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THE CONVERSE OF A THEOREM BY BAYER AND
STILLMAN

HYUNBIN LOH

ABSTRACT. Bayer-Stillman showed that reg(I) = reg(gin,(I)) when 7 is
the graded reverse lexicographic order. We show that the reverse lexico-
graphic order is the unique monomial order 7 satisfying reg(I) = reg(gin.(I))
for all ideals I. We also show that if gin,, (I) = gin.,(I) for all I, then

T = T2.

1. INTRODUCTION

If we have an ideal I and a monomial term order 7, then there is a Zariski
open dense subset U of coordinate transformations where the initial ideal is
stable [12]. This initial ideal is called the generic initial ideal denoted gin., (1)
or simply gin(I) if the monomial order is specified before. It can be shown
that the generic initial ideal is a Borel-fixed monomial ideal. Then by the good
combinatorial properties of Borel-fixed monomial ideals, we can analyze the
structure of gin(I). For example, the minimal free resolution is given by the
Eliahou-Kervaire theorem and the regularity is given by the maximum degree
of a minimal generator [2]. Also, the Betti numbers of an ideal I are bounded
by the Betti numbers of generic initial ideals [4] [6].

A well known result of Conca on generic initial ideals is that if I is Borel-
fixed, then gin.(I) = I for any 7 [6]. There are more results on specific
monomial ideals [5] [6] [14]. In the case where I is not a monomial ideal how-
ever, these methods are not directly applicable. In this paper, we generalize
the notion of 7-segment ideals in [7]. We show that if in,(I) is a 7-segment
ideal, then gin,(I) = in,(I). Here, we do not require I to be a monomial
ideal. Consequently, we will construct an ideal which has different generic ini-
tial ideals for two given monomial orders. This implies that the generic initial

ideals fully characterize monomial term orders.
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When regarding the degree complexity of an ideal, the regularity of an ideal
is a good invariant. An ideal I is m-regular if the j* syzygy module of I
is generated in degrees < m + j, for all j > 0. The regularity of I, reg([l),
is defined as the least m for which I is m-regular [I0]. Since the graded
Betti numbers are upper-semicontinuous in flat families, we have reg(in, (1)) >
reg(I) for any 7 [15]. In general coordinates and graded reverse lexicographic
order(rlex), Bayer and Stillman showed that reg(inue(l)) = reg(I) [2]. In
this aspect, rlex is an optimal order for the computation of Grobner Bases.
Bayer and Stillman also suggested a method of refining monomial orders by the
reverse lexicographic order, which will give faster computation [3]. We show
that for any other monomial order 7 besides rlex, there exists an ideal I such
that reg(gin,(I)) > reg(I). This implies that the graded reverse lexicographic

order is the unique optimal monomial order that gives minimum regularity.
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2. NOTATION AND TERMINOLOGY

Let S = K]xy,...,2,] be a polynomial ring over an algebraically closed
field K with charK = 0. Let x* =2" ... 25" be the vector notation. For a
homogeneous ideal I, let G(I) be a Grébner basis of 1.

In this paper, we assume all monomial orders to be graded multiplicative
orders with 1 > x9 > -+ > z,,. A monomial order 7 is graded if deg(f) >
deg(g) implies f >, g. A monomial order 7 is multiplicative if f >, ¢g implies
fh >, gh. Then fh >, gh also implies f >, g. Let rlex denote the graded

reverse lexicographic order and lex denote the graded lexicographic order.
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Let B = {f1,...,fx} € S beaset and V = K(fi,...,fr) € Sq be the
vector space spanned by B. Then, define in,(B) = {in.(f1),...,in.(fx)} and
inr(V) = Kin-(f)|f € V).

Definition 2.1. Let M be a finitely generated graded S-module and
0— @;S(—ay) — - = ®;9(—ay,) = ®;S(—ap,) - M — 0

be a minimal graded free resolution of M. We say that M is d-regular if
a;; < d+iforall 7,j. Let the regularity of M, denoted reg(M) by the least d
such that M is d-regular.

Remark 2.2. The regularity of an ideal I is defined by the minimal free

resolution of the following form.
0— @;S(—ay) — - = ®;8(—ay,) = §;S(—ap,) -1 =0
Then the minimal free resolution of M = S/I follows from that of I.
0= @;5(—ay) = - — @;S(—ay,) = ®;S(—ap,) = S = S/I =0

Hence have reg(S/I) = reg(I) + 1. Note that if I has a minimal generator of
degree d, then reg(l) > d.

3. GENERIC INITIAL IDEALS AND 7-SEGMENT IDEALS

The notion of generic initial ideals was introduced by Galligo [12]. He showed
that generic initial ideals have a good combinatorial property called Borel-
fixedness. Since then, generic initial ideals have been studied extensively in
commuative algebra and geometry. We introduce the theorem of Galligo. For

a more detailed introduction, see [9].
Definition 3.1. A monomial ideal [ is Borel-fixed if m € I and mi—ﬂ e S for
i < j implies m7- € I.

J

Theorem 3.2 (Galligo). For a given ideal I and monomial term order T, there
exists a Zariski open subset U of GL(V') such that in.(g(I)) is the same for
all g € U. We define gin,(I) :=in.(g(I)) for g € U.
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Galligo also showed that generic initial ideals are Borel-fixed. Conca showed
the converse: if I is a Borel-fixed ideal, then gin,.(I) = I for any 7. We will
say that I is in general coordinates in the way that id € U where in.(g(1)) is
stable for g € U. However, if I is not a monomial ideal, we cannot use similar
methods because there is no concept of Borel-fixedness. Taking the initial ideal
also does not work well because syzygy computations are not preserved under
coordinate transformations. We extend Conca’s results to some non-monomial
ideals by introducing the notion of 7-segment ideals. This is a generalization
of Seg.(I) introduced in [7] that we do not require the ideal to be a 7-segment
in every degree. By definition, a 7-segment ideal is always an ideal where
Seg,(I) may not be an ideal. Adopting our definition, we show that if in, (1)

is a T-segment ideal, we have gin,(I) = in,(I).

Definition 3.3. Let B = {fi,..., fr} be a set of monomials with deg(f;) = d;.
If g € B for all monomials g € S such that deg(g) = d; for some i and g >, f
for some f € B, call B a T-segment. If an ideal I = (f1,..., fx) is generated
by a 7-segment B = {fi,..., fx}, then call [ a 7-segment ideal.

Example 3.4. Let S = K{[z,y, z] and w= (10,5, 3) be a graded weight order
with tie breaking by lex. The ideal I = (22 zy,y%) C S is a w-segment
ideal generated in degrees 2 and 5. The bases of I, = K{2? zy) and I5 =
K{f | deg(f) =5, f >w xyz>) are both w-segments. Note that I3, I, are not
w-segments since y® >y, xyz € I3 and y* >, xy2? € I, but y3,y* & 1.

When 7 is the graded lexicographic order, the lex-segment ideals have good
combinatorial properties [16]. If I is a lex-segment ideal, then the generating
set of I, is a lex-segment for every d. There follows a one-to-one correspondence
with lex-segment ideals and Hilbert functions satisfying a particular growth
criterion by Gotzmann. For 7 # lex, there always exists some d where I; is
not a 7-segment. For general 7, the 7-segments and 7-segment ideals have the

following property.

Lemma 3.5. Let 7 be any graded monomaial order.
(a) A T-segment is Borel fized.
(b) A T-segment ideal is Borel fized.
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Proof. (a) Let B be a 7-segment. Let f € B and f;”—; € S for i < j. Then
we have f;—J >, f since x]f;—J =x,f >; x;f. By the definition of 7-segments,
f;f—g € B. So B is Borel-fixed.

(b) Let I = (f1, fx) be a 7-segment ideal. Suppose F' = hf; is a monomial in
I for some t and F;”—; = hft;”—; e Sfori <y, If ftj—; € S, we have fti—; el
by the definition of 7-segment ideals. Otherwise if ft;—; ¢ S, we have hi—;’_ es.
Therefore, ' = hi—;ft el O

Let in,(I) be a 7-segment ideal for a homogeneous ideal I. Since T-segment
ideals are Borel-fixed, in,(I) is already in general coordinates. Moreover, if
in,(I) is a T-segment, then gin,(I) = in,(I). This means that [ is also in

general coordinates.
Lemma 3.6. Ifin.(I) is a T-segment ideal, then gin,(I) = in.(I).

Proof. We shall prove that gin(I)y = in(l,) for all d. Let in.(I) be a T-segment
ideal with minimal generators in degree dy, ..., d;.

First suppose that d = d; for some i. Let M; > M, > ... be the total order-
ing of degree d monomials with respect to 7. Since in([) is a T-segment ideal,
we have in(I)g = (M, ..., M,) for some r. Then, A"(in(1y)) = (MiA---AM,).
Let ¢ = [g;5] € GL(S1) be a coordinate transformation. Then we have
AN (g(1))a = (g(M1) A~ N g(M;)) = (P91, - Gnn) My A=+ - N M, + lower
terms). However, A"(in(l;)) = (My A --- A M,), which is the largest stan-
dard exterior monomial in A"(S;). This means that the coefficient polyno-
mial Py(g11,.-.,gnn) of My A -+ A M, is nonvanishing for ¢ = id. Hence
Ui = {9|Pi(g11,---,9nn) # 0} is a nonempty Zariski open subset where
in(g(I)) is stable. Therefore gin(I); = in(1y).

Now let d # d,...,d;. Since there are no Grobner bases of degree d,
we have in(1y) = in(ly_1)S1. Then, gin(I)y D gin(l)g—151 = in(l4_1)S1 =
in(1y). Since in(I) and gin(I) have the same dimension in every degree, we
have gin(I)y = in(ly). Since gin(I)y = in(ly) for every d, we conclude that
gin(I) =in(I). O
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Remark 3.7. If in(I) is Borel-fixed, gin(/) may differ from in(I). Let S =
Klz,y,z] and I = (23, 2%y+xy?, 2°2). Then inne (1) = (2*, 2%y, 222, 2y*, v9y%2)

but ginge(I) = (22, 2%y, vy?, 2%2?).

Now we have a class of ideals which are already in general coordinates. We
use this lemma for the constructions of ideals showing our main results. The
following theorem shows that generic initial ideals fully characterize monomial

orders.
Theorem 3.8. gin., (I) = gin,,(I) for all ideals I C S, if and only if 1 = To.

Proof. One way is trivial. For the other way, we show that if 7y # 75 then there
exists some I such that gin,, (I) # gin.,(I). Let ¢ = M, >, My >, ...
be the total ordering of degree d monomials with respect to 7, and z¢ =
M{ >, M} >, ... be the total ordering of degree d monomials with respect
to 3. Let k be the least integer such that M) # M. Define the ideal I =
(My, ..., Mx_y, My + M,).

By symmetry, it suffices to show that gin, (I) = (My,..., My_1, My). We
use Buchberger’s algorithm on . Since [ is generated by degree d homogeneous
elements, all syzygies have degree larger than d. Then, in,, (I)y is generated by
the initial parts of the degree d Grobner bases. These are just the initial terms
of the generators of I. Then in, (I)g = (M, ..., My). Since M, ..., My are
the largest £ monomials in degree d with respect to 71, in., (1) is a 71-segment.
By Lemma B.6l we have gin,, (I)q = in., (Ig) = (M, ..., My). O

4. THE REVERSE LEXICOGRAPHIC ORDER

We have reg(I) = reg(g(I)) for any ideal I and a coordinate transformation
g € GL(S7) because the Betti tables of I and g(I) coincide. However, taking
the initial ideal does not commute with coordinate transformation because
syzygy calculations are not preserved under coordinate transformations.

Where reg(I) < reg(in,(I)) for any order 7, the following theorem of Bayer
and Stillman shows that the graded reverse lexicographic order gives the lowest

possible regularity for generic initial ideals.

Theorem 4.1 (Bayer-Stillman). [2] If I is a homogeneous ideal, then reg(l) =
reg(ginmex(1)).
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Thus the graded reverse lexicographic order is an optimal order in Grobner
base calculation. Conversely, we show that if reg(l) = reg(gin.(I)) for all
ideals I C S, then 7 = revlex. This implies the unique optimality of the
graded reverse lexicographic order. However, this does not show that general
coordinates give the lowest regularity. If I = (22 + y?, zyz) C S = K|z,y, 2],
we have reg(inex (1)) = 4 but reg(giniex(I)) = 5. Before we introduce the

main theorem, we first characterize the graded reverse lexicographic order.

Lemma 4.2. 7 = rlex if and only if it} > 28wy for all k,d.

Proof. One way is trivial. We show that if xiﬂ >, xlxy, for all k, then 7 is
the reverse lexicographic order. Let f = af'a3 ... 20, g = 2225 .. ab be

degree d + 1 polynomials. If K is the largest ¢ such that a; # b;, Let ax < bg.
We show that f >, g.

Since 7 is multiplicative, the term order is preserved under factoring out
common terms. We factor out ¢ = 27¥. Any monomial order 7 with z; >,
-+« >_ x, includes the Borel order in the way that if M >pg,.; N then M >_ N.
We have f/c = af' ... o350 >, a8 708 > ot pp > abrgby L ghees =
g/c. Therefore, f >, g. This is the defining property of the reverse lexico-

graphic order. Hence 7 is the reverse lexicographic order. 0J

Lemma 4.3 (Conca). [6] Let I be a Borel-fized ideal and let mq, ..., my be
its monomial generators. Let g € GL(K) be a generic matriz. Then g(I)
s generated by polynomials fi, ..., fr of the form f; = m; + h; such that the
monomaals in h; are smaller than m; in the Borel-order. The polynomials

fi,--- fx form a Grébner basis of g(I) with respect to any term order.
Now we prove our main theorem.

Theorem 4.4. If reg(gin,(I)) = reg(ginge.(I)) for all ideals I C S, then

7 = rlex.

Proof. Suppose 7 # rlex. By Lemma [4.2] there exists some k,d such that

zday, > 29Tt We show that reg(ginme(I)) # reg(gin.(I)) for the ideal I =
(29t wpgxd | 2t 4 adey,). This ideal [ is generated by 24! +a¢x), and

all degree d + 1 monomials in K[y, ..., 24 ] except z'1.
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First, consider the graded reverse lexicographic case. Let de My >1ex
My >pex + >rex M1 = xk 1 'he the total ordering of degree d+ 1 monomials
in K[z1,...,25_1]ar1. Then we can write I = (M, ..., M, :cd+1 + xdz;,). We
use Buchberger’s algorithm and show that no syzygy is added to the Groébner
base. The syzygies for the first L generators are 0. Also for any possible syzygy

S = fiM; — fola$T 4+ afxy) = forlay, we have foaxla, € (21,...,15_1)%!
since fo|M; and M; € (z1,...,25_1). Therefore, {M,... ML,SL’ —i— rdx,}
is a Grobner base of I. Consequently, inue(l) = (xq,... ,Ik_l)d+1. Since
this is a rlex-segment ideal, we have gine (1) = (21, ..., 2x_1)¢" by Lemma

Then reg(ginmex(I)) = d+ 1, which is the maximum degree of a minimal
generator of ginge (/).

Now, let 7 # rlex with x{z), >, 2471, Let I' = (My,..., M) and M, =
wday, + 2fTl Then, in, (9N 14p1)) = in, (g(My) A g(M) A -+ A g(Mp) A

g(My)). Take g a general coordinate for /4, and I, ;. Since I’ is Borel-
fixed, in,(g(A"1}y,,)) = My A---AMp. This means that g(My)A---Ag(Mp) =
P(g)(MyA---ANMp)+ (lower terms) for P(g) # 0. We take g generic such that
g(Mp) has nonzero coefficients for all degree d+1 monomials. This can be done
by expanding ¢g(My) and taking the coordinate transformation avoiding the
zero locus of each coefficient of the monomial terms. Since z¢xy, is the largest
degree d + 1 monomial besides M, ..., My, we obtain in,(g(A" ;1)) =
My N NMp A xilxk. This exterior monomial may not be in standard form
because we don’t know the order in 7.

We observe that S = 22 = ;_(2xy + 2971) — a4 (2d2y_1) € I. Then
we add this redundant basis so that I = (M, ..., My, My, z+?). Let J =
(My, ..., Mg,z then J is Borel-fixed. By Lemma @3, G(g(J)) = {M; +

Ni,...,Mp,+ Np, xkﬁ + Npy1} where the N; are linear sums of terms smaller
than M; in Borel-order. Then we have g(I) = (M;+Ny, ..., M+Np, g(My), :EZJF?—I—
Nij1).

Since we have shown that in, (g(A™"11441)) = MiA- - -AMpAzlxy, we rewrite

thisas g(I) = (My+Ny, ..., Mp+ Ny, 2%z, + Ny, xif?ﬁNLH). The syzygy S =

d+1) d+2

Tp 1 (2lay+ 2 T (2{rp_1) = {7 in I is not reducible by My, ..., M, M,

using 7. Since the initial terms of the generators of ¢g(I) and I coincide, we

d+2

also cannot reduce "] + Ny by lower degree generators of ¢g(/). Hence,
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this is a proper Grébner base of g(I). Consequently, gin,(I) = in.(g(I)) has
a generator of degree d 4+ 2 and therefore has regularity > d + 2. O

Example 4.5. Let S = Klxy,...,26] and [ = (23, 23wy, 2125, 25 + 2323).

Then, ginex (1) = (23, 2329, 1123, 323)+(23) and ginge (1) = (23, 2229, 1173, 13).

Hence the regularities are reg(ginie (1)) = 4,reg(ginmgex(1)) = 3.

Using the theorem, we directly obtain the converse statement of Bayer and

Stillman.
Corollary 4.6. If reg(gin,(I)) = reg(I) for all ideals I C S, then T = rlex.

Proof. This follows from the result of Bayer-Stillman: reg(gin,ie.(I)) = reg(I)
[2]. O
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