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We study properties of rewrite systems that are not necessarily terminating, but allow instead for
transfinite derivations that have a limit. In particular, we give conditions for the existence of a
limit and for its uniqueness and relate the operational and algebraic semantics of infinitary theories.
We also consider sufficient completeness of hierarchical systems.

Is there no limit?
—Job 16:3

1. Introduction

Rewrite systems are sets of directed equations used to compute by repeatedly
replacing equal terms in a given formula, as long as possible. For one approach to
their use in computing, see [23]. The theory of rewriting is an outgrowth of the
study of the lambda calculus and combinatory logic, and has important applications
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in abstract data type specifications and functional programming languages. For
surveys of the theory of rewriting, see [13, 16], or [8]; our notations conform to the
latter.

A key property for rewrite systems is that every term rewrites to a unique normal
form. This is usually decomposed into two requirements: “normalization’, which
ensures that at least one normal form always exists; and “confluence”, which ensures
that there can never be more than one normal form.

In this paper, we consider systems that have infinite terms as normal forms. Such
systems are not normalizing in the classical sense; instead we develop a notion of
“w-converging”, the property that any (infinite) derivation has a limit (not
necessarily a normal form).' Under certain conditions, if a system is w-converging
then it is also “w-normalizing™, that is, there is a limit that is in normal form. We
then investigate “w-confluence”, a property that ensures uniqueness of normal
forms. Together, these properties imply the existence of a (potentially infinite)
unique normal form for any input term, which can be viewed as the “value” of the
term initiating the derivation, and we call such a system w-canonical. As a program-
ming language, rewrite systems have the full power of Turing machines; hence,
these properties, and others, are easily shown to be undecidable in general. Our
results may have implications for stream-based programming languages.

The next section defines the basic concept of normal forms in the context of
transfinite chains. Section 3 considers properties of rewrite systems and the length
of their derivations. Section 4 characterizes derivations that lead to normal forms.
Section 5 presents methods for establishing w-normalization and Section 6, for
w-confluence. With these operational notions in place, Section 7 gives “‘algebraic”
semantics to infinite rewriting with w-canonical systems; it is followed by a section
on the semantics of hierarchically typed systems. We conclude with a brief discussion.

Algebraic semantics involving infinite terms were developed by [3, 4, 21, 19a] from
a different perspective (particularly, the formal meaning of recursive program
schemata). The work in [9, 19, 27] is more closely related to our approach. Recent
developments, following our preliminary work [6, 7] in this area, include [2, 10, 15].

m

2. Infinite chains

We are interested in properties of binary relations. Let — denote any binary
relation, and —* its reflexive-transitive closure. We use «<— and * < for their respective
inverses. A relation — over a set S is said to be finitely terminating if there exist no
infinite chains s;— 5, — - --— s, — - - of elements s; in S, it is finitely confluent
if for any elements s, t, u in S such that u —* s and u =™ ¢, it is the case that s =>* v
and t—* v for some v in S. Confluence may be expressed as the set-theoretic
inclusion *<—o —*c —%o *«— where o denotes composition of relations.

! This property should not be confused with (finite) “convergence” of (finitely) terminating and
confluent systems {to unique normal forms), in the terminology of [8].
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This paper concerns limits of transfinite sequences of elements. Let (sz) -, be a
finite or transfinite sequence of elements of a topological space S, indexed by ordinals
B less than some ordinal number a. We say that ¢ is the limit of the sequence for
limit ordinal a, written limg.,, sz = ¢, if for any neighborhood V of ¢, there exists
an ordinal y < a such that s, is in V for all B8 between y and a.”

Infinite “chains” are defined by transfinite induction:

Definition 2.1. Given a binary relation — on a topological space, its a-iterate —“,
for given ordinal a, is defined as follows:

(a) if @ =0, then —“ is the identity relation;

(b) if @ is a successor ordinal B+ 1, then —* == U (—=F o),

(¢} if « is a limit ordinal, then s, —“ t if s,—* t for some 8 < a or if there exist
elements (sg) <, such that s, = s, for all y<B<a and limg_, sz =1

Definition 2.2. An a-chain for a binary relation — over a topological space and
ordinal « is a finite or transfinite sequence (sg)z-, such that s, -5, for all
y<B<a.

In particular, s —“¢, for s and ¢ in S, if s —>* ¢ or if there is a chain s=3s,
—> §;— - -+ —5, — - -+ such that the limit of the s,, as n goes to infinity (n - c0),
is t.

a

Definition 2.3. A binary relation — over a topological space is a-closed if = =—
for any ordinal 8= a.

Lemma 2.4. A binary relation — over a metric space is w-closed if —* o — < —*,

Proof. The hypothesis means that —“*' =—*. Transfinite induction establishes that
—% =—* for successor ordinals and limit ordinals « = .

Suppose « is a successor ordinal 8+1>w. By induction, ~—* =—“. Hence,
—%=—%0—_ which, by hypothesis, is contained in —“ (which, by definition, is
contained in —%).

Suppose a > w is a limit ordinal and s, — s, for elements s, and s, of the space.
There must be an ordinal y <« indexing an element of the transfinite sequence
so—7s, =% s, such that the distance (in the metric space) between s, and s, is less
than }. By induction, s, —* s,. Far enough along this sequence, there is an element
s, of distance less than 3 from s,. We have s, —* Sg,—" 5., and this construction
can be continued to form an w-chain s, —* 55 —* 55, — - - - with limit s,. O

2 We use this notation for limits instead of the more precise limg_, ,-.
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Definition 2.5. A binary relation — over a topological space is a-converging, for
limit ordinal e, if for any a-chain (sg) s, of elements sz of S, the limit limg_,, s3
exists.

Definition 2.6. Let — be a binary relation over a topological space S. An element
s of S is a normal form if s = s’ whenever s — s'. An element s’ of S is an a-normal
form of s in S, for ordinal «, if 5" is a normal form and s —“s'. The relation — is
a-normalizing if every s in S has an a-normal form; it is uniquely a-normalizing if
every element has exactly one a-normal form.

By “ <, we will denote the inverse of the relation —“.

Definition 2.7. A binary relation — over a topological space is a-confluent, for

a

ordinal a, if *«—c—>%c—% 0%«

Note that a-confluence implies that there can be at most one a-normal form,
since were one element s to lead to two limits u and v, then by confluence
u —% o “«—p, which for a-normal forms u and v could only be if u = v. Without
a-normalization, it could be that all a-chains have limits that are not a-normal
forms. For an a-converging relation all chains must ““end”, but none need end in
a-normal forms.

Proposition 2.8. A binary relation over a topological space is uniquely a-normalizing,
for ordinal «, if it is a-normalizing and a-confluent.

3. Infinite derivations

We are particularly interested in relations over terms. Let (%, &), or just 7,
denote a set of finite (first-order) terms containing function symbols and constants
from some finite vocabulary (signature) % and variables from some denumerable
set Z. Let (%, &), or just T, denote the set of finite and infinite terms over the
same vocabulary and variable set. (Infinite terms are like infinite ordered trees,
rooted at their outermost symbol, with finite outdegree at each node. Their nodes
are all connected by paths of finite length, though some paths from the root may
be of length w.) The set of finite ground (variable-free) terms is 9(F) (=T (F, 0)),
or just %; the set of finite and infinite ground terms is 6 (%), or just 4™ . In the
sequel, we use lower-case Greek letters for ordinals, s, f, u, v for terms in I, x
and y for variables in &, and various lower-case Latin letters for operators and
constants.

A position in (finite or infinite) terms may be represented as a finite sequence of
positive integers, giving the path to that position in the ordered-tree representation
of terms. The empty sequence A denotes the outermost (topmost) position. The
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subterm of a term t in I~ rooted at position p will be denoted ¢|,, and—in
particular—the ith immediate subterm of ¢ is t|;. The depth |p| of a position p is
the length of the sequence representing it, which corresponds to the level of the
subterm in the tree representation of the term. Disjoint positions are such that
neither is below the other.

A distance d is defined on I~ and ¥~ as follows: Let d(s, t)=1/2""" where
the natural number v(s, t) is the smallest depth of a symbol occurrence at which
terms s and ¢ differ—with the convention that d(t, t) =0. Finite and infinite (first-
order or ground) terms, with this distance, form a complete ultra-metric space [21].

A rewrite system R is a finite family of pairs (/, r) of (finite) terms of T(F, &),
each written in the form /- r; we will assume that all variables appearing on a
right-hand side r also appear on the corresponding left-hand side I A system R
defines a rewrite relation —r over I as follows: For t in 7, we say that t rewrites
via R to t', and write t = t' (or simply ¢t — t'), if there exists a rule /- rin R, a
context c[ -],, where ¢ is a term in I~ and p is a position in ¢, and a substitution
o:Z — I such that t = c[lo], (the subterm 1], of ¢ is an instance of the left-hand
side I) and t'=c[ro], (¢ is the result of replacing the subterm at p with the
corresponding instance ro of the right-hand side). A position p in ¢ at which a
rewrite can take place is called a redex. We use |R| to denote the maximum depth
of a left-hand side of a system R.

Since we are interested here primarily in sequences of rewrites issuing from finite
terms t, (unlike [4, 10]), we will restrict our attention to that case.’

Definition 3.1. A derivation of length «, for rewrite system R and ordinal «, is a
finite or transfinite sequence of (finite or infinite) terms 75 in I, such that t, is a
finite term in J and (13) 3., is an a-chain for —g.

In particular, if (#;) is of length @ + 1, then, for any depth d, there is a point N
such that for all n, N = n <w, the distance between ¢, and the limit ¢, is no more
than 1/2¢

For example, the system

a— f(a) (1)

has a derivation

a—=gfla) = f(f(a)) =r- - =rf(f...fla)..) = f*

of length w+1, where the limit f* of the chain (f"(a)),.. is the infinite term
S(f(SfC - -))), composed of infinitely many occurrences of the unary symbol f, and
in which the constant a no longer occurs.

We will say that a rewrite system R is a-closed if s —” t implies s —“ ¢, for all
finite terms s in , finite or infinite terms ¢ in J~, and ordinals 8 = «. In particular,

* For many of the results we report on here, this assumption is not critical.
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w-closure means that all (finite or infinite) terms derivable from a finite term are
limits of derivations containing only finite terms. Finitely terminating systems are
o-closed.

The systems

a— b, b—a (2)
and

S(x)=g(f(x),  g(x)—flg(x)) (3)
are w-closed. The following system is not w-closed:

a—g(a), b—gb), [flxx)->c (4)
We have

f(ay b) _)%f(gw’ gw) —R c
but f(a, b) » % c. In fact, this system is closed only at @ X 2, since there are longer
derivations like:

f(f(f(a, b), c), c) =% f(f(f(g”, g%), ¢), ¢) > fle,c) =re
Closure may occur farther up the ordinal hierarchy, too; for example, the system
a—g(a), b—g(b), flx,x)— h(f(a,b)) (5)
has the following derivation:
fa,b) =% h'(f(a, b)) =% h®
The remainder of this section is devoted to w-closure of rewrite systems. Sub-
sequent sections deal with properties of normal forms.

Definition 3.2, A rewrite system R is top-terminating if there are no derivations of
length w with infinitely many rewrites at the topmost position A.

A rewrite system R is said to be left-linear if the left-hand side ! of each rule
I — r in R has at most one occurrence of any variable. As we will see in the proof
of the following theorem, with left-linearity, a derivation #,—% t— t% can be
simulated by a derivation t,—% t' =% t.,, provided none of the steps in t,—>% f.
are above or only slightly below the position of the step t,—>g 5.

Theorem 3.3. If R is a left-linear top-terminating rewrite system, then R is w-closed.

This is essentially the same as the ww-Lemma in [10], where only top-terminating
derivations are considered.*

Proof. By Lemma 2.4, it is sufficient to show that —{e—g<=—%. Let
ty—rti—rb,—g" " —} lx, and suppose t,—gt,, at position p via rule [ —r

4 Qur preliminary versions of this claim omitted the top-termination requirement.
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with substitution o. Since R is top-terminating, there exists an index N such that,
forn= N, t, — g t,., at position p, deeper than | p|+|R|, which is within the “variable
part” of I — r. Then, on account of left-linearity, ¢, is rewritable at t,|, via l—r
to the term ¢, =t,[ro],.

If p, is at or below the position of a variable of I (that is, if the redex is a subterm
of the term matching the variable), then ¢, =% t},,,, again due to the left-linearity
of R. Otherwise, p and p, are disjoint positions in t,, and t, — & t,.,. In either case:

w

ty—>r" " 2rIN1RINTPRINVI ™R R Ic
Rl Rj Rl
! E U * !
IN7—ZRINHI ™R feo

Clearly, lim,_,, t, = t,, which proves that t, —% t%. O

Neither hypotheses in this theorem suffices by itself. Example (4) is a non-left-
linear, top-terminating system, for which the theorem does not hold. Left-linearity
turns out to be crucial (as in [4], but cf. [11]), and throughout this paper, we deal
exclusively with left-linear systems. Unfortunately, left-linearity is insufficient. The
following is an example (from [10]) of a left-linear non-top-terminating system that
is not w-closed:

a—b, flx a)— f(g(x),a). (6)

We have
f(C, a) _)%f(gwa a) —‘)Rf(gws b)

but f(c, a) A% f(g", b).

A term ¢ is said to overlap a term t' if t—after renaming all its variables so as
not to conflict with those in t'—unifies with a non-variable subterm of t'; a system
is non-overlapping if no left-hand side overlaps another (or itself at a proper subterm).
A system that is both left-linear and non-overlapping is called orthogonal (or
“regular’’). Orthogonal systems are important since they are always confluent and
can have at most one normal form [22], but since they need not be finitely terminating,
there may be terms having no normal form.

Even orthogonal systems need not be w-closed, when they are not top-terminating,
as can be seen from the following (rather disconcerting) example:

a—b,  f(x,y)— f(x, g(x,y)). (7
It allows an “outermost’’ derivation

fla,c)—>% fla,gla, gla,...)) —=rf(b gla, ga,...)))
but f(a, c)»% f(b, gla, gla,...))).
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On the other hand, neither left-linearity, nor top-termination is necessary for
w-closure; just consider the simple rule

Sf(x, x) — f(g(x), g(x)). (8)

Even with left-linearity, w-closure does not imply top-termination, as can be seen
from the following trivial system:

x— f(x). 9)

4. Infinite normal forms

Definition 4.1. An a-normal form of a term s in J~, for rewrite system R and
ordinal a, is a term t in I, such that s —>% t and t — t' only if t' =t (for t'€ ™).

Note that this does not imply that a normal form cannot be rewritten at all, but
rather that it may rewrite only to itself. This allows a system like

J(x) = f(f(x)) (10)

to compute an w-normal form f* of any term f(t), just as example (1) computes
the w-normal form f“ of a.

Accordingly, we say that a system is a-converging if every derivation of length
a issuing from a finite term in J has a limit in I, that it is a-normalizing if every
finite term ¢ in J admits an a-normal form . in 7, and that it is uniquely
a-normalizing if every finite term has exactly one a-normal form.’ Similarly, we say
that a system is a-confluent if, for all finite terms u in J and (finite or infinite)
terms s and ¢ in I, s "< u —" 1 implies the existence of a (possibly infinite) term
vin 7 such that s »% v “« ¢,

System (9) is w-closed, non-finitely-terminating, and has no finite normal forms;
yet it is both w-converging and uniquely w-normalizing. Systems (2) and (3), though
w-closed, are not w-converging; system (4) is (w % 2)-closed, (@ X 2)-converging,
and w-confluent, but has no w-normal forms.

If a standard rewriting system is (finitely) normalizing and finitely confluent, then
any finite term ¢ has exactly one finite normal form, which can be taken as its
“value”. Similarly, infinite normal forms can be considered the “value” of a term,
when they are unique and lend themselves to approximation. Analogous to the finite
case, combining existence of w-normal forms with w-confluence, gives uniqueness
of w-normal forms. By definition, any finitely terminating system is w-converging.

* This property should not be confused with the (finite) “unique normal form” (i.e. at most one normal
form) property of (finitely) confluent systems—in the terminology of [16].



Rewrite, rewrite, rewrite, . . . 79

For systems, like (6), that are w-normalizing, certain derivations always lead to
normal forms. A “fair” computation is a derivation for which no redex persists
forever. More precisely:

Definition 4.2. A derivation ty—zt, =g+ -+ —gt, —g- - is fair if whenever there
i1s a rule / — r in R and position p such that, for all n past some N, the subterm
t.|, is an instance lo,, of I, then (at least) one of the rule applications t, —g 1, ,
(n= N) is an application of | — r at p.

Theorem 4.3. Let R be a left-linear rewrite system. If a term t, in I admits an w-normal
Jorm t. in T, then there exists a fair derivation ty,—>p t, =g -+ + =5 to with limit t,.

Of course, unfair derivations can also lead to normal forms. For example, either
rule in

Jx)=f(f(x),  f(x)—= fff(x) (11)

can be forever ignored.

Proof. Suppose that t,—gt;, =" —7% t., and ¢, is a normal form. If the deriva-
tion is not fair, then for some point N’, position p, and rewrite rule r, the rule must
be continually applicable at p in the subsequence (1,),-~, though not actually
applied. Let N = N’ be such that for all n= N, we have d(1,, t) < 1/2!7IRFIRI ] et
t, denote the result of applying r to ¢, at p. On account of the low positions of the
rewrites, any changes incurred by the steps past N take place in the variable part
of r. With left-linearity, this implies that the given derivation from ¢, can be mimicked
by a derivation issuing from ¢ :

w
ly—=r " PRINATZRIN TR IN+1 ™R R s
rl rl rl
' % 47 *
IN—DRINV1R" lo

Though the same rule also applies to ¢, since t,. is a normal form, it must be
that the result of rewriting t. is t. itself. Because essentially the same rewrites are
being applied to the t,,, d(t,, t.)<1/2""' for all n= N and, moreover, lim,_., t, =
tw. This process may be repeated, beginning at some t/, (for n'> N) such that
d(tl, t.)<1/2'"*' to obtain a fair derivation with t. as the limit. [

Fair derivations compute normal forms:

Theorem 4.4. Let R be a left-linear rewrite system. For any fair derivation
lo—=r by~ =k ts, the limit t, if it exists, is an w-normal form of t,.

Proof. Suppose that ¢, is not a normal form and that ¢, — g t%, via some rule r at
some position p. For all n greater or equal to some N, d(t,, t.) < 1/2/”*/Rl But with



R0 N. Dershowitz et al.

left-linearity, r may be applied at position p of each ¢, (n= N), contradicting the
fairness of the derivation. [

With a weaker notion of fairness, in which applying any rule at or above the
position of the persisting redex is fair enough, the limit is not necessarily a normal
form. The second rule of system (7), for example, applied repeatedly to f(a, ¢),
leads to f(a, g(a, g(a,...))), to which the first rule can still be applied.

Without left-linearity, even with top-termination, the limit of a fair derivation
need not be a normal form. For example, the only normal form of terms in 4({f, g, c})
with the w-closed system

c—=>gle),  flx,x)—c (12)
is g“, though there is a fair derivation

f(g(c), c) > f(g(g(c)), ) >rfg(g(c)), g(c)) —>r - =k f(g°, ).
And, without left-linearity, even with w-closure, there are normal forms that cannot

be obtained fairly. For example, there is a derivation

h(f(g(c), g(c))) = h(f(g(g(c)), g(g(c)))) =r - - =& h(f(g", )

for

J(x, x) — f(g(x), g(x)), h(f(x, g(y))) — h(f(g(x), ) (13)

that is not even weakly fair (in the above sense), but once the second rule is applied
the normal form h(f(g“, g“)) is unreachable.

Since fair derivations must end in normal forms for left-linear w-converging
systems, it follows that at least one normal form exists:

Corollary 4.5. If R is a left-linear w-converging rewrite system, then R is w-normalizing.

Examples (2) and (4) demonstrate the need for both requirements.

5. Existence of normal forms

If a system is finitely terminating, then any finite term has at least one finite
normal form. For a survey of methods for establishing finite termination of rewrite
systems, see [5]. In this section, we weaken this demand, and consider, instead,
w-converging systems, for which every derivation of length » has a limit. We
concentrate on special cases that are of practical importance.

A top-terminating system need not be finitely terminating. For instance, system
(1) is top-terminating, while (10) is not. Neither is finitely terminating. The system

fx)—=>x,  glx)—x (14)

is finitely terminating, and, hence, top-terminating for finite terms, but note that
some derivations issuing from infinite terms like f(g(f(g(- - -)))) have no limit.



Rewrite, rewrite, rewrite, . . . 81

Proposition 5.1. If R is a top-terminating rewrite system, then R is w-converging.

The converse does not hold. For example, system (10) is not top-terminating.

Proof. If R is top-terminating, then after a finite number of rewrites, no more
rewrites are applied at the top, and the outermost symbol in the remainder of the
derivation is fixed. The same argument can then be applied to the subterms to show
that the rewrites must occur deeper and deeper, and, hence, that the sequence has
alimit. [

By Corollary 4.5, top-termination, with left-linearity, guarantees existence of
w-normal forms. Left-linearity and top-termination do not, however, suffice for all
limits to be normal forms:

a— b, c— f(a,c). (15)

Theorem 5.2. Let > be a well-founded ( partial) ordering on the set I of finite terms,
and let = be a compatible quasi-ordering. Let R and S be two rewrite systems such
that g <>, >5< >, and S is a-converging. Then the combined system RuU S is
a-converging.

A quasi-ordering is a reflexive and transitive binary relation. As usual, s>t if
s=t#s; also, s~ means s>t > s. By “compatible”, we mean here that >0 >c
>0 >,

Proof. Let t,— g st —>ros - be a derivation in the combined system. Then,
to=1,=t,= . Were there are an infinite number of R steps in the derivation,
then by compatibility, there would be an infinite sequence of terms > ] > t5> - - -,
contradicting well-foundedness. Hence, there must be a point ty in the derivation
after which only S steps appear, and by the fact that S is a-converging, the derivation
has a limit. [

As an example, if RU S is

h(g(x), f(y)) = h(x,y), a—gla) (16)

we can compare finite terms by comparing the total number of occurrences of the
symbol f in them. Applying the finitely terminating rule h(g(x), f(y))— h(x, y)
reduces this number; applying the w-converging rule a — g(a) effects no change.
(This example is an adaptation of the finite termination method of [18].)

In some cases, one can use the transitive closure of — for > and the reflexive-
transitive closure of —5 for >. A rewrite system is right-linear if the right-hand
sides have at most one occurrence of each variable.

Corollary 5.3. Let R and S be two rewrite systems. If R is left-linear and finitely
terminating, S is right-linear and «-converging, and the right-hand sides of S and
left-hand sides of R do not overlap, then R U S is a-converging.
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Under the stated circumstances, the ““‘commutation’ property—>g o —>g S —g o —%
holds; see [24].

This corollary does not have wide applicability, since the left-hand sides of
finitely-terminating R may not refer to symbols used by S to construct an infinite
structure. It does not, for example, apply to example (16), since g(a) unifies with
the subterm g(x) of the left-hand side of R.

To provide semantic methods of proving existence of limits, we define termination
orderings for proofs of top-termination that are analogous to the well-founded
quasi-orderings used to show finite termination (see [5]).

Definition 5.4. A quasi-ordering > over a set of terms J is a top-termination ordering
if it has the replacement property: s|;>t|;,, for i=1,..., n, implies s>t for all
s=f(sly,...,s|,yand 1 =f(s|,, ..., s|,)in F, and if its strict part > is well-founded.

Such orderings are not hard to devise. What is significant is what happens near
the top of the term. For example, one can define a top-termination ordering on
terms that is induced by a given quasi-ordering > on operators in &: if f> g in the
operator ordering, then any term s = f(s|,, ..., s|,,) is greater than t = g(¢|,,..., t|,)
in the term ordering; while if f~ g, then s and ¢ are equivalent. We always have
fGsly, o, s|a)~f(t];,..., t],) in this ordering on terms.

Theorem 5.5. A rewrite system R over I(F, Z) is top-terminating if there exists a
top-termination ordering > such that lo>ro for all rules I|—r in R and finite
substitutions o: X — J.

Proof. Suppose lo > ro for a top-termination ordering >. For an infinite w-deriva-
tion to—gt;—rt,—g- ", if t; —>gt; at top position A, then ¢,>t,,,, and if
t; = L+, at aninner position, then ¢, > 1,,,. Thus, an infinite number of top rewrites
t; — g tir; would contradict the no infinite strictly descending sequence property of
top-termination orderings. [J

In the remainder of this section, we deal with constructor rewrite systems, by
which we mean a set of rules R over a vocabulary & = %,u %,, such that no term
in 9(%,) is rewritable. In such systems, the left-hand sides must always contain a
non-constructor symbol from #,.

Theorem 5.6. Let R be a left-linear constructor rewrite system. Suppose there is a
quasi-ordering >, the strict part of which is well-founded, with the following properties:
(a) If f is a constructor in %, then s=f(...,s|;,...)=s|; in the quasi-ordering
(for any immediate subterm s|; of 5); if fis a non-constructorin F,, thenf(. . ., s|;,...) >
sl
(b) If s—grt then s>t in the quasi-ordering; if s —g t at its topmost redex but t
has a non-constructor at its topmost position, then s> .
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(c) All finite ground non-constructor terms in G\ 9(%,) are reducible. Then R is
top-terminating for ground terms. Moreover, all w-normal forms of ground terms are
constructor terms in 47 (%,).

Proof. Were the system not top-terminating, then there would be an infinite deriva-
tion 1~ t, = - - - with an infinite number of rewrites at the top, and, hence, with
non-constructors at the top of each of its terms. Then, by (b), there would be an
infinite descending sequence in >, contradicting its well-foundedness.

Next, we show that, for any ground term s in % and for any integer k=0, there
is a term t in ¢ such that s —% ¢ and ¢ has only constructors at depths less than k.
This is by induction on s, using the well-founded ordering >, and for equivalent
terms, by induction on k.

Let s be of the form f(s|,,..., s|,). If f is a constructor in %,, then s> s|;, and
by the inductive hypotheses for each s|; there is a f; such that s|; —% 1, and ¢, has
only constructors above level k—1.

Suppose, then, that f is not a constructor. Then, by (a), s> s|;, so we can apply
the induction hypothesis to each s|;, and get arbitrarily many constructors at the
top levels of those subterms. Let m be larger than the maximum depth of a left-hand
side in R. Thus, s|;—% 1, for , with only constructors at the top m levels. By
assumption (c) and left-linearity, any sufficiently deep term, headed by a non-
constructor, must be rewritable at the topmost position A (since applicability of a
rule cannot depend on anything below level m). So, s =% f(t,,..., t,) =& t, where
the last rewrite is at the top.

Now, consider the consequences of (b). If t has a non-constructor at the top,
then s> t, and we apply the induction hypothesis to t. If ¢ has a constructor at the
top, then s > ¢, but ¢ is strictly greater than its subterms, and we apply the induction
hypothesis to them, as above. O

For instance, let #,={a} and %, ={/, g}. The system

fla)=a,  f(x)— g(f(g(x))) (17)

has normal forms a and g“. For the quasi-ordering, we use s>t if s has at least
as many occurrences of the non-constructor f as does t.
We conclude this section with another method of showing that the limit of a
derivation is a constructor term.
The nesting level £(t) of non-constructors in a ground term ¢ in ¥ is defined as
follows:
® If t is a constructor constant, then #(¢)=0.
® If r is a non-constructor constant, then £(t) =1.
® If tis f(#],,...,t],) and f is a constructor, then £(t) =max{€(t|,), ..., €(1].)}.
eIf t+ is f(t,,...,t],) and f is not a constructor, then ()=
1+ max{f(t],),..., £(t])}



84 N. Dershowitz et al.

We say that a constructor rewrite system R does not increase the nesting level of
non-constructors if, for all rules / — r in R and substitutions o, £(lo’) = £(ro’). This
condition can be checked syntactically by noting the nesting of function symbols
above each variable. .

Theorem 5.7. Suppose that R is a left-linear top-terminating constructor rewrite system
that does not increase the nesting level of non-constructors. Suppose further that all
finite ground non-constructor terms in G\ G(F,) are reducible. Then all w-normal forms
of ground terms in 4 are constructor terms in 4°(F,).

Proof. Letty,—gt, —>grt,— - - - beaninfinite derivation. Since R does not increase
the depth of nesting of non-constructors, €(t,) = £(t,) = {(t,) = - - . It can be shown
that the non-constructors must get farther and farther apart in the terms ¢, ¢,, 5, . . .,
and so the limit is a constructor term. Note that if all finite ground non-constructor
terms in 9\ %(%,) are reducible by a left-linear system, then infinite ground
non-constructor terms in 47\ 9°(%,) are too. The limit is irreducible, since R is
top-terminating. Therefore, the limit cannot have a non-constructor symbol, since
all such terms are reducible. [

System (17) falls under this theorem. On the other hand, if we have a depth
increasing rule, instead, as in:

fla)—=a,  fle(x)) = f(f(c(x))), (18)

then there are non-constructor w-normal forms, such as f“.
The one-rule system

Slx) = e(x, f(s(x))) (19)

(for constructing a “stream” of “integers” s'(0)), with one non-constructor f, is
obviously top-terminating and has constructor normal forms by the above theorem.
For example, the w-normal form of f(0) is ¢(0, ¢(s(0), c(s(s(0)),...))).
The system
d(x)— c(a(x, x), d(s(x))), a(0, y) - y, 0)
a(s(x),y)— s(a(x,y))

(for computing a stream of even “integers”), with %;={0, s, c}, also meets the
requirements of the above theorem. On the other hand, the system

g(x) = c(m(x, x), g(s(x))), a(0, y) = ,
a(s(x), y) = s(a(x, y)), m(0, y) =0, (21)
m(s(x), y) = a(y, m(x, y))

(for a stream of “‘squares”) does not fit into the scheme, since the last rule increases
the nesting of non-constructors m and a.
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The same idea as in this theorem applies whenever one can show that the nesting
level is bounded, even if it temporarily increases.

It can be shown that, in general, top-termination is undecidable, even for left-linear
w-converging systems. Similarly, for top-terminating w-confluent systems, it is
undecidable whether the distance between a term and its normal form is less than
a given £>0. A programming language with infinite constructor normal forms is
described in [20].

6. Uniqueness of normal forms

Recall that a relation — is w-confluent if *<—o—“c<—-* 0%« Confluence is
decidable for finitely terminating systems [17,12], but not for non-finitely-
terminating ones. For w-converging systems, we can use the following variation.

Definition 6.1. A binary relation — over a topological space is semi-w-confluent if
%

w

w o c on_

A straightforward induction shows that, for w-closed systems, semi-w-confluence
is equivalent to the more ““local” condition: “<—°— < —* 0¥,
The notions of ordinary confluence and semi-w-confluence are independent: the

system

a—fla), a—¢ flo—c (22)
is confluent, but not semi-w-confluent; the system

a—b, a—c, b— g(b), c— g(c) (23)

is semi-w-confluent, but not confluent.

Obviously, w-confluence implies semi-w-confluence. The converse is not true in
general; witness the non-w-converging, non-w-confluent, but semi-w-confluent,
rewrite system:

a—fla), a—gla), [flx)=x  gx)-ox (24)

However:

Theorem 6.2. An w-converging semi-w-confluent binary relation — over a metric space
has at most one w-normal form.

Proof. Let u, and v, be w-normal-forms of t,. Consider an element ¢, at least
“halfway” between t, and u... That is, u, “< t, ¥« t;—* v, and d(s, u,) <3 for
every s in the chain from t; to u.. By semi-confluence, we have t, —“ v,. By the
same token uy “<t, »* t, = v, for some t, such that d(s, v,.) <3 for s between
t;and v, and £, — U, NOW Uy, “ < t; ¥« 1, > v, Where t; is such that d (s, u.) <
& for s between t; and u., and so on. Consider the chain t,—* t, >* t, —»* - - -
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Since — is w-converging, this chain has a limit t,, and, clearly, d(uw, to) =
d(Ve, to) =0. Thus, U, =v,. O

A similar argument shows that:

Theorem 6.3. An w-closed, w-converging binary relation — over a metric space is
semi-w-confluent if, and only if, it is w-confluent.

The hypothesis of w-closure may be unnecessary, but is used in the following.

Proof. For the inobvious direction, suppose ¥« o—*c“«o—“ Let , be such
that u, “ <« to—* t, = v, and d(s, vy) <3 for every s between t, to v,. By semi-
confluence, u,—®u, “<t;. Similarly, t, =% 1,—>“v, “<—v,, for ¢, such that
d(s,u,) <y for s in t,—“ u,, and so on. Since — is w-converging, the w-chain
to—*t,—>*t,—*. -+ has a limit f,. The w®“-chains u,—“u,—“u,--- and
vo—" v, — - - - are such that the distance between f,; and u; is no more than 1/4'
and between &,,,, and v; is 1/2”"". Thus, these chains have limits u. and v,
respectively. But d(ue, tw) = d (v, to) =0; hence, U= v,. Since — is w-closed,
Uy —* U = Voo “ < Uy, and the relation is w-confluent. This is shown in Fig. 1. O

Up

ST

fo

L
-
»

1, v ‘tg 3 ‘y o,

Uy U, L5

Recall that orthogonal systems are left-linear and non-overlapping. Such systems
are always confluent; they are not, however, w-confluent.’

¢ Despite claims to the contrary in our earlier work.
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Theorem 6.4. If R is an w-converging orthogonal rewrite system, then R is semi-w-
confluent.

Non-left-linear system (4) is not semi-w-confluent: the term f(f(a, b), f(a, b))
rewrites to normal form ¢ in one step and to f(f(a, g~), f(g™, b)) in @ steps, but
it takes w + 1 steps to join them. The requirement of w-convergence may be super-
fluous.

The notion of parallel rewriting is crucial in reasoning about orthogonal systems.
We write =% to denote one multiple rewrite step, applying the same rule and
substitution at any number (from 0 to o inclusive) of disjoint positions, and use
—!to specify the rule (r) and substitution (o) used.

Proof. Suppose t,—rt, =g —%r le, and t,—,, t; by some rule r in R. It is well
known (see [16, 22]) that there exist terms ¢} such that, for all i < w,

L —r lin

,,,1. mlu

t) =k tin
If one goes far enough along the w-converging derivations t,—gt;, =g " * =Rk to
and t)—% 1] =k - -+ —% 1., the top parts of the ¢, and ¢} will have stabilized, and
just like ¢ —l #, we have to—k tl.
It follows that t' —% tl he -+ ket., whenever t i t—% 1., for natural
number n. Since R is orthogonal, it is always possible to interleave the (up to w X n)

steps between . and t.. so that in fact t,,—% t,,. O

Recall that orthogonal systems need not be w-converging (example (2)), nor
w-closed (example (7)). Indeed, the following non-w-converging orthogonal system
(due to [15]) does not have unique w-normal forms:

a—f(gla)), [fx)—x  glx)—x (25)
The term a has normal forms, f* and g*.
Nonetheless:

Corollary 6.5. If R is an w-converging orthogonal rewrite system, then R is uniquely-w-
normalizing.

Proof. By Theorem 6.2, R has at most one w-normal form. By Corollary 4.5, R has
at least one. [J

The semantic methods of Section 5 may be used to establish ground w-confluence
of a system R, that is, w-confluence on the ground terms 4(%), as well as sufficient
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completeness, that is, any ground term in 9(%) has an w-normal form that is a
ground constructor term in 9(%,). Using Theorem 5.6 or 5.7, one can determine
that w-normal forms of ground terms are always constructor terms in %™. Let
ul f(sly, ..., s|m)], and u[g(t],, ..., ¢],)], be two terms with distinct constructors
f and g in %, embedded in the same constructor context u[ -], in I(F,, ¥), where
the s|; and ¢|; are arbitrary terms in 7. If R is such that no two such terms are
provably equal (by replacement using the symmetric closure of — ), then confluence
follows from the normal forms being constructor terms. Without this condition on
provability, a simple system like

a— b, a—c (26)

with constructors b and ¢, would mistakenly be deemed confluent.

Even for left-linear, top-terminating systems, w-confluence is undecidable. Also,
the joinability of critical pairs (as in [17]) is not a sufficient (nor necessary) condition
for w-confluence, as can be seen from the following w-converging system:

a—b, g(x, a) — f(g(x, a)),
(27)

gxb)—c  flo)—ec

The term g(x, a) rewrites in one step to either f(g(x, a)) or g(x, b), both of which
rewrite within a few steps to ¢; yet, g(x, a) has two distinct w-normal forms, ¢ and
e

In [4], a condition on normal forms, called *R-propriety”, is used to establish
existence of unique solutions (as functions over 7~°) to non-constructor operators,
defined by a set of recursive rules.

7. Algebraic semantics

In this section, we consider algebraic aspects of infinitary theories—that is, their
models—and their connection to operational aspects (namely, w-rewriting). Since
we are interested in infinite computations, it is natural to work with continuous
models. (We refer the reader to [25, 26] for general references on the topic.) It is
also natural to use a topological completion process. Alternative notions of comple-
tion have been studied in the algebraic framework, leading to different initial models,
each with its own abstract properties (see, for instance, [1, 19, 27]).

Since our approach is unusual, we first illustrate the difficulty in assigning an
appropriate algebraic semantics in the continuous case. In particular, the “natural”
semantics identifies all terms, whenever there is identity function or axiom of
idempotence. Consider the equations g(0) =0 and ¢g(1) = 1, thinking of g as “‘squar-
ing”., We have

0=4(0)=q(q(0))="---
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and

1=¢g(1)=q(q(1))=""--.

Were equations to carry over to the limits, we would find both 0 and 1 equal to g,
which is “inconsistent”. This is why we will work instead with oriented equations,
interpreted in a model as inequations (but see [2]).

Definition 7.1. Given a vocabulary %, a continuous ¥-algebra consists of:

® A universe M, with a quasi-ordering =<, such that each non-empty, strictly
increasing w-chain admits a least upper bound (lub) in M.

® A continuous interpretation f* : M" — M, for each f in ¥ (with arity n). Con-
tinuity means tub,_,, fM (¢!, ..., t/)=fY(lub,_, t!,...,lub,_, t7) for any chains
(1) icws s (1) ic0-

Given a continuous %-algebra M, any assignment o:% > M extends to a
homomorphism o: 7(%, ¥) > M, as usual: if t =f(t|,, ..., t],) for some fin &, then
to=fM(t),0,..., t|,0); if t=x for some x in %, then to = xo.

Definition 7.2. Given a rewrite system R over (%, &), an R-model is a continuous
F-algebra M that satisfies:

(1) for any rule /- r in R, assignment o : & > M, and context c[ -], for 7, the
inequality c[lo], < c[ro], (in M) holds;

(2) for any assignment o: % — M and derivations (u;);,, and (v;),.,, such that
lim,_,, u; =lm,_, v, it is the case that lub,_, w,o0 =lub,_,, v;o.

The class of all R-models is denoted Ord.

Note that a model need not obey equality of left- and right-hand sides, as in the
classical case, but, rather, inequality. The existence of least upper bounds in (2)
comes from the fact that the two sequences (u;) and (v,) are increasing, by (1). The
class Ordg is a non-empty category (cf. Theorem 7.4).

Definition 7.3. Given a rewrite system R over J, the ordered model @R has a universe
consisting of all finite ground terms % and all their (possibly infinite) w-normal
forms, partially ordered by —%. The model F;’R consists of the terms & and their
w-normal forms, ordered by —3%.

It can be shown that @R and ?/A_R satisfy both conditions for R-models for
w-canonical (that is, w-normalizing and w-confluent) systems. Without o-
confluence, even with unique w-normalization, condition (2) need not hold for
non-top-terminating systems.
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Theorem 7.4. Let R be an w-canonical rewrite system. The ordered model @R is initial
in the class Ordg of R-models.

Proof. Let M € Ordg; we need a homomorphism ¢ : @R —> M. For t finite, we must
take ¢[t]=1t". For an infinite w-normal form ., we have f, —=“1t,, for some
derivation (1,),-,. We define: o¢[t=]=¢[lub,., ;1% lub,_,(¢}). This ¢ is
an  F-morphism, since  d[f(tulrs- .-, L) ]=Tb (DY, L (GD)M) =
FMaub(g O™, ... ub(6] M) = M (Dl tali)s - - - » Dl 1x|a]), Where n is the arity of f.
Lastly, ¢ is continuous, by construction. [

We may now extend the definition of to to infinite terms. For any model M in
Ord,; and infinite term ¢, in % that is the limit of a derivation (f;),.,, let
too & lub,_, t,0. Thanks to condition (2) of Definition 7.2, the lub does not depend

on the derivation (t;) leading to f..

Definition 7.5. Given terms ¢ and ¢’ in LO/LR, and an R-model M in Ordg, we say
that M obeys the inequality t < t’, and write M E =<1, if to < t'o for every assign-
ment o:% — M. For a class of models M, we write M= =<t if ME t=<t', for
every M in M.

A

Theorem 7.6. Let R be an w-canonical rewrite system and t, t' be terms in I . Then

Ordz = t<t if,andonlyif, t >3 1.

Proof. Suppose that Ordg = t=<t'. In particular, JOAR E t=<1t', which means that
t —% t'. Conversely, suppose that t — % ¢'. Let M € Ordy and let o : & — M. Without
loss of generality, we may assume f to be finite, since otherwise it would have to
be a normal form and t¢=1¢. Hence, there exists a derivation ¢=
fo—gr' -+ —grli—r"* —%t. By the nature of rewriting, we have to —% t,o for all
i, and, since M is an R-model, the #,o form a chain in <. Since M is a continuous
algebra, fo <lub,_,, t,o = t'c. In other words, M = t=<<t'. O

Definition 7.7. The class Eqy of equational R-models is the subclass of the R-models
Ordg for which (c[lo],)™ =(c[ro],)", for any rule /—r in R, substitution
o:Z— %, and context ¢[ -], for 4

Note that M is in Eqg only if M obeys [~ r (thatis, M = I<r and M E r=<l)
for all rules / — r in R.

Definition 7.8. Given R, a uniquely w-normalizing rewrite system, the normal-form
model NF consists of the w-normal forms of the finite terms, ordered in a discrete
fashion (that is the quasi-ordering < for NFy is equality of terms).
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Theorem 7.9. Let R be an w-canonical rewrite system. The normal-form model NF
is initial in the class Eqg of equational R-models.

Proof. It is clear that NF satisfies the conditions on R-models. Let M € Eqg; we
need a homomorphism ¢ : NFR — M. Denote by qSNF and ¢,, the homomorphisms
(as per Theorem 7.4) from ‘QR to NFg and from <§R to M, respectively. We want
OnE© ¥ = ¢y Thus, for any w-normal form 7, that is the limit of a derivation (¢;);.,,
we must define ¢ as follows: [, def lub;_,, t™. One can check that such a ¢ is
well-defined. Moreover, as previously, ¢ is a continuous morphism. [

Corollary 7.10. Let R be an w-canonical rewrite system, and t, t' be terms in I . Then

Eqr Et=1t" if,andonlyif, t =3 1.

The relationship between the models in Ordg, Eqz, and Alg, (the class of the
finite, usual models of the equations represented by R), ordered by inclusion, forms
a lattice, as illustrated in Fig. 2. The quotient model %/=y is initial in the class
Algr of algebraic models; the ordered model @R is initial in the R-models Ordg;
the normal-form model NFy is initial in the intersection Eqr of the two other
classes. The trivial model Triv lies at the top of the lattice.

Triv

k

Ord,g

N

"\

ke

R G/ =n
Fig. 2. Lattice of R-models.
For example, let the vocabulary & consist of two constants, 0 and 1, and unary
operator q. Let R be
0— 4(0), 1—q(1). (28)
The ordered model @R has as universe

{0,9(0),...,47(0),...,1,9Q1),...,q"(1), ..., q"}



92 N. Dershowitz et al.

ordered by:
0=<g(0)<---<q"(0)=<---<q",
I<sg()<---<g"(1)=<-.-=x¢g"

The universe NF collapses to the trivial model {g“”}. Notice that Ordz does not
obey 0=<1 or 10, and that Alg; does not obey 0 =1, whereas Eqr obeys all these.
Consider the following system R:

0+x— x. (29)

Eqr, that is, the set of models that obey 0+ x = x, contains in particular NFg, which
is exactly the finite expressions that do not have subexpressions of the form 0+ x.
Consider now S:

x—0+x (30)

Eqs has only one trivial model: NFg={0+(0+ - - )}. It does not contain NFz. We
have the apparent paradox of two classes of models Eqz and Eqg, “defined” by
the same equation x =0+ Xx, which do not coincide. This stems from the fact that
an R-model models an equation oriented in a particular way; the orientation
influences the class of models Ordg, even when the orientation is “‘forgotten” in Eq.

Definition 7.11. The class of the w-reachable models is the subclass of the models
M of Ordg such that the canonical morphism ¢y, : 9 — M is surjective.

The w-reachable models form a non-empty, complete sublattice of Ord (contain-
ing at least %g).

Theorem 7.12. For any w-reachable model M, there exists a continuous congruence
=, on % such that M is isomorphic to G/ = .

By “continuous”, we mean that t, =,, ¢ for any derivation (t,);~,, with limit .,
such that ¢, =,, t for all i. The proof is as in the finite case, with t =,,¢" if, and only

if, pu[t]= dult'].

8. Hierarchical systems

In this section, we consider typed systems (cf. [1, 13]), which are more general
than the constructor systems of Section 5. A vocabulary (signature) is now a pair
(¥, F), where & stands for a finite family of sort names and % is a finite family of
operators on &. All the definitions given so far extend to the sorted case.
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Definition 8.1. A hierarchical specification is a triple (¥, %, R), where the sorts & are
split into a disjoint union ¥, U ¥,, the operators & into F,u &, and the rewrite
system R into R,u R,. The systems R, and R are w-canonical on 5%, Fo), &)
and T({(&F, F), Z), respectively. Let 4, denote the set 4({(F,, F,») of ground construc-
tor terms. The class HOrd i of hierarchical models is the class of models M of Ordg
such that the restriction of M to the vocabulary (¥,, %,) is isomorphic to @0.

In the sequel, we suppose that the left-hand sides of the rules of R, always contain
at least one symbol of &, (otherwise, hierarchical consistency, defined below, could
only be satisfied in trivial cases). In Section 5, R, was void.

Definition 8.2. A hierarchical specification is sufficiently complete if for every ¢ in
G((Fo, F)), there exists a t' in Gyr, such that Ordg E t=<1t'.

Definition 8.3. A hierarchical specification is hierarchically consistent if for any ¢ in
%, and for any ' in %, , Ordg = t<t'if, and only if, Ordg F =<1

Note that an infinite term ¢’ in @ORD is by definition a normal form for R,. It is
also a normal form for R, due to the hypothesis about left-hand sides of rules of
R,. Thus, sufficient completeness is equivalent to the existence of a normal form '
such that t —% t', and hierarchical consistency, to 1 —% t' if, and only if, t =%, t".

These definitions are consonant with those of [27] for their notion of continuous
specifications. Sufficient completeness means that any finite term ¢ of an old sort,
built with old and (possibly) new operators, is smaller than a (possibly infinite)
term ¢’ built with old operators only. Hierarchical completeness means that for two
terms ¢t and ¢’ built with old operators only, ¢ <t' holds in the new specification if,
and only if, it holds in the old one. Note also that the above definitions extend, as
for finitary specifications, to the case where no new sort is introduced (¥, =¢);
operators of %, are then called constructors, and operators of %, are called derived
operators (or simply “non-constructors”). As before, a constructor term is a term
containing only constructors; a non-constructor term is a term containing at least
one non-constructor. For instance, the specification:

constructors: a: — elem

c: elem X elem — elem
derived operator:  b: — elem
law: b=<c(a, b)

is sufficiently complete in our sense. Note that in the classical, finitary framework
[28], it would simply be rejected as (finitely) incomplete.

Now, the main result is that, as in the finitary case, a hierarchically consistent
and sufficiently complete specification satisfies its hierarchical constraints, in the
following sense.
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Theorem 8.4. If (¥, ¥, R) is sufficiently complete and hierarchically consistent, then
HOrdy is a non-empty, complete sublattice of Ordg. Its initial model is 9.

Proof. The proof is essentially as in the finite case. The main difference is in showing
that @R is actually in HOrdg, which we establish as follows.

The restricted model @OR may be canonically embedded into @RO. If t.e @OR is
finite, then i, is in fact in %, and therefore also in @Rn. If . is infinite, we may
write to—> g, — g — & lw, Where the t; are terms of 4°((%,, F)). Using sufficient
completeness, there exists ¢, € @ORO such that ., —% t.,. Since 1 is a normal form
for R, this means that t, = t/,, i.e. that ¢, belongs to @ORO.

Thus, @(,R may be seen as a subset of @ORO. Now, hierarchical consistency shows
that it is actually equal to the whole set, and that the orderings induced by R, and
by R are identical. This finally establishes that @R € HOrd.

Define a quasi-ordering <° on @y as follows: when restricted to the sorts of %,
it is — % (or equivalently — %, because of hierarchical consistency), and ¢ <°™ ¢ if,
and only if, ¢[t], =&, c[t'],, for any terms ¢, " in @R of sort s in ¢, and context
¢[ -], with result in a sort of ¥,.

bs

Theorem 8.5. The quotient @R/~° ordered by <°*, is terminal among the

w-generated models of HOrd .

The proof is classical.

9. Discussion

There are circumstances (such as, stream-based programming) when the intended
meaning of a function application is an infinite structure. As non-deterministic
rewrite rules are convenient for specifying algebraic properties, we studied the
semantics of rewritings that result in infinite terms.
We investigated the following properties of infinite derivations, among a few
others:
® w-closure: Any term that can be computed from a finite term in a transfinite
number of rewrite steps is the limit of w steps.
® top-termination: Any sequence of w rewrite steps has at most a finite number of
rewrites at any one position.

® w-normalization: Every finite term has at least one normal form reachable in @
steps.

® unique w-normalization: Every finite term has exactly one w-normal form.

A number of counter-examples to conditions that seemed prima facie to assure
w-closure or w-normalization were observed. On the other hand, some sufficient
conditions for these properties were found, though we believe they leave room for
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improvement. In particular, for achieving such properties, left-linearity is important,
top-termination is beneficial, while orthogonality is insufficient. With unique w-
normalization, one can assign semantics to rewriting under which function applica-
tions that result in the same infinite structure are equal.

There are many alternatives to the definitions we have given that are worth
exploring: normal forms can be defined as (possibly infinite) terms to which no
rewrite applies (see [15]); the initial terms of derivations are permitted to be infinite
(finitely representable infinite terms are dealt with in [2, 10]); strong convergence
properties, like top-termination, can be required (see [10, 11, 15]); transfinite terms
(with paths of length greater than w) can be considered, in which subterms do not
necessarily ““disappear” after being pushed down w times (cf. [2]); rewrite rules
containing infinite terms (from ) themselves, and not just applying to infinite
terms, can be allowed.
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