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ABSTRACT. The Franel numbers given by f, = >.7' (2)3 (n =0,1,2,...)
play important roles in both combinatorics and number theory. In this paper we
initiate the systematic investigation of fundamental congruences for the Franel

numbers. We mainly establish for any prime p > 3 the following congruences:

p—1 p—1

_ (P __ 2/
3 (1= (%) (modp?, SNk =—3 (%) (modp?,
p—1 . \K p—1, \k
( ;) fr =0 (mod p?), Z ( k12) fr =0 (mod p)
k=1 k=1

1. INTRODUCTION

In 1894, Franel [F] noted that the numbers

fn:i(;:)g (n=0,1,2,...) (1.1)

k=0
(cf. [Sl, A000172]) satisfy the recurrence relation:
(n4+1)2fop1=(M*+ T +2)f +80%fr1 (n=1,2,3,...). (1.2)

Such numbers are now called Franel numbers. For a combinatorial interpre-
tation of the Franel numbers, see Callan [C]|. Recall that the Apéry numbers
given by
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were introduced by Apéry [A], and they can be expressed in terms of Franel

numbers as follows:
n — k’ k k .

k=0

(see Strehl [St92]). The Franel numbers are also related to the theory of modular
forms, see, e.g., Zagier [Z].

In this paper we study congruences for the Franel numbers systematically.
As usual, for any odd prime p and integer a, (%) denotes the Legendre symbol,
and g, (a) stands for the Fermat quotient (a?~! —1)/p if p{ a.

Now we state our main result.

Theorem 1.1. Let p > 3 be a prime. For any p-adic integer r we have
2 k+r Loy k+r\°

~1)k = d p?). 1.4
(=g L) wan o

In particular,

>0 = (%) (modp?), (L5)
k=0
= _ 2¢p 2
> (-1'kh =35 (5) (moas?) (16)
P21 5, 10 /p 9
(DK = (5) (mod ) (L.7)
and ,
p—1 (%)fk: B p—1 (2k) )
2 (54)1: = 2 1k6k (mod p?). (1.8)
We also have
Sl
- fx =0 (mod p?), (1.9)
k=1
Dt
L =0 (mod p), (1.10)
k=1
D ) ’
D Fie1 =30,(2) + 3pg,(2)” (mod p?), (1.11)

>
I
—
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Remark 1.1. Fix a prime p > 3. In contrast with (1.5), we conjecture that

(—) (mod p?).

M1
—
|
=

3
11
/‘\
N
\_/
|||

z%
k=0

As fr. = (—=8)*fy—1_x (mod p) for all k = 0,...,p— 1 by [JV, Lemma 2.6],
(1.11) implies that

p—1 p— 1 1) p— 1 p_
k—SkE;ifp —f = ; o ———fr—1 = 3¢p(2) (mod p).

Motivated by (1.5) and (1.6), we conjecture that both (3>;_ 0( 1)*f1)/n? and

( Z;é (—1)¥k i) /n? are 3-adic integers for any positive integer n. Concerning
(1.8) the author [S11, Conj. 5.2(ii)] conjectured that

p_l k) {4x —2p (mod p?) if p=2a%+3y? (z,y € Z),
k=0 16> 0 (mod p?) if p=2 (mod 3).

See also [S13] for other connections between p = x? 4 3y? and Franel numbers.
(1.10) can be extended as

(mod p), (1.12)

where 7 is any positive integer and f(r) = Z] 0 (’;)r Note that f(2) (k)
and Z (%)/k: =0 (mod p?) by [ST10].

Let p > 3 be a prime. Similar to (1.5)-(1.7), we are also able to show that

= 10 /p = 14 /p
k1.3 — 4 — 2
DD =~ (5) (mod ) and (-1 = =55 () (mods?).

In general, for any positive integer r and prime p > max{r, 3} there should be
an odd integer a, (not dependent on p) such that

p—1

SRR f = % (%) (mod p?).

k=0
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2. PROOF OF THEOREM 1.1

We first establish an auxiliary theorem on the polynomials

Fulz) = ;i:o <Z)2<2:)xk - kzn::O (Z) (n f k) <2:>xk (n=0,1,2,...).

Theorem 2.1. Let p be an odd prime and let r be any p-adic integer. Then

S-S (L)

1=0 k=0
Proof. Observe that

§<—1>l<fr>ﬁ<w>=‘§<—1>l<fr>;:<z><lfk> (1)
mm{%p 1}

If (p —1)/2<k<p—1andp<l<2k then

(2:) _ EZ!{;))? =0 (mod p) and (]i) = kwliik)‘ =0 (mod p).
Thus

p—1 1 2k

[+ 2k\ 4 ! k [+ 9
S (s =3 () Sen (D F) () tmoar,
1=0 k=0 1=k
and hence it suffices to show the identity

o)) e

By the well-known Chu-Vandermonde identity (cf. (3.1) of [G, p.22]),

2(0)-(1)

Therefore

( )(z k)< a 1) - R )
o )0 )

This proves (2.2) and hence (2.1) follows. [
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Lemma 2.1. For any nonnegative integer n, the integer f,(1) coincides with
the Franel number f,.

Proof. The identity Y ,_, (2)2(2:) = f, is a known result due to Strehl
[St94]. O

Lemma 2.2. For each positive integer m we have

n—1
Z P,.(k) <2k) =n" <2n> foralln=1,2,3,...,
k n

k=0
where Py, (1) :=2(2x + 1)(z + 1)™~ ! — g™,
Proof. The desired result follows immediately by induction on n. [

Lemma 2.3. Let m be a positive integer. Forn =0,1,...,m we have
i T —T - m-—nfzr—1 —T
EJ\m—-k) m n m-—n)
k=0

Remark 2.1. This is a known result due to Andersen, see, e.g., (3.14) of [G,
p. 23].

Lemma 2.4 ([S11, Lemma 2.1]). Let p be an odd prime. For anyk =1,...,p—

1 we have 2 /2 "
p— _ |2k/p]—1 2
= _]_ 2 .
/f(k)(p_k) (—1) p (mod p7)

Recall that the harmonic numbers and the second-order harmonic numbers
are given by

1 1
H, = Z % and H? = Z e (n=0,1,2,...)

0<k<n 0<k<n
respectively. Let p > 3 be a prime. In 1862, Wolstenholme [W] proved that
H, 1 =0 (mod p*) and Hﬁl =0 (mod p).

Note that

@ 1 (r—1)/2 1 1 1o
Hi 1y = 3 Z (ﬁ + = k:)2) = §Hp_1 =0 (mod p).
In 1938, Lehmer [L] showed that

Hp—1)2 = —2¢5(2) + pgp(2)?  (mod p?). (2.3)
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Lemma 2.5. Let p > 3 be a prime. Then
foo1 =1+ 3pg(2) +3p%¢,(2)*  (mod p?). (2.4)

Proof. For any k=1,...,p— 1, we obviously have

=1
2
:l_ka+% Z __1_ka+p (Hlf—H,gQ)) (modp?’).
1<i<y<h "
Thus
p—1 p—1 3 p—1 » 3
fra=1=3 (") =0t (1o e (82 - 12) )
k=1 k=1
p—1 9 p—1 3 p—1 ,
k=1 k=1 k=1
Clearly
p—! p—1 k o op-ls -1l _1\k  p-1
(-1) p—y (—1) 1
S (=1 H = DA pS S LN o
k=1 h—1j=1 7 =1 J j:|1 J
2|5
— Hpnje = ~,(2) + 2gy(2)” (mod p?) (by (23)
2 (p—1)/2 = qp 2Qp p y .
and
p—1 p—1 Zp—l(_1>k (p—1)/2 1 H®
2 k= ~1)/2
Z(—l)kH,g ) :Zjiz — Z G _ (p4 )/2 (mod p).
k=1 =1 J — 1

k=1 k=1 k=1 o<j<k P 77
p—1 i 1\2
k=1
p—1 p—1
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Clearly,
p—1 r p—1 o (p—1)/2
(—1) 14+ (-1) 2
= S S = d
Lo Thoe T4t
and

p—1 p—1 _1\k
S =3y ;) Hy=q,(2)> (mod p).
k=1 k=1

Combining the above, we finally obtain

fo1=1==3p (=02 + £0,(2)%) + §p2qp<2>2 (mod p?)

and hence (2.4) holds. O
Lemma 2.6. Let p be any prime. Then

<p;1) (p-]:k) = (-1* (modp*) fork=0,1,...,p—1,

and

2k &~ n+k —1)k
<k)Z(2n+1)< ok )Ep2(1€+)1 (mod p*) fork=0,...,p—2.
n=~k

Proof. Let k € {0,1,...,p— 1}. Clearly

<p; 1) (p-lk-k) :Oqﬂgk (1% . 7%) = (—1)* (mod p?).

In view of the known identity Y ", () = (’7:11) (I,m =0,1,...) (see, e.g.,

(1.52) of [G, p.7]) which can be easily proved by induction, we have
’§2n+1 n+k _”il 2ntk+l) ) (ntk
—2k+1\ 2k ) A\ 2%k+1 2k

p—1 p—1
n+k+1 n+k
:2 —_
> (i) -2 (%)

_9 p+k+1 B pt+k\ p p+k
- 2k + 2 2k+1) Ek+1\2k+1
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and hence

2%\ 22 n+k % +1/2k\ [ p+k 2 (p—1\[p+k
(k)z;f ”+>( Qk) pk+1<k)<2k+1> k-l—l( ’ )( ’ )

n=

Thus, if £ <p—1 then

n==k

as desired. O

Proof of Theorem 1.1. In view of Lemma 2.1, (2.1) with = 1 gives (1.4).
(2.1) with r = 0 yields the congruence

— k — (2K k 2

S0 = 3 (et o)
In the case = 1, this gives (1.5) since Zz;é (2:) = (£) (mod p*) by [ST11,
(1'%); (2.1) with r = 0, 1,

p—1

2(3(/<?+ 1) = 1)(=1)" fi(2)

_Z<2k) 3(k +1)2 ZPQ ( ) * (mod p?)

where Pp(z) = 2(2x + 1)(z + 1) — 22 = 322 + 62 + 2. Thus, with the help of
Lemmas 2.1-2.2, we have

p—1

> (Bk+2)(-1)*fie =0 (mod p?) (2.5)

k=0

and hence (1.6) holds in view of (1.5).
Taking r = 2 in (2.1) we get

“ 2 k — (2% k 2 2
QZ(k + 3k +2)(—1) fk(as):z<k)x (k+1)(k+2))° (mod p).
k=0 k=0

In view of (2.5), this yields

22(—1)%2sz Y (2 )(k2+3k;+2)2 (mod p?).
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Note that
27(k* + 3k +2)* = 9Py(k) + 12P5(k) + 23 P2 (k) + 20

where P,,(z) is given by Lemma 2.2. Therefore, with the help of Lemma 2.3
and [ST11, (1.9)], we have

54172(—1)%2 fo = i(9P4(k)+12P3(k)+23P2(k)+20) (2:) =20 (g) (mod p?)
=0 k=0

and hence (1.7) follows.
Putting r = —1/2in (2.1) and noting that (k_kl/Q) = (2:) /4% we then obtain

p—1 (2 p—1 (23
Z (kk)fk($) — (kk) 2k (mod p2>. (2.6)

In the case z = 1 this gives (1.8).
Now we prove (1.9). Observe that

i MGy EED o 0 ST ) oA}

If1<k<(p—1)/2, then

Ser( () ~Ser ()

e (5 (0)

1=

B )

by the Chu-Vandermonde identity. If (p+1)/2 < k < p — 1, then

=

1-k

L)) = e (0
s (1))
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and hence applying Lemma 2.3 we get
”1 -1\ [ k
(o) (5
pk—(p —1—k:)<—k—1)( k )
=(-1)
k p—1—k)\k—(p—1-k)
p—k 2 p—1 k
() (G265
k _(p—2k-—1
<p—k)_< p—k )
)—1
k
od

=(-1)
=(—1)*1!
E<2(p

—k _1/2(p—k) o
p )_2<p—k>( a9)
Note that (Qkk) =0 (m

p) for k= (p+1)/2,...,p— 1. By the above,
1

=1, oy p— 2k (2(p—k)) - k

1 _
E ( x) = g (Z) zk p2k = p g _22 (mod p?) (2.7)
=1 k=(p+1)/2 =(p+1)/2

with the help of Lemma 2.4. Hence (1.9) follows from (2.7) in the case x = 1
since

: § L= ¥ (St ) - H =0 e
2 K2 (p— k)2 p—1= p).

k=(p+1)/2 k=(p+1)/2

Instead of proving (1.10) we show its extension (1.12). Clearly,

ey PP (cnehry
Z [ Z (kﬂ"—l + _k)r—1):0 (mod p).

k=1 k=1 (p
Thus
pz_:l D <r>:p_1 zl: ANEE S p_l(_l)zr -1\ (1
2 e =2 k) T AT k-1)  \k

Il
he] N
ML
o
‘fp—n
—
bS]
=
=
_|_
<.
=4
N
el
+
oL,
|
—_
S~
5
|
—
VR
el
S+
<
~__

T
— =
<
I
o

I
—
Sl
F| =
|\_/
=
g
k]
< |
L[M]7
e
VR
<.
5
~__
5
I
—_
/—I\
= 7
—_
~_

7T
_
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For any positive integer n, we have

=S (e () L) 2 ) ()
In _kz_o<n+ w )W) TP T =2>_ |, ko)

=0 k=0
Therefore,
-1 r 1 r (T) -1 —k)r g\
pz (-1) i _pz (=D* Sk lpz (—1)—Pr gl
[r—1 71 Lr—1 2 2 (p _ k)T—l
=1 k= k=1
15 (—1)kr
=-3 <k:r—)1 ,5 ) (mod p)
k=1

and hence (1.12) follows.
Finally we show (1.11). By (1.3) and Lemma 2.6,

%§(2n+ 1A, :1_19 §(2n+ 1) kz:% (";k) ( )fk
z<>z<>
—() w0 p g G

Combining this with Wolstenholme’s congruence (2;’__11) =1 (mod p3) (cf. [W])
and [S12b, (1.6)] we obtain

—1
c fk 1 fp—1—1

=1

M

=3¢,(2) + 3p¢,(2)*>  (mod p?)

=

by Lemma 2.5. [
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