193 1.54324 1.2127

312 1492836 2784154 6.352 1.1511 1.3425
13 1294864 24946144 8.5195 @.8687 0.¥411
14 g4az4da 19812548 G.4234 @.4477 @.824¢&
15 389475 137504 e.z2778 8.4835 6.&¥752
1& 117133 735471 a.15v2 a.3667 @.5347
17 17449 346184 6.05a4 6.1421 0.3158

M=24 V=18 P(G)=X1234449 16 MINORS

R=17 N=7 H(G)>=3434333

1 PICI) BC(1) PI1/BC PR(1) PR/BCR
7 18349 348104 6.653 ¥ X

& 121944 733471 @.1858 &.6458 2.1274
? 483787 1287504 6.3838 33,3112 1.8525
1@ g&734a 19612564 @a.4422 2.1529 1.4352
11 1248584 24948144 8.537 1.5942 1.2118

>12 1542744 2784155 8.5783 1.15@7 f.0822
13 13246584 2498144 a.537 8.8889 6.9413
14 82&72448 1961256 8.4432 @.s84849 @.382%3
1S 483787 1367584 a.za88 8.4544 8.8767
16 121944 735471 @.1s858 a.3602 8.53488
17 133479 344184 8.653 6.15864 8.3197

M=24 V=18 P(G)=%123444 15 MINORS

R=17 N=7 H(B)>=3433433

I PICI) BC(1) Pl/8C PRCI) PR/BCR
7 17245 244104 6.04%c X% . XX
8 115689 735471 8.1372 é6.788S 2. 15487
? 3859511 1387584 @.2%48 3.3323 1.8744
16 gz35z8 1961256 @8.4249 2.1621 1.4414
11 12885460 2496144 0.5142 1.5459 1.2144

>12 14848446 27841546 8.5488 1.1517 1.8431
13 128854@ 2496144 2.5182 8.8682 6.7486
14 833528 19461254 0.424% @.48448 a.g8232
15 385511 1387504 8.2948 @.4423 6.6937
16 11548% 735471 g.1572 6.2 @.5334
17 17245 3446164 8.0498 2.14% B.,3167
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M=24 y=18 P(G)=%123444 16 MINGORS

R=17 N=7 H(G)=3344333

- PICI) BCCI) Pl/BC PRCI) PR/BCR
7 18337 344104 0.0529 %% %
g 121815 735471 @.14548 6.4421 2126
? 483831 1387504 6.3882 3.388S 1.841
18 B&sERA 1261254 8.442 2.158% 1.4339
11 1235784 249s144 8.3351 1.548¢% i.2187

>12 1838786 27641548 8.54832 1.1564 1.65179
12 13385784 2494144 @.5351 8.84%2 8.94148
14 244880 1741258 8.442 a.&489% @.2257
15 483831 13a75649 8.3e882 8.444% 6.&8973
14 121815 735471 B.1856 8.3622 @.2373
17 18337 344104 8.852% 6.1585 6.31983

M=24 U=18 P(G)=%X 123444 15 MINORS

R=17 N=? H(G>=3343433

_I PICI) BC<C1) Pl/BC PRCID PR/BCR
7 17338 344184 8.05 % ¥x
& 118374 735471 @.1532 &.7121 . 1588
? 3grr7es 1287584 @.2945 3.3321 1.8743
i@ 3381405 194612568 @.4273 2.1613 1.4465
11 1295194 2494144 6.5188 1.54%53 1.2141

>12 14914826 2784136 8.5515 1.1515 1.882%
13 1295194 2495144 8.5188 8.8483 6.%9387
14 &gz=&148 1961254 8.4273 8.48471 8.823&
15 387788 1287584 @.2%48 8.4626 a.6%4
16 118376 735471 @.15282 @.30a81 @.53235
17 173228 344184 8.85 2.1489 0.31465

M=24 V=18 P(G)=% 123444 16 MINORS

R=17 N=?7 H(G)=3334433

1L PICI) BC(1) pl/BC PRCI)D PR/BCR
7 13849 344104 8.86521 X¥ X%

8 119879 735471 8.1827 &.4418 3.1285
? 394903 13875604 8.3835 3.3108 1.8623
16 85493348 1961254 8.4358 2.1525 1.435
11 1317112 24946144 8.5276 1.541¢6 1.2113

>12 1515578 270415¢ 6.54849 1.15@¢4 1.8421
13 1317112 2498144 8.5276 0.869 0.9414
14 854334 19412548 8.4354 @.8484 @.8255
15 3%4%63 1387584 2.3833 @.4445 B.&6968
14 1172879 735471 @.1429 6.382 @.5348%
17 18649 345104 6.0521 @.15e5 0.319%



118

M=24 V=18 P(G)=% 123444 15 MINORS

R=17 N=7 H(G>=3333443

- PICI) BCCID P1/BC PRCI) PR/BCR
7 17854 348104 8.0492 %% X%
8 1143224 735471 @a.1554 &.7036 3. 1544
4 381240 1387504 2.291S 3.3247 1.8757
16 824706 1941256 6.42849 2.,1832 1.44921
11 1275146 2494144 8.5168 1.5441 1.2148

>12 14487804 27841546 8.5431 1.13517 1.6631
13 1275146 2424144 B.5108 @.8482 6.9485
14 824700 1781254 6.4z649 6.8487 a.2221
15 381248 1287504 6.2%15 6.4522 0.65%324
1& 114324 735471 @.15%4 é.297a 4,.5331
17 17654 34s104 g.8492 @.1491 8.314%



119

M=24 V=18 P(G)=%123334 15 MINORS

R=17 N=7 H(G)>=5333333

I PICI) BCCI) Pl/BC PRC1) PR/BCR
7 146130 244104 0.0446 % %
8 1683063 735471 @.1472 6.7143 3.1597
? 341444 1387504 a.27s49 3.3375 1.8773
18 782488 1961256 8.3%9% 2.1&53 1.4435
11 1211174 2494144 @.4852 1.5474 1.2158

>12 1395428 2784156& 8.31& 1.1521 1.66335
13 1211174 2494144 8.4852 0.8&7%9 6.7402
14 7Fa2s88 198612568 6.399 8.846&2 @.3224
15 281464 13075849 8.2744 e.44818 6.4927
1& 1ezz2@: 738471 8.1472 a.27%8 a.532é
17 18130 34451604 2.0486 a.1489 6.3154

M=24 V=18 P(G)=%123336 15 MINORS

R=17 N=7 H(G6>=3533333

I PICI) BC(I) P1/BC PR¢1) PR/BCR
7 16672 34451849 g.8481 XX %%
& 111421 735471 6.13518 s.6987 3.1323
4 371882 1387504 @.2844 2.32%8 1.873
16 263868 1981254 6.4698 2.14514 1.4448%
11 12424354 2498144 @8.4%977 1.5457 1.2144

12 14z691a 2784154 8.52%1 1.151& 1.843
13 1242454 24994144 0.4977 8.8482 a.v4848
14 ga3zses 1761256 8.48%8 @.8449 @.8233
15 371882 1367564 @.2844 @.4626 0.893%
1& 1114881 735471 a.1518& G.3603 @.528&8
17 18472 344184 0.0481 0.14%2 @.3172

M=24 V=18 P(G) =% 123334 16 MINORS

R=17 N=7 H(G>=3353333

1 PICI) BE(I) Pl1/BC PR(1) PR/BCR
7 17880 3446104 8.851& X% X¥%

8 118339 735471 8.1409 &.4185 2.1145
? 291888 1307504 0.2991 3.3047 1.858%
i@ 841312 1961256 @.428%9 2.1512 1.4341
11 1297050 24994144 8.5196 1.541¢6 1.2113

212 14%2sa2 278413546 4.9519 1.15@7 1.8422
13 12976580 2494144 8.5194 0 .8489 0.9414
14 841312 1761256 8.4289 8.4486 8.8255
1S 391884 1387504 6.2991 6.444¢8 0.4%972
16 118339 735471 0.1s509 @.3825 8.5379
17 17886 3446104 86.8516 8.151 a.321



M=24 V=18 P(B)=%123336 15 MINORS

R=17 N=7 H(G)>=3335333

- PI1<1) BC(1) P1/BC PRCI) PR/BCR
7 16254 3441049 0.8489 xX X%

e ie>a29 725471 a.1482 é.7878 2. 1546
@ 363832 1387504 @a.2782 3.337 1.877
18 7g87sga 1981254 G.4@18 2.1449% 1.443%
11 12188664 2494144 @.4882 1.5471 1.2158

>12 14832958 2704158 6.5191 1.152 1.6524
123 1218488 249948144 8.4882 Q.848 B.924@3
14 7a7skze 19481254 6.4014 6.48443 a.2224
15 343832 138754 6.2782 "8.4417 a.s92¢
16 16?2829 735471 a.1482 6.2%%94 @.5327
17 14254 2344164 8.084s% a.14% @.2147

M=24 V=18 P(G)=%X123336 15 MINORS

R=17 N=7 H(G)=4433333

I PICI) BCCI1) PI/BC PR(1) PR/BCR
7 17173 344104 6.84% £33 ¥

& 115125 7235471 @.1565 &.7838 3.1547
2 383123 1367504 a.2%3 2.327¢8 1.871%
16 827232 1961256 @.4217 2,15%1 1.43%94
11 1277548 24¥4144 g6.5118 1.544% 1.2124

12 1478878 27841548 g.543% 1.1513 1.8827
13 1277546 24746144 B.5118 @.8485 8.946%
14 827232 1961256 G.4217 @.84735 6.82491
1S 383123 1387584 a.z293 8.4631 @.s8947
16 113125 735471 a.135635 g.3ea6q9 8.5342
17 17173 344184 8.864%6 8.14%1 8.316%

M=24 V=18 P{B)=X123334 16 MINORS

R=17 N=7 H(G>=4343333

I PICI) BC(1) P1/8C PRCI)D PR/BCR
7’ 18024 34s1a4 @.8522 X% XX

8 1286z4¢& 735471 @.1539 é.64%4 2.1271
? 398594 1387584 6.32048 3.3147 1.8645
1@ §o87es 19461254 0.4379% 2.1548 1.432&45
11 1325178 2494144 @.5308 1.5428 1.2122

>12 1525272 2784156 6.544 . 1569 1.68249
13 1325178 2496144 8.5388 8.8488 8.9412
14 8S8%es8 19461256 @.4279 8.58481 8.8249
1% 398594 13867504 8.3048 8.444 0.8981
16 126248 735471 @.14834 8.3614 @8 .5343
17 18684 344104 6.8522 @.15a@3 6.3195



M=24 V=18 P(G)=X%X123336 15 MINORS

R=17 N=7 H(G)=4334333 :

. PICI) BCC1) P1/BC PR(1) PR/BCR
7 16964 34%184 8.649 %% X%
8 113748 735471 @.13544 4.7044 2. 155%
? 3795348 1387564 e.27ez 3.336 1.87&5
1@ 821424 1941254 @.4188 2.1842 1.4428
11 1278804 24%4144 6.5a? 1.5448 1.2153

12 1463698 2784156 2.5412 1.151% 1.8823
13 12785084 2498144 e.5e% @8.848 @6.94864
14 gz14249 1741256 8.4918% 8.44484 @.8227
15 37¢536 1387564 6.2962 a.442 @a.a893
16 113788 735471 6.1544 6.27%7 6.2328
17 16944 244184 6.a4% 6.1491 8.3148

M=24 V=18 P(G)=X123336 15 MINORS

R=17 N=7 H(G)=4333343

1 PICI) BC(1) - P1/BC PRCID PR/BCR
I 17229 344184 6.24%7 % b3
g 115417 735471 6.135372 &6.7106 2.137%
? 385263 13075684 8.2%944 3.3322 1.8743
1@ 233883 1781256 0.4247 2.18623 1.44185
11 1287874 2494144 2.5159% 1.545¢ 1.2145

12 1483328 2784154 B.5485 1.1517 1.66321
13 1287876 2494144 @.5159 8.8882 @.9485
14 G3zage 17681288 a.4247 @.8448 8.8232
15 385263 13a7384 a.2944 a.4624 8.6936
16 115417 728471 8.1572 a.3 @.5325
17 17229 34461084 6.84%7 9.14% @.3188

M=24 V=18 P(G)=%123336 15 MINORS

R=17 N=7 H(G)=4333334

. P1c¢I) BCCI) P1/BC PRCI1) PR/BCR
7 168848 3448184 8.8487 XX %%
8 11221& 735471 @é.154 §.71@88 2.157%
? 377876 1387504 0.289 3.3348 1.8738
16 817948 17&125& 8.417 2.1444 1.44z2%
11 1265378 24946144 0.35869 1.547 1.2155

>12 1457792 270841548 a.3533% 1.152 1.84324
13 1245378 2494144 0.066% 0.8468 8.2483
14 817948 19681256 6.417 @.6444 8.8228
15 377894 1307504 8.289% 0.462 @.s893
16 113314 735471 #.154 @.2998 8.533
17 14886 344104 @.8487 @.14% B.3186



122

M=24 V=18 P(G)=%123336 16 MINORS

R=17 N=7 H{G)>=3443333

I PICI) BCCI) Pl1/BC PR(1) PR/BCR
7 18328 34&1a4 6.852% X% X%
8 121731 735471 @.1&55 é.4418 2. 1285
b4 482782 13675@a4 @.3e8 2.3087 1.84611
18 2s&4048 1961256 @.4917 2.151 1.424
11 13356852 2494144 @8.,3534& 1.549a9 1.z21e7

>12 1538974 2784158 @a.%548 1.1564 1.861%
13 1335082 29%4144 06.5348 8.84%91 6.94148
14 gsesdea 1981258 6.4917 @.s848% @.825%
15 4ez782 1367584 a.308 @.454¢8 0.6773
16 121731 735471 @.1855 6.3022 a.,5372
17 18328 344164 0.852¢% 6.1585 0.3197

M=24 V=18 P(G)=%X1233364 15 MINORS

R=17 N=7 H{(G)=3434333

1 PICI) BCCI) Pl1/8C PRCI) PR/BCR
7 17299 344164 8.84%% XX XX
& 114061 730471 6.1577 &. 7808 3. 15335
? 384403 1267504 8.2954 3.3327 1.8744
18 G35744 17612568 6.4281 2.1617 1.4411
11 1291818 29958144 8.5174 1.54%54 1.2143

>12 14874386 2784158 @.35 1.1518 1.863
13 1291418 2494144 0.51749 8 .8s83 @.2487
14 835744 1981256 #.42&1 @.&447 68,8235
1S 384483 1387584 @.2956 6.4425 a.&938
16 118061 7230471 @.13577 a.3 a.,5334
17 1729% 3441084 8.84%2 6.14%1 0.3168

M=24 V=18 P(G>=% 123336 1S MINORS

R=17 N=7 H(G)=3433343

- g PICI) BC(1I1) P1/BC PRCI) PR/BCR
7 17548 244164 4.8587 $% XX
g 117844 735471 0.1s802 4.78%9 2.1871
? 392346 1387564 6.3 3.3288 1.8724
16 847484 1761256 @.432 2.15%98 1.437¢8
i1 1388878 24¥4144 @.5243 1.5445 1.2135

>12 1587832 2784156 @.5573 1.1513 1.0628
13 1383870 2498144 @.5243 8.8885 0.7488
14 8474a4 1741258 @.432 @.4474 @.824
13 392344 1367584 e.3 0.4829 0.5%944
16 117844 735471 a.1802 @.3664 a.534
17 17548 2345104 e.e5e7 0.149% 6.3167



1

M=24 U=18 P(G)=%123336 16 MINORS

R=17 N=7 H(G)=3344333

1 PICI) BC(C1) P1/BC PRCI) PR/BCR
7 18a5% 34s104 8.0521 ¥X% X%
& 1zaae3 735471 6.1831 4.845 3.127
@ 397441 1387564 0.3839 3.312 1.863
18 255848 1761288 8.4382 2.1527 1.4351
11 1319168 2496144 0.5284 1.5417 1.2113

>12 15179448 2784154 0.5613 1.1564& 1.8421
13 1319168 2496144 6.5284 @.856% 6.7414
14 &55&848 17612586 3.4382 @.84388 @.8255
15 397461 1367564 @.,3a39 6.4645 @a.s8%87
16 128883 735471 8.14831 a.2a1% a.53s7
17 18859 3481804 @.8521 a.15e4 B.3197

M=24 V=18 P(G)=%123336 13 MINORS

R=17 N=7 H(G)>=3334433

I PICI) BC(1) P1/BC PRC1) PR/BCR
e 178349 344184 g.684%2 X% A%
g 114144 735471 @a,1552 é.7821 . 1537
b4 388720 1267504 8.2913 3.3366 1.87&8
1a &242z6 1961258 6.4z82 2.1&37 1.4425
11 12743524 2478144 4.5185 1.5463 1.2149

312 1988864 2764158 #.5428 1.1518& 1.0822
13 1274324 2498144 ¢.51085 6.8s821 @.%2485
14 B824zz20 1961258 a.4za2 @.846é a.823
15 =2ee%29 1387584 6.2913 8.4421 8.4932
14 114144 735471 G.1552 é.279%7 @.5328
17 1768634 344184 a.64%2 6.14%92 a.217



M=24 U=18 P(G)=%X123333 19 MINORS

R=17 N=7 H(G)=3353333

= PICI) BC<CI) Pl1/8C PRCYY PR/BCR
7 18172 244104 2.8525 X% X%
& 126225 735471 a.1434 &6.6159 3.1133
b4 394878 1307504 @.3635 . 3.3811 1.85¢8
18 &SZvsa 19861258 @.434% 2.14%1 1.492z27
11 1314282 2494144 0.5265 1.54@¢8 1.2184

>i2 1512128 2784156 @.55%91 1.15eS 1.8&2
13 131426g 249946144 8.5285 6.8&%1 a.¥415
14 352740 192612546 a.4324% @.&49% a.ezs
15 394878 1387504 8,383 @.4852 @.&%79
e 12822C¢ 728471 a.1834 @.382% @a.528%
17 18172 34é1a4d 8.852%5 a.1511 6.3z211

M=24 V=18 P(G)=X%123333 18 MINORS

R=17 N=7 H(G)=4343333

- PICI) BCC(I) P1/BC PRCI) PR/BCR
7 1182 345184 B 6323 % X%
& 126828 735471 8.1842 &.474¢8 3.1411
? 4qu@egs0 1387564 @.3083 3.3176 1.8841
18 2&4d@12 19612548 6.4485 2.1553 1.43&%
11 1333e3¢& 24994144 86.534 1.5428 1.2122

>12 1534326 27841548 a.5&73 1.1587% 1.8424
13 1333838 2494144 8.534 8.8488 e.v412
14 8&4a12 1761258 g.44a& 8.58481 B.83249%
15 40608486 1387584 8.3855 @.4439 @8.a95%
le 1Zegze 735471 8.1&42 @6.3a014 @.5358
17 181@2 344164 8.a8523 6.14%8 B.3183

M=24 V=18 P{(G)=% 123333 18 MINORS

R=17 N=7 H(G)=3443333

1 PICI) BCCI) Pi/BC PRCID PR/BCR
Ire 18342 344184 @.853 X% £X%
8 122483 735471 8.1865 &.6868 2.,1373
9 465531 1387564 6.3101 3.3114 1.8628
18 8724%6 19612568 8.44498 2.135149 1.4343
11 1344428 2496144 8.5385 1.54@88 1.2108

>12 13546722 2784156 0.5719 1.1584 1.841%
13 1344420 24994144 @4 .538S @.8692 6.%9416
14 &7249%4& 1961256 8.4448 @.848% 6.825%?
15 485531 1387504 e.31e1 8.4447 8.6971
16 122443 735471 08.1485 6.3019 S3&R
17 18349 344104 @.8353 @.14%9 6.3187




127

M=24
R=17

V=18
N=7

PIC1)
18697
128487
406163
861504
1328260
19z282%a
1328200
gs15a4d
460103
1z2eég?
18697

P(G)>=% 123333
H(G)>=3344333

BC(1)
344184
738471
1267564
1961256
2494144
276841548
24946144
1961254
1387584
735471
345104

G.4392
8.5321
8.5851
@.5321
@.43%2
6.386

8.144

@.83522

18 MINORS

RCI)

0

X%
6.6488
3.3182
2.1532
1.5417
1.1568
0.8&%
@.4484
8.4644
6.301&
8.1499

PR/BCR
b33

3.1383
1.8648
1.4359
1.2113
1.86821
a.v414
@.8255
6.6786
@.3382

8.21848



M=24 V=18 P{G)=% 122446 15 MINORS

R=17 N=? H(G)=95333333

_1 PICI) BC(I) P1/BC PRCI) PR/BCR
7 14374 2446184 @.8473 k¥ X%

& 169413 35471 @.1487 &6.6821 3.144%
4 34448280 1387504 8.2787 3.3312 1.8738
18 783448 1981256 @.482 2.1a822 1.4921
11 1219434 2494144 @.4885 1.544¢6 1.2152
»12 1484724 27841548 8.5174 1.151% 1.8853
12 1217434 2498144 8.4885 8.8s88 @8.5404
14 7egd4s 1781256 6.402 @.48445 6.222%
1S  3844&a 1387584 @.2787 8.4&22 8.89329
14 169413 7235471 @8.1487 @.304a61 a.533s8
17 18374 3dét1a4q 8.0473 a.14%48 @.213

M=24 V=18 P(GY=% 122444 15 MINORS

R=17 N=7 H(G>=3533333

L PICI) BCC(I) Pl1/BC PRCI) PR/BCR
7 17388 344184 @.a5@1 X% X%

& 1152%% 735471 6.1567 &, 4385 2.124
b4 382044 1307584 0.2921 3.313% 1.8638
16 823372 1941254 6.4198 2.1552 1.43&2
11 1278782 24¥81449 @.56% 1.5433 1.2128

>12 1452842 2784154 6.54689 1.1511 1.8&62¢&
13 1278782 2475144 a.58% 8.8884 a.%41
14 823392 1981254 6.4192 @.847% G.8244
15 38ze4d<& 123675684 8.2221 8.4583% @a.s895%
18 115299 735471 @a.15&7 a.3@01?7 8.53s5
17 17348 345104 g.05a1 @.1584 8,32

M=24 U=18 P(G)=% 1224946 13 MINORS

R=17 N=7 H¢G)=3335333

1 PICI) BCC(I) P1/BC PRC1) PR/BCR
7 17484 2494104 @.8582 £33 XX

8 115845 735471 8.1572 &.86458 3.1274
14 323318 1387504 8.2931 2.314 1.8641
16 gzsog80 1961256 @.4211 2.135 1.43&87
11 1274838 24%4144 8.51a7 1.5432 1.2128

>12 1447484 2784154 @.5424 1.1511 1.8625
13 1274836 24%4144 6.5187 8.8687 8.9411
14 gzsa8e 174612564 @.4211 8.8479 6.3247
15 283318 1387564 @6.2931 8.444 @8.496
146 115445 735471 a.15722 6.301t7 6.53&4
17 17404 3446164 @.a502 @.1584 2.3197



M=24 V=18 P(G>=%122444 15 MINORS

R=17 N=7 H(G)=3333533

1 PICI) BC(<I) P1/8C PR(1) PR/BCR
7 16378 344104 0.8473 ¥x ¥¥*
8 1892455 735471 @.1488 4.483 3.144%
@ 3584446 1367504 4.2788 3.3314 1.873%
i@ Pagsaz 1761254 8.4622 2.1433 1.4422
11 1228638 2494144 8.4887 1.5444 1.2152

>12 14@8%41%a 2784158 6.51%7 1.1591% 1.68232
13 1228838 2974144 @.4887 @.84881 8.7484
14 7gagzz 178125& @.4q822 B.8445 é.2228
15 344440 1387564 @a.2788 @.9822 @.8733
1& 189455 735471 G6.14eg 6.2601 @.5323s8
17 14378 3451849 8.6473 @.14%8 e.217%

M=24 V=18 P(G)=%X122444 1S MINCRS

R=17 N=7 H(G)>=3333353

= PICI) BCC(I) Pl/BC PRCI) PR/BCR
7 18792 344184 6.848% xx X¥
= 1126325 735471 @,.1523 &.6719 2.13%7
7 372494 137504 @.2843 3.3248 l.87az
1@ g8457& 1261254 @.4182 2.1599 1.432%%
11 1243258 249351494 8.498 1.5452 1.2141

>12 1431738 2784156 B.5294 1.151& 1.843
13 1243258 2496144 2.493 @.8s83 6.v487
14 884574 1961256 gd.4182 @.5471 @.823&
15 372494 1367564 @.2848 B.482% @.4944
14 112835 735471 @a.1523 e.30607 a.3347
17 18792 3441@4 8.0485 2.14%8 0.3184

M=24 V=18 P(G)=¥%1224446 15 MINORS

R=17 N=7 H(GB)»=3333335

1 PICI) BC(¢1) P1/BC PRCI) PR/BCR
7 16310 2346184 8.8471 £33 X%
8 197829 735471 8.1482 &.4847 2.1457
@ 383218 13875684 8.2777 2.3313 1.87328
18 785748 1961256 a.4a88 2.1633 1.44922
11 1215386 2494144 8.484&9 1.5447 1.2153

>12 1486118 2704136 @.5177 1.1519 1.8433
13 1215384 2494144 6.484% 8.868 8.v403
14 785740 19861256 é.4006 @.846465 @.8zz8
15 263216 1387504 84.2777 8.44822 2.6933
1& 189a2% 735471 @a.1482 @.3001 a.533s8
17 18316 3446104 @.8471 @.1495 a.2178



1R

M=24 V=18 P(G)=X%X122444 15 MINORS

R=17 N=?7 H{G)=4433333

1 PICI) BCC(I1) P1/BC PRCI) PR/BCR
7 17739 346104 6.0512 XX X%
a8 118019 735471 a.1464 &.453 3.1368
? 3713a1 1367564 a.2992 3.3155 1.845
16 843164 1981256 B.4z2%8 2.1344 1.4364
11 13ea5s&0 2494144 6.521 1.542%5 1.212

212 14978824 2784158 @.,5535 1.138% 1.8&23
13 1328540 24946144 60.521 6.8&882 e.9412
14 2431a4 19£125& @.42%7g @.648&82 @.225
13 3713ai 1267504 @.2v%72 8.4441 8.4961
16 1i1g@1% 738471 @.1884 6.3814 @.5381
17 1773% 345104 8.8512 @.1583 é.31¥4

M=24 V=18 P(G)=X122444 1S MINORS

R=17 N=7 H{G)=4343333

_1 PICI) BC(I) Pl/BC PRC1) PR/BCR
7 17146 244104 @.84%5 XX ¥¥
8 114484 735471 8.1358 &.877 2.1421
¢ 321144 1367564 8.2%915 2.3292 1.8724
16 823944 17612568 é¢.4261 2.1818 1.4412
11 1273478 2424144 a.2162 1.5457 1.214%5

12 14&8%12 2784156 6.54924 1,15817 1.85831
13 1273478 24948144 #.5182 0.8482 8.94848
14 523784 1941258 6.4281 @.8489 6.82232
18 381144 1287564 @.2%9135 @.4625 g.6738
16 114484 725471 @.155& 6.30683 8.533¢%
17 17144 346184 B.84%5 8.14%7 #.3182

M=24 V=18 P(B)=% 122444 15 MINORS

R=17 N=7 H(G>=4334333

1 PICI) BC(1) PI1/BC PRCI) PR/BCR
7 17839 345184 2.8515 E 3 XX
& 11882% 735471 @.1615 &.8611 3.1344
? 294479 1387584 8.30817 3.3197 1.8473
18 gtegqq 1781254 8.42328 2.1548 1.4379
11 1313418 24%6144 8.5261 1.5434 1.2128

>12 1511982 27841548 8.55%1 1.1511 1.6626
13 1313410 2494144 @.35261 @.846846 8.741
14 8T%eg44 1781256 @.4338 8.58478 @.8244
15 394479 1367384 8.3017 0.44836 @.4954
16 118829 735471 0.1613 é.3e12 a.5353
17 17839 245104 8.85195 6.1561 @.319



1727

M=24 V=18 P(G)=%X122444 15 MINORS

R=17 N=7 H(G)=4333433

. PICI) BCCI) Pl/BC PR(I1) PR/BCR
7 17156 3446164 6.04%9S5 X% X
g8 114548 735471 8.1557 4.678 3.1425
b4 31520 1387504 8.2917 3.33 1.8731
16 g2%668 17612548 @.4284 2.1&824 1.4414
11 1275594 2494144 8.511 1.5481 1.2148

212 1447244 2784158 @.5433 1.1518 1.@8432
13 1275594 249495144 .511 8.8481 8.940%5
14 2zSeag 1981254 @.4284 @.8447 a.z231
1S 381528 1367564 8.2%17 8.44624 8.4934
16 114548 723547 1 8.1557 @.z3eaz #.5338
17 17156 348164 8.04%5 @.14%7 @.3182

M=24 V=18 P(G)=%X122446 15 MINORS

R=17 N=7 H(G)=4333343

i PICI> BCCI) Pl/BC PRCI)D PR/BCR
7 1741% 345184 G.a5e3 X¥ ¥¥
8 118355 735471 a.1522 46,4797 3. 14324
e 387125 1387504 0.294 3.3271 1.8714
16 g3s464a 1961254 @.4289 2.1885 1.4382
11 1292512 2494144 8.5178 1.5453 1.2141

>12 1488474 2704154 a.55a4g 1.1316 1.653
13 1292512 24974144 @.5178 06.8483 @.24a7
14 834466 1761254 @.42449 8.8471 6.8235
15 387125 1387584 8.2%6 8.4428 6.8%942
184 114355 7359471 @8.1582 6.368%5 6.5343
17 17419 344104 8.0583 @.1497 9.3181

M=24 V=18 P(G>=%¥122446 1S MINORS

R=17 =7 H(G)>»=4333334

I PICI) BECI) Pl/BC PR(1) PR/BCR
7 17114 346164 @.84%4 ¥ ¥%
8 114348 733471 @.133549 $.4792 3.1431
? 3808548 1387504 0.2%91 3.3293 1.8727
18 322%24 19461258 6.4195 2.1623 1.441G
11 12724%4 2494144 8.5097 1.5443 1.214%

>12 1485748 2784156 8.5492 1.1518 1.6422
13 1272494 24246144 @.50%7 2.8681 0.v49e4
14 822924 17812354 @.4195 @6.4844&7 @.823
15 388548 1367564 8.2%1 2.4429 8.8936
16 114=2@8 735471 @.1554 0.30a63 4.533¢%
17 17114 344104 @.84%4 8.1497 0.3181



13

M=24 V=18 P(G)=%X 122446 15 MINORS

R=17 N=?7 H(G)=3434333

1 PICI) BCCI) P1/BC PRCI) PR/BCR
7’ 1g4qe8 2941849 8.8531 XX X*

8 122187 7325471 G.1&6 &.6333 2.1218
? 403758 1347584 @.3888 2.3848 1.8599
18 848192 19812548 @.4424 2.1582 1.4335
11 1337&10 2495144 6.5358 1.5484 1.21a5

Y12 15388248 2784154 &.36% 1.15649 1.051%
13 133741@ 24%4144 @.5358 0.8492 6.9415
14  g&2192 19781254 G.4492& @.449% G.82s8
15 463758 1367584 @.36888 @.445 8.&8%975
1& 122187 738471 8.18¢6 8.2624 6.5378
17 184a8 344164 @.a531 a.1567 @.3263

M=24 V=18 P(GY=%12244¢ 15 MINORS

R=17 N=7 H(G)=3433433

1 PICI) BC(I) Pl/BC PRCID PR/BCR
7 17818 24s8104 @.8514 E33 ¥x

a8 118398 35471 6.1612 4. 8547 2. 1325
? 393478 1367584 6.3a1 3.31%4 1.8&472
16 842184 17812568 6.432% 2,157 1.43¢&
11 1318764 24945144 8.5231 1.5437 1.212%
»12 1567128 2764154 a,Soa 1.1512 1.6428
132 12318%846 24941449 8.5251 @6.85848 6.941
14 547186 19461258 @.432¢ @.8477 a.282494
15 3%3&78 1387504 6.301 @.48335 @.6953
16 118598 735471 @.1812 a.z0812 @.5355
17 1781é 344164 @g.e8514 9.158z2 8.3192

M=24 U=18 P(G)=%122446 15 MINORS

R=17 N=? H(6)Y=3433343

s PICI) BC(I) Pl/BC PRCID PR/BCR
7 18828 344184 0.8322 X¥ X%

& 126423 7359471 @.1837 6.8574 3.1327%
? 3?9348 1367564 6.38549 3.3163 1.8454
16 840700 1961256 6.4388 2.1551 1.43&7
11 1327984 2494144 8.532 1.5429 1.2122

>12 15285646 2784156 4.5652 1.1509 1.8824
13 1327984 24%4144 a.532 6.8488 0.9412
14 8sé0700 1941256 @.4388 @.6481 @.8248
1S 399368 1367584 0.3854 @8.444 8.&8%94
14 126423 733471 6.1437 8.2013 8.33é
17 1888 344104 @.0522 @.1502 86.3191



131

M=24 V=18 P(G)=X 122444 15 MINORS

R=17 N=7 H(G)>=3433334

1L PI<1) BCC1) P1/BC PRC(1) PR/BCR
? 17784 344184 8.8513 X% X%
& 118418 735471 a.141 &.4586 2.1334
@ 373688 1387504 8.3064 3.3194 1.8671
la 84&048 19612848 B.4324 2.1574 1.4382
11 1387428 2494144 8.524% 1.5441 1.2132

>1z2 1587844 278415& 8,5575 1.1513 1.8827
12 1389488 2494144 8.324% 8.84685 g.v4a%
14 gqge4qe 1961258 @.42249 8.8478 8.82492
15 3v3886 1367564 6.3006 8.,d4835 8.a6%52
14 118418 735471 a.141 a.2a1z2 @.53255
17 17784 3441v4 @.8513 6.1501 0.21%91

M=24 V=18 P(G)=X%X 1224446 15 MINORS

R=17 N=7 H(G)>=3334433

- PIcI) BC(1) P1/BC PRCI) PR/BCR
7 177&5 3448164 6.8513 L3 X%
8 113285 735471 @.1588 &. 8582 2.1333
i 372243 1387584 8.2¢97% 3.216 1.8482
1@ g4%5152 19481256 ©6.436¢9 2.1546 1.432&49
11 1383&88 2494144 @.5222 1.8425 1.212

>12 15063986 278415¢ 6.5548 1.1588 1.8&23
13 13034888 2494144 a.,5222 a.asz8 6.9413
14 8&45152 1761256 a.4z@8% @.&482 @.825
15 392243 1387584 @.2%99 @.44841 8.6961
14 113285 7332471 a.1s88 @é.z38i1s @.53&81
17 17785 344164 2.8513 B.1501 2.3191

M=24 V=18 P(G)=X 122444 1S MINGORS

R=17 N=7 H(G)=3334343

i P1¢1) BCCI) P1/BC PRCI) PR/BCR
I 18628 344164 6.a52 % X¥
8 119981 735471 a.1&31 &.63541 3.1313
? 377438 13087564 @6.383¢% 3.3129% 1.8835
18 855448 1961256 8.4342 2,1529 1.4253
11 1319236 2494144 0.528%5 1.5417 1.2114

>12 1518636 2784154% 0.54613 1.15864 1.84621
13 1319236 2496144 @.35285 @.8589 86.9414
14 855448 1961256 @.43&2 @.48485 @.82549
1S 397430 1307504 0.303% 8.4644 0.8967
16 1179461 735471 G.1421 6.z018 4.53846
17 18628 3441849 6.852 6.15602 6.3193



127

M=24 V=18 P(G)=%122446 15 MINORS

R=17 N=7 H(G)=3334334

1 PICI) BC¢1) P1/8C PR¢1) PR/BCR
7 17884 2344104 80.6514 X% X%

& 118612 735471 6.1812 4.662 3.1351
? 393474 13875084 a.301 3.319 1.8669
16 24%052 1946125 @.4327 2.1547 1.4378
11 13168486 2475144 @.3525 1.5436 1.2128

>12 15peazz 2784154 a,357% 1.1511 1.8424
13 1310886 2474144 B.323 B.86846 2.%941
14 24965 1781284 @.422% @8.4478 @.2244
19 373874 13873564 6.301 @.4534 8.&954
16 113812 35471 a.1812 a.3812 a.535&
17 17884 46164 6.6514 @.1581 e.z18%

M=24 V=18 P(G)=X%X122446 15 MINORS

R=17 N=?7 H(G)=3333443

. PICI) BCC(I) PI/BC PRC(I) PR/BCR
7 17413 344184 @.838 X¥ ¥¥
& 114267 733471 a. ‘81 &. 86773 3.1432
? 384897 1387564 8.275% 3.32465 1.8711
1@ 835744 12461254 a.4z281 2.1461 1.44
11 12%121a 2498144 e.5172 1.544% 1.213%

>12 1484818 2784154 @.35473 1.1514 1.842%
3 1291218 2426144 8.5172 @.8484 8.74883
14 835740 19612356 8.4261 8.6472 a.8237
1S 3848%7 1367564 @.295% @.4429 8.4944
18 114387 735471 @.1581 6.3068 a.5344
17 17413 244164 6.8583 @.14%7 6.3181

M=24 V=18 P(G)=%122446 15 MINORS

R=17 N=7 H(G>=3333434

i PICI) BCCI) plr/Bc PRCI) PR/BCR
4 17114 344184 @.84%4 ¥X X%
8 114228 733471 8.1354 6.679S 2.143%
? 386448 138735a4 2.2911 3.3293 1.8727
1@ gzzazs 1961256 @6.4198 2.1623 1.441S
11 1272674 2494144 2.5898 1.54462 1.2148

>12 1445%64 2784158 6.542 1.1518 1.85832
13 1272476 24946144 6.50%8 8.8481 8.v465
14 £23888 1761256 0.419& @.8467 a.e231
15 386s44 1367564 B.2711 8.46249 8.46938
16 114328 735471 a.1584 6.30062 a.533%
17 17116 344104 2.04%49 8.14%97 6.3181




123

M=24 V=18 P(BG)=% 122446 15 MINORS

R=17 N=7 H(G)>=3333344

_I PICI) BCCI) Pl1/BC PR(I) PR/BCR
7 17323 344184 @.85 £¥ £33
a 115635 735471 @.1572 &.86752 3.1412
@ 324149 1387564 8.2938 3.322 1.848&
16 828788 1761254 @.4225 2.1574 1.4382
11 1279458 2474144 @.5125 1.5428 1.2129

12 14972922 2784156 8.54448 1.1512 l1.8&26
13 1279438 24924144 8.5125 8.8488 6.941
14 g287s&8 1981258 6.4225 0.4477 a.az44
15 384149 1287564 8.2938 8.4435 8.4952
18 115635 735471 6.1572 @.361 6.3351

17 173z3 34461@49 a.a5 @.1498 @.31&83



13h

M=24 U=18 P(BG)=X%122453 15 MINORS

R=17 N=7 H(¢B)=5333333

1 P1<1) BCCI) Pl1/BC PRCI) PR/BCR
4 18402 348104 8.0473 £33 XX
8 189875 735471 7.148% é.4885 3.1438
? 3448546 1387504 @.27¢% 3.3297 1.8729
18 7g8ear2 19412548 @.4623 2.18626 1.4417
11 1228278 2494144 6.4888 1.5444 1.215

+12 14@5&45@ 278415& g.o17g 1.1519 1.8833
13 1zz@ez78 2494144 6.4828 @.84881 @.v4e4
14 787872 1961256 8.4823 @.84688 @.822%
15 3284854 1367584 a.27% @.4823 8.6%35
18 187575 735471 @.148% 8.3863 é.5337
17  1s482 344104 8.0473 8.14%4 6.31%

M=24 V=18 P(G)=%122455 15 MINORS

R=17 N=7 H(G)=3933333

- & PICI) BC(I) Pl/BC PRCID PR/BCR
7 17328 344184 e.as ¥ ¥%
a 115685 735471 B.15823 &.44 3.1247
? 38105a@ 13@7584 8.2914 3.3133 1.8837
18 821280 1981256 0.4187 2.1553 1.4248
11 1287582 2494144 8.5878 1.5434 1.212&

>12 14592604 2784 15& @.537s8 1.1511 1.8&2&
13 1247582 2495144 8.3878 8.8636 g.941
14 821284 19612348 6.41a7 G.&£479 6.8244
1S 381656 1387564 8.2%14 8.4837 8.890¢%
1& 115865 735471 @.15&2 @.ze18 6.53&85
17 17328 345104 8.85 8.15as8 @.32

M=24 V=18 P(G>=%122455 15 MINORS

R=17 N=7 H(G)>=3353333

1 PICI) BCCI) Pl1/BC PR(CI) PR/BCR
7 14482 345104 8.8473 XX X -
8 169373 735471 @.148% &.48659 3.1438
14 364856 1387504 8.27% 3.3297 1.87229%
18 789672 19461258 0.48232 2.1826 1.4417
11 1228278 2494144 0.4888 1.5444 1.215

>12 1485450 2704156 8.5178 1.1519 1.8433
13 12286278 2474144 @.4888 0.8481 8.7404
14 789872 1941256 @.4a23 @.464984 8.8229%
1S5 344854 1387584 a.27% 8.4623 8.86935
16 189575 735471 @6.148% @6.38a3 6.5239
17 16482 3441084 @.8473 2.14%94 9.218



M=24 V=18 P(G)=%122455 15 MINORS

R=17 N=7 H(G>=3335333

I PICI) BCCI) Pl/BC PRCI) PR/BCR
7 16912 344164 @.848¢8 X¥% X%

8 112923 735471 @.1535 &.877 3.1421
? 375398 13e7%5e4 a.2871 3.3243 1.849%
18 818574 1741284 @.4132 2.1572 1.4294
11 1252234 2994144 8.5014 1.544% 1.2138

212 1441942 27641568 8.3332 1.13515 1.642%
13 1252234 24995144 @a.5a14 @.8484 @.e487
14 818G57é 19261258 6.4132 6.56473 86,3238
15 375398 1387584 6.2871 B.48631 a.8944
16 112923 735471 @.13533% 0.38062 8.5347
714912 3446104 G.8488 8.1497 g.3182

M=24 V=18 P{G)=% 122455 15 MINORS

R=17 N=7 H(G)=4433333

I PICI) BC(1) PlsBC PRCI) PR/BCR
7 17717 344164 @.8511 % ¥

8 117877 735471 G.1s82 &.45033 3.1za%
¢ 376731 13875864 6.2988 2.3147 1.8£45
1@ g417%=2 1761254 a.4272 2.1544 1.43&2
11 1298528 24245144 8.5262 1.9425 1.212
»12 1494484 2784186 a.5524 1.158% 1.a8s822
13 1298528 2495144 @.532az2 @.8s888 8.9412
14 341792 1761254 6.4272 a.s8482 @.825
1§ 398731 13867504 @.2v38 8.4641 6.6982
la 117877 7235471 @.1s62 6.381¢é G.53483
17 17717 346184 @.83511 6.1583 8.3193

M=24 U=18 P(B)=%122455 15 MINORS

R=17 N=7 H({G>=4343333

I PICI) BC(1) Pl1/BC PRCI) PR/BCR
7 17174 3441049 8.a4%9s X% %X

8 114444 725471 @.158a &.8754 2.1413
? Ig1480 1387504 8.2917 2.327S 1.8717
16 824440 19461286 a.4z283 2.1612 1.44a8
11 12743846 24946144 @a.5185 1.5456 1.2144

>12 14473824 2784156 @.5427 1.1516 1.062
13 1274304 24946144 B8.5185 @.8483 0.9406
14 824448 1961254 é.42a63 0.8449 8.82349
15 3814836 1387504 @.2%917 6.4627 0.4%4
16 114644 35471 @.13558 @6,30085 8.5342
17 172174 3441049 @.084%48 6.14%8 8.23183



136

M=24 V=18 P(G)=% 122455 15 MINORS

R=17 N=7 H(G)>=4334333

- PICI) BC(CI)D P1/8C PRCI) PR/BCR
7 17497 3445184 6.a5a65 ¥X% X%
8 1146931 735471 a.1sg8? é&.46829 3.144%
@ 388913 1387504 0.2974 3.326 1.87a8
1@ 8378z2a 19461256 @.4282 2.15%4 1.42%&
11 1297278 2494144 8.35197 1.35447 1.2134

>12 1493734 2784154 6.5523 1.1514 1.8428
12 1297270 24%58144 0.3197 @.5484 @.9408
14 g2yg2ae 1941254 @.42822 #.8473 @.323%9
1§ 382913 1207564 @6.2%974 8.443 a.8948
14 114731 735471 @.15z¢% a6.326684 @.53245
17 17497 344104 @.0856e9 6.14%94 a.217%

M=24 U=18 P(G)=%122455 13 MINORS

R=17 N=7 H(G)>=4333433

_1 PICI) Bc(l) Pl/BC PR(1) PR/BCR
v 178eaa 3496104 8.8514 £33 £%
2 11a5az2 735471 Ba.15811 &.8574 3.132¢%
4 393338 1367504 8.3a68 3.3172 1.887
16 843528 17412548 @.432& 2.13572 1.43&81
11 1318176 2495144 a.5248 1.544 1.2131

>12 1588434 2784154 @.3578 1.1513 1.a0427
13 1318174 2424144 @.5248 8.8485 a.748%
14  g48352& 19461258 @.4328 8.86474 a.8242
15 3P3BI& 137564 6.36868 8.4635 @.&%53
1& 118582 735471 6.1611 8.3812 #.538%
17 17864 244104 8.86514 B.1562 a.2191

M=24 U=18 P(G)=%122455 15 MINORS

R=17 N=7 H(GB)=4333343

_1 PICI) BC(I) Pl/7BC PRC1) PR/BCR
7 17182 3441684 8.84%94 ¥¥ ¥¥
8 114788 735471 8.135% E.478 2.1414
@ 381784 1367584 8.2919 3.3283 1.8721
16 825349 1781258 @.4268 2.1817 1.44911
11 12746842 2494144 8.5112 1.9446 1.2147

212  14&%7%2 2784156 8.5435 1.1518 1.8832
13 1274842 2996144 6.9112 @.8681 8.7405
14 825346 1961258 @.42882 0.4467 8.8231
15 381784 1387504 @.2919 6.4625 8.4938
14 114788 7359471 @.1559 G.2884 6.5241
17 17182 344104 8.04%94 8.14%7 £.3183



137

M=24 V=18 P(G)=X%122455 15 MINORS

R=17 N=?7 H(G>=3434333

. PICI) BCCI) Pl/BC PRC(1) PR/BCR
4 18640 244164 8.6521 X% ¥¥%
8 126045 735471 @.1432 é.4543 3.13149
? 397482 1387564 8.3841 3.3127 1.8634
186 8356128 1961256 @.4385 2.1827 1.4351
11 12319924 2494144 @é.5287 1.5417 1.2113

>12 1S1gg22 27641548 @.561& 1.15606 1.8421
12 1319924 29494144 8.5287 2.869 8.2414
14 g&size 1941254 @.434% 0.4484 6 .,825S
13 397882 1387584 e.z041 @.484%5 0.48987
1& 1268845 735471 0.1432 @.3ai8 8.5388
1¥7  18e4a 3441049 6.0521 8.156e2 6.3192

M=24 V=18 P(G)=%¥122455 15 MINORS

R=17 N=7 H(G>=3433433

_I PIC1) BC(I) 1/BC PR(I) PR/BCR
7 183432 344184 2.8332 X% X%

& 122z22a 735471 B.1483 &.8382 3.1227
4 404744 1367504 @.389S5 3.309 1.8813
16 871132 1951254 6.4441 2.15821 1.4247
11 13431aé 24946144 0.2538 1.5417 1.2114

>12 18458574 2764158 @.571% 1.1567 1.8822
13 1342104 2494144 6.538 8.889 6.7414
14 &71132 178612548 @.4441 @.4485 @.8254
1S 4847&6 1287584 2.389S 8.4848 @.4989
18 122328 735471 G.1863 @.3821 8.5372
17 18422 344184 0.8532 6.1504 6.3282



136

M=24 V=18 P(G)>=%122444 14 MINORS

R=17 N=7 H¢G>=3333533

1 PICl) BCC(I) P1/BC PR(I) PR/BCR
4 18062 344184 @.0444 X% X%
8 182481 735471 @.1471 6,746 1 2.1718
? 3461894 1387564 @.2767 2.3428 1.8803
1@ 78492z4 19461256 @.2978 2.18&9 1.4444
11 1213818 2494144 8.4842 1.5477 1.2161

>12 1378582 2784156 a.5171 1.1522 1.88335
13 1213818 24946144 8.4852 8.8678 8.9482
14 724224 1941256 6.23978& 8.84& a.2222
13 341896 13875684 @.2747 @.4414 8,5922
1& 188281 735471 a.1471 8.29%1 #.,5318
17 14882 3445184 6.649449 a.14832 6.3152

M=24 V=18 P(G)=%1224449 16 MINORS

R=17 N=7 H(G)>=4433333

e PI<I) BC¢1) P1/BC PR(1) PR/BCR
7 17397 346164 6.0382 X% XX

& 118757 735471 a.13587 64,7113 3. 1582
4 388373 1367504 8.2%7 3.3265 1.87°11
18 &38224 1941258 @.4272 2.15981 1.4387
11 1293984 2494144 8.5183 1.5437 1.212¢9

>12 1489578 2764156 a.5508 1.1511 1.8528
12 1293984 2494144 0.5183 6.8s&84 a.941
14 gaR224 1961256 @.4273 4.6477 a.8z244
1S 388375 1387504 9.297 8.4433 @8.8%5
184 114757 739471 a.1387 0.3068 a.5344
17 17397 3441804 8.8562 8.14% 8.31586

M=24 V=18 P(G)=X 122444 16 MINORS

R=17 N=7 H(G)=4343333

1 PICI) BC(1) P1/BC PRCI)D PR/BCR
7’ 16758 344184 8.8484 XX ¥¥%

8 112932 735471 @. 1335 é.738% 2.1712
? 377352 1387504 @8 .2886 3.3414 1.8795
18 8173a8 1961256 8.4167 2,1859 1.443%
11 1244482 2494144 @.35865 1.5471 1.2154

212 145&7@4 27841548 8.5384 1.152 1.8432
13 1244482 24946144 8.5845 8.868 8.7483
149 g173a8 1951254 6.4187 8.4443 8.82248
15 377352 1387504 8.2886 8.4617 a.6925
16 112932 735471 0.1535 8.2992 a.532
17 167358 34s184 0.8484 8.1483 8.3153



M=24 V=18 P<(G>=%122444 16 MINORS

R=17 N=?7 H(G>=5333333

I P1CI) BC(I) Pl1/BC PRC1) PR/BCR
e 14602 344184 8.0442 *% X%
8 1867919 735471 a.1447 é.744 2.1736
@ 340772 1387584 @8.275% 3.3431 1.8885
18 781926 1941258 8.3786 2.1472 1.444¢%
1t 1218374 2494144 @2.4848 1.547¢9 1.2162

*12 1394458& 2784154 6.5157 1.1822 1.0836
13 1218374 2494144 8.4848 8.8878 é6.7441
14 7Fgir2e 1961286 8.3784 a.&4¢6 8.2222
15 3466792 1387564 8.275% @.49614 6.4921
14 187919 735471 @.1447 a.29%1 @.5217
17  lseaz 344104 @.04&2 @.1482 @.315

M=24 U=18 P(GY=%122444 16 MINORS

R=17 N=7 H(G>=3533333

I P1¢I1) BC¢I1) pPl/BC PRCI)D PR/BCR
7 17a&4 346184 6.84993 X% ¥
= 114237 735471 B.15532 &.&4944 3. 15549
¥ 3IrPe74 1367504 8.2%83 3.3235 1.8875
18 217564 1741258 G.4172 2.15249 1.4z28%
11 1285598 2924144 8.5687 1.5443 1.2124

>12 1457170 2784154 @.5388 1.1513 1.86828
13 1245598 24945144 @.587 6.&888%5 a.7488
14 819564 12412548 @a.4178 @.8975 B.8241
15 379474 1307504 8.2783 0.4432 @.4949
1& 114237 735471 é.1553 6.3068 @.35334%
17 17844 2344184 8.84%32 @.14%3 @.3174

M=24 V=18 P(G)=%122444 17 MINORS

R=17 N=7 H(6)=3335333

1 PICI) BC(I)> pl/BC PRCID PR/BCR
7 17728 344184 @.a512 X% X%

8 1174643 735471 @.159? &.6371 3.1233
? 3893&S 1387584 8.2977 2.30%91 1.8614
1@ 838174 19612568 8.4273 2,1528 1.4351
11 1292858 2494144 e.5178 1.5422 1.2117

212 1487482 2784156 @.5501 1.15e8 1.6523
13 1292459 2494144 6.5178 6.8489 8.%9413
14 83817& 1981256& 6.4273 @.44849 06.8252
15 389348 1387584 0.2977 8.4445 6.6968
16 117483 735471 8.1599 6.3821 8.5372
17 17728 344184 6.8512 @.15846 @.3201



0

M=24 V=18 P(G)=X 122444 17 MINORS

R=17 N=7 H(G)=4334333

1 PICI) BCCI) Pl/8BC PRCID PR/BCR
7 17947 34451604 6.8518 X% x¥
a 1197227 735471 @.1827 6.6711 2.1393
? 2}P7547 13a75e4 a.304 3.3204 1.84677
18 e5724e 1941254 4.4371 2.1568 1.4377
11 1323224 2494144 6.9381 1.5434 1.2124

>12 1523178 27841548 8.5432 1.15118 1.8825
13 13232264 24946144 a.53a1 @.8487 8.9411
14 857346 1961254 8.4371 Q.&4479% @.8z2498
15 397547 1387564 g.3684 6.4838 @.4755
16 119727 735471 a.1827 6a.3811 @.5354
17 17947 34&184. @.865918 6.14%3 8.32185

M=24 V=18 P(G)=% 1224449 16 MINORS

R=17 N=?7 H(G>=4333433

i PICI) BC(1) P1/BC PRCID PR/BCR
7 18804 2441a4 8.8485 XX X%
8 113288 735471 @.153? 6.7349 3.1782
@ a3redis 1387584 6.28%4 3.3426 1.8862
18 8197449 1761256 6.4179 2.1682 1.4441
11 1242524 2494144 6.56881 1.5474 1.2158

>12 14481454 2784138 a.5404 1.152 1.8634
12 1288524 2494144 b.5681 B.8579 B.%2483
14 817744 1981254 a.417% 6.86982 @.82249
15 378414 1387584 a.28%94 8.44816 8.89249
16 113268 735471 é.153% 8.2%%1 8.5318
17 14884 344184 8.8485 0.1484 8.3154

M=24 V=18 P(G>=% 122444 17 MINORS

R=17 N=7 H(G>=3434333

L PICI) BCC1) P1/BC PRC1) PR/BCR
7 18544 344184 0.8535 X% XX

8 123183 735471 é.1&4749 é,8427 2.125%
9 487378 1387504 8.3115 3.3a7 1.8682
1@ gr758a8 19461254 @.4445 2.1498 1.4332
11 134%884 2496144 8.54084 1.5483 1.2183

>12 1551964 2784154 g.573& 1.1583 1.6418
13 13498846 249946144 é.34a4 8.8893 8.9417
14 g758as8 1941254 0.444S @.6491 8.82482
15 407378 1367504 0.3115 0.4651 0.4977
1& 1232183 735471 6.1474 8.3623 8.5375
17 18544 344104 9.85335 8.15a@5 e.3198



31

M=24 V=18 PC(G)=% 122444 16 MINORS

R=17 N=7 H(G)=3433433

1 PICI> BCC1) P1/BC PRCI) PR/BCR
7 17512 346184 8.6585 % ¥

a 11754@ 735471 6.1598 &.7119 3.1585
? 371514 13a75e4 8.2994 3.330°9 1.8734
18 245&rza 1981254 8.4312 2.1483 1.449a62
11 13864549 2494144 8.5234 1.544¢ 1.2138

>l2 1584512 2784154 8.5563 1.1514 1.8628
12 12848454 2994144 @.5234 0.8484 é.9488
19 &S43gza 17612548 8.4312 @.4473 @.8238
18 3%1514 1367584 8.2994 8.4428 6.4943
14 11754a 735471 a.1598& é.z3e62 @6.5337
17 17512 344184 @.6585 8.148% 8,315

M=24 V=18 P(G)>=%122444 17 MINORS

R=17 N=7 H(G) =3334433

. PICI) BC<1) P1/BC PRCT) PR/BCR
e 1787 244184 8.8516 X% ¥x

8 119245 735471 6.1821 b.&E7E 2. 1377
? 3%546% 1387584 8.323825 3.217 1.8458
1a  &ozz28 1961258 8.4324% 2.1543 1.43&2
11 1314472 2474144 @.5266 1.5422 1.2117
»12 1512782 2784156 8.55%2 1.1&a8 l.gezz
13 1314472 2496144 8.5268 8.84879 8.9413
14 &52283 19612548 @.4324% @.46438% B,.8252
15 395469 1367564 8.30825 8.46841 0.6%942
16 1172485 735471 a.1821 a.3a14 @.5258%
17 17887 346104 8.a516 8.14%% e.3187

M=24 U=18 P(G)=%X122444 16 MINORS

R=17 N=7 H(G)>=3333443

1 PICI) BC¢I) P1/BC PR(C1) PR/BCR
4 168324 346104 a.0436 £33 X%

a8 113384 735471 G.1541 4.7342 3.18%
? 378920 1387504 éa.28%98 32.3425 1.8881
16 220420 1981256 @.41849 2.1454 1.4437
11 1269526 24%41449 @8.5685 1.547 1.2155

212 1482444 270841568 6.5488 1.1519 1.8833
13 1269526 2496144 0 .5e8S 8.848 8.%484
14 828426 19612868 0.4184 8.58463 8.8228
15 3789Za 1387504 @.2898 @.4417 8.8926
16 113344 735471 6.,1541 8.2%9%1 6.5218
17 14834 344104 @.848¢6 6.1484 @.3155



147

M=127

R=113

L PICI)
14 8.74437087E+13
1S 4.48869988BE+ 15
16 1.1728045S2E+17
17 2.08193988E+18
18 2.81752845E+19
19  2.69487714E+2606
20 2.8693582&6E+21
21 2.30675171E+22
22 1.63701769E+23
23 1,04447954E+24
24 6.83788894E+24
25 3.19584547E+25
26 1.55917352E+26
27 7.85993565E+264
28 2.98151005E+27
29 1.17952384E+28
30 4,.,38782458E+28
31 1.53984807E+29
32 5.112467321E+29
33 1.610602318E+30
34 4.819446195E+30
35 1.37485@42E+31
36 3.73772848E+31
37 9.71822473E+31
38 2.41785549E+32
39 5.76141422E+32
40 1.31742483E+33
41 2.89287434E+33
42 6.18593941E+33
43 1,23984713E+34
44 2,4239099PE+34
45 4 ,5656956E+39
446 8.2912734E+34
47 1.45249882E+35
48 2.45597S11E+35
49 4.,010124464E+35
5@ &4.32572135E+35
S1 9.64394918E+35
52 1.42151011E+36
53 2.02645477E+36
54 2.79474853E+36
5SS 3.72975584E+36
56 4.8178101E+3¢6
57 6.02473228E+36
58 7.294%98749E+36
59 8.55386575E+346
68 9.71424298E+36
41 1.868587S1E+37
42 1,13865915E+37

263 1.17538582E+37

>64 1,17538582E+37

V=114
N=14

BCC(I)
1.54883332E+18
1.18&878777E+19
8.16751434E+19
5.332906443E+20
3.25899838E+21
1.8494359 1E+22
1.80940339E+23
S5.144146944E+23
2.47855447E+24
1.131514E+25
4.98322733E+25
2.02012986E+26
7?.92512405E+26
2.94458344E+27
1.8587798E+28
3.461445518E+28
1,18072283E+29
3.62451731E+29
1.10835519E+30
3.17071949E+3@
8.8214009SE+30
2.34397225E+31
5.99615131E+31
1.47325343E+32
3.48928444E+32
7.96272804E+32
1.75179973E+33
3.71723357E+33
7.61147826E+33
1.58459454E+34
2.8724@6775E+34
S.29799453E+34
?.44425448E+34
1.62762487E+35
2.71271145E+35
4.3735552E+35
$.82274411E+35
1.830160088E+346
1.58553204E+36
2.1304492E+36
2.921953282E+34
3.87501629E+36
4.9821638E+34
6.285853186E+36
7.48982278E+34
B8.75928424E+ 34
?.92718882E+36
1.8092034338E+37
1.16070939E+37
1.19725573E+37
1.1975573E+37

P(G)=X%X12345678910111213

H(G)=99999999999999

Pl1/BC
ee
803E-04
01.4E-83
83.9E-83
88.4E-083
0.6165
6.0284
0.08448
0.8661
8.8923
8.1231
6.1581
0.1947
@6.2381
8.28195
2.3263
8.3716
8.4167
0.4412
6.564%5
0.5443
6.5862
0.6239
0.4595
0.6927
@.7235
0.752
e.z77g2
8.8022
@.824
0.8438
8.8417
8.8779%
8.8924
©.%90S3
8.9169
0.9271
0.9382
@.9441
e.9511
8.9572
0.9825
8.987
6.7708
8.973%
8.9765
8.9785
@.98
2.981
8.9814
8.7814

PRCI)
X%
51.1919
26.13%8
17.7518
13.5331
16.9843
9.272
g.a2384&
7.1853
6.3725
3.7807
S5.2916
4.,8799%
4.5279
4,2231
3.2061
3.7199
3.58%94
3.3282
2.149%
2.9934
2.851
2.7202
2.5994
2.4876
2.383¢
2,2866
2.1958
2.1106
2.8385
1.955
1.8836
1.8159
1.7518
1.6%088
1.6328
1.5774
1.5245
1.4739
1.4255
1.3791
1.3345
1.2917
1.2505
1.2108
1.1725
1.1356
1.1
1.8655
1.8322
1

ER/BCR
¥ ¥

é.7953
3.7342
2.7187

2.2145
1.9147

1.717
1.5776
1.47446
1.3959
1.334
1.2843
1.2439
1.2184
1.1824
1.1588
1.1387
1.1215
1.1067
1.8938
1.8827
1.472%
1.6444
1.85&49%
1.8583
1.8445
1.8393
1.8348
1.6367
1.8272
1.824
1.6212
1.0187
1.0165
1.0145
1.80127
1.0111
1.68697
1.8885
1.6873
1.8043
1.0854
1.00446
1.0863%
1.0832
1.8824
1.062
1.60615
1.00089
1.6004
1
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