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ABSTRACT. Let P be a prime and let a be a positive integer. In this paper
we determine > 7 _ ‘1 (k+d) /mF and Y P_ (k+d)/(kmk 1) modulo p for
alld=0,...,p%, where m is any integer not divisible by p. For example,
we show that if p # 2,5 then

2k F_E
Z( 1)’“( ) _ s pT(”(modm,

where Fy, is the nth Fibonacci number and (—) is the Jacobi symbol. We
also prove that if p > 3 then

@IOO

Bp_3 (mod p3),

=

where B,, denotes the nth Bernoulli number.
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1. INTRODUCTION

A central binomial coefficient has the form (21;1) withn e N={0,1,...}.
A well-known theorem of Wolstenholme (see, e.g., [5]) states that

1/2 2p—1
S(P) = (4P =1 (mod p?®) for any prime p > 3.
2\ p p—1

In 2006 H. Pan and Z. W. Sun [9] used a sophisticated combinatorial
identity to deduce that if p is a prime then

pi <k2fd) =

k=0

<p%d) (mod p) ford=0,...,p, (1.1)

where the Jacobi symbol (§) coincides with the unique integer € € {0, £1}
satisfying a = € (mod 3). In a recent paper [16] the authors determined

Zi:f)l (szd) mod p? for any prime p and d € {0,1,...,p?} witha € Z+ =

{1,2,3,...}.

In this paper we extend the congruence (1.1) in a new way and derive
various congruences related to recurrences. Throughout this paper, for an
assertion A we set

1 if A holds,
[A] = .
0 otherwise.

We also define two recurrences {u, () }nen and {v, () }nen of polynomials
as follows:

up(x) =0, ui(z) =1, and up41(x) = zup () —up—1(x) (n=1,2,...),
and
vo(z) =2, vi(x) =z, and v,41(z) = 2V, (z) — vp—1(z) (R =1,2,...).

For a fixed integer x, the sequences {u,(z)}nen and {v,(z)}nen are linear
recurrences of integers. By induction, for any n € N we have

un(—2) = (=1)" tu,(z) and v, (—z) = (=1)"v,(z). (1.2)

Now we state our first theorem.

Theorem 1.1. Let p be a prime and let d € {0, ... ,p®} witha € Z*. Let
m € Z with p{m. Then we have

"ai (ira)
mk

k=0

= Upa_g(m — 2) (mod p) (1.3)
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and
p®—1
d Z k;ﬂ:’;d T 2(=1)" + Vpa_d(m —2) (mod p) provided d > 0. (1.4)
If p # 2, then
'S ()
T;er = —Uy_(men—a)(m —2) (mod p) (1.5)
k=0 P
and also
p*—1 2k:
d Z ks;d r=2(-1)"+v,_(mom_n,(m —2) (mod p) provided d > 0,
(1.6)
where u_1(z) = zug(x) —ui(x) = =1 and v_1(x) = zvg(x) — v1(z) = =.

Remark 1.1. Let p be any prime and let a € Z*. As u,(—1) = (%) for
n=20,1,2,..., (1.3) in the case m = 1 yields that

p*—1
2 a _
kZ:O <k—|]—€d) = <p ; d) (mod p) for every d =0,1,...,p"

Since v,(—1) = 3[3 | n] — 1 for all n € N, by (1.4) in the case m = 1, for
de{l,...,p"} we have

dpz_l k+d B { 2(—1)% 42 (mod p) if p* = d (mod 3),
1 2(-=1)%—1 (mod p) otherwise.

The well-known Fibonacci sequence {F}, },en is defined by
Fo=0, Fi=1,and F,y1 =F,+ F,_1 forn=1,2,3,....
Its companion { L, },en, the Lucas sequence, is given by

Lo=2 L1=1,and Lyy1 =Ly, + Ly forn=1,2,3,....

Define
Fo=F—Fy=1 Fyg=F—F =1,
Li=IL—Lo=—1, L 9g=1Lo—L_,=3

By induction, F3, = u,(3) and La,, = v,(3) for n = —1,0,1,.... Note

also that us,(0) = v2,+1(0) = 0 and v2,(0)/2 = ugy,+1(0) = (—1)" for all
n € N. Thus, with the help of (1.2), Theorem 1.1 in the cases m = —1,2
gives the following consequence.
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Corollary 1.1. Let p be an odd prime and let d € {0,1,...,p*} with
a € Z*. Then

P 2k
> (—1)k<k+d) = (—1)‘1_[”7’55]F2(d_(%)) (mod p), (1.7)

k=0
and
p®—1 ( 2k )
k+d/ __ —[p=
de(—n’f _1:; = ()" =L, ) o)) —2(=1)7 (mod p)  (1.8)
=1

0 (mod p)  ifp® =d (mod 2),

p*—1 ( 2k
(k;;d) =q 1 (modp) ifp*=d+1 (mod4), (1.9)
k=0 —1 (mod p) if p*=d—1 (mod 4),
and for d > 0 we have
P12k ) 0 (mod p)  ifp® #d (mod 2),
>3 Z;Z —(-1)?=1{ 1 (modp) ifp®=d (mod 4), (1.10)
o= —1 (mod p) ifp®=d+2 (mod 4).

Our following result can be viewed as a complement to Theorem 1.1.

Theorem 1.2. Let p be a prime and let m be an integer not divisible by
p. Then we have

1~ k (Zkk) m? — Vy(m)

3 (—1) P 5 (mod p), (1.11)
k=1

where the polynomial sequence {V,,(z)}nen is defined as follows:

Vo(x) =2, Vi(z) =z, and V,i1(2) = 2(Vu(2) + Vo1 (2)) (n € Z7T).

Given a prime p and an integer a not divisible by p, we use g,(a) to
denote the integer (a?~! — 1)/p and call g,(a) a Fermat quotient with
base a. See E. Lehmer [7] for connections between Fermat quotients and
Fermat’s last theorem.
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Corollary 1.2. Let p be an odd prime. Then

p—1 (Qkk) p—1 (Qkk)
Z pok—1 — T4k 2qp(2) (mod p). (1.12)
k=1 k=1
If p # 3 then
p—1 (2k)
Z kgz—l = 3¢p(3) (mod p). (1.13)
k=1

Corollary 1.3. Let p be an odd prime.
(i) If p # 5, then we have

p—1 2k F p
(—1)’“@ = 525 (mod p), (1.14)
k=1 k p
p—1 2k F_»
(—1)’“% =q,(5) — 6 p=(5) (mod p), (1.15)
5
k=1 p
p—1 2k F
% =4,(5) — =% (mod p). (1.16)
k=1

(ii) Define the Pell sequence {P,}nen by

P():O, P1:1, andPn+1:2Pn—|—Pn_1 (n:1,2,3,)

Then
p—1 2k P 2 k—1
~(2) ~1
Z(—1)’“% =20(2) —4—— =2 Y ( /3; (mod p). (1.17)
k=1 p 0<k<3p/4

(iii) Let {Sy, }nen be the sequence defined by

50:0, Sl :1, (LTLdSn_H :4Sn_5n—1 (n:1,2,3,...).

If p > 3, then
p—1 2k S k—1
2\ Sp-(2))2 -1
Scnrde) =g - (2) 2R o 5 EUE oy
k=1 0<k<5p/6
(1.18)
and
p—1 2k S
2 (3
% = 4,(2) + 4,(3) — 2 <5) w (mod p). (1.19)
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Remark 1.2. (a) A prime p # 2,5 is called a Wall-Sun-Sun prime if
F, (zy =0 (mod p?) (cf. [1]). In 1992 Z. H. Sun and Z. W. Sun [13]
showed that Fermat’s equation 2P + yP = 2P has no integer solutions satis-
fying p { zyz unless p is a Wall-Sun-Sun prime. There are no Wall-Sun-Sun

primes below 2 x 10 (cf. [8]). In 1982 H. C. Williams [10] showed that

Fp-) _ 2 (—1)*
R Z k: (mod p).
0<k<4p/5

p

(b) The second congruences in (1.17) and (1.18) are essentially due to Z.
W. Sun [14, 15]. For other information about the sequence {5, }nen the
reader may consult [11].

In 2006 Pan and Sun [9] proved that

p—1 (2kk)
Z = 0 (mod p)
k=1

for any prime p > 3. Here we determine the sum modulo p3.

Theorem 1.3. Let p be any prime and let a € Z*. Then we have

p®—1 (Qk) 2 (mOd p3) pr = 27
pot % =< 5 (mod p?) if p=3, (1.20)
k=1 Sp?B,_3 (mod p®) otherwise,
where By, B1, Bs, ... are the well-known Bernoulli numbers.

The following conjecture, which is related to (1.7) in the case d = 0,
seems very challenging.

Conjecture 1.1. Let p # 2,5 be a prime and let a € Z+. Then

a

paz_l(—l)k<2kk) _ (%) (1-2F,. () (mod p?).

k=0

In the next section we are going to present two auxiliary identities.
Theorem 1.1, Theorem 1.2 and Corollaries 1.2-1.3, and Theorem 1.3 will
be proved in Sections 3, 4 and 5 respectively.

2. AN AUXILIARY THEOREM

Theorem 2.1. For anyn € Z* and d € Z, we have

2k

E "R [d > 0]z ug(z — 2)
kE+d

0<k<n

= Z+d (2,?) Untd—k (T — 2)

0<k<n
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and

2k
d > %xn—k —[d = 0]z"vg(z — 2) + [d = 0]z"
0<k<n (22)

R e o210

0<k<n+d

Proof. (i) We use induction on n € Z* to prove (2.1).

Since (z — 2)ug(x — 2) = ugp1(x — 2) + ug—1(z — 2) ford =1,2,3, ...,
we can easily see that (2.1) with n = 1 holds for all d € Z.

Now fix n € Z* and assume (2.1) for all d € Z. Let d be any integer.
For k € N, it is easy to see that

<2n; 2) B <21? ) ”(ka 1) * (iﬁ 2)'

Thus,

Z <2n]:_ 2) Unt1td—k(T — 2)

0<k<(n+1)+d
2n
< L )Un+(d+1)—k(33 —2)

0<k<n+(d+1)

+2 % (2;) Ui (@ — 2)
Y (2:) Unt(d—1)—i (T = 2)-

0<i<n+(d—1)

By the induction hypothesis, for any r € Z we have

2 (25)“””—’“(‘”_2): > (ki]_{:r)xn_l_k-l‘[T>0]x”ur(x—2).

0<k<n+r 0<k<n



8 ZHI-WEI SUN AND ROBERTO TAURASO

So, from the above we get

E: (Qnékz)un+1+m4(x'—2)

0<k<(n+1)+d

_0<zk; <<k+d+1>+2<k2fd +<k+d— ))

+ [d = 0]z"ugs1(x — 2) + 2[d = 0]z ug(x — 2) + [d > 0]z " ug—1(z — 2)
B 2% + 1 2%+ 1\\ wirck o m -
=2 <<k+d+1>+<k+d )x [ =0a"u—1(—2)

0<k<n
+ [d = 0]z" (ug+1(x — 2) + 2ug(x — 2) + ug—1(z — 2))

B 2(k+1) \ ,_1_
= Z ((k—i—l)—i—d)x P [d=0]2" 4 [d > 0]z zug(x — 2)

0<k<n
2k
_ 2D s 0]z (e — 2).
k+d
0<k<n+1

This concludes the induction step and hence (2.1) holds.
(ii) By induction, vg(z — 2) = 2ug41(x — 2) — (z — 2)uk(z — 2) for all
k € Z. Thus, with the help of (2.1), we have

> (7 )onare -2

0<k<n+d
2n
=2 Z ( L )un+d+1_k(:c - 2)
0<k<n+d+1
2
— (z —2) Z ( ;)Um-d—k(x -2)

0<k<n+d

_ 2k n—1-—k n
=2 Zn (k—i—d-i—l)x +[d+ 1> 0]2"2ugyq1(z — 2)

—(z— 2)( > (ki’“d) "R L d > 0]z ug(z — 2))

0<k<n

-2 ( (k+d+1) (x_2)<k2+kd)>xn_l_kHd}o]xnvd(m_m'

0<k<n

For k € ZT we have
-2\ (2k-2\ _(2k-1) _ (21
k+d k+d—1) \k+d) \k—d-1

Ck=d( 2k _k—d{ 2\ _1(2k\ d[ 2
2%k \k—d) 2k \k+d) 2\k+d 2k\k+d/)’
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Thus
(k‘z-fd) xn—k

1 o% \ ,_ . d
2 (k+d)x 5 2
0<k<

n 0<k<n
- 2 () () ()
(

2k N 2k \\ o1k (201
k+d+1 k+d n+d)’
It follows that

0 Wt g (7))

0<k<n
2k 2k
= Z (a:—2)< ) —2( ))x”_l_k.
0<k<n< k+d k+d+1
Combining the above we obtain

S (2]?) Unsap(® —2) — [d > 0]z va(z — 2)

0<k<n+d

2n—1
:—d k+d n_ d: n 2
0<k<n

from which (2.2) follows. O
Corollary 2.1. Letn € Z™ and d € N. Then

> () ()= 2 () e

0<k<n 0<k<n+d
2k 2n
> (—pkHe (k . d) +Fa= Y. (-D)F ( ) )FQ(n+d_k), (2.4)
0<k<n 0<k<n+d

and

D Rl ¢y R

0<k<n 0<k<n+d (25)

::Lmi—(-q)n+d2<n%féi}l) — [d=0].

Proof. For j € N we have u;(—1) = (%), (=177t (=3) = u;(3) = Fyj
and (—1)v;(—3) = v;(3) = Ly;. Thus, (2.1) in the case z = 1 yields
(2.3), and (2.1) and (2.2) in the case x = —1 reduce to (2.4) and (2.5)
respectively. This concludes the proof. [J
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3. PROOF OF THEOREM 1.1

Given A, B € Z we define the Lucas sequence u,, = u, (A4, B) (n € N)
and its companion v,, = v, (A4, B) (n € N) as follows:

up =0, uy =1, and up41 = Auy, — Buyp—1 forn=1,2,3,...,
and

vo =2, vy = A, and v, 41 = Av, — Bu,—1 forn=1,2,3,....
It is well known that

Uy = Z 8" % and v, =a" + 4" foralln e N,
0<k<n

where o and 3 are the two roots of the equation z? — Az + B = 0. It
follows that if n € N and m € {n,n+1,...} then

Aty + Uy = 2Upy1 and Uy Uy — UpUpy = 2B U —p.
Lemma 3.1. Let A,B € Z with B # 0. Let u,, = u,(A, B) forn € N,
and define u_1; = (u; — Aug)/(—B) = —1/B. Let p be an odd prime, and
leta€Z' and d € {0,1,...,p*}. Then we have
Buye_g = —c(A, B)u,_(4y (mod p), (3.1)

where A = A2 — 4B and

A2 ifpl A,
c(A,B)={ B if(%)=1,
1 if (5)=—1.

Proof. The two roots of the equation 22 — Axz+ B = 0 are algebraic integers

a=(A++VA)/2and B = (A —+/A)/2. Since

p* p* (p*—1 a
= — = = “ e _].
<k) k(k—l) 0 (mod p) for k=1,...,p ,

we have

—1

vpa = P 4+ P = (a+ PP = AP = AP =...= A (mod p)
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with the help of Fermat’s little theorem. If A # 0, then

Oépa _5pa B 1 (A—}—\/Z)pa (Aﬂ)pa
B B 2 L2

if A =0 then a == A/2 and hence uy. = p®(A/2)?"~1. So we always

have .
e — 1 i p* AP =k A(k=1)/2
—1

24k

Note that 27“~! = 1 (mod p) by Fermat’s little theorem. Thus, by Euler’s
criterion,

Upe = (ii) AP =1/2 — (AP-1/2)555P" = (é) — (é) (mod p).

p p*

Observe that
2Bdupa_d = Upa g — UgUpe = <—) vg — ugA (mod p).
p

When p | A, this yields

If (z%) =1, then
2Bdupa_d =vg — Aug = 2(ugy1 — Aug) = —2Bug—1 (mod p)
and hence B%uye_q = —Bug_1 (mod p). If (1%) = —1, then
2Bdupa_d = —vg — Aug = —2ug4+1 (mod p)

and thus B%uy._g = —ug11 (mod p). So (3.1) follows. O
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Proof of Theorem 1.1. For n = —1,0,1,... let u, = u,(m — 2) and
U, = vp(m — 2).
By Theorem 2.1,

p*—1 a
Z (kQ_kd)mpa_l_k _ Z (2Z )Upa—d—kQ

k=0 0<k<p®—d

also, for d > 0 we have

(%)) =k _ 2p° 2p* —1
oy Gy ()7

0<k<pa 0<k<pe—d

By Fermat’s little theorem, m?" = m (mod p). For k € {1,...,p* — 1}

clearly
2p*\  2p% (2p" —1Y\ _ )
(k;)_ 2 (k;—1)_0(m°dp>’

also, if d < p* then

L70) = T (2 1) =0 = cn o)

0<j<p®—d J
Therefore
p®—1 ( 2k ) 970
a D
Z l::z—kd =[d#p ]( 0 )Upa_d = Upa_q (mod p);
k=0
if d > 0 then

3 oty =l ) (%] Yo 20 £ Y1)

=vpa_q + 2(—1)? (mod p).
So we have (1.3) and (1.4).
Now assume p # 2 and set A = (m—2)2—4x1=m(m—4). Asptm,
if p | A then m = 4 (mod p) and hence (m —2)/2 = 1 (mod p). Thus,
with the help of Lemma 3.1, we have

@1 [ 2k

pg (k%rd) =u = —u (mod p)
mk - Upr—d = Tla— (&) p),

k=0

which proves (1.5). If d > 0, then
Va—(2) = 2a—(ayn — (M =24

)
=2Upa_g+1 — (M — 2)Upa_q = Vpa_q (mod p).

Thus (1.6) follows from (1.4). We are done. [

W

== 2Ud—1—(p%) + (m —2)ug_
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4. PROOFS OF THEOREM 1.2 AND COROLLARIES 1.2-1.3

Lemma 4.1. For any positive integer n, we have
2 kak kak - ’

0<k<n 0<d<n 0<k<n

Proof. Observe that

d=0 0<k<n
-3 2“1>k+d<k2+kd>
_o<zk:< (193)’“%]3(( 1>j<2jk)+(_1>2k_j<2/€2fj>)
- 3wy (-1 1)k<2kk))‘10§<n%'

So (4.1) follows. O
Proof of Theorem 1.2. By Lemma 4.1,
(Qk) p—1 p—1 ( 2k )

122
2 ;(_1)kkm12—1 =202 k(—%k—l‘

d=1 k=1

In view of (1.4) and the basic fact

_ _1)d-1
l(P):é i pk’“5< D7 modp) (d=1.... .p—1),

p\d 0<k<d d
we have
p—1 p—1 (k2kd)
-1 d +
D= =
d=1 k=1
p—1 d
-1
EZ ( d> (Vp—a(—m — 2) +2(—1)d)
d=1
p—1 d p—1
(-1) <1 1 )
= Up—d(—m —2) + -+ —
d=1 d d=1 d p-d
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Let a and 8 be the two roots of the equation 22 — ma — m = 0. Then

(—a—1)+(-f—-1)=—-m—2and (—a—1)(—=f—1) =1, also
Vp(m) = af + P = (a+ B)P = mP =m (mod p).

In the case p # 2, we have

k=1 k=1
—(—a)" + (=B ~ 2~ (~a— )’ = (-~ 1)

(- 1)Vy(m) 2~ (-1 LT

@ (1 Yol

=~ Vi(m) + DI (Witom) - )

=V,(m) —m? (mod p?) (since V,,(m) =m® (mod p)).

Note also that

—1

D

| (2) V(= — 2) = 2(—m — 2) = 2m = Va(m) — m? (mod 22).
k=1

Therefore (1.11) follows from the above. [

Proof of Corollary 1.2. By induction, whenever n € N we have
Vin(=2) = (=1)"2""", Vigya (=2) = (-1)"H122n
Vipt2(=2) = 0, Vinys(=2) = (=1)"2*"+2,

It follows that

2
Vo(—2) = — (I)) 9(p+1)/2

Combining this with (1.11) in the case m = —2, we get

—1 k —-1)/2 2
- (& _Vo(=2) - (=2)* _ 2(p+1)/22(p 2 - (3)
s =
— k2 p p
- 9 2(p=1)/2 _ (2)
=(2 (3) )y = i@ odn)

By induction, V,,(—4) = (=1)"2"*! for all n € N. Thus, by (1.11) with
m = —4, we have

= 4q,(2) (mod p).
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Therefore (1.12) holds.
Now assume that p # 3. By induction, for n € N we have
(3[3 | n] = 1)(=3)"2 if2|n,

Vn(_3> = { (%)(_3)(n+1)/2 if QJ[TL.

Applying (1.11) with m = —3 we get

lpil (25) Vp(=3) — (=3)P _(_3)(p+1)/2 (—3)(—1)/2 _ (_73)
— k3k-1

2 p P
B A e 7
2 <( 3) " ( p )) p
_2\p—1 _
Eg . (=3) 5 1 = gqp(i’») (mod p).

So (1.13) is valid. O

Proof of Corollary 1.3. (i) Applying Theorem 1.2 with m = 1, we obtain
that

p—1

k(Zkk)_l_Lp
(D)= = p (mod p).

N —
=
Il

1

Let a and 3 be the two roots of the equation 2 — z — 1 = 0. Suppose
p# 5 and set n = (p—(%£))/2. It is known that

an_ﬁn

) = sy = ay

L2 —5F2 = (" + B")? — (o — B)? (
and
Lon = a2 + B2 — (" + A")? — 2(af)" = L% — 2(~1)".

By [13, Corollary 1], p | F}, if p=1 (mod 4), and p | L, if p = 3 (mod 4).
Thus

Ly ()= Loy = 5F2 +2(-1)" = L2 — 2(~1)" =2 (153) (mod p?).
By induction,
2Ly =5F;_1 + L1 =5Fk41 — Lgyq for k=1,2,3,....
Therefore

p _
2Lp = 5Fp_(%) + <g) Lp—(%) = 5Fp_(§) + 2 (mod p2)
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and hence
p—1 2k
L,—1 _(p
Z(_l)k(Z)E_Q pp = 528 (mod p)
k=1

This proves (1.14).
By (1.11) in the case m = 5,

Syl )

% "= Y%0O) (1mod p).

k:l k5 p

Since (5 + 3v/5)/2 and (5 — 3v/5)/2 are the two roots of the equation
2?2 —5r—5=0,

%(5):(“23\/3) +<5—23\/5>
V5 <1+2\/5)2p_ <12\/5)2p

p_ gp
:5(p+1)/2g(ap + 8P = 5(p+1)/2Fpr.

a—f
As
5
L, 1—|—2F ()(modp)
and
LPZFP+2FP—1:2Fp+1_Fp:2Fp—(§)+<§)Fp,
we have
P\rF L, =L,(L,—2F
5) PP T p( P p—(%))
o 5 1 B )
= 1—|—2Fp (2) 1—|—§Fp_(%) :1+3Fp_(§) (mod p*)
and hence

‘/})(5> = 5(p+1)/2Fpr

S 5
55(17-1-1)/2 (Z;) (1 4+ 3Fp—(%)) = 5(10-1-1)/2 (5) 4+ 15Fp—(§) (mod p2).
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Therefore
5p — 5(p+1)/2(p) —15F,_(z)
D

(-1)/2 _
(5<p /2 ( )) - () P
P

=4, (5) — 6 ”p< 2 (mod p).

(]
|
—_

~—

=

??“

[S2 8

=
Il

U‘ll\.’)

So (1.15) also holds.
Applying (1.11) with m = —5 we get

122 V,(=5) + 57
- = (mod p).
2k:1k D

As the two roots of the equation 2+ 5z +5 = 0 are (—5++/5)/2, we have

e (255) - (255

Zﬁ,((u;/g)p_ (1 +2\/3)p) _ sy

5 1
<—) Fy=L,—2F, (zy=1+

Recall that

—-F,_ (2 )(modp)

p 2
Thus
5 1
—~1)/2 _ —-1)/2
5-1/2p, 1 =501/ <5) <1 + §Fp—<§>) -
_ (5 —1)/2 o 1
() ()i
1 5 5 1
_ L cp-1)/2 9 -1/2 _ [ 2 F
=2 (5 +<p)) (5 (p))+2 p=(8)
5Pl 1 1
and hence
lpzl Qk _5p _ 5(p+1)/2Fp _ 5 -5 55(1’_1)/2Fp -1
2 k:5’f 1 D 4 p

F _(»
=5(ap(5) - 27 - ) (moa p)
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This proves (1.16).
(ii) As 2+21/2 and 2—24/2 are the two roots of the equation 22 —4z—4 =
0, we have

V,(4) = (24 2V2)" + (2 — 2V2)P = 27 ((1 +V2)P 4 (1 — \/§)p> —2rQ,,
where the sequence {Q, },en is given by

QOZQI :2and Qn—l—l :2Qn+Qn—l (n:1,2,3,)

By [15, Remark 3.1],

p
and )
Pp_(%) = <];) P, — 1 (mod p?).
Thus )
Qp—2=4 ((5) P, — 1) = 4Pp_(%) (mod p?)
and hence
-1 2k
232( 1)k(kz) E4p_‘/p(4) 2p—12 _Qp
P k4k 2p D
—2 Po-2)
=2¢,(2) — Qpp = 2¢,(2) — 4 (mod p)

with the help of (1.11) in the case m = 4.
By [14],

) (-1)/2 Bp/4) e
o2 B = 20702 y oL (=D

(mod p).
p = M2 k=1

(The last congruence was first conjectured by Z. H. Sun in 1988.) Observe
that

- 2 _9(p-1)/2
—2(1’+1>/2P%’;(p1)/2 E_2(zo+1)/2(p)(1+Pp—(%)) 2
p p
(p—1)/2 _ (2
5_2%_‘_2(1)—!—1)/2223 4 (p>
p P
_ Pp—(%)
=-2 + qp(2) (mod p).

p
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So we also have

p; 2 =2 Z (_T (mod p).

k=1

2¢,(2) — 4

(iii) Now suppose p > 3. By Theorem 1.2 in the case m = 2, we have

pil(_l)k (2kk) — 2P — ‘/;7(2)

= mod p).

k=1

Observe that the two roots of the equation 22 — 2z — 2 = 0 are 1 £+ /3.
Thus

(p—1)/2
P p_ p 2%k
Vp(2) =(1+V3)P + (1 — V3)P =2 kZ:O <2k)(¢§

(p—1)/2 2p p—1
=2
+ Z 2%k <2k 1)3
(P 1)/2 3k

=2 — pz —modp

As observed by Eisenstein [2],

w2 T S (D) (R
2qp(2) —< ) kkl 27]{: (mod p).
k=1 p k=1 k=1

M

By a congruence of Z. W. Sun [15],
(r—1)/2

3F (-1)k (—1)P—*
. T2 = 2 g (wodp).

k=1 0<k<p/6 0<k<p/6

Thus

k=1
»=1)/2 3
20 —2 V(2 2 3
= ) = 2qp(2) + M
p k=1
p—1

k=1 5p/6<k<p 0<k<5p/6
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In light of [15],
(p—1)/2

k 2\ Sp_(s
3 _ —q,(2) — 6 <_) “e=G))/2 (mod p).

1 p p

So we also have

—1
S (%) _ 2\ Sr-(2))/2
Z(_Dkﬁ = Qp(2) —6 <_) T (mOd p).

Therefore (1.18) follows.
Let u,, = uy(2,—2) and v,, = v,(2,—2) for n € N. By induction,

Up = 2Upy1 — 2up = 2uy +4u,— forn=1,2,3,....

3 3
'Up =2 (1—9) Up+ <3+ (5)) U’p—(%)'

2V3u, 3y =(1+ V3P G) — (1 — V3P
—o(P=($))/2 <(2 L V3)P=GD/2 (g - \/§>(p_(%))/2)

Thus

Clearly

and hence

(3 2 (3
Uy (z) = 272830 = <5) WD 32 (mod p),

Recall that

(r—1)/2 9
Up :‘/17(2) E2—p Z ? 52+(2p_1—1>+6 (5) (p—(%))/? (modpz)
k=1

Therefore

3 3
2({ - lu, —2=v, — 2 — 3+(—))u_§
(p) P D ( D p—(5)
2 3 2 3
a1 1-(3))/2
= =140 () S (34 (5)) (5) 28 a0

2
E2p_1 — 1 + 2 (E) S(p_(%))/Q (IIlOd p2)
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Applying (1.11) with m = —6, we get

152 (3" v(=6)+6? _ Vp(=6)+6
- = +6 2) + 3)) (mod p).
2 2 k p . (2p(2) + 4,(3)) ( p)

Observe that
Vo (=6) =(—=3 + V3)P + (=3 — V3)P
=3 ((1 +V3)P — (1 - \/§)p> = -2 x 30T/ 2y

and hence

Il
|
w
w0
(S
L
=
+
o)
13
H
|
[S—Y
_|_
o
/—\
o
\_/
W
~c
<
[\V]
~__
=
o
Q.
=

Therefore

15~ (% 2\ S—(2)/2
> L) —3(qp<3> Cap(2)+2 <p) —)

+6(ap(2) + 4(3)) p
ES(qp(2) +qp(3) — 2 <p) M) (mod p).

p

So (1.19) is valid.
The proof of Corollary 1.3 is now complete. [

5. PROOF OF THEOREM 1.3
Proof of Theorem 1.3. By an identity of T. B. Staver [12],
il(%) 2n+1<2n>2”: 1 n+1<2n+1)2”: 1
— = 72 - 3 = - )
— kE\ k 3n n) <~ (k—i) 3 n P kz(k)

for allmn=1,2,3,.... Taking n = p® — 1 in the identity, we get

p*—1

Sy

k=1
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Recall that
2p* — 1
(ppa_l) =1+ plp = 2] + p*[p = 3] (mod p?*)

by [16, Lemma 2.2]. For k =1,... ,p* — 1, we set Hy = Zoqgk 1/j and
note that

1 1
(- Il (1—p*/5)2

k 0<j<k
1_ 3a a 2a\ 2
LA (0 )
0<j<k 0<j<k
a 2a 2a
= H (1—1—2p—,+p.—2+2p,—2) (mod p?)
0<j<k J J J
= H (1 + 2p—) (mod p**P=3)
0<y<k J

Therefore (5.1) implies that
_ a_9q
S ooy
pr—1) &= kz(pak—l)z

P p”—1p2(a 1) e 5
=3(1+plp= 2] + p°[p = 3)) Z 11 <1+2—.) (mod p~).

So we have

p*—=1 2k p“—1 (a—1) a
R WG B T (1) o
=1

k 0<j<k

For k=1,...,p% — 1, clearly

a

1
I1 (1 + 2p—_) =1+ 20y +4p% Y —
. j i
0<j<k 0<i<j<k

k

1
=1+ 2p“Hy, + 2p*° (H,? - Z P) (mod p?).

j=1

In the case a > 2, if 1 < k < p® — 1 and p® 2 t k then p>@=D/k% =



NEW CONGRUENCES FOR CENTRAL BINOMIAL COEFFICIENTS 23

0 (mod p*). When @ > 2 and k € {1,...,p*> — 1}, we have

pa—Zk a 2k pa—Zk a 2 pa—Zk %
[ (142 )z Zaa(( L 0) -2 %
j=1 J = =1 7 =1 7

k a k a 2 k 2a
b p p
EH?Z a—2'+2<z a—2') _22 a—2:\2
— po2i pe i — (p*?i)

i=1

k4
=1+ 2p°Hy, + 2(p*Hy,)? — QZ 2;—2 (mod p%).
i=1

Therefore, if a > 2 then (5.2) implies that

= (g +p%p < 3]) S Z—z H (1 + 2];—2) (mod p%).

In the case p = 3, this yields (1.20) for a > 2. (1.20) in the case p = 3 and
a = 1 can be verified directly.

Below we assume that p # 3. For k = 1,...,p* — 1, if p®~! { k then
p?(@=1) /k2 = 0(mod p?). Also,

a—lk

k a
p” p
7 E i1 = pHj, (mod pz)
i=1

j=1

for every k =1,...,p — 1. Thus (5.2) implies that

Q
—
[\3

PT— p—1 p2(a=1)

a 1 — a
:(3 )Z a 1]{: 1+2p Hpaflk)
k=1 k=
—1
1+ 2pH
k=1

This yields (1.20) in the case p = 2.
Now we handle the remaining case p > 3. By the above, it suffices to

show that
p—1

Z 1+2ka

8
ngp_g (mod p?). (5.3)
k=1
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Let n € N. It is well known that

k— n n+1
1.n+1—1 +
E n+1§ ( ; )sz for ke 7T,

and that
Zk”EanEO (mod p) ifn#0 (modp—1).

(See, e.g., [6, p-235].) Therefore

p—1 1 k p—1 p—2 p— 1
St =y (g 2 (7))
k=1 j=0 k=1 i=0
p—1 p—2 1 p—1
=Skt — p= )Bi S g
k=1 P= 1> k=1
:p—lB +Bp_2pzl 1+—1 (mod p)
“\p-3)7P T e 2 \k T p—k p
and hence
p—1 H,
7z = B,_3 (mod p). (5.4)
k=1
By a result of J. W. L. Glaisher [3, 4],
2 — 1 1
(p_1>5 Zk—zl——pog(modp)
p 1
and thus
L1 2
ﬁ = g p 3 (mOdp ) (5'5)
k=1

Note that (5.3) follows from (5.4) and (5.5). We are done. [
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