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The determinants of ¢-distance matrices of trees and
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Abstract

In this paper we prove that two quantities relating to the length of permutations
defined on trees are independent of the structures of trees. We also find that these
results are closely related to the results obtained by Graham and Pollak (Bell Sys-
tem Tech. J. 50(1971) 2495-2519) and by Bapat, Kirkland, and Neumann (Linear
Alg. Appl. 401(2005) 193-209).
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1 Introduction

Let [n] denote the set {1,2,...,n} and let S, be the set of permutations of [n].
Partition S,, into S, = &, U O,,, where &, (resp. O,) is the set of even (resp. odd)
permutations in S,. It is well known that |£,| = |O,|. Let ¢ and 7 be two elements of
S,,. Diaconis and Graham [4] defined a metric called Spearman’s measure of disarray on

the set S,, as follows:
D(o,m) =Y _lo(i) — =(i)].
i=1

They derived the mean, variance, and limiting normality of D(o, ) when ¢ and 7 are
chosen independently and uniformly from S,. In particular, the authors in [4] character-

ized those permutations o € S,, for which D(¢) =: D(1,0) takes on its maximum value.

IThis work is supported by FMSTF(2004J024) and NSFF(E0540007).
2Partially supported by NSC95-2115-M001-009.

Email address: weigenyan@263.net (W. G. Yan), mayeh@math.sinica.edu.tw (Y. N. Yeh).


http://arxiv.org/abs/math/0602159v2

Some related work appears in [I2, [16]. The length |o| of a permutation o is defined to be

D(1,0), that is, |o| = > |i — 0(i)|. For an arbitrary nonnegative integer k, let
i=1
Ank = {0 € Sl lo| =k},

Nop= > sgu(o) =AM El — [Anr N O.

O'G.Anyk
Furthermore, we define ¢,; = 0 if o has at least one fixed point, otherwise, let ¢, be
the number of nonnegative integer solutions of the equation x1 + x5 + ...+ x, = k which
satisfy 0 < x; < |i — o(7)| for 1 <1i < n. Let
Myp =Y sgn(0)pos (1)
geSy

It is natural to pose the following problem:
Problem 1.1 Find closed expressions for Ny and M, .

We may generalize the concept of the length of a permutation defined in Problem 1.1
as follows. Let T" be a weighted tree with the vertex set V(1) = {vy, va, ..., v,}. For two
vertices u and v in T, there exists a unique path v = v;-v;,- ... -vy-v;,, = v from u to v
in 7. Define the distance d(u,v) between u and v as zero if u = v, otherwise, let d(u,v)
be the sum x, + 2+ ...+ x;, where x;, is the weight of edge v, v;,,, for k =1,2,...,1. Let
T be a simple tree (i.e., the weight of each edge equals one) and let ¢ € S,,. The length
lor| of 0 on T' is defined as the sum of all d(v;, vy (y,)), that is, |op| = id(vi,vo(i)). Let

A,k (T) = {0 € S,| |or| = k},

Now(T) = Y sgn(o) = [An(T) N Ex| = [Ani(T) N O.
oA, 1, (T)

Furthermore, we define ¢, x(7") = 0 if o has at least one fixed point, otherwise, let ¢, x(T)
be the number of nonnegative integer solutions of the equation 1 +xo + ... + x, = k
which satisfy 0 < x; < d(v;, vs(;)) for 1 <i <n. Let

M i(T) =) sen(0)do(T). (2)

oc€Sy,

A more general problem than Problem 1.1 is the following:

Problem 1.2 Let T be a simple tree with vertex set {vi,vq,...,v,}. Find closed expres-

sions for Ny x(T) and M, ,(T).



Remark 1.1 If we take T = P, (where P, is a simple path with vertex set {vi,va, ..., vy}
and edge set {(v;, v;11)|1 <i <n—1}) in Problem 1.2, then Problem 1.1 is a special case
of Problem 1.2. That is, Ny = Nyx(Pn) and M, = M, x(P,).

The distance matrix D(T) of the weighted tree T is an n x n matrix with its (4, j)-entry
equal to the distance between vertices v; and v;. If T'is a simple tree, Graham and Pollak

[9] obtained the following result:

Theorem 1.1 (Graham and Pollak [9]) Let T' be a simple tree with n vertices. Then
det(D(T)) = —(n — 1)(=2)""7, (3)

which is independent of the structure of T.

Other proofs of Theorem 1.1 can be found in [I, 2, B, @, [, 8, 19]. In particular, in
[T9] we gave a simple method to prove (3). If T is a weighted tree, Bapat, Kirkland, and

Neumann [3] generalized the result in Theorem 1.1 as follows.

Theorem 1.2 (Bapat, Kirkland, and Neumann [3]) Let T be a weighted tree with

n vertices and with edge weights oy, s, ..., a,_1. Then, for any real number x,
n—1 n—1
det(D(T) + zJ) = (—1)"~'2n2 (H a,-) (293 +) ai> , (4)
i=1 i=1

where J is an n X n matriz with all entries equal to one.
A direct consequence of Theorem 1.2 is the following:

Corollary 1.1 (Bapat, Kirkland, and Neumann [3]) Let D(T) be as in Theorem
1.2. Then

n—1 n—1
det(D(T)) = (=1)""12n2 (H ozi> (Z a> (5)
i=1 '

Suppose T is a weighted tree with the vertex set V(T') = {vy,vs, ..., v,}, and suppose
the distance d(u,v) between two vertices u and v is a. Define two kinds of g-distances
between u and v, denoted by d,(u,v) and d}(u,v), as [a] and ¢* respectively, where

L g #£ 1,

) =q
« otherwise.



By definition, [0] = 0 and [a] = 1+ ¢+ ¢* + ...+ ¢* ! if a is a positive integer. We
define two g-distance matrices on the weighted tree 7', denoted by D,(T') and D} (7)), as
the n x n matrices with their (4, j)-entries equal to dy(v;,v;) and d;(v;, v;), respectively.
If ¢ = 1 then D,(T) is the distance matrix D(T") of T. Hence the distance matrix is a

special case of the ¢-distance matrix D (7).

In quantum chemistry, if 7" is a simple tree with vertex set V(T') = {vy, v, ..., 0.},
W(T.q) =) dyviv) =y "
1<j {u,w}CV(T)

is called the Wiener polynomial of T' [I1], D,(T) is called the Wiener matrix [10], and
the g-derivative W/(T,1) is defined as the Wiener index of T' [I7, [I§]. The study of the
Wiener index, one of the molecular-graph-based structure descriptors (so-called “topolog-
ical indices” ), has been undergoing rapid expansion in the last few years (see for example
[13, 14 1ol 220 21]).

In the next section, we compute the determinants of D}(7") and D,(7), and show that
they are independent of the structure of 7', and hence we generalize the results obtained
by Graham and Pollak [9] and by Bapat, Kirkland, and Neumann [3]. In Section 3, based

on the results in Section 2, we prove that the generating functions F,(¢) = Y. N (T)¢"
k>0

and G,,(q) = Y. My x(T)q" of {N,,1(T) x>0 and {M,, 1(T) }r>0, as defined in Problem 1.2,
k>0
are exactly det(D} (7)) and det(Dy(T')), respectively. Hence, both F},(¢) and G, (q) are

independent of the structure of T, and this leads to a resolution of Problem 1.2.

2 Determinants of D} (T) and D,(T)

First we compute the determinant of D} (7).

Theorem 2.3 LetT be a weighted tree with n vertices and with edge weights oy, cva, . .., Q1.

Then, for anyn > 2,
det(Dy(T)) = H(l — "), (6)

which is independent of the structure of T.

Proof We prove the theorem by induction on n. It is trivial to show that the theorem

holds for n = 2 or n = 3. Hence we assume that n > 4. Without loss of generality, we
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suppose that v; is a pendant vertex and e = (vy,vy) is a pendant edge with weight a; in
T. Let d; denote the i-th column of D;(T) for 1 < i <n. Note that each entry along the
diagonal is one. Hence, by the definition of D}(T), we have

(dy — ¢*d,)" = (1 — ¢**,0,...,0).

Thus
det(D;(T)) = det(d; — ¢™'ds, ds, d3, ..., d,) = (1 — qzo‘l) det(D;‘(T)}), (7)

where D}(T); equals D}(T — vy). By induction, the theorem is immediate from (7). O
Corollary 2.2 Let T be a simple tree with n vertices. Then

det(D;(T)) = (1 — )",
which is independent of the structure of T.

To evaluate the determinant of D,(7") we must introduce some terminology and no-

tation. Let A = (a;j)nxn be an n x n matrix, and let I = {iy,is,..., 4} and J =
{j1,J2, -, 71} be two subsets of {1,2,...,n}. We use A;llﬁljl to denote the submatrix of

A by deleting rows in I and columns in J.

Zeilberger [22] gave an elegant combinatorial proof of Dodgson’s determinant-evaluation

rule [B] as follows:
det(A) det(A}") = det(A}) det(A?) — det(A}) det(A}), (8)

where A is a matrix of order n > 2. Let

F(al,a2, c. .,Oén_l)

2 o] [ouzal [ + via)

[20i] 2]

_ [ea]lon]lon + o] | [oam—s][an][an—2 + o]
[201][20x2] 2an—2][204-1]

1=1

It is not difficult to prove the following lemma.

Lemma 2.1 (a) If n >3, F(ag, o, ...,a,_1) is a symmetric function on oy, g, ..., 0.
(b) If T is a weighted tree with two vertices and with edge weight ay, det(Dy(T)) = —[a]*.
(c) If T is a weighted tree with three vertices and with edge weights ay, aq, det(Dy(T)) =
2[on][az][on + aa.



Theorem 2.4 LetT be a weighted tree with n vertices and with edge weights oy, ag, ..., Qy_1.

Then, for any n > 4,

det(D,(1)) = (17" (T 201])

1=1

[an][aa][ar + o] [an—g][am—1][om— 2+an 1] - 3 o] [evio] [ + vigol
( [201][2a] 2002 [200, 1] * ; [20;][20v42] ) , (9)

which is independent of the structure of T.

Proof We prove the theorem by induction on n. Note that there exist two trees with
four vertices: the star K3 and the path P;. Let the edge weights of two weighted trees
K, 3 and P, with four vertices be as shown in Figure 1 (a) and (b), respectively. The
g-distance matrices Dy(T;3) and D,(P;) of K; 3 and P, are as follows:

0 [1 +ag] g + a3 [o]
Dy(T,4) = [y + ] 0 [ag + az] [as]
[Ozl + 043] [042 + 043] 0 [Oég]
[a1] o] (3] 0
and
0 (051 [041 + 042] [041 “+ g + 043]
Dq(P4) _ [Oél] 0 [Oég] [Oé2 + Oég]
[ + ] (] 0 (3]
[Oél + a9 + 043] [042 -+ 043] [043] 0
Vo
Oy
Vi Vo V3 Vy
A4 o v, o V3 o; Oy O
(a) (b)

Figure 1: (a) The weighted tree T75. (b) The weighted tree P;.

We calculate
det(Dy(K13)) = det(Dg(Fs)) =

lan][as][an + ] | [ao][as][as +as] | [aa][as][ar + as)
‘[20“”2“2”2‘“3]( 2ou20g | [200] 203 20420 )

Hence the theorem holds for n = 4.




Now we assume that T is a weighted tree with n vertices and n > 5. We denote the
g-distance matrix D,(T) of T by D. Note that T has least two pendant vertices. Without
loss of generality, we assume both v; and v, are pendant vertices of 7. The unique
neighbor of vy (resp. wv,) is denoted by vg (resp. wv;). For convenience, we may suppose
that the weights of two edges v,vs and v, v; are 3; and 3,1, and the weights of the edges

in T — U1 — Uy are 52) 63) sy 571—2- ObViOUSly, {517 52) SRS 6n—1} = {Oél, Qg ... aan—l}
({B1, B2, ..., Pn-1} may be a multiset). Let d; denote the i-th column of D (7). By the

definition of vy, v, v, and v,,, we have

(dy — ¢"do)" = (=" [B1), [B1). [B1), -, [Bu))

and
(dn - qﬁnildt)T = ([ﬁn—l]a [571—1]’ sy [6n—1]7 _qﬁnil[ﬁn—l])a
which imply the following:

a4 = (dy — ¢*d)" + %(dn —¢"1d)" = (=[2/4],0,0,...,0,(1 + ¢ )[B]),

where d? denotes the transpose of d;. Hence
det(D) = det(dy, da, . .., d,) = det(dy, dy, ds, . .., dp_1,dy).
So we have
det(D) = —[2p:] det(Dy) + (—=1)"*(1 + ¢*)[B1] det(DY). (10)
Similarly, we have
det(D) = —[2,-1] det(D}) + (=1)"" (1 + ¢™)[Ba1] det(Dy,). (10°)
On the other hand, by Dodgson’s determinant-evaluation rule (6), we have
det(D) det(D;") = det(Dy) det(D?) — det(D}) det(D}). (11)

By the definition of the g-distance matrix D (=D (T)) of T, det(D}) = det(D.). In
particular, Di, D7 and D;i? denote the ¢-distance matrices Dy (T —v1), Dy(T — v,), and
D (T — vy —v,) of trees T'— vy, T — vy, and T' — v; — vy, respectively. Note that T"— v;
(resp. T'—w,,) is a weighted tree with n— 1 vertices and with edge weights s, s, . .., Bn_1
(resp. 01, Ba, - .., Bn_z2). Hence, by induction, we have
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(D) = (172 (T 281 ) »

1=2

([52] [BallBa + 8]

[571 2”ﬁn 1”ﬁn 2"’571 1 3 ﬁz 52—1—2 ﬁz+ﬁz+2]
[23][235] 260—2][2B0-1] +Z ) (12)

252 2524—2]

=

and

der(0y) = (-1 (T 1261 ) »

i=1

([51][52”51 + 2] I

[ﬁn 3”6n 2”ﬁn 3"’571 2 2 61 524-2 51“‘614-2]
2528.] 255250 3] +; ) (13)

252 2ﬁz+2]

Similarly,

(o) = (-1 (T

([52] 185][B: + 5]
+
252 2ﬁz+2]

[262][265] [285-5][26n-2]

From (10) and (10),

[ﬁn 3”6n 2”ﬁn 3‘|‘5n 2 _'_nzil 62 524—2 52“‘624—2]) ) (14)

=

[det(D)]? + [261] det(D) det(Dy) + [28,-1] det(D) det(D}r)+
[261](28,-1] det(Dy) det(Dy) = [26:][28,-1] det(D,) det (DY),
and hence by (11) we have

[det(D))*+[281] det(D) det(D})+[28,_1] det(D) det( D) +[251][28,-1] det(D) det(Di") = 0.

(12)
Note that, by Theorem 1.1, if ¢ = 1 and 8; = 1 for 1 < i < n — 1, then det(D) =
—(n —1)(=2)"', which implies that det(D) # 0. Then by (12) we have

det(D) + [28,] det(D}) + 26, 1] det(D2) + [23,][28, 1] det(Di) =0, (16)
From (12), (13),(14) and (16), it is immediate that

der(D) = (-1~ (T 2]

1=1

<w11 Bl + 8],

[Bn 2][Bn 1][ﬁn 2+Bn 1 3 ﬁl B2+2 ﬁ2+ﬁl+2]
25]25,] 25, 2l[250 1] +; ) (17)

2B2 25@—1—2]

Note that {aq, s, ..., an1} ={p1, 52, -, Bn-1}. The theorem follows immediately
from (@) in Lemma 2.1 and (17). O



Let T' be a weighted tree with the vertex set V(T') = {v1,vs,...,v,} and with the
edge weights aq, s, ..., a,_1, and let v; and v,, be two pendant vertices of T'. The unique

neighbor of vy (resp. v,) is denoted by v, (resp. v;). The proof above also implies that

AU D(1)7) = o T[ 2o

where aq and «,,_1 are the weights of edges v,v, and v,v;, respectively.

If we set ¢ = 1 then the right hand side of (9) in Theorem 2.4 equals

B n—ln_l o arag(ar + ag) oty (p—o + 1) = ;i o(; + Qiya)
e ”( o)) T Gl 2 (20)(am) )

= (—1)""ton? (1:[ ozl-) (2_: ozi> :

which implies Corollary 1.1 is a special case of Theorem 2.4. Hence we generalize the

i=1 i=1

results obtained by Graham and Pollak [9], and by Bapat, Kirkland, and Neumann [3].

In particular, the following corollary is immediate from Theorem 2.4.

Corollary 2.3 Let T be a simple tree with n vertices. Then
det(Dy(T)) = (=1)" ' (n = 1)(1 + )",

which is independent of the structure of T.

3 The quantities M, ;(T) and N, ;(T)

Let T be a simple tree and and A, x(T) = {0 € S,,| |or| = k}. Partition S, into
Sn=Ano(T)UA L (T)U...UA,,(T)U....

Theorem 3.5 Let T be a simple tree with vertex set {vy,va,...,v,}, and let Ny, (T) be
defined as in Problem 1.2. Then

0 if ks odd,
Nup(T)= Y sen(o) = ;

7€ AL 1 (T) (1) (n;) if k is even,

which 1s independent of the structure of T'.



Proof Let F,,(q) = Y. N,x(T)q" be the generating function of { N, x(T)}r>0. Hence
k>0

F.q) = > S sen(o) | ¢F = Z( Z( )sgn(a)) glor!

k>0 \ o€A, ,(T) k>0 \ €A, o(T
S d(vi Vo(i)) i AV, Vg (s))
= > > sgn(o) | g= = > (Sgn(a)w—l )
k>0 \ oeA, x(T) 7E€Sn
= > <sgn(a) I1 d;(vi,v(,(i))) )
oES, i=1

By the definition of D}(T'), we have

det(D;(T)) = ) <sgn(a)Hd;(vi,vg(i))) .

oESH i=1

The theorem is immediate from Corollary 2.2. 0J

With notation as in the introduction, we state and prove our last result.

Theorem 3.6 Let T' be a simple tree with vertex set {vy, ve, ..., v}, and let M, x(T') and
G0k (T) be as in (2). Then
_ n—2
= sen(@)gos(T) = (—1)" " (n — 1)( . )
O'ESn
which is independent of the structure of T.
Proof Let G, (¢) = Y. M, x(T)q" be the generating function of { M, 1(T)}x>0. Hence

k>0

k>0 \o€eSn oSy k>0

Gnle) = X2 (Z Sgn(a)cba,k(T)) =3 (Sgn(a) > ¢o,k(T)q’“>

= Y sgn(o)(1+q+...+ ¢ (14 q+. .. + ¢lnvem)l)
UES'!L

= > sgn(o)dg(vi, ve))dg(Va, Vo)) - - - dg(Vns Vo))

O'ESn

By the definition of D,(T), we have

det(Dg(T)) = > sgn(0)dg(v1, V(1)) dg(v2, V(@) - - - dg(Vn, Va(m))-

The theorem follows immediately from Corollary 2.3. U
By Remark 1.1, Theorems 3.5, and 3.6, M, j, = (—=1)""}(n — 1)(".?), while N,z =0
if k£ is odd and N, = (=1)% ("%1) otherwise.
Our method to prove Theorems 3.5 and 3.6 is completely algebraic. Therefore it would

be interesting to consider the following problem.
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Problem 3.3 Give combinatorial proofs of Theorems 3.5 and 3.6.
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