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Abstract

The relationship between finite discrete Zak transform and finite Gabor expansion are well discussed in this paper.
In this paper, we present two DFT-based algorithms for computing Gabor coefficients. One is based upon the time-split
Zak transform, the other is based upon the frequency-split Zak transform. These two methods are time and frequency
dual pairs. With the help of Zak transform, the closed-form solutions for analysis basis can also be derived while the
oversampling ratio is an integer. Moreover, we extend the relationship between finite discrete Zak transform and Gabor
expansion to the 2-D case and compute 2-D Gabor expansion coefficients through 2-D discrete Zak transform and 4-D
DFT. Four methods can be applied in the 2-D case. They are time-time-split, time-frequency-split, frequency-time-split
and frequency—frequency-split.

Zusammenfassung

In diesem Beitrag werden die Bezichungen zwischen der endlichen diskreten Zaktransformation und der endlichen
Gaborentwicklung griindlich diskutiert. Wir prasentieren zwei Algorithmen auf DFT-Basis zur Berechnung von Gabor-
koeffizienten. Einer beruht auf der zeitlich, der andere auf der frequenzmiBig zerlegten Zaktransformation. Diese Methoden
sind dual beziiglich Zeit- und Frequenzbereich. Mit Hilfe der Zaktransformation kann man auch eine geschlossene Losung
fiir die Analysebasis ableiten, wenn um einen ganzzahligen Faktor iiberabgetastet wird. Dariiberhinaus erweitern wir die
Beziehung zwischen der endlichen diskreten Zaktransformation und der Gaborentwicklung auf den 2D-Fall und berechnen
2D-Gaborentwicklungs-Koeffizienten mittels einer 2D-Zaktransformation und einer 4D-DFT. Vier Methoden sind im 2D-
Fall anwendbar. Sie beruhen auf Zeit-Zeit-, Zeit-Frequenz-, Frequenz—Zeit- und Frequenz-Frequenz-Zerlegungen.

Résumé

La relation existant entre la transformation de Zak discréte finie et I’expansion de Gabor finie est discutée en profondeur
dans cet article. Nous présentons deux algorithmes basés sur la DFT pour le calcul des coefficients de Gabor. L’un est
basé sur la transformation de Zak par partage de temps, I’autre sur la transformation de Zak par partage de fréquence.
Ces deux méthodes constituent une paire duale temps—fréquence. A I’aide de la transformation de Zak, les solutions
analytiques pour la base d’analyse peuvent également étre dérivées si le rapport de sur-échantillonnage est un entier. De
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plus, nous étendons la relation entre la transformation de Zak discréte finie et I’expansion de Gabor au cas bi-dimensionnel
et calculons les coefficients de 1’expansion de Gabor 2-D via la transformation de Zak discréte 2-D et la DFT 4-D. Quatre
méthodes peuvent étre appliquées dans le cas 2-D. Ce sont les méthodes partage temps-temps, partage temps—fréquence,
partage fréquence—temps et partage fréquence—fréquence.

Keywords: Zak transform; Gabor expansion

1. Introduction

Nonstationary signals exhibit time-varying properties and are often encountered in various areas such as au-
dio signals, sonar, and synthetic aperture data. Several methods have been proposed to analyze the time-varying
signals. Wigner distribution [5], short time Fourier transform [6] and Gabor transform [9] are widely used
in time-varying signal analysis. In 1946, Gabor proposed a method to express signals. The Gabor expansion
means that a signal can be expressed as a weighted summation of a basis after shift and modulation.

f(t) = f Conh(t — mT)e™?, (1)

m,n=—00

where T and € represent time and frequency sampling interval, respectively. The condition for Gabor expan-
sion to be existed is 7Q < 2xn. It is called critical sampling when TQ = 2x or oversampling when TQ < 2m.
In 1980, Bastiaans [4] extended the Gabor expansion from a Gaussian window function to a more general
expansion of a signal into a discrete set of window functions shifted in time and in frequency domain. He
presented an algorithm to compute the expansion coefficients from sampled values of the complex spectro-
gram. Wexler and Raz have developed the discrete Gabor expansion for finite or periodic signals [17]. They
derived the theories to compute the analysis basis and Gabor coefficients for discrete signals. The Gabor
expansion can exhibit the time—frequency characterization of signal, but the computation load for Gabor co-
efficients is very expensive. A time—frequency mapping, Zak transform, has been used to calculate Gabor
coefficients efficiently in critical sampling [2, 12, 13]. Recently, Zibulski and Zeevi have proposed a method
which is based upon Zak transform and frame concept [7] to calculate the Gabor coefficients in the over-
sampling case. The work of this paper is extending the theories proposed by Zibulski and Zeevi to discrete
case and developing DFT-based algorithms for computing Gabor coefficients efficiently in the oversampling
scheme. One is based upon the time-split Zak transform, the other is based upon the frequency-split Zak
transform. The time-split algorithm is the same as that proposed in {21], but it is independently developed.
The Gabor expansion is not only suitable to the 1-D signals but also 2-D signals. Porat and Zeevi have
extended the Gabor expansion to the two-dimensional case. The two-dimensional Gabor expansion has been
widely used in image analysis and compression [14, 8]. But the problem of computation burden is a more
serious case. In this paper, we present four DFT-based algorithms for computing 2-D Gabor coefficients to
compute Gabor coefficients in oversampling case through Zak transform. With the help of Zak transform, the
closed-form solutions for analysis basis can be derived while the oversampling ratio is an integer.

The rest of this paper is organized as follows. In Section 2, we review the 1-D finite Zak transform and
I-D finite Gabor expansion. In Section 3, the relationships between finite discrete Zak transform (FZT) and
finite Gabor expansion are discussed for both critical and oversampling schemes. The closed forms of anal-
ysis bases are obtained through the aids of Zak transform when the oversampling ratio is an integer. The
time and frequency-split algorithm for computing Gabor coefficients are presented. In Section 4, we extended
the theories of Gabor expansion and Zak transform to two-dimensional case and derive four DFT-based algori-
thms for computing Gabor coefficients in oversampling scheme. Finally, the conclusions are drawn in
Section 5.
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2. Review of Gabor expansion and finite discrete Zak transform
2.1. Finite discrete 1-D Gabor expansion

The Gabor expansion of continuous signal f(¢) is defined as

f(ty= i Conn () @)
- i Cronh(t — mT)e®, 3)

where h,, ,(t) = h(t — mT)e™. T and Q represent the time and frequency sampling intervals, respectively.
The grid (¢, f») = (mT,n€2) in the time—frequency plane is called Gabor lattice. The existence of Eq. (2) has
been found to be possible for arbitrary f(¢) only for TQ < 2n. The case, TQ = 2, is called critical sampling
and the case, 7Q < 2x, is oversampling.

Bastiaans has introduced an auxiliary function y(¢) [4] for computing the Gabor coefficients. The coefficients
in Gabor expansion can be evaluated through using the biorthogonal function y(¢):

Con = / SOV, @)

where yp, 2(2) = y(t — mT)ei™¥*. y(¢) is the biorthogonal function of A(t).
In [17], Wexler and Raz have developed the finite discrete Gabor expansion for finite or discrete signals.
The periodic signal /(i) with period L is defined as
f@=fi+k-L), (5)
where k can be any integer. The discrete version for the finite or periodic sequences is defined as
. M—IN-1 .
fG) = Z ZO Conn b, n (i), (6)
m=0 n=

where
L1 .,
Cnn = 2}) S @ ni)s
=
i n(i) = B(i — mAM)WAN,

Fmn(i) = 5(i — mAM)WPAN,

VVLnANi —_ Cj27'anNi/L

where f(i), (i) and (i) indicate the periodic extensions of f(i), k(i) and y(i), respectively. L is the signal
length of the original finite signal or the period of the periodic signal. M is the number of sampling points
in the time domain. AM is the time sampling interval. N is the number of sampling points in the frequency
domain. AN is the frequency sampling interval. MAM = L, NAN = L. The condition AM x AN < L must
be satisfied for a stable reconstruction. The critical sampling occurs when AM - AN = M - N = L. In critical
sampling case, the number of coefficients Cp,, is equal to the number of time samples in f(i). AM -AN <L
(or MN > L) is oversampling case. Define « = MN/L = N/AM = M/AN = L/AMAN = ¢/p, where a is
called the oversampling ratio. The two integers, p and g, are relatively prime numbers. The values, AM/p
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and AN/p, are both integers. Wexler and Raz have proved that the biorthogonality between synthesis basis
h(z) and analysis basis $(7) in the finite discrete case is equivalent to

i+ mN YW, ~™M5% (i) = 8(m)d(n), 0 <m<AN, 0<n<AM. (7)
i=0

n [17], it have been proved that the analysis basis y(i) can be obtained by solving the following equation:
Hy =y, (8}

where p = (1,0,...,0)", and the matrix H is a (AM - AN) x L matrix. It has been stated in [17] that matrix
H can be constructed as

H(mAM + n,i) = h(i + mNYW,"™ 0 <m <M, 0<n<N. 9)

The matrix A is a block Hankel matrix, and it can be solved efficiently [1]. For the critical sampling case,
AMAN = L, (i) is unique if the matrix H is nonsingular. For the oversampling scheme, AMAN < L, the
linear system given by (8) is underdetermined and the solution is not unique. An optimal solution proposed
in [16] is based upon the criterion.

@)
[FOHI

The goal of Eq. (10) is to try to find an analysis basis, y, which is similar to the synthesis basis as similar
as possible. In general, the error I' decreases as the oversampling ratio, «, increases. In the critical sampling
case, the error I' is quite large.

The above-defined finite discrete Gabor expansion is called (M, N )-point Gabor expansion in our following
discussion.

(10)

-u

2.2. 1-D finite discrete Zak transform
The Zak transform of continuous signal is defined as [2]

fe@)= 3 flAc+ ke (11)
k=—o00

The Zak transform is a signal transform that maps L3(R) onto L2([0,1)). Generally, the variable 7 is treated
as the time variable and the variable Q is regarded as the frequency variable. The Zak transform has many
desirable properties and can also be treated as a time—frequency distribution. The signal can be recovered
from its transform domain by using the inverse transform formula.

1
f(x)=/1_1/2/ f(;—CQ) do. (12)
0 3
The discrete Zak transform for discrete signal is defined as [1]
~fa b
- = eI 0PB) 0 <bh<B, 0<a<A 13
f(A,B) 2 s(Grr)en, 0<b<B 0<as (13)

For convenience of our further discussion, the index in definition of discrete Zak transform has been changed
into integers in this paper. Then it is defined as

fla,b) = 2 fla+ Ar)e 2B o< b<B, 0<a<A. (14)

r=—00
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If the signal is L = 4 x B periodic or finite with length L, its definition becomes

A B—1 .
fun(@b)=3 fla+4re™ "8, 0<b<B 0<a<4 (15)
r=0
B—1
:Zf(a+Ar)VI/L_rbA, 0<b<B, 0<a<4, (16)
r=0

where W, = e”?"L. We call this transform to be (4, B)-point finite discrete Zak transform (FZT) in this paper.
The discrete signal f(i) performed by (4,B)-FZT is denoted by f, 5, in the following discussions. Similar
to the continuous case, discrete signal f(i) can be recovered from the inverse finite discrete Zak transform
(IFZT).

18=1 , .
flatdr)=5 > fum(@b)e®™ ) 0<a<4, 0<r<B (17)
b=0

Fig. 1 shows the data spread sheet for signal f(i) while processing (4, B)-point FZT in the time domain. The
data in each column is processed by a discrete Fourier transform to get a time slice in Zak transform domain.
Fig. 2 shows the data spread sheet for signal in f(7) in the Zak transform domain. The original signal can
be recovered from an inverse DFT for the data in Zak transform domain using Eq. (17).

Two shift properties that are useful for our further development will be introduced as follows:

giy=fGi-1), 0<i<lL,
h(i)= fOW,, 0<i<lI,
then
dia,p(@:b) = fiumla—1,b), (18)
hasy (@ b) = fiqplab— DI, (19)
F(B-1)4)
f(24)
f(4)
f(0) fQ@) f2 flA-2) [ f(4A-1)
I I
point point point e point point
DFT DEFT DFT DFT DFT

Fig. 1. The data spread sheet of (4, B)-point FZT.
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f(0,B—1
f(0,2)
fo,1)
f0,0) | F1,00 | f(2,0) F(4 - 2,0)f(4 - 1,0)
B- B- B- Bl- B[-
point point point e point point
IDFT IDFT IDFT IDFT IDFT

Fig. 2. The data spread sheet in Zak transform domain.

where W, = /"L, Two periodic properties are also used for further development:
famla—A4,b) = fi, p(ab)W ™, (20)

fum(@b+B) = f,pab). 1)

3. Relationship between 1-D discrete Gabor expansion and 1-D FZT
3.1. Critical sampling scheme

We will review the discrete Gabor expansion obtained through FZT {2]. In the critical sampling case, the
discrete (M, N )-point Gabor expansion can be obtained through (N, M )-point 1-D FZT. In computing the finite
Gabor coefficients by FZT, the numbers of time and frequency samples are interchanged for Gabor expansion
and FZT. The FZT of analysis basis function is

1
(@ b) = ————. (22)
WA Ny (@, b)
By taking the inverse Zak transform of Eq. (22), the closed form of analysis basis function is derived.
1 M1 whr
K=~ M , 23
=1 X SIhaN + *)

where k = pN +¢, 0< p<M, 0<qg< N, 0<k <L, Wy = e?™_As mentioned above, the solution of
analysis basis function in critical sampling is unique. This analysis basis function calculated from Eq. (23) is
exactly the same as that derived from Eq. (8). It can be proved easily by replacing the solution in (23) into
Eq. (8) or solve Eq. (8) directly. The Gabor coefficients can be evaluated through the following equation:

_ 1AM fvan(a,b) J—anM-+bmN

C =
"L 326 520 hovwy(a,b) t

(24)

>
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where 0 <m <M, 0<n < N. Eq. (24) indicates the Gabor coefficients can be evaluated through a 2-D
discrete Fourier transform from distribution in the Zak transform domain of analysis basis and signal.

3.2. Oversampling scheme

Applying the frame operator [7,21], Zibuiski and Zeevi have developed an algorithm for computing Gabor
coefficients of continuous signal in oversampling case from continuous Zak transform domain. By introducing
the frame operator S. The following equation has been shown in [7,21]:

y=8"'h. 25)

Now two methods for computing discrete Gabor analysis basis function and coefficients will be introduced
for the oversampling scheme. The discrete (M, N )-point Gabor expansion can be evaluated by two methods:
(N, AN) and (AM, M)-point FZT. The time-split method is to utilize (N, AN )-point FZT which is correspond-
ing to the continuous case A = 2m/Q.

The time-split method has been presented in [21]. Here we only review the resuits based upon the mathe-
matical notation in this paper. The closed-form solution of the analysis basis function while the oversampling
ratio is an integer.

AN-1 AN-—1 ab
= L5 T MAVAOMN (26)
N p=o 215 2ol A(aN +t + IAM)E|2

where k = uN +v, 0 <Su< AN, 0 <v <N, t is the remainder of & divided by AM. The Gabor expansion
coefficients in general case are

AN-1
Con = AN > J,any(@ D)y any(a — mAM, bYW, ™ 27

1 N—-1(AN/p)-1{p-1 ANY AV o
AW [Ef"“”)("”’*”’?)ﬂm (o= vases +alh) i ome

(28)

Analysis algorithm of the time-split method is listed as follows:
Step 1: Compute the (N, AN )-point FZT of analysis basis y(i).
Step 2: Compute the (N, AN )-point FZT of signal f(i).
Step 3: fors=0tog—1
Step 41 I'(a,b)=0, 0<a<N, 0<b<%
Step 5: fort=0to p—1
Step 6: I(a,b) = I'(a,b) + fiyany(@,b + 128255, avy@a — sAM,b + )
0<a<N, 0<b<4
Step 7:  end
Step 8:  Compute an (N, AN/p)-point 2-D DFT of the results I'(a,b)
Step 9: end
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The reconstruction of function from its Gabor coefficients is given by

2 AN -1, AN\ N=1 (AN/p)—1 AN o) AN
f(N,AN) (a,b + t'—p—) = gh(N’AN) <a —SAM,b -+ t'?) rg) mgo Cmq+s,nVVl7;,( /p)—bm
AN
0<a<N, 0<b<s—, 0<t<p. 29)
p

Synthesis algorithm of the time-split method is listed as follows:
Step 1. Compute the (N, AN)-point FZT of synthesis basis A(i).
Step 2: fors=0tog—1
Step 3:  Compute the 2-D DFT of Cpgisn, F(a,0) = f ft2(Cngrs,n )m,n)—>(a,b)
0sm<2Y, 0<n<N
Step 41 TI'(a,b)=0, 0<a<N, o<b<é;§!
Step 5: fort=0t0 p—1

Step 6: I(a,b+t2%) = I'(a,b+ &%) + by any(a — sAM, b+ 151 )F (a, b)
0<a<N, 0<b<2Y

Step 7:  end

Step 8: end

Step 9: Compute (N, AN )-point IFZT of I'(a,b) to obtain the reconstructed signal f(i).

The frequency-split method is to utilize (AM,M )-point FZT. It is corresponding to the continuous case
2 = T. The Zak transform of analysis basis function for p =1 in frequency-split method is

hamanya, b)
|h(AM,M)(a,b + ZAN)P

Paman(@b) = ﬁ S 0<a<AM, 0<b<M (30)
=0

Fig. 3 illustrates an example for the summation terms in denominator of Eq. (30). This example is the same
as that of Fig. 3, but (2,8)-point FZT and the algorithm of frequency-split method are applied. The terms
with the same patterns will be added together for computing the denominator of the Zak transform of analysis
basis function. The analysis basis function, y(k), can be obtained by IFZT of Eq. (30). Then its closed form is

g M L h@AM oW

— = , (€19)
AM = YIS V@AM + 1+ INWER

k) =

where k = uAM +v, 0 Su<M, 0 <v<AM, 0 < k<L, tis the remainder of & divided by N. The Gabor
expansion coefficients in general case are

1M1,
Coun = 3 S aman (a,b);?z"AM’M)(a — mAM,b — nAN )W ™ (32)
b=0

1 (AM/p)—1 p—1

p)—l M p AM N _ -
= Zo bZO L Of(AM’M)(a+d7,b+vAN)yE"AM’M)(a,b)WL/;vAN}WmeAMm auM (33)
a= = =l

where 0 <m<M,0<n<N,n=u-q+v, 0<v<gq and 0<u<AM/p. The proof of Eq. (33) is listed
in Appendix A. Eq. (33) indicates that the Gabor coefficients in frequency-split method can be calculated
through ¢ amount of operations, which are (AM/p, M )-point 2-D DFT. The vth 2-D DFT is to compute the
(u - g + v)th frequency slice of Gabor coefficients (0 < u < AM/p, 0 <v <gq).
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i 11 1 1 1 & i

I L 1 v 1 1 1 3 1 1

0 1 2 3 0 1
(2) Time-split (b) Frequency-Split

331

Fig. 3. The summation term denominator in Zak transform domain for time-split and frequency-split methods, L = 16, M = 8, N = 4.

Analysis algorithm of the frequency-split method is listed as follows:

Step 1: Compute the (AM, M)-point FZT of analysis basis 7(i).

Step 2: Compute the (AM, M )-point FZT of signal f(i).

Step 3: fors=0to g—1

Step 41 I'(a,b)=0, 0<a<®, 0<b<M

Step 5: fort=0to p—1

Step 6: [(a,b) = I(a,6) + [ qaan @+ 22, 03k (@ + 22, b + sAN)
0<a<®, 0<b<M

Step 7 end

Step 8:  Compute an (AM/p, M)-point 2-D DFT of the results I'(a,b)
Step 9: end

The reconstruction of signal f(i) can be obtained from the Gabor coefficients.

M—-1N-1

Famm(@b) = ¥ Cuaham(a—mAMb—nANYWE,  0<a<AM, 0<b<M,
m=0 n=0
; AM g1 [ M—1 AM/p—1
f(AM,M) <d——p— +a, b) = Z I: Z Z Cm,uq+v WL71(,b_v AN)m AM/p-{—auM:l
v=0 | m=0 u=0

- AM
Xh(AM,M) (d—? +(1,b— UAN) WEUAN,

AM

The proof of Eq. (35) is also listed in Appendix A.

(34)

(35)



332 S.-C. Pei, M.-H. Yeh / Signal Processing 52 (1996) 323-341

Synthesis algorithm of the frequency-split method is listed as follows:

Step 1: Compute the (AM, M )-point FZT of synthesis basis k().

Step 2: fors=0tog—1

Step 3:  Compute the 2-D DFT of Cp,ug1s, F(a,0) = [ f12(Cpugss Ym,u)—>(ap)
O0sm<M, 0<u< %

Step 4 I'(a,b)=0, 0<a<AM, 0<b<M

Step 5: fort=0t p—1

Step 6: F(a+ 2 b) = I'(a+ 2, b) + hammy(a + 12,5 — sAN)F(a, ) 2N
0<a< %, 0<b<M

Step 7:  end

Step 8: end

Step 9: Compute (AM, M )-point IFZT of I'(a,b) to obtain the reconstructed signal f(i).

Example. L = 64, M = 16, N = 8, AM = 4, AN = 8. The oversampling ratio in this example is 2. The Gabor
coefficients in time and frequency-split methods can be obtained through two 2-D DFT. In time-split method,
(8,8)-point DFT and FZT are used. The first DFT compute Cy o, Co,1, Co2, --.» Co,7, Co0, Ca,15 -+, Cia,7.
The second DFT compute Cj g, C1,1, Ci,2, ..., C1,7, C3,0, C3,1, ..., Ci57. In frequency-split method (4,16)-
point DFT and FZT are used. The first DFT compute Co o, Ci,0, Co0, ..., Cis,0, Co2, C1,25 ..., Ci5,6. The
second DFT compute Co)], C1,1, C2,1, ey C15’1, C(),3, C1,3, ey C15,7.

3.3. Discussion

As mentioned in Section 2, the analysis basis is uniquely existed. So the synthesis basis and Gabor coeffi-
cients obtained from solving Eq. (8) and the Zak transform method are identical.

In the oversampling scheme, although the processes of the time and frequency-split methods are different,
the results in these two methods are identical. The equivalent results can be proved by checking Eqgs. (26)

0.5 T T T T r T
)BK\
0.4 L=64 - : synthesis basis b
M=16 --: optimal analysis basis
0.3f N=8 * : analysis basis by Zak transfprm

70

Fig. 4. An example of analysis bases obtained from time and frequency-split methods and the optimal solution, L = 64, M = 16, N = 8.
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and (31). Both these two methods are based upon the least-squares norm criterion. The optimal solution
obtained from Eq. (10) is to find an analysis basis which is similar to the synthesis basis as similar as
possible. Fig. 4 shows the bases obtained from time and frequency-split methods and Eq. (10). It can be
found that the analysis obtained from optimal solution and the Zak transform methods are different.

The critical sampling is only a special case for oversampling. The oversampling ratio for the critical
scheme is equal to one. In critical sampling scheme, the time sampling interval AM is equal to N and the
frequency sampling interval is equal to M. The Gabor coefficients in critical sampling can be obtained through
(N,M)-point FZT and it is exactly a special case for the oversampling scheme, which needs (N, AN/p) or
(AM/p, M )-point FZT. The computation of Gabor coefficients in critical scheme needs one DFT calculation
and in oversampling schemes needs g DFT calculation. This fact can be used to verify that the critical
sampling is a special case for oversampling scheme again.

The algorithms presented in the previous subsection are time-split and frequency-split. So in 2-D case,
four methods can be used to calculate Gabor coefficient by Zak transform in oversampling scheme. They are
time—time-split, time—frequency-split, frequency—time-split and frequency—frequency-split.

4. An extension to two-dimensional case for Zak transform and Gabor expansion

The two methods that are proposed in the previous section for computing Gabor coefficients is suitable
for finite signals. Image data is an example of two-dimensional finite signal. Now we will extend the above
theories to the two-dimensional case and use 2-D Gabor expansion as a tool for image analysis.

4.1. 2-D discrete Gabor expansion

The definition of 2-D Gabor expansion for continuous signal is

f(x, y) = E Cm,nxmynyhmxn,myny (x, y) (36)

My iy, My 1y

= Connmn, B(x — m T, y — m, T, )ei®ntym) (37)
xex it ylty y ¥y

My, Ry, My, 1y

where A(x, y) is the 2-D synthesis basis function. 7:£, < 27 and 7,2, < 2r are the existence condition for
Eq. (37). We can define 2-D discrete Gabor expansion for finite and periodical signals. The signal f(x, y) is
assumed to be finite with length L, and L, in the x and y directions or finite with periods L, and L, in the
x and y directions. Thus, the 2-D finite discrete Gabor expansion is defined as

f(x’ y)y= Z menxmynykmxﬂxmyny(x’ ) (38)

My, Hy, My, Ny

= Y Commyn, h(x — mAM,, y — m, AM)W), (39)

My, Ry, My, 1y

where f(x,y) is periodic extension of f(x,y), h(x,y) is the synthesis basis. 0 < m, < M;, 0 < my, < M,
0<n, <N, and 0<ny <N,. M, is the number of sampling points in time domain of x direction. M,
is the number of sampling points in time domain of y direction. N, is the number of sampling points in
frequency domain of x direction. N, is the number of sampling points in frequency domain of y direction.
AM, is the time sampling interval in x direction. AM, is the time sampling interval in y direction. AN, is
frequency sampling interval in x direction. AN, is frequency sampling interval in y direction. M, - AM, = L,,
M, - AM, = Ly, N, - AN, = L;, N, - AN, = L,. The conditions, AM,AN, < L, and AM,AN, < L, must
be satisfied for a stable reconstruction. The critical sampling case occurs when M;Ny; = L, and M,N, = L,.
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Define @, = M;N;/L, = q./p, to be the oversampling ratio in x direction, and a, = M,N,/L, = q,/p, to be
the oversampling ratio in y direction.

42 2-D FZT

2-D continuous Zak transform can be extended from the definition of 1-D continuous Zak transform directly.
Its definition is defined as

f (101, 2, 2,) = zp: ; Ut + P Ay(t) + g)le 2HPEH) (40)

Several properties about 2-D continuous Zak transform have been listed in [19]. Furthermore, we can define
2-D FZT. The 2-D FZT is defined as

&% be by _ _ T Sy +k _y o+ ]} e—i2r(kbs/Botib, B,)
A’ 4," B B, ’

k=—o00 =~
0<b,<B,, 0Kb,<B),, 0<a,<4,, Osay<Ay. 41
For convenience of our discussion, we change the indices into integers.

n o0 o0 .
f(ax’ay’bx’by) - Z E f(ax + kA, ay + lAy)e—Jzn(ka/Bbey/By)a

k=—o00 |I=—¢
0<be<By, 0<b,<B,, 0<a,<d, 0<a,<4,. (42)

If the signal is finite or periodic with length L, = A.B, points in x direction and L, = 4,B, points in y
direction, then

B.—1 B,—1
f(ax’ ay, bx,b )= Z Z fla, +kAxaay + 14 )e_Jzn(ka/BX+lby/B )
k=0 =0
0<b, <By, 0<b,<B,, 0<a,<4,, 0<a,<4,. (43)

This 2-D FZT is called (4;,4,, B, B, )-point 2-D FZT, and it is denoted by f (4,4 Be,By)"
4.3. Relationship between 2-D finite Gabor expansion and 2-D FZT

4.3.1. Critical sampling scheme
In [19], it has been shown that 2-D Gabor coefficients can be obtained from 2-D Zak transform

Q,Q)) _
mx — / / / / f(Tx, Ty’ y) J2M(Ry Ty 1y Ty — M 2 —my )drx dry dQ de , (44)
h(Tx, Ty’ QX’Q )

where f(rx, 7y, Q. 2,) is the 2-D Zak transform of signal f(x,y), and h(rx,ty, Q,,Q,) is the 2-D Zak trans-
form of synthesis basis A(x, ). The coefficients can be obtained by a 4-D continuous Fourier transform. In
the discrete case, (Ny, Ny, M, M,) point FZT can be used to calculate the 2-D Gabor coefficients.

me;nxymy,ny -

No—1 Ny—1 My—1 M,—1 § a.b
1 x y x y ﬂNx,Ny,st%)(ax’ ys Uxs by) W_axanx+bxmex WL—vaynyMy+bymyN_y’ (45)

Ly

LxLy a,=0 a,=0 b,=0 b,=0 h(Nx,N ,Mx,My)(axa ay, b, by)

where Wr, = 2L, W = ei2m/Ly h(Nx,Ny M, i) is the 2-D FZT of synthesis basis. From Eq. (45), the 2-D
Gabor coefficients can be derived through a 4-D DFT operation in critical sampling case.
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4.3.2. Oversampling scheme

In 1-D case, two methods based upon Zak transform for computing finite Gabor coefficients in oversam-
pling scheme are presented. Thus, there exists four methods based on Zak transform for computing 2-D
Gabor coefficients in oversampling scheme: (N, N,, ANy, AN,), (Ny, AM;, AN;, M), (AM;,N,, M, AN,) and
(AM,, AM,,M,, M, )-point 2-D discrete Zak transform. They are named time—time-split, time-frequency-split,
frequency-time-split and frequency—frequency-split, respectively. Their analysis bases and Gabor coefficients
can be attained through the following equations:
— time—time-split method: (Nx,N,, ANy, AN, )-point Zak transform

If p, = p, = 1, the analysis basis function can be obtained from Eq. (46).

Pt A, AN )@ @y, b, by )

_ 9x9y il(NX7M/;ANX9A]Vy)(ax’ay’ by,by) (46)
NNy S8t S v, v, an, any(@x — k AM, b — 1AM, by, b))

where 0 < a, <N, 0<a, <N, 0< b, <AN,, 0< b, <AN,, 0 <u<AN,/p,, 0 <5 <AN,/p,.
The Gabor coefficients in general case is calculated through Eq. (47).

c 1 inl N=1 (ANy/px)—1 (AN/p)—1
x Ny

=0 a,=0 by=0 b,=0
px—1 P}'—l N
dZO dZO f(NX,NV,AN,,A]\g,)(ax’ aya bx + dx(ANx/px )’ by + dy(A]Vy/Py))
x= y=

X);?;\/x,l\[v,ANr,ANy)(ax’ —0AM;, b — tAM,, by + d(AN,/py), b, + d, (AN/py))

Wf;;NxLy —axn (AN pe)Ly+bysN Le—ayn,(AN,/ p )Ly ’ (47)
where L=L;-Ly, p= pipy, mx =uqz +v, m, =59, +1, 0 <v<gqy, 0t < gy. These Gabor coeflicients
can be obtained through (g, -g,) operations, which are (N;,N,, AN,/px, AN,/p,)-point 4-D DFT calculation.

Analysis algorithm of the time—time-split method is listed as follows:

Step 1: Compute the (N, N,, AN;, AN, )-point 2-D FZT of analysis basis y(x, y).
Step 2: Compute the (N, N,, AN, AN, )-point 2-D FZT of signal f(x, y).

Step 3: for s, =0 to g, — 1

Step 4: for s, =0 to g, — 1

Step 5. I(anaybeby) =0, 0<a; <N, 0<ay,<N, 0<b <% 0<p, <2
Step 6: fort, =0to p,— 1

Step 7. fort, =0to p,—1

Step 8: T(ay,ay,be, by) = T'a5, a5, b, by) + f g, v, an, an) (@ @y, bz + 125 by 4 tyA—livl

% AN,
V(Nx,Ny,ANx,AM)(ax — 5;AM;,a, — s,AM,, b, + tx;—’-,by + ty%),
0<a <M, 0<ay <N, 0<b <% 0<b, <3

Step 9:  end
Step 10: end
Step 11: Compute an (N, N,, AN,/ p., AN,/ p,)-point 4-D DFT of the results I" (ax,ay, by, by)
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Step 12: end
Step 13: end

Synthesis algorithm of the time—time-split method is listed as follows:
Step 1: Compute the (Ny, N,, AN;, AN, )-point 2-D FZT of synthesis basis A(x, y).
Step 2: for s, =0 to g, — |
Step 3: for s, =0 to g, — 1
Step 4 Compute the 4-D DFT of Cpy g 15, m,q, 45,11,
F(ay,ay,bx,by) = fft4(meqx+sx,myqy+sy,nx,ny Ytz m e,y )—> (@, @y, be, by )
0<m <% 0<m<ZE, 0<n <N, 0<n, <N,
Step 51 I(ax,ay,b5,b,) =0, 0<a;, <N, 0<a, <N, 0<b <% 0<b, <SF
Step6: fort,=0to p,— 1
Step 7. fort, =0to p,—~1
Step 8 I'@ @b+ 1505, by +6,5) = Taw ay,be + 55, by + 5F)
Hhoo 0, a8 (@5 — 2 AMy, @y — 5, MM, by + 685, b, + £,5%) - F(ay,ay,b0,by),
0<a <N, 0<a,<N, 0<b <2%, 0<b, <%

)
Step 9:  end
Step 10: end
Step 11: end
Step 12: end
Step 13: Compute (N, N,, AN;, AN, )-point IFZT of I'(ax,a,, by, b,) to obtain the reconstructed signal
fx, ).

— time—frequency-split method: (N;, AM,, ANy, M, )-point Zak transform
If p, = p, = 1, the analysis basis function can be obtained from Eq. (48):

5 qxq ];(NI,AM,AN,,,M)(ax,ayabx,by)
V(Nx,AM,ANm%)(a"’ay’b"’by) - NXAXJ T g—lgy~1 > - >
[, R
P> Z%) 'h(Nx,AM:,ANx,My)(a — kAMx,ay,bx,d + lANy)|2

(48)

where 0 < a, <Ny, 0<a, <AM,, 0<b, <AN,, 0<b, <M, The Gabor coefficients in general case
is calculated through Eq. (49):
1 Ne=1(AM/B)—1(AN/p)—1My—1

Cm Ry,my, N
xs Tixs My, ity
ANKAly a,=0 ay =0 b,=0 bJ =0

plpl, AM, AN,
x| 3 S ., AMy, AN, M) (ax,ay+dy_l,bx+dx y,by)
d,=0 dy=0 Py Dx

A AM, AM, —t
X P, AMy, AN, M) (ax — vAM,,a, +dy—p 2 b, +dy x’by + tANy> WLy ayAM':I
4 X
x beuNxLy—a,nx(ANx/px ML y+bymy(AM,/p, )L, —aysM,Ly (49)

Lip ’



S.-C. Pei, M.-H. Yeh | Signal Processing 52 (1996) 323-341 337

where L = L, - Ly, p = pypy, mx = ugx + v, 0, = 5q, +1t, 0<v<gy, 0<1<g,, 0 < u < AN,/ py,
0 <s < AM,/p,. These Gabor coefficients can be obtained through (gx - gy) operations, which are
(N, AM,/ py, AN/ px, M, )-point 4-D DFT calculations.

The analysis and synthesis algorithms for time—frequency-split method can easily be derived based upon
the algorithms listed in the previous discussions.
frequency—time-split method: (AM,,N,, M., AN, )-point Zak transform

If p, = p, = 1, the analysis basis function can be obtained from Eq. (50):

?(AMX,A;,MX,AM)(%, ay, by, by)

=9y hianm, Ny, My, AN,) (x5 @y Bx, By)

AMN, 58S B ang, N e, ang) (@ @y — IAM,, b, + kAN, b,)]2’

(50)

where 0 €< a, < AM,;, 0 <a, <N, 0 < b <M, 0 <b, <AN,. The Gabor coefficients in general case is
calculated through Eq. (51):

1 (AM/p)—1N—1M—1AN/p—1

G, nesmy,ny = > X
s Bxy My, 1t
: YOMAN, 420 4,50 520 5,20

Pl Al AM, AN,
x|y Ef(AMYMMXANy (ax—i-d ,ay, by, by +d, —)
dy=0 d,=0 Px Py

. AM, AN, v
x yzkAMx’M/’Mx:AM) (ax + dx x’ ay - tAMy’ bx + UANX’ by + dy__y> WLx AM:|

Px Py

bem ——lLy —ayuM, Ly+bysN, L~ nyay—A—AiL
)
xWy : (s1)

where L = Ly - Ly, p = pePyolix = gz +0, my = 5q¢y +1, 0<S0<qy, 0< t <gy,0 <u<AM,/ps,
0 < s < AN,/p,. These Gabor coefficients can be obtained through (g, - ¢,) operations, which can be
(AM,/p:, Ny, M, AN,/ p,)-point 4-D DFT calculations.

The analysis and synthesis algorithms for frequency—time-split method are easily derived based upon the
algorithms listed in the previous discussions.
[frequency—frequency-split method: (AM,, AM,, M;, M, )-point Zak transform

If p, = p, = 1, the analysis basis function can be obtained from Eq. (52).

?(AMX:AA{V,ngAly)(ax’ Ay, by, by)

99y hoans,, A, b, b)( @5, @y, b, By)
T AMAM, }:q*“’ Do Vhcast avg 00,36 (@5: 8y by + kAN, by + IAN, )2

(52)

where 0 < a;, < AM,, 0 <a, <AM,, 0<b, <M, 0<b, <M, The Gabor coefficients in general case
is calculated through Eq. (53):

1 (AMy/p)—1(AM)/p)—1 M, —1 M1

Co -
xy Nxs My, Ry

MM, 2o 4y=0  by=0 =0
p—1p—1 N

> S (am,, am,M.,M) <‘1x +d,
dy=0 d,=0

AM,
x,ay—!——)’—,bx,by)
Dy

pe
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. AM, AM,
x V?AMX,AM,,M,,,M).) (ax + dx—pTxa ay + —pyy,bx + UAN);: by + tA]Vy)

N } bemA—xiLy—axquLy+byM>A—:jZL,——aysM,,Lx
L, L,

o , (53)

where L=Ly-Ly,, p=pypy,, Bx=ug;+0, ny=sq,+1, 0<v<q,, 0<t<q,, 0Su<AM/py, 0<s<

AM,/ p,. These Gabor coefficients can be obtained through (g,-g,) operations, which are (AM,/p., AM,/p;,

M., M, )-point 4-D DFT calculations.

The analysis and synthesis algorithms for frequency—frequency-split method are easily derived based upon
the algorithms listed in the previous discussions.
Similar to the 1-D case, the above four methods will result the same analysis basis function and Gabor
coefficients.

Gabor expansion can localize the time—frequency characteristics of signals. It is a very useful tool for
signal processing. 2-D Gabor expansion has been widely used in image analysis and compression. Fig. 5
shows an example for image energy presented in the various signal bands. It is obtained by 2-D FZT in
Gabor oversampling scheme. The size of image in this example is 64 x 64 pixels. The number of time
sampling point in x direction is 16. The number of time sampling point in y direction is 16. The number
of frequency sampling point in x direction is 8. The number of frequency sampling point in y direction
is 8.

Fig. 5. The signal distribution for the various bands in the oversampling scheme.
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5. Conclusion

According to the above discussion, several conclusions can be made. First, the (M, N )-point finite Gabor
expansion can be obtained by using (N, M )-point FZT in critical sampling case. In oversampling case, (M, N )-
point finite Gabor expansion can be obtained by two methods. One is calculated by (N, AN )-point Zak
transform, the other is obtained by (AM,M )-point Zak transform. These two methods will result the same
analysis bases and Gabor coefficients. If the oversampling ratio increases, the analysis bases will be more
similar to the synthesis bases. This phenomenon is the same as that of optimal basis in [16]. But their analysis
bases are different to the bases generated in [16]. The Gabor coefficients in the proposed two methods can be
achieved through g 2-D DFT operations.

2-D Gabor expansion has been widely used in image analysis and compression. We can extend the theories
from 1-D case to the 2-D case and compute 2-D Gabor coefficients efficiently. Four DFT-based algorithms
for computing 2-D Gabor coefficients are attained to compute them efficiently.

Appendix A

At first, we will prove Eq. (33):

1 AM_-1M—1

Cop = Zo bz I amn y(AMM)(a mAM, b — nAN )W AN

a=| =0

AM—1M~1

2 2 faum Ponsgny(@ b — nAN YW AME=rAN) gy =aniN
a= =

M
1
M

Osm<M 0<n<N.Letn=u-q+v, 0<v<gq, 0<u<AM/p.

1 AM—-1M—1 B
Cun=37 2 3 T (ammn(@ D) Daray (@ b — ugAN — vAN YWEmAM gy ~maAMAN
x WL—vaM AN WL—aquN WL_auAN
1 AM—1M~1
=37 2 2 aman(@8) Fauu(@ b — AN WM gy AMAN gy -ty eos,
a=0 b=0

Replace a by a =dAM/p+ad’, 0 <a < AM/p, 0 <d < p.

AM/p—1M~1 p—1

AM AM ,
Con= 3 ¥ Zf(AMM) (d— +ad b) Pt <d7 +d,b- vAN) p @AMIpra AN
a'=0 b=0 d=0

m(b—vAN) M _ o' ypf
xW, %
Lip

AM/p—lM—lp—l dAM

2 dAM
= I P —avAN pgr+mbAM/p— auM
az% bgodgof(AM,M)( P +a,b+vAN)y(AMM)( > +ab) av WL/p

Eq. (33) has been proved over.
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Next, we will prove Eq. (35).

M—-1N-1
f(AMM)(a b)= Z Z Comn h(AMM)(a ~mAM,b — nAN)WS"
M—-1N-1
z E Cmnh(AMM)(a, _nAN)W—mAM(b—nAN)+anAN
m=0 n=0

Letn=u-q+v, 0<v <gq, 0<u<AM/p.

M—1AM/p—1g—1
f(AMM)(a,b)— DY ZC,,, uq+,,h(AMM)(a b — ugAN — vAN)

m=0 u=0
% WL——mAM (b—ugAN—vAN) quPM WfUAN

M—1AM/p—1g—1
=Y X X Cumugrohanan(@b — vAN) MM O—IAN) prakM graviN
m=0 u=0 v=0

Replace a by a =dAM/p +d', 0<a’ < AM/p, 0<d < p.

N AM
7 (dT +a’,b>
M—14AM/p—-1g-1 AM
= Z Z Z Cm,uq+v h(AMM) <d7 + a b— UAN) _MAM(b vAN) Wa llpMWauAN

m=0 u=0 v=0

So

5 AM

g—1 |M—1AM/p-1
—(b—0oANMAM/ p+auM | § AM
> Cm,uq+vWL/,(, vANImAMpa LIINYAY)) (dT +a,b—uAN) WL"”AN,

v=0 | m=0 wu=0

AM
0€a<—,0<b<M 0<d<p.
p

The proof of Eq. (35) is completed.
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