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Abstract. The Lagrange multiplier approach has been widely used to design maximally flat, real coefficients FIR digital filters 
and differentiators. This paper extends this approach to design arbitrary complex coefficient FIR digital filters with arbitrary 
frequency response or derivative constraints. The method can easily be extended to design arbitrary two-dimensional complex 
FIR digital filters with arbitrary frequency response or derivative constraints, too. Several examples are presented to demonstrate 
the effectiveness of the approach. 

Zusammenfassung. Die Lagrangesche Multiplikatorenmethode wird oft f/Jr den Entwurf maximal flacher FIR-Digitalfilter und 
Differentiatoren mit reellen Koeffizienten verwendet. In der vorliegenden Arbeit wird die Lagrangesche Multiplikatorenmethode 
auf den Entwurf beliebiger komplexer FIR-Digitalfilter mit beliebigem Frequenzgang bzw. beliebigen Ableitungs-Nebenbedin- 
gungen erweitert. Die Methode kann auch in einfacher Weise auf den Entwurf beliebiger zweidimensionaler komplexer 
FIR-Digitalfilter mit beliebigem Frequenzgang bzw. beliebigen Ableitungs-Nebenbedingungen erweitert werden. Mehrere 
Beispiele zeigen die EffektivitS.t der Methode. 

R6sum6. L'approche du multiplieur de Lagrange a 6t6 largement utilis+e pour d6finir le plat maximum, les coefficients r6els des 
filtres et des diff6rentiateurs digitaux FIR. Dans cet article, l'approche du multiplieur de Lagrange est 6tendue pour d6finir les 
coefficients complexes des filtres digitaux FIR poss6dant une fr6quence de r6ponse arbitraire ou des contraintes d6riv6es. La 
m&hode peut 6tre facilement &endue pour d6finir des filtres digitaux FIR complexes fi deux dimensions avec une fr6quence de 
r6ponse arbitraire ou des contraintes d6riv6es. Plusieurs exemples sont pr6sent+s permettant de demontrer l'efficacitb de cette 
approche. 

Keywords. Lagrange multiplier approach; complex FIR digital filter; one-sided differentiator; two-dimensional FIR filter. 

1. Introduction 

Recently, the design of arbitrary complex coefficient FIR digital filters has been widely considered [1, 7, 8]. 
In [7], the real oriented eigenfilter method is used to design complex FIR digital filters, while the complex 
eigenfilter approach [8] and the complex weighted least-squares approach [1] design the complex coefficient 
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FIR filters directly. However, it is difficult to impose the frequency response or derivative constraints for the 

above methods. 

In this paper, we will propose a complex Lagrange multiplier approach for the design of arbitrary complex 

coefficient FIR digital filters with additional frequency response or derivative constraints. The Langrange 

multiplier approach was originally used to design maximally flat, real coefficient FIR filters and differenti- 

ators [3-61. The method is based on minimizing the integrated square error for the real magnitude response 

over the passband and stopband while imposing derivative constraints. In this paper, the complex Lagrange 

multiplier approach, extended from the real case, is used to design complex coefficient FIR digital filters 

whose frequency responses approximate the arbitrary desired complex frequency responses while imposing 

arbitrary frequency or derivative constraints. The method can also be extended easily to design two- 

dimensional FIR filters with arbitrary frequency response or derivative constraints. Section 2 formulates the 

design problem and the extension to the two-dimensional case is shown in Section 3, in which several 

examples are presented to demonstrate the effectiveness of the approach. Finally, the conclusions are given in 

Section 4. 

2. The complex Lagrange multiplier approach 

For a complex coefficient FIR digital filter, its frequency response can be characterized by 

N-l 

H(w) = C a(n)e-jnm, 

n=O 

(1) 

where N is the filter length and the filter coefficients a(n)‘s are complex-valued. Defining the column vectors 

A = [a(O) a(l) u(2) . . . a(N - l)]’ (2) 

and 

c(~) = [l ,ja ej2w ... ej(N-r)w]T, (3) 

(1) can be rewritten as 

H(o) = Arc*(O) = P(W)‘4) (4) 

where T and H denote the transpose and the Hermitian transpose operators, respectively, and * denotes the 

complex conjugate operator. Now we wish to use (4) to approximate the desired arbitrary complex frequency 

response D(w). 

Using these notations, the integrated square complex error over the kth passband with band-edges oP, and 

up, is 

0p2 ePk = 
s 

(1 D(o) - H(w) /I2 do 
UP, 

= sk + P,HA + AHPk + A”Q,,A, (5) 

where 

(7) 
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and 

Qp~ = c(o)) C H(o)) do). (8) 
pl 

Similarly, the integrated square complex error  over  the lth s topband  with band-edges  o)~, and o)s2 is 

If % = II H(o)) II 2 do) = AHQs,A,  (9) 
sl 

where 

Q~, = C(o)) c n ( o ) )  do). (10) 
s, 

Assume there are K passbands  and L s topbands  in the desired filter; then the total error  to be minimized is 

e = ~lep, + ~Xzep2 + "'" + o~t:epK + files1 + flze~2 + "'" + flLesL 

= s + pHA + A H P +  A H Q A ,  (11) 

where 

S = ~ I S I  + ~ 2 S 2  + ' ' "  "[- O~KSK, (12) 

P = ~1P1 + e 2 P z  + "'" + eKPK (13) 

and 

Q = ~1Qp, + o~2Qp~ + . . .  + o~KQpK + fll Q~, + f12Q~2 + " +  flLQ~,, (14) 

in which ~i, i = 1, 2 . . . . .  K, and fli, i = 1, 2 . . . . .  L, are the weighting constants.  
The  desired filter passband  per formance  is at tained by imposing frequency response or derivative 

constraints  F at a discrete set of points  o)o, o)1 . . . . .  o)j in the passband,  i.e. 

Fmj[H(O)j)]  = gmj, 0 <~ m <~ M and 0 ~< j ~< J ,  (15) 

where M denotes the order  of  constraints  at a part icular  frequency o)~. Equat ion  (15) can be rewritten as 

B n A  = G, (16) 

where 

B = [ F o o E C ¢ o ) ) ]  . . .  FMoEC(o))] Fo, [C(o)) ]  . . - F M , [ C ( O ) ) ]  ... FoJEC(o))] .. .  FMj[C(o))]]  (17) 

and 

G = [ 9 o o  . . .  gM0 901 "'" 9Ma "'" 9OS "" gMJ] x. (18) 

Hence,  the design of filters with frequency response or derivative constraints  can be formulated as a quadrat ic  
p r o g r a m m i n g  problem: 

Minimize e = s + p H A  + A H P  + A H Q A  

Subject to B n A  = G. 
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Let the complex Lagrange multiplier vector be 

2=[)~oo ..- 2Mo 2ol ... )L~tl --. ,toj .-- )~Mj]T; (20) 

then the Lagrangian function is 

A(A, 2) = s + pHA + AHp + AHQA -- 2H(BHA -- G) 

= s + pHA + AHP + AHQA - ( A H B -  GH)2 (21) 

because 2H(BHA -- G) is a real-valued function. The necessary and sufficient conditions for optimality are 

VAA = 0 (22) 

and 

VaA = 0, (23) 

where V denotes a gradient operator, which leads to 

[--QBH BI [~1 = [e  I ' (24) 

Pi = [-sin((/-- z)c%,) -- s i n ( ( / -  z)~o~) 

Signal Processing 

• cos((/-- v)cop2) -- cos((/-- z)o)p~)7 
+3 i - - z  J 

if i = r ,  

if i • z ,  

(28) 

where 0 is a zero matrix. Solving (24), we can obtain the closed-form solutions 

A = Q  IB(BHQ-1B)  IG+ Q '[B(BHQ ~B)-'BHQ-~-I]P (25) 

and 

). = (B HQ-1B) I(G+ B HQ 1p), (26) 

where I is an N × N identity matrix. Notice that Q is a Toeplitz Hermitian symmetric matrix and BHQ 1B is 
a Hermitian symmetric matrix; the Levinson recursion [23 can be used to compute Q-1 and (BHQ - IB) -  

very effectively such that the solutions of A and 2 do not need the inverse computations. 

E X A M P L E  1. Design of a single-passband complex filter. 
This example deals with the design of a single-passband complex filter with passband [rap1, cop2], stopband 
[cos,, e)s2], and a constant group delay z in the passband, i.e. 

~Op, ~< ~o ~< ~Op2, (27) D(m)= e-Jr'°' 

O, (Dsl <~ 60 <~ (Os2. 

The closed forms for all elements of P and Q can easily be derived and are given, respectively, by 
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w h e r e 0 ~ < i ~ < N -  1, and 

~l(cop2-cop,) + fll(co~2 - cox,) if 11 = i2, 

qili2 = ~X lLV-sin ((il -- i2)COP2)ix --_ sin((ixi2 -- i2)copl ) ._[_.j COS((ix~!2)coPl)~COS((ilil - -  i2  --i2) COp2)] 

Vsin((il -- i2)cos2) -- sin((il -- i2)cos,) . cos((il -- i2)cos,) -- cos((il -- i2)cos2)~ 
+t l L ~ - ~  + J  _ll - i 2 J 

i f i l ¢ i z ,  (29) 

where 0 ~ i l , i 2 ~ < N - 1 .  For  example, when N = 3 1 ,  z =  12, cop,= - 0 . 1 ~ ,  cop~=0.3~, cos ,=0 .4~ ,  
co~ = 1.8 ~, el = fll = 1, and we hope to impose third-order derivative constraints on the designed frequency 
response at coo = 0.1 rt, i.e. 

[ d d 2 d 3 ] 
B =  C(co) ~ C ( c o )  ~-~m2C(co) d-~sm3C(co ) (30) 

~=o)o 

and 

d 2 d 3 IT G =  e -jr° d J~* - - e  -jt°~ e -jr°J . (31) 
dcoe- dco2 dco3 2 i~=oo 

The resultant magnitude response and group-delay response are shown in Figs. 1 (a) and 1 (b), respectively, 
while the traces of complex errors in the passband and stopband are shown in Figs. l(c) and l(d), 
respectively. For  checking the maximal property, the passband detail of the absolute complex error is shown 
in Fig. 1 (e). The filter coefficients are given in Table 1. 

E X A M P L E  2. Design of a positive-sided differentiator. 
The desired response of a positive-sided differentiator is given by 

jcoe m~, 0 ~ co ~< cop, (32) 
D(co) = ( 0, cos ~< co ~< 2n, 

where z is the desired group delay in the passband. The closed forms of the elements of P are given 
by 

Pi = 

2 2 
J e J c ° P ' - c o ~  if i l = z ,  

2 

 I{E sin''i- + ° lc°s 'i ° c°s"i 

i f i l C r ,  (33) 
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Fig. I. Example  1: design of a s ingle-passband filter. (a) Magn i tude  response. 
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Fig. 1. Example  1. (b) Delay response. 
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REAL 

Fig. 1. Example 1. (c) Trace of passband complex error. 
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Fig. I. Example 1. (d) Trace of s topband complex error. 
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Fig. 1. Example 1. (e) Absolute passband complex error. 

where 0 ~< i ~< N - 1, and the elements of  Q can be obtained from (29). For  example,  when N = 31, r = 12, 

ogp = 0.8 rt, ~os = 0.9 re, ~1 =/~a = 1, and thi rd-order  derivative constraints  at ~Oo = 0.4 n are imposed,  i.e. 

I j  d 2 d 3 ] ' r  , 
G =  o~e-J*~' d . - j .o  " - " -J*~ (34) ~ j o ~ e  d~zJO9 e j~o~ d~o3j~ e ~ ~ . . . .  

and the matr ix  B is the same as (30). The resultant  magni tude  and group-delay  responses are shown in 
Figs. 2(a) and 2(b), respectively, while the traces of complex errors in the passband  and s topband  are given in 
Figs. 2(c) and 2(d), respectively. Meanwhile,  the absolute  complex error  in the passband  is shown in Fig. 2(e), 
and the filter coefficients are tabula ted  in Table  1. 

3. Design of two-dimensional complex FIR digital filters 

The design me thod  described in Section 2 for one-dimensional  complex filters can be extended to 
two-dimensional  complex filter design. For  a two-dimensional  complex F IR  digital filter, its frequency 
response can be characterized as 

NI-1 N2-1 
H(o91,o92) = ~ ~" a ( n l , n 2 ) e - j  . . . .  e - j  . . . .  . (35) 

nl=O n2=O 

For  simplicity, let N1 = Nz = N. Defining 

A = [ A ~  AT . . .  A~-I]  T (36) 
Signal Processing 
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T a b l e  1 

T h e  f i l t e r  c o e f f i c i e n t s  in  E x a m p l e s  1 a n d  2 

125 

n S i n g l e - p a s s b a n d  f i l t e r  P o s i t i v e - s i d e d  d i f f e r e n t i a t o r  

0 2 . 1 8 7 4 6 0 3 E  - 03  + j - 1 . 5 8 9 2 8 2 9 E  - 0 3  1 . 9 1 2 5 7 1 2 E  - 0 3  + j 

1 3 . 3 2 8 7 9 0 1 E  - 0 3  + j 1 . 0 8 1 5 8 9 5 E - 0 3  - 3 . 2 4 5 9 9 0 7 E  - 03  + j 

2 - 9 . 5 6 3 5 4 2 6 E  - 0 3  + j 1 . 7 2 8 3 5 3 8 E  - 16 5 . 7 8 9 8 9 3 9 E  - 0 3  + j 

3 9 . 1 9 3 2 3 0 4 E  - 0 3  + j - 2 . 9 8 7 0 6 1 6 E  - 03  - 8 . 8 0 8 0 2 1 0 E  - 0 3  + j 

4 3 . 3 2 6 4 9 8 9 E  0 4  + j 2 . 4 1 6 8 4 2 9 E  - 0 4  1 . 0 9 4 6 4 7 3 E  - 0 2  + j 

5 1 . 0 9 2 4 3 5 4 E  - 0 2  + j 1 . 5 0 3 6 0 8 4 E  0 2  - 1 . 0 8 5 0 6 5 2 E  - 0 2  + j 

6 1 . 0 6 5 6 2 0 2 E  - 0 2  + j 3 . 2 7 9 6 4 1 7 E  - 02  6 . 0 7 6 6 9 8 7 E  - 03  + j 

7 1 . 2 4 9 1 3 6 4 E  16 + j 3 . 2 6 4 7 4 6 1 E  - 0 2  6 . 6 7 1 9 8 3 2 E  - 03  + j 

8 - 1 . 2 4 6 9 5 5 7 E  - 0 4  + j 3 . 8 3 7 7 3 5 0 E  - 0 4  - 3 . 2 4 8 1 5 6 0 E  - 0 2  + j 

9 3 . 7 2 9 1 4 9 5 E  - 0 2  + j - 5 . 1 3 2 7 3 4 0 E  - 0 2  8 . 1 0 9 5 8 9 7 E  - 0 2  + j 

10 1 . 1 6 8 2 4 6 8 E - 0 1  + j  - 8 . 4 8 7 8 1 0 0 E - 0 2  - 1 . 7 7 8 6 5 2 2 E - 0 1  + j 

11 2 . 0 5 4 8 8 5 5 E  - 01 + j - 6 . 6 7 6 7 2 7 8 E  - 0 2  4 . 4 7 3 8 2 0 4 E  - 01 + j 

12 2 . 5 1 0 5 2 2 2 E  - 01 + j 4 . 0 7 0 8 4 0 3 E -  17 2 . 7 9 5 0 2 8 5 E  - 0 2  + j 

13 2 . 2 2 5 4 2 8 8 E - 0 1  + j 7 . 2 3 0 8 5 6 5 E - 0 2  - 5 . 0 0 1 1 7 4 7 E  O1 + j  

14 1 . 3 7 1 9 9 5 6 E  - 01 + j 9 . 9 6 8 1 3 1 6 E  - 0 2  2 . 2 1 6 6 4 6 6 E  - 01 + j 

15 4 . 7 6 8 6 1 4 0 E - 0 2  + j 6 . 5 6 3 4 3 4 2 E  - 0 2  - 1 . 1 1 8 2 9 0 2 E  - 01 + j 

16 - 1 . 2 6 3 3 9 4 2 E - 0 5  + j - 3 . 8 8 8 3 2 7 6 E - 0 5  4 . 8 0 2 6 1 2 8 E - 0 2  + j 

17 2 . 6 0 9 8 1 0 2 E  - 16 + j - 4 . 8 7 5 2 9 8 4 E  --  0 2  - 6 . 8 9 4 3 3 3 6 E  --  03  + j 

18 1 . 7 4 6 1 7 6 2 E  - 0 2  + j - -  5 . 3 7 4 1 7 7 7 E  0 2  1 . 8 9 5 9 0 3 8 E  --  0 2  + j 

19 1 . 9 4 5 0 9 5 8 E  - 0 2  + j - 2 . 6 7 7 1 9 4 7 E  - 0 2  3 . 2 8 6 8 0 2 7 E  - 0 2  + j 

2 0  - 6 . 2 5 1 5 3 5 4 E  - 0 4  + j  4 . 5 4 2 0 0 6 3 E  - 0 4  - 3 . 7 7 3 7 2 1 6 E  - 0 2  + j 

21 2 . 3 8 3 0 4 2 1 E  - 0 2  + j 7 . 7 4 2 9 7 3 0 E  - 0 3  3 . 6 2 2 1 9 6 8 E - 0 2  + j 

22  - 2 . 9 7 8 6 8 0 9 E - 0 2  + j - 3 . 7 0 3 3 6 3 6 E -  16 - 3 . 0 3 9 4 6 6 1 E - 0 2  + j 

23 - 1 . 6 7 5 8 3 3 3 E  0 2  + j - 5 . 4 4 5 1 1 2 6 E  - 03  2 . 2 5 9 3 2 4 1 E  - 0 2  + j 

24  4 . 7 4 6 6 7 5 5 E  - 0 4  + j  3 . 4 4 8 6 6 1 6 E  - 0 4  - 1 . 4 8 3 1 9 1 1 E  - 0 2  + j 

25  7 . 9 7 3 6 3 2 2 E  - 0 3  + j 1 . 0 9 7 4 7 6 3 E  - 0 2  8 . 1 6 1 5 0 6 5 E  - 03  + j 

26  4 . 8 9 9 0 9 9 4 E - 0 3  + j 1 . 5 0 7 7 8 7 7 E  - 0 2  - 3 . 3 5 3 9 8 8 5 E - 0 3  + j 

27  - 2 . 1 2 6 7 9 8 1 E -  16 + j 9 . 3 3 2 6 5 3 4 E  - 03  3 . 5 9 3 7 4 3 9 E  - 0 4  + j 

28  - 7 . 3 2 6 1 7 8 3 E  - 0 5  + j 2 . 2 5 4 7 6 5 8 E  - 0 4  1 . 2 4 1 5 1 0 0 E  - 0 3  + j 

29  3 . 2 8 5 0 4 8 6 E - 0 3  + j - 4 . 5 2 1 4 8 1 4 E - 0 3  - 1 . 1 2 7 7 0 2 5 E  - 03  + j 

3 0  4 . 8 3 3 1 3 3 9 E  - 03  + j - 3 . 5 1 1 4 7 7 3 E - 0 3  4 . 6 3 6 7 1 8 0 E  - 0 4  + j 

- 8 . 3 2 6 2 4 3 2 E - 0 4  

- 1 . 2 4 0 3 6 2 3 E  - 0 3  

- 2 . 7 6 9 9 6 3 4 E  0 3  

2 . 6 8 6 2 5 1 9 E  - 03  

- 1 . 3 4 2 8 8 0 2 E  - 0 2  

1 . 7 3 0 0 1 4 0 E  - 0 2  

- 3 . 8 0 9 8 8 5 6 E - 0 2  

4 . 3 2 3 5 5 1 4 E  - 0 2  

- 7 . 6 6 4 3 8 8 2 E  - 0 2  

6 . 3 0 6 6 7 8 0 E  - 0 2  

- 1 . 1 9 0 5 4 3 4 E  - 01 

- 1 . 8 1 8 4 3 5 5 E -  01 

6 . 3 6 8 2 2 0 2 E  - 01 

- 1 . 6 4 7 0 5 8 5 E  - 01 

- 1 . 5 0 8 2 5 3 0 E - 0 1  

1 . 0 5 0 4 2 6 6 E - 0 1  

- 1 . 2 3 5 1 2 3 0 E  - 01 

- 8 . 9 3 3 3 2 7 9 E  - 0 2  

- 7 . 8 2 1 1 7 7 5 E  - 0 2  

4 . 8 0 1 6 4 2 1 E  0 2  

- 3 . 3 3 4 7 6 1 7 E  - 0 2  

1 . 2 0 1 6 8 0 7 E  - 0 2  

- 3 . 1 0 8 7 2 3 1 E - 0 3  

- 7 . 4 1 5 0 6 2 5 E  - 03  

8 . 5 1 9 3 3 9 2 E - 0 3  

- 1 . 1 0 2 4 7 9 4 E  - 0 2  

7 . 7 4 4 0 5 4 7 E - 0 3  

- 7 . 0 4 6 0 1 6 1 E  03  

3 . 1 7 1 2 0 8 7 E  - 0 3  

- 2 . 1 2 4 6 4 5 4 E - 0 3  

4 . 3 4 6 6 9 8 6 E  0 4  

a n d  

C((01, (02) = [Co~((01, (02) 

w h e r e  

Ai = Ea(i, O) a(i, 1) . . .  

a n d  

C l T ( ( t )  1,  ( t ) 2 ) - - -  CNT_ 1 ( ( 0 1  , 0 . ) 2 ) ]  T , 

a ( i , N - -  1)-] x ,  0 ~ < i ~ < N -  1,  

C i ( ( 0 1 , ( 0 z ) = E e J " ° '  e J i O ' e  >~2 . . .  e ~ i ° " e J ~ N - l ~ ° 2 ]  x ,  0 ~ < i ~ < N - - 1 ,  

( 3 5 )  c a n  b e  r e w r i t t e n  a s  

n ( ( z ) l ,  0 ) 2 )  : A T C * ( ( O l ,  ( o 2 )  : c H ( ( . O l ,  ( 0 2 ) A ,  

w h i c h  i s  u s e d  t o  a p p r o x i m a t e  t h e  a r b i t r a r y  d e s i r e d  r e s p o n s e  D ( ( 0 1 ,  ( 0 2 ) .  

( 3 7 )  

( 3 8 )  

(39) 

(40) 
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Fig. 2. Example 2: design of positive-sided differentiator. (a) Magnitude response. 
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Fig. 2. Example 2. (b) Delay response. 
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Fig. 2. Example 2. (c) Trace of passband complex error. 
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Fig. 2. Example 2. (d) Trace of stopband complex error. 

1 6  

x l O - :  

VoL 35, No. 2, January 1994 



128 

- 8 . 8 1 8  

8 . 8 1 6  

8 , 8 1 4  

x 
~ 0 . 8 1  
E 
o 

8 . 8 8 8  

= 

8 . 8 8 6  

m 

0 , 8 0 4  

8 , 8 0 2  

J.-J. Shyu et al. / Complex Lagrange multiplier approach 

i ! i i i i 

8 
8 8 . 4  8 . 8 5  8 . 1  8 . 1 5  8 . Z  8 . 2 5  8 . 3  B .35  

NORNAL IZED FREQUENCY 

Fig. 2. Example 2. (e) Absolute passband complex error. 

The integrated square complex error, which is similar to the one-dimensional case, can be formulated 
as  

e = s + PUA + AHp + AHQA, (41) 
where 

s = f f  R aD*(COl,CO2)D(co,,o92)d~oadco2, 
P 

P =  f f R  - ° ~ D ( ° ) l ' ° ) 2 ) C ( ° ) l ' ° 9 2 ) d ( 1 ) l d ° 9 2  
v 

and 

(42) 

(43) 

~--" ~ o~ f fR  C ( t O I ' 6 9 2 ) C H ( o ) I ' O 9 2 ) d ( D l d O 9 2 - F  f l f f R  C ( ° ) l ' ° 1 2 ) C H ' ° ) l ' ° ) 2 ) d c ° l d ° 3 2 '  (44) 
p s 

in which ~, fl are weighting constants and Rp,  R s represent the passband and stopband regions, respec- 
tively. 

Similarly, the desired two-dimensional filter passband performance is attained by imposing frequency 
response or derivative constraints F at a discrete set of points (~10, 0~20), (0911,0)21), • - • , ( O )  l J ,  O ) 2 J )  in the 
passband, i.e. 

Fmj[H(COlj, ~o2j)] = g,,q, 0 <<. m <~ M and 0 ~< j ~< J, (45) 
Signal Processing 
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( 

Fig. 3. Example 3: design of a circular-passband filter. (a) Magnitude response. (b) Delay response along the ~ol-axis. (c) Delay 
response along the (o2-axis. 

where M denotes the order  of  constraints at a part icular frequency (001j, 002j). Equat ion (45) can also be 

rewritten as 

B H A  = (7, (46) 

where 

B = [F00[C(001,002)] "'" FMo[C(001,002)] F01 [C(001,002)] " ' "  FM1 [C(001, (02)] " - -  

Foj[C(001, 002)] " ' '  FMj[C(001, 002)]] (47)  

and the vector G is the same as (18)~ 
So the design problem for two-dimensional  complex filters is the same as for the one-dimensional  case, and 

the closed-form solutions are given in (25) and (26), but I is an N 2 × N 2 identity matrix. 

E X A M P L E  3. Design of a two-dimensional  circular-passband filter. 
The desired response is given by 

( e - j  . . . . .  e - j  . . . . .  , N/((2) 1 __ O) 1 0)2 ..~_ ((D2 __ (D20)2 ~ (Drp, 
D(00t, 002) / 

-- ~0  ~ ( ( D 1 - - 0 0 1 0 )  2 + ( ( / ) 2 - - 0 0 2 0 )  2 ~ 0ors, 
(48) 
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where Zx and z2 are the desired group-delay responses in the passband along the col- and co2-axis, 
respectively. Due to the nonseparable  proper ty  for circular-region integration, the elements of P and Q can 

only be obtained by numerical methods. In this example, we use N =  11, zl = %  = 4 ,  e ) ~ o = 0 . 2 n ,  
0)20 = 0.3n, Ogrp = 0.3n, COrs = 0.5n, C~ = 1, fl = 2, and we hope to impose second-order  derivative constraints 

on the desired frequency response at (e)~o, ~O2o), i.e. 

B=[C(0)1,¢02)  ~ T ~ l C ( O ) l , O ) 2 ) ~ 2 C ( 0 9 1 , 0 ) 2 ) 6 2  d 2 

] 
dCOl dco~ C(~1,  o)2) (49) 

_]1{(O1, tO2)=(~10, t~20) 

and 

G = Fe J . . . .  e - j  . . . .  d d d e _ _  e-Jrlote-Jr2o2 _ _  e-J~tOJle-J~2o2 __e -m~ , , e - J~2 , , 2  
k d~ox drY2 d~o~ 

d 2 d 2 q 
d~o~ e J . . . .  e -j~2'°~ - j  . . . .  e - j  . . . . .  j (,ol, (50) 

do~x dfo2 e ,02) = (~,1o, o,2o) 

The resultant magni tude response is shown in Fig. 3(a), and the group-delay responses along the oh-  and 

co2-axis are shown in Figs. 3(b) and 3(c), respectively. Notice that  the delay responses in the s topband in 

Figs. 3(b) and 3(c) have been set to zero. 

4. Conclusions 

A new technique has been proposed for the design of complex coefficient filters which approximate  the 
arbitrary desired complex responses in this paper. The method is based on minimizing the integrated square 

complex error for the complex frequency response over the passband and s topband while imposing frequency 
response or derivative constraints. Also, the method can be extended to design two-dimensional  F IR  filters 

with arbitrary frequency response or derivative constraints. Several examples have been presented to 

demonstrate  the effectiveness of the approach.  
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