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Fuzy segiens in the image,

el wgrels! peiramcler exiraction, fueey sels, theory of evidence,

1. Introdoction and molivalion

Classical segmentation methods (Pavlidis, 1982)
ait ol sharing an image into precisely bounded
reeions, As a consequence all information regard-
i the imprecision or noise pervading (the boy
darics of the corresponding objects is lost. The
apparent precision ol o segmented conlour is ar-
Biteary im the sense thal changing 4he sepmeniation
technigue results in producing & new conlour
which, although hopefully close to the lirst one,
miay be distinel {rom i, This type of problem
especially occurs in unsupervised environments, In
order to deal with such tvpes of errors in sepmenta-
Lien, the wse of Tueey sel theory (Zadeh, 1965;
Dubois and Prade, 1980) has been proposed by
several  anthors flain, 1983 MNakagowa  and
Rosenfeld, 1978; Pal and King, 1953; Huntsberger
et al., 1985; Goetcherian, 19809, In such ap-
proaches, regions are viewed as Tuzey subsets of
the Bmage, obtained by assigning 1o pixels member-
ship grades belonging to J0, 1],

tent is presemtly @l the Bioased Engincering
» Bostod Ulniversicy, Besion, &A, 12215, LISA.

The construction of fuzey regions requires a
warking definition of the membership function, in
order 10 be able 1o compute membership prades
from actual data. Most authors view the member-
ship grades as reflecting the gray levels, Such a
deflinition, although being matural, only accounis
for a small part of the available information
which enables a proper discrimination among
regions. Recently, Huntsberger ef al, (1935} ap-
plied Berdek (1981)'s luzey c-means algorithm Lo
perform a4 segmentation by imtegrating various
features of the imape. In their approeach the
membership grades are the results of a clustering
procedure. Lastly, Dubois and Jaclent (1986) pro-
pose another interpretation of membership grades
in o fuzey region, ebiained by pooling the contours
derived from the parallel application of several
classical segmentalion methods, The idea is to
retrieve the information about the contour im-
precision, by comparing and merging several crisp
representations of a region,

If the imprecision pervading the sepmentation
process can be caplured under the form af fuzzy
regions, Lhis imprecision must be carried over to
the parameicrs which describe the various features

DET-BOESAHTARS S0 0 pke?, Blsevaer Sowmee Publishers B, (Morth-Hollaady 5]

Yiaslume 6, Mo

af the region. This question of imprecise param
cter extraction is comsidered in a rescarch project
aboul man-machine communication with a scene
analyser, The idea is 1o be able to automatically
retrieve abjects inoa 2-13 scene, from a verbal im-
precise description of the objects (Farreny and
Prade, 1984; Jaulcnt, 1986). This problem is nol
usual in classical pattern recognition where a learn-
ing stapge provides @ precise description of ohjects
1o be retrieved, and discriminating features can
simplily the recognition step. o the case of man-
ilable infar-

cocomanwmiciiion, the only aw,
mation is Lhe verbal description, where pan
values fe.g. diameter; width...) are imprecisely
sprecified, or even omitied (*Tind the rectangle on
the left of the sereen’). The recognition step boils
down o a patlern matching process beiween Lhe
description ol objecls provided by the vision sys-
fem and the query provided by the human operator.
There is 4 qualitmive difference between these two
cms of information: The lormer is arbitrarily
precise and the [atter is likely to be imprecise, As
a consequence the grades of compatibility between
objects and the query do not canvey as nuech infor-
mation as they could. Especially objects can be re-
jected as being not compatible while they would
51l be possible candidates if imprecision were
taken inte account. So far, the implemented scene
analyser assumes precise contonr ol abjects are
available (see Dubols and Jaulent (1955), Jaulkem
(1985) for the shape analysis procedure). The in-
tegration of imprecision at the sepmentation slapge
would thus be an improvement,

The question of parameier evaluation from Tuz-
zy regions has been addressed in several recem
papers by Rosenleld (1984a,b, 19860), Rosenfeld
and Haber {1985}, cach devoled 1o a particular
parameter, e.g. diameter, distance and perimeter.
In this paper, we propose a gencral approach,
where Rosenfeld’s results appear as a particular
case. The resulis presemted here rely on Shafer
(1976)'s theory of beliel Tunclions, and its links
with fuzzy sct and possi v theory (Zadeh, 1978;
Dubois and Prade, 1985). Such links make it possi-
ble 1o come up with a statistical interpretation of
membership functions {Duebois and Prade, 1986a),
which prroves usclul Tor application (o Lhe syt he:
of Tuzey regions (Dubois and Jaulent, 1986} as well
as their analysts through parameter evaluation,
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2. The representation of Tuzzy s

There are three main representations af a fuzey
sel & defined on o referential set £2, supposedly
[irite:

— the membership function g0 £2—10, 1] which
assipns 10 cach we £ its membership grade up(w).
S =w|ppetw)=0) is ealled the support of £
F{F.08] .__.____ﬂn_..__:_u = 1] the core of f-

— the sel of a-cots OUF) = {Fe)|ee [, 1]} where
Meay=twlgdwi=a}. Note that C(F) conlains
FOF b, which s conply i soon s ke Gy sel s
Peed, foes prednp= 1 Vo,

a convex combination of sels, e, & pair (F, m)
where & s allached a positive weight si(A), and

Eom=1. (1)

A F

ar is ocalled o basic probability assignment, and
Ae#F a local subser.

Membership Tunctions and c-culs were [irst
intredueced by Zadeh {1963), The last representa-
tion is more in the spirit of random st (heory
(Matheron, 1975; Goodman and Nguyen, [985) or
evidence theory (Shaler, 1976). (3%, m) can be call-
ol @ dom set, and s(A) is the probability tha
A s the “true’ represemtalive of (5,0, The mem-
bership funetion is recovered fram the set ol e-culs
via the representation thearem (Zadeh, 1971).

Wy =supla | we M. {2)

Mote that the a-cuts are nested in the sense that
g=a = Fla)d Ma’) 3}
A membership function gy can be oblained from
a convex comhbination of characteristic functions
Hq of se1s A in F as:
pplwd= ¥ miAyiwl= ¥ mid) (4

Ag AcF woA

It is easy to check that two different random sets
(#, m), (F ', m’) may lead to the same membership
function. However if we restrict ourselves 10 con-
sonanl random sets, i.e. F a pested family of sels
{AycAsc---c A}, then pp is equivalent (o a
single consonant random sel. Namely, let M{(F) =
prlE2y = [0} = foy =y oo g, b be the set ol posi-
tive membership grades for .
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Proposition | {Debois and Prade, 1952), Given @
steitersiiy fuaction pp, fhe oy consomng fan-
dom ser swch thel (4) holds fs defined by F =
CLF )= (P V6 Flaa) € - € Fla ) amd VA,
miAdy=a,—my I A=Flog)

{3}
=] arherwise,

with the convention g, =0,

In other words, the focal sets are the a-cuts of
Fand il {oy ==, ) is the set ol positive
menbersiip srades defining & then o s buill from
the difference ol suceessive o’s. Especially, il
we Flee) aned wois not in Fle, ), then (4) reads

pplwi= ¥ ). (i)
J=kn
Mote that when pp i subnormalized (F)1 =
then #e &,

These representations can be extended o the in
finite case {Npuyven, 1984; Goodman and Mpuven,
1985) and are very uscelul 1o the parameler extrac-
tion problem. A fuzey region is a fuzey subsel £ of
a digital imape denoted £2; i1 is supposed 1o be can-
nected, that is, Tor all e[, 1] the c-cuts Ria) are
connected, consistently with Rosenfeld (1979, 1983),

3. Ewvaluation of average indrinsic parameters

I this paragraph we are concerned wilh medasur-
able properties ol a single region. 1T & 15 a con-
nected set of pixels, a propecty £ ol & s messured
by a real number denated fSIR): S8 can be the
diameler, perimeler, surface, ete., of & When £ is
a luzey region, with membership funclion g, we
view il asa nested uncertain region, under the Form
of a finite set {RCR.c---cR,! of regions to-
gether with a basic probability assigoiment s de-
lined from gy by inversion of (43, e

iy = -y, {7}

where oy = 1, ;= pgelx) for any xe f4 /7, and
oy 1 =0 I other words (he core AH) s nal empty
in the following. &; is shon for B}

The il-definition of the boundary of & trans-
lates into some unceptainty regarding the value of
SR Yoery naterally:
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Definition 1. The property f measured on a fuzzy
region B yields a random number defined by (he
probability allocation on the reals: ¥re R

pry=Y Amig) | ARY=r)
=0 il ris notin AR i=1,n}.

Remurk. This definition is valid for any uncertain
region in the sense of (Dubois and Taulent, 1986),
.. does not presupposes thal the B's are nested,

The expected value fR) ol f{R) is casily evaluated

JURy= 1 mlR)- iR, (%)
. i
This expecied value has already been proposed
in the literature of Tusey sets in erder 1o measure
some features af fuzzy seis, as proved in the
following examples:

Definition 2. The area of a Tuzey region & i5 the

scalar cardinality of R, defined by

alfly= ¥ pulw) &)
we B

definilion 15 originally due te De Luca and

Termini (1972) and applied by Rosenfeld and

Haber (1985} to Tuzzy regions.

Proposition 2. (R} i5 tfie expected area of B in the
sewve af (B) doe, anlR) = wi ).

Froof. Motc that when R s a crisp region then
AR =alR) 1% the arca of 8. Mow
"
alf)= E miRe(R)= ¥ (m—a;, Jalk;)
[

= Hﬁ adatRi—alf_ (N+alRy)

alR) = alR y=alf;\ R;) where R AR =
bwlpglw) =0 is the a-seclion of . Hence
al Ry —alR, ) isthe number of pixels w such that
Helwd) =g, Tor =1, Henee the result, [

Definition 3 (Rasenfeld, 1984). The height
of a furey region along the y-axis is MR)=
L, man, gty ¥) where () denotes the coor-
dingic of pixel w.
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In the above definition £2 is viewed as a rectangular
array of pixcls, with & Cartesian coordinate system.

Proposition 3. The heipht of £ afong the y-axis is
equeal (o the expected heipht of R.

Proof. The projection of & along the p-axis is
defined by (Zadeh, 1975). 1t is P&} such that
Hp ol = max iy vy, Morcover the g-culs of
PR} are the projections of the e-cuts K. Hence
the expected height is
fRY= § mlR)- LIPAR)

dw s
where L denotes the lengih of a connected subparl
of the y-axis, i the number of clements in
PR Henee

BRY=E pp (o)

using the result on cardinality, [

The expected perimeter of a Tuzzy region is
pelR) = . o) pelly), ie. Rosenfeld and
Haher's (1985) definition exactly, due to (7).

Delinition | and (8) have the advantage of being
very general, in the sense that any parameter which
can be extracted from a region has a natural mean-
It for a fuczy, or uncertain region 8, For instance
courdinales of the center of gravity, the Jdia-
meter, the arientatian, the compactness clc, can be
defined this way, MNote thal (8) is not alwaps
cquivalent 1o definitions hased on the membership
function pg. For instance, Rosenfeld (1984) de-
fines the extrinsic diameter of a fuzzy region & as

Bl =

% 01, (R (10)

where A, denotes the expected height along diree-
tion w, while the expected exirinsic diameler of ®
i5 the sense of (3) would be

elR)= ¥ mii} ER). (e

fmlwu

ity is casily established:

The following ineq
el )= FR). {12)
Prool. E(R)=max, ¥, R J (1) rom the

definition of &, as seen earlier, while e(f) =
oo g A mix, B (R). The eguality would
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hold when the dinmeters of the £;'s are along 1he
same direction &*, so that E(R)=h R Y [

Similarly the imtrinsic diamcter of a connected
region & is (Rosenfeld, 1984)
1D{R) = max,, - min L2, ) (13}

Gl

where P o 05 any rectifiable path between (wo
pixels woand w'in & and P, . is comained in £
L denotes the length of a path (number of pixels),

When £ is a My region, L(F, o3 in {13) is
chanped into the cordinality ol the Tuzey path
Pt

LiP, s H fplw™ )
e .

Contrastedly the expecied intrinsic diameter of
# would be the weighted sum of the intrinsic
diameters of the 8, say id(&). Rosenfeld (1984)
proved that for a crisp and convex region R,
E(f) = [D(R) but far a convex fuzzy region only
the incquality E{R)=1D(R) is valid. Using id and
¢ as definitions ol intrinsic and extrinsic diameters,
what is (rue with crisp regions is still true for fuzzy
regions, namely:

Proposition 4. For any fuzzy connecred region
elR}=id(R); moreover, e(R)=id{R) if the fuzzy
regfon 5 conver (Le, the 8’5 are comvex),

Proof. Il the #'s are connected then E(R)=
1ID{R). Hence T om(f)- E(R)= Y mif) 1A,
In the convex ease, the B;"s are convex so that the
resull applies becanse it applies 1o the e-culs of
R

M.E. This proposition indicates that, in the convey
ciase, id{f)=e(R)=[D(R) since Rosenfeld (1984)
proves that E{R)}=R) and (12} holds gencrally.

Lastly the expecied measure f{f) is monotonic
with respect to fuzey region inclusion as soon as it
is monotenic with respect 1o wsual inclusion, since
£ R implies that cach a-cut of R i5 included in
the e-cul of R-.

Praposition 5. £ for crisp regiongs R RORC R =
SURY=AR) then for juzzy repions pe=pp =
SR =FLR).
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Proof. Let {p=12p =0 = MUIR)UMR),
Clearly, AR =L, 0 -r MARpN  where
Ry} is the poul ol K, and pe =00 Indeed this
summation is also ¥, ¥ GURTF =Ry 0
and 1F ;15 mot in MR then B0 =Ry ) and ¥,
vanishes from the summation. Sanilarly fif') =
i (= 1 MURG)). Now because Rg R,
Ry R ¥i= Lm. Hence the resalt holds, |

4. Fuzzy cviluation of intrinsic paramelers

In the preceding Hmes we have been interested in
scablir evidumions of the propertics of  Toeey
regions. Il the scope of the pattern matching pro-
blem, deseribed at the beginning of this paper, be-
Iween imprecise verbal descriptions ol objects, and
Tuzzy regions which describe the baundaries af ob-
Jects inoa piclure, the expectied value may be con-
sidered 2z not sofficien. Basically one would like
to extract fuzey parameter values rom Tuzzy
regions in order o match items of imlormation of
the same nature, a5 proposed in Farreny and Prade
{1984), One may suggest three ways of achieving
this purpose.

{8) A rough description of the imprecision per-
vading, fA) could be obtained as a Tuzey number
SR (Dubois and Prade, 1980) whose supporl
could be the interval [l (70820, sup AR and
madal value AR

(1) A more rigourous definition of this fuzzy in-
lerval could be obtained by transforming the pro-
bability measure associated to f{R) by definition 1,
ina a possibility distribution = gy e, consistent
with the probability measure in the sense that the
grades of possibility f7(AR1€A) and necessity
NAR)eAY act as bounds on the probability
PLAR e A) (Dubois and Prade, 1986a). Such
transformations were proposed in previous papers
{(Dubois and Prade, 1982, [986a,b).

Given a possibility distribution m: Q2 =0, 1],
such that max,, ., niw)= 1, the possibility and the
necessity of A © Q2 are respectively defined by

A =max{ff{w)|weAl, {14}
N(AY =1~ [TA"), (15}
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where A i5 the complement of A. Given a pro-
bability allocation g on the reals (a finite one here,
for simplicity), let S ) ={r _ Piryz=0) be the (finitc)
support of g, and e} = [r'e S| pir) = pie)).
Consider the following possibility distribution
VreSirhasiri= ¥ pir'h {16
et
Mote that Ar, 7*(r) = | {choosing r a5 a mode of g,
for instance). Given two possibility distributions &
and ', 7 is said to be more specific (Yager, 1982)
than z°iF and only if 7= 5, This inequalily means
that o specilies & smaller snge of possible values
i ' Then b probabiliny s/ possibility (ransfor-
mation (16) has the fallowing optimal property:

Proposition & (Dubois and Prade, 1982), 5* ix the
mrast specific possibificy oisteibutfon  consistiens
with o, Le.

Yo piriz=plr’)  ifand onlyif atri=n*(r).

aeel such that poased 7* define the seme ordering on
H, ie.

Vi e plryz pie'y 1F and onfy if m*(Fd= 7).

MN.B. Another (suboptimal) transformation is moti-
vated im {Dubois and Prade, 1983) and such that

alri= ¥ mint pte), plr').
1 5] el

However w>n*, aenerally.

(c) Given a fozzy region &, it is possible to
directly define a Tuery restriction F{R) on the value
of AR} by stating,

Hrmlr) =suple| fiR(e)) =r}.

This idea is wsed to define the fuzey cardinality of
a Tuzzy set, for instance (Dubois and Prade, 1980,
1985). When f 15 a monotonic set-function with
regard 1o inclusion (RC R = fR)=f/)) it is
casy (o see that
pam(f(Ram= ¥  plr)
ra= i

where pois buill according 1o Definition 1. De-
noting  the distribution lunction associated with
o () s Pl{—oa, F))) it 15 clear that pig e (IR =

1 =B A R{a))) ie the Tuzzy number FUR) 15 then,
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on of

in essence, the probability disteibution Fur
AUR) on the support of p.

O the whole, method b looks the most altre-
tive, since remaining close to (the original data;
method e is just another way of expressing the pro-
Bability measure ol ihe parameter under cval

Example. Consider the fuzzy region defined in
Figure I on a 7% 7 pixel areay, and let us calculate
the area of the fuzzy region.

1 2 X 4 567
10X W a5
P s TR i e Y ]
Ix WoH XK RES
4K 8 x » =113
SR % x x %313
61 01
LR R e |

Figure 1. Fuzey region 8 (¥ clement of 1he core; | =i=9:
pplwh=i- 0.

— Probability  density ol the area: p(21)=10.2;
M25)=0.3; pi3)=0.2; p35)=02; m4l1=0.1,
since a1 =21; a(RI0LE)) =25, @{f(0.5))=31;
e {0, 3)) = 35; a0, 1)) =41,
— Expeeied area = off) =29

Fuzey aren: method a: a tiangular  Tuezy
nuwmber with support [21,41] and mean value 29,
— Fuzzy area: method b: nf(21) =10.7; au.__“mH_ =1:
3N =07, mrASh=07; afdl)=01; of course
Lo Sppros it ion ol

e ey consiract & conl
this discrete distribution,

5. Evaluation of relational parameters

In this paragraph, we are concerned with rela-
tional propertics between two counected regions /8
and 8. A relational property S, between R and 8
is evaluated by a real number denoted SR, R
ion 1 can be extended 10 a property f
¢ two fuzey regions by

m 4. The properiy [ refating two fussy
regions K= (4, w) and B = (# ' m') is evaluaticd by
means of a random number S8, £') delined by the
probability assignment pe such that Vrel,
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mir)=E L {miR) m ) | AR, B =¢),
L]

=0 il ris not in ﬂbm_mm..kmv_..r | PSRy L

F=am)

This definition is also valid for uncertain (no
nested) regions, more generally. S8 2} can be
pme distance between £ and /' or some relagive
position parameter. The expected value A&, 8 of
SRR B casily evalualed as: =

SRR =T F - (R AR R
]

Thix hos interesting applications o elementary
refalional properties as inclusion and overlapping,
— The property of inclusion is defined as: VA,
Hoi,

flAcHy =1 i AcH,

=0l otherwise.

In that case, Peily evaluales to what extent & C &

Pell)= Mm ¥ :;..fv.s_:ﬁ

Io\ms

— 3 E;E&.z;z:u”__w_:f.u_.,_;

i LA

where Yoo pmif)=SRC R 5 the degree fo
which £ contains # and L ﬁ.::..?m&. =S CR)
is the degree to which &' contains &, These in-
dives were already proposed in Dubois and 1a
(1986). The value iR < 8') salisfics:
SIRCR) =T (fIRCR)N - m'(R])

4

= L AR SR - miRy) {17}

and peneralizes these two indices 1o the case of twa
uncertain or ueey regions.

= The property of overlapping is defined as:
Y, 8c

AAN =1 it ANEzn,

=i clse,

In thai case, pA1) cvalvates 1o what extent
ROR 78
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pAl)y= HA ¥ zzx‘.uv;:‘nh\u

Y el

.IH. m M E.;_." uv ._.__m__rnmL
PR T

where Ey oo MR =SRNDIRY s the degree o
which R} and R averlap and Epnigan Ry =
SUR TRy s the degree to which &' and K, over-
lap. The overlapping index is also suggested in
(Dubois and Jaulent, 1986). 11 s generalized Tor
two fuzey regions B oand R inlo:

SIROURD = F (RN RN - an ' (R])
r
= L RNRY) - mik;). (18)

I1 is imporiant o notice that the two indices
AR R and fARORT are also generalizations of
grades af ‘Beliel”, commenality and plausibility in
the sense of Shaler (1976)'s theary ol evidence.
Mamely SN KR is Tormally o grade of “belief”
when R'is a crisp region, a grade of common
when & is a crisp region, and fIRNRT) is a grade
of plausiblity when any of £ or 8 s crisp.

Definition 2 underlics an assumption of statisti-
cal independence between the segmentation pro-
cesses which yield B and R, MNamely i R; is
oblained as a representation of &, then any .ﬁ. CilR
be simultancously oblained as represeniation of
£, For instance if & =8 in (17), we do not pget
SR =1 gencrally, since for a Ny regions

ARCR)= b Etﬁ_.ﬁ v ::k:vh_ (1%

fem ]y Julm

because i>§ = R;CR,. Indeed, in that case, we
consider two independent segmentation processes
having by chance produced the same resall &,
However the fact thar 38, 8, such tho & &R,
prevents SR C R) from being equal 1o 1.

Anather possible assumption is the complele
dependency between the segmentation processes 8
and 5 vielding Fuzzy regions & and 8 defined as
follows:

5 produces Ko it and only if
5 produces B'e). {19

Then, let MR)IMR ) ={1>p;= =] a5 in
the prool of Proposition 5. (19 implies (Vi=
Lkt = iR =r = o (=1,

FATTERM EECOGMNITION LETTERS
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the reason is that we consider only the joinl eccur-
rences  [(R(y L RCr]i= 1 &) The probahbility
density JTR, &7 is then obtained as {ollows;

efinition 5. In the case ol complete dependency
of the measurement processes, S R is a random
number defined by the probability assiznment: ¥r,

.__...._.._“.1“' H nﬁl Yiy __..__._“___m_”v_h”_____m_._”m_.._"_uﬂ_.._.

=1 oihcrwise,

(20

and  then  the expected value is YK R7)=
Yoy = WU R .

Proposition 7. (a) When AR RY=f(RC K'Y, it
holds that fHRECR)=1.
(b} Maoreover if K= A (crisp region) then

fIRCA)=fMRCA), flACR)I=/ACR),

SANR) =f*ANR).

Proof. (a) IFf R=r8° MRy = M(R') =
[1 =gz, . Then,
SHRER)= ¥ (oi— e, JAR(e) € Riw))

f=lon

T H = h=m =1
1o low

() IF R'=aA, then A(A)= (1] while Af(R)-
Hzay=a.-=a,b. Henee,

FHRcA = Y lo—a, AR CA)

de= W

=V lmiR)|RcAl =fIRC AL

The same proal applies o other indices. L[]

Deriving fuzey-valued refational paramelers can be
achieved using the same technigues as Tor intrinsic
parameters {see the previous section).

Concepls  of distances (Hausdorff  distance,
minimal distance, maximal distance, etc.) could be
extended by this approach, For instance if 4 and 47
are twa convex regions, define the maximal
distance berween A and A" as the diameter of the
convex hull of ALA" ie. dist(A, AV =E(|AA])
where | | denotes the convex hull. Using Dellini-
tions 4 and 5, we can easily prove: dist*(R, R) =
e 88y, while dist{f, By e R} eencrally. Similarly
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using a Hausdorf T distance H{A, A" (e, Matheron
(1975)), we have H*{R, R) =0 (because #i{4, A7) =
0y while f{ R, f) =0, gencrally,

Rosenfeld (1285} has introduced a concepl aof
shortest distance between two fuzzy regions 8 and
K as a Tuzey sel A(R, 8y of real numbers such that

AT gl W), pge f ),

(22)

Hogpw i) = sLp
W, e, T

It is easy to check that if r=r'then gy pylr)=
Haim, mlr') so thal gy e pn has the shape of a pro-
bability distribution function, Then this definition
is compatible with definition 5 in the following

Rl FEEEN

Proposition B. Definition 5 appdied ter the shoriess
distanee A produces the probwbilie density fine-
rigetr wlierse efEERR IO 8 1 g ey

Proof. Let f=A, Lthe shorlest distance between
two regions A and H, defined by A4, 8=
min{diw, w'd | wed, w el If # and B are two
Tuery regions, i 1= ecasy o check that

g = ARG R{ad) = AR ), 2]
(23}

Let r=ARy) R0e ) where py 05 defined as
sarlier, Clearly, ry=e=eo >, Hence the PDE
associated o the pdf g, is delined by

diri=y ifrelrnr Li=Lk=1,
=0 il r<r,
=1 il r=r.

Mote that if rzr then dwe R, w'e ' such tha
ad{w, w)=r (choose w and w’ such that &(m, w') =
ASURY SRy Moreaver if r<r, then dwe S(R),
WESIRY) such that ew, w)=r so that pe e
coincides with 4, when r 15 not in frg, /). Assame
that re [#, 6, ) then choosing w and w' such that
diw, w'i=r, we Ry wely) s possible since
AR BTy = rsr Hence fygg gl = ¥ Now
il pgep pqlrl=y +6, with £>0 then 2w,
dlw, wl=ren g, gplwlz= g+, pelwi=y -+
But we know that g e only lakes values i
MURIIANR Y e, e=w.,—¥. Hence Tww’,
W, w b ARy W B0 ) and we By ),

15k
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s @5 i contradiction and (he

W ) T
resull gy ey = W, is right. L]

Henee Rosenleld {1985)"s del ion of the fuzey
minimum distance between  fuzzy regions is @
particular case of our definition of refational
parameters, under (he strong dependency con-
dition. Mote that the density derived from De-
linition 3 is construcied by Rosenfeld from the
membership function grye 4 becasse he notices
its shape of PDF,

Hemark. In the scope of the man-machine com-
iz tion, il Fis delined as a distance between £
and A, one difficulty is lo inlerpret the verbal
notion of distance. Indecd, the notion of distance
included in verbal description of a scene is am-
biguously given by the human operator who may
mean the distance between the two centers of
gravity, the least distance between the (wo regions,
elc. 5o the notion of distance (and relative location
toa), are naturally Tuzzy notions and the property
Sfis, inthat case, a fuzzy property in the sense thar
cven applied to crisp regions, it may return fuzzy
values, due (o ill-deflinitior.

Conclus

In this paper & gencral approach to the defini-
tion of characteristic parameters of fuzzey subscts
of images has been proposed, 16 generalizes corrent
definitions for standard subsels consistently with
both fuzzy set and evidence thoorics, The basic
idea is to view a fuzzy region as a consonant ran-
dom sel, We have shown thal our praposal is in
good agrecment with specific suggestions made by
Rosenfeld. Our approach 5 easy (o implement
because the parameter evaluation comes down to
several classical parameter evaluation steps, as
patent from definitions. One may expect some ap-
plications of our methodology o the analysis of
images with imprecise conlours, espeeially in the
scape ol man-vision system communication.
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