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Abstract

We consider numeration systems based on a d-tuple U = (Uy, ..., Uy) of sequences
of integers and we define (U, K)-regular sequences through K-recognizable formal se-
ries, where K is any semiring. We show that, for any d-tuple U of Pisot numeration
systems and any semiring K, this definition does not depend on the greediness of the
U-representations of integers. The proof is constructive and is based on the fact that
the normalization is realizable by a 2d-tape finite automaton. In particular, we use an
ad hoc operation mixing a 2d-tape automaton and a K-automaton in order to obtain
a new K-automaton.
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1 Introduction

A b-automatic sequence is a sequence f: N — A, where A is a finite alphabet, that is
generated by a deterministic finite automaton with output (DFAO) as follows: the nth
term f(n) of the sequence is output by the DFAO when the input is the b-expansion
of n. This notion originally appeared in the work of Biichi [7], but Cobham was the
first to systematically study b-automatic sequences, or equivalently, b-recognizable sets of
integers [10]. A large survey was undertaken by Allouche and Shallit [3]. The most famous
example is the Thue-Morse sequence, which is 2-automatic.

With the aim of generalizing b-automatic sequences to sequences having infinitely many
values, Allouche and Shallit introduced the notion of (b, K)-regular sequences over a Noethe-
rian ring K [2]. In this paper, we choose to work with the following definition, which orig-
inally was a characterization of (b, K)-regular sequences in [2]. A sequence f: N — K with
values in a semiring K is said to be (b, K)-regular if there exist a positive integer r and ma-
trices My, ..., My_1 € K™% X\ € KI*" and v € K™*! such that, for all words ay - - - ag over
the alphabet {0,...,b—1}, the matrix product AM,, - - - My,y equals f(n) if a;- - - ag is the
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b-expansion of n and equals 0 otherwise. The latter condition translates in algebraic terms
by saying that the formal series (with noncommutative variables) -, c ep, v f (vals(w))w
is K-recognizable. In the previous series, the words w run over rep,(N), which is the lan-
guage of the b-expansions of non-negative integers, that is, the language made of the words
over the alphabet {0,...,b— 1} not starting with the letter 0. Note that we do not impose
any condition on the semiring K in our definition. Regular sequences with no condition on
the underlying semiring were studied by Berstel and Reutenauer [4] and used in [8, 9]. In
particular, it can be proven that a sequence with values in a semiring K is b-automatic if
and only if it is (b, K)-regular and takes only finitely many values.

The notion of (b, K)-regular sequences can be extended to more general numeration
systems in a natural way. Such generalizations were considered for example in [I, [8] O] 14]
16]. In this paper, we focus on the class of Pisot numeration systems. A Pisot number
is an algebraic integer greater than 1 all of whose Galois conjugates have modulus less
than 1. In these systems, natural numbers are expanded via an increasing base sequence
U = (U(i))ien with bounded quotients U[(]Z(Jg)l) and that satisfies a linear recurrence relation
whose characteristic polynomial is the minimal polynomial of a Pisot number. We then
talk about (U, K)-regular sequences (precise definitions will be given in Section [2). We
refer to [12] for a survey on Pisot numeration systems.

In the case of integer bases, it is not hard to see that a sequence f: N — K is (b, K)-
regular if and only if the series >, cro 1 p—13- f(valy(w)) w is K-recognizable [4]. Proving
this equivalence consists in dealing with non-greedy representations of integers. For integer
base numeration systems, this boils down to adding or removing leading zeroes. However,
when considering more general numeration systems, there exist non-greedy representations
of another kind. For example, the words 11 and 100 both represent the integer 3 in
the Zeckendorf numeration system, which is based on the sequence (1,2,3,5,8,13,...) of
Fibonacci numbers [I8]. Our aim is to provide characterizations of regular sequences in the
extended framework of Pisot numeration systems that only depend on the value function.
In other words, we want to characterize the family of (U, K)-regular sequences in a way
that does not depend on the choice of an algorithm to represent numbers. Moreover, we
will carry our work in a multidimensional setting, meaning that we will define and study
multidimensional (U, K)-regular sequences f: N¢ — K where U = (Uy, ..., Uy) is a d-tuple
of Pisot numeration systems.

Our method relies on the property that normalization in Pisot numeration systems is
realizable by a computable finite automaton [0, [I3]. The existence of such a normalizer
will be crucial in the proof of our main result. Along the way, we will show the existence
of normalizers extended both to negative values and to the multidimensional setting. Let
us also stress that all our techniques are effective, meaning that linear representations are
computable for all formal series that will be proven to be K-recognizable.

The paper is organized as follows. In Section Pl we provide the necessary background.
First, we define K-automata and formal series. We then introduce the notions of K-
recognizable series and numeration systems, in particular Pisot numeration systems. In
Section Bl we define multidimensional (U, K)-regular sequences and we state our main
result, which is Theorem B It provides characterizations of multidimensional (U, K)-
regular sequences that are independent of the choice of admissible U-representations of
integers. Section Ml is concerned with normalization in Pisot numeration systems. We
first recall the existence of a normalizer associated with any Pisot numeration system in

dimension 1, that is, a 2-tape automaton accepting words of the form (%) where u has




a non-negative value n and v is the greedy representation of n. We then extend the
normalizer to words with negative values and to the multidimensional setting. Finally, in
Section Bl we prove Theorem [l In the process, we define and use a particular operation
mixing 2d-tape automata and K-automata. In Section [6] we end by making the linear
representations involved in the proof of Theorem [}l explicit. Throughout the paper, we use
a running example in order to illustrate the definitions as well as the construction in the
proof of Theorem 8l

2 Preliminaries

We make use of common notions in formal language theory, such as alphabet, letter, word,
length of a word, language and usual definitions from automata theory [I5]. In particular,
we let € denote the empty word.

We take the convention that elements of Z¢ are written as vertical vectors. Moreover,

a word _
@iy g @iy o iy g
@ig g Qig o Qig g
Gig 1 Gig o ig e

in (Z9)* will be written as
iy 1 Ay 97Ty

Qig 1 Fig o Fig 4

Qig1@ig o ig e

In what follows, it is important to observe that if a word

wy
( Wy )
belongs to (Z%)* then necessarily wy, ..., wq are words of equal lengths.

We use bold letters to designate d-dimensional elements. Most of the time, n is a vector
in Z%, a,b are letters in Z? and u, v, w are words in (Z%)*. Moreover, 0 denotes the zero
letter of dimension d and € denotes the empty word of dimension d. Throughout the text,
the context will clearly indicate if an element of Z¢ should be seen as a vector of integers
or as a letter.

In order to avoid any confusion between the notions of length and absolute value, we
use the notation || - || in order to designate the component-wise absolute value of vectors

of integers given by
H <m> ‘ <n1>
na [Inall

We extend this notation to words over Z? by setting ||e|| = & and for all u,v € (Z%)*,
|luv|| = [lu]|||v]|. The length of a word w is, as usual, written |w].
From now on, let K be a fixed semiring and let d be a dimension, that is, a positive

integer.



2.1 Weighted automata

A weighted automaton A= (Q,I,T, A, E) with weights in K, or simply a K-automaton, is
composed of a finite set Q) of states, a finite alphabet A and of three mappings I: Q — K,
T:Q — Kand E: Q x A x Q — K. A transition (p,a,q) € @ x A x @ such that
E(p,a,q) # 0 is an edge, the letter a is its label and E(p,a,q) is its weight. With each
q € Q, we associate an initial weight I(q) and a final weight T(q). We call a state ¢ €
Q initial (resp. final) if I(q) # 0 (resp. T(q¢) # 0). A path in A is a sequence ¢ =
(go,a1,q1)(q1,0a2,92) - - - (Gn—1, an, qn) of consecutive edges. For each path ¢, we let i, and
t. denote the first and last states gy and ¢, of ¢ respectively. The weight of the path cis the
product E(c) = E(qo,a1,q1)E(q1,a2,92) - - E(¢n-1, an, qn) of the weights of its edges and
its label is the word aqag - - - a,. For each w € A* we let C4(w) denote the set of paths in
A of label w. The weight of a word w € A" in A is the quantity > ¢, () L(ic) E(c)T (L)

A K-automaton is represented by a graph. Each state is a vertex and each edge carries
an expression of the form a|k, where a is its label and k is its weight. Each initial (resp.
final) state ¢ is distinguished by an incoming (resp. outgoing) arrow which carries the
weight I(q) (resp. T'(q)).

Example 1. We start a running example by considering the N-automaton over the alpha-
bet {0,1,2} depicted in Figure [l

2/2

Figure 1: An N-automaton over the alphabet {0, 1,2}.

2.2 Formal series

A formal series over a finite alphabet A is a function S: A* — K. The image under S of
a word w is denoted by (S, w) and is called the coefficient of w in S. We use the notation
S =3 wea-(S,w)w. In what follows, we simply talk about series instead of formal series.
The Hadamard product of two series S,T: A* — K is the series S ® T defined by
Y wear(S,w)(T,w) w. If L is a language over A, then its characteristic series is the series
L =73 ,crw. In particular, for S: A* — Kand L C A%, we have SO L =} -/ (S, w)w.
A series S: A* — K is K-recognizable if there exist an integer r € N>y, a morphism
of monoids p: A* — K" (with respect to concatenation of words and multiplication of
matrices) and two matrices A € K7 and v € K"*! such that, for all words w € A*,
(S,w) = Ap(w)~y. In this case, the triple (A, u,7) is called a linear representation of S.



Formal series and K-automata can be linked. Given a K-automaton A = (Q,I,T, A, E),
the series recognized by A is the series ), 4. (ZCGCA(w) I(ic)E(c)T(t.)) w whose coeffi-
cients are the weights of the words in A.

Proposition 2. A series is recognized by a K-automaton if and only if it is K-recognizable.

A constructive proof can be found in [4, Chapter 1, Proposition 6.1]. Roughly, the
linear representation encodes the weights in the K-automaton.

Example 3. For all a € {0,1,2} and all w € {0,1,2}*, let |w|, be the number of occur-
rences of the letter a in the word w. Let g: {0,1,2}* — N be the function mapping a
word w to the greatest n such that 1" is a prefix of w. Consider the regular language L of

the words over {0, 1,2} starting with 1 or 2 and avoiding factors in 21*2, and consider the
series S defined by

lwhglwlz 4 glwh=g(w)glwlz if o ¢ I and g(w) # 0
(S,w) = { 3lwhalwl if we L and g(w) =0 (1)
0 if wé L
for all w € {0,1,2}*. For example, the coefficients of 1121, 2101 and 2112 in S are

32.243.2=060, 3%-2 =18 and 0 respectively. The series S is N-recognizable as a linear
representation is given by (A, p,y) where

1088 Y TH %
A=(1000), M(O):<0100>7 “(1):<0030>’ N(2):<0000>’ V:<1>.
0100 0001 0020

1

The corresponding N-automaton, with respect to the order of the states W, X, Y, Z, is that
of Figure [

2.3 Numeration systems

A numeration system is given by an increasing sequence U = (U (7));en of integers such

that U(0) = 1 and sup;ey % < 4o00. The value function valy: Z* — 7Z maps any word

w=a;---ay € Z* to valy(w) = Zf:o a;U(i). A U-representation of an integer n is a
word w € Z* such that n = valy(w). The greedy U-representation repy(n) of a positive

integer n is the unique U-representation ay---ag of n such that for all j € {0,...,/},
aj > 0and > 7_,a;U(i) < U(j + 1), and moreover a; # 0. It implies that the digits of
greedy U-representations belong to the alphabet Ay = {0,...,sup;ey [%1 —1}. We

set repy;(0) = €. The numeration language is the set rep;;(N) = {repy;(n): n € N}.

A numeration system is linear if it satisfies a linear recurrence relation over Z. A Pisot
number is an algebraic integer greater than 1 whose Galois conjugates all have modulus
less than 1. A Pisot numeration system is a linear numeration system whose characteristic
polynomial is the minimal polynomial of a Pisot number. For such a numeration system,
repy (N) is a regular language [13]. Note that Pisot numeration systems associated with
the same Pisot number may only differ by their initial conditions.

Example 4. Consider the Pisot number %, which is the square of the golden ratio.

Its minimal polynomial is X2 — 3X + 1. Let U be the Pisot numeration system defined
by U(0) =1, U(1) =3 and for ¢ > 2, U(i) = 3U(i — 1) — U(¢ — 2). This system is the



0,1 1

-G 0
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Figure 2: An automaton accepting the language 0*rep;;(N) where U is the Bertrand nu-

meration system associated with the Pisot number %

Bertrand numeration system associated with 3+T\/g; see [5, 6]. We have Ay = {0,1,2}. A
DFA accepting the language 0*rep;;(N) is depicted in Figure[2l Observe that the language
L considered in Example Bl is precisely the numeration language rep;(N).

In order to be able to represent d-dimensional vectors of integers by words, we introduce
the following usual convention. For a d-tuple of words

w1
<w’d>
<w1 >0 <Ol_wlm )
Wy 04— 10dlyp,

where £ is the maximum of the lengths of the words wy,...,wy. Thus, we have padded
the shortest words with leading zeroes in order to obtain d words of the same length. The
obtained d-tuple can now be seen as a word over the d-dimensional alphabet Z¢, that
is, an element of (Z4)*. For a d-tuple of numeration systems U = (Uy,...,Uy), we set

Ay = Ay, x --- x Ay,. Accordingly, we extend the definition of the maps rep;; and valys
as follows:

in (Z*)?, we set

repy, (n1)

m
repy : N4 — A, <;>»—> :
nd repy, (na)

and
w1 ValUl(wl)
valy: (Z*)* — 74, < : > — :

wq ValUd' (wq)

For an easier writing, for all a € Z (considered as a letter), we write @ instead of —a, and
we extend this notation to words over Z by setting uwv = uv for u,v € Z*.

Example 5. In dimension 2, we have rep ) (§) = ({5} O = (912) = (9)(1)(2) and

vali oy (61 ) = (7). Moreover, we have val(y 1

3 Multidimensional regular sequences

Definition 6. Let U = (Uj,...,Uy) be a d-tuple of numeration systems. A sequence
f: N — K is called (U,K)-regular if the series > ya f(n) repy(n) is K-recognizable.



Example 7. Since the series defined by (Il is N-recognizable, the sequence

3lrepu (W (1 4 3=g(repy () olrepu (M2 if g(rep;;(n)) # 0

f:N= N, ne {3repU<n>1 lrepy ()2 otherwise (2)

is (U,N)-regular.

The aim of this work is to prove the following result, which testifies to the robustness
of the notion of (U, K)-regular sequences.

Theorem 8. For f: N? — K and a d-tuple U = (Uy,...,Uy) of Pisot numeration systems,
the following assertions are equivalent.

1. The sequence f is (U, K)-regular.
2. For all finite alphabets A C Z, the series Y ca- f(||valu(w)||) w is K-recognizable.

3. The series ZWGATJ f(valy(w)) w is K-recognizable.

4. There exists a K-recognizable series S: A}y — K such that for alln € N¢, (S, repy(n)) =

f(n).

4 Multidimensional normalization and delay

For a numeration system U, the normalization vy is the partial function from Z* to Aj;
which maps a word w € Z* with valy(w) > 0 to the word repy; (valy (w)), see [13].

Theorem 9 ([13]). For any Pisot numeration system U and any finite alphabet A C Z,
there exists a computable DFA accepting the language {(¥) € (A x Ay)*: v € 0*vy(u)}.

The previous result is usually referred to by saying that the normalization from the
alphabet A is computable by a finite automaton. A different construction of such a 2-tape
automaton can be found in [6].

Example 10. The language {(%) € ({0,1,2}?)*: v € 0*vy(u)} is accepted by the DFA
depicted in Figure Bl

Let us extend the definition of the normalization in order to obtain a total function.
We keep the same vocabulary and notation. For a numeration system U, we let Ay =
{@: a € Ay} and we define the (extended) normalization as the function

repy (valy(w))  if valy(w) >0

1% ZZ*—> A UA—*a w =
U (Au ) {I‘epU(—ValU(w)) otherwise.

Note that Ay N Ay = {0}. Also note that vy (Z*) C Aj; U (Ay)*.
Example 11. We have valy (22) = —8, so vy(22) = repy(8) = 100.
We generalize Theorem [9 to the normalization extended to negative values.

Theorem 12. For any Pisot numeration system U and any finite alphabet A C 7Z, there
exists a computable DFA accepting the language {(¥) € (A x (Ay UAy))*: v € 0* vy (u)}.

7



Figure 3: A DFA computing the normalization vy from the alphabet {0,1,2} in the

Bertrand numeration system U associated with the Pisot number 3+—2‘/5

Proof. Let A" C Z be a symmetric alphabet of the form {—d,...,d} containing A. By
Theorem [ we can compute a DFA N7 = (Q,4,T, A" x Ay, d1) accepting the language
{(%) e (A" x Ay)*: v € 0*vy(u)}. Define another DFA Ny = (Q,4,T, A’ x Ay, d2) where

0o Q x (A, X A_U) —Q, (%(%)) = 51(Q7 (%))

By construction, N5 accepts the language {(%) € (A’ x Ay)*: v € 0*vy(u)}. Therefore,
we can compute a third DFA AN accepting the union of the previous two languages, which
is equal to {(%) € (A" x (Ay U Ay))*: v € 0*vy(u)}. Finally, by deleting all transitions
whose label has a first component not belonging to A, we obtain the desired DFA. O

The definition of the normalization can be generalized to the multidimensional setting
by applying the normalization component-wise and padding with leading zeroes as defined
in Section 3l For a d-tuple of numeration systems U = (Uy,...,Uy), we let Ay =
Ay, x -++ x Ay, and we define the (d-dimensional extended) normalization by

w1 vy, (wi)
vy (Zd)* — (Ay UAyp)*, ( : ) — :

Wd vuy(wa)

__ 551\ 0 _ _ _
Example 13. We have vy (%) = (1060)) = (%) = (%) = (§) (9) (§)- Note

that v (%) ¢ Al U (A(u,v))* since valy(22) < 0 while valy (10) > 0.

on

Let us define an operation on 2-tape automata in order to build multidimensional
normalizers.

Definition 14. For each j € {1,...,d}, let A; = (Qj,%;,Tj,A; x B;,0;) be a 2-tape
automaton. We define a 2d-tape automaton ®?:1 A; =(Q,1,T,A x B,6) by

e Q=0Q1 % xQq



o i=(i1,...,1q)

T:T1><---><Td
e A=A x---xAjand B= By x---x By

§:Qx (AxB)—=Q, ((q1,---,92),(§)) — ((51 (ql,(zll)),...,éd (qd,(Zj))) where

al b1
a:<;> andbz(:).
aq b'd

The automaton ®?:1 A; can also be viewed as a 2-tape automaton where each compo-
nent would be a d-tuple. We will make no distinction between these two equivalent points
of view.

The following result generalizes Theorem [12] to the multidimensional setting.

Theorem 15. For any d-tuple of Pisot numeration systems U = (Uy,...,Uy) and any
finite alphabet A C 72, there ewists a computable DFA accepting the language {(%) €
(A X (AyUAy))*: v e vy(u)}.

Proof. Let Aq,...,Aq be finite alphabets of integers such that A C A; x --- x Ayg. By
Theorem [I2] for each j € {1,...,d}, we can compute a DFA Nj accepting the language
{(%) € (A x (Ay, UAy,))*: v € 0*vy, (u)}. Then the DFA ®§l:1j\fj accepts the language
{(%) € (A x -+ x Ag) x (AyUAy))*: v € 0*vy(u)}. Indeed, let (%) € ((A x --- x
Ad) X (AU U AU))* and write

Ul v1
u:<:> and v:<:>.
g o

u

By definition, the 2d-tape automaton ®§l:1j\fj accepts (v) if and only if for every j €
{1,...,d}, Nj accepts (Zj ). Finally, we obtain the desired DFA by removing from ®?:1 N;
all transitions with a label (§) whose first component a does not belong to A. O

For a d-tuple of numeration systems U = (Uy,...,Uy) and a finite alphabet A C Z¢
such that the language {(%) € (A x (Ay U Ay))*: v € 0*vy(u)} is regular, we define
the (d-dimensional extended) normalizer Ny a to be the trim minimal automaton of this
language. When the context is clear, we set

Nua = (Qnyin, Ta, A x (AuUAuy),dy).

Moreover, when A = Ay we simply write Ny instead of Ny ay-

The normalizer Ny a is at the core of the reasoning leading to the proof of Theorem [§
Let us make two useful observations. First, we note that the initial state is also final since
the empty word is accepted by Ny a. Second, the following lemma is a direct consequence
of the uniqueness of normalized representations.

Lemma 16. For any two states g and ¢’ of the normalizer Ny a and any letter a € A,
there exists at most one letter b € Ay U Ay such that (q,(§),q') is a transition in Ny .



Example 17. The DFA of Figure B is exactly the normalizer Ny for d = 1. In Ny, the
word 22 is not readable as a first component. Instead, the word 022 is a possible first
component because |vy(22)| — 22| = [100| — |22] = 1. Similarly, for d = 2, the normalizer
N,y accepts the word

Motivated by the previous example, we introduce the following definition.

Definition 18. For all w € (Z9)*, the delay of w is the quantity dy(w) = |vy(w)| — |w].
w1
wy

Example 19. We have dy(12) = —1 since vy(12) = 1. Moreover, dy(22) = 1 and
dy(10) = 0, so d) (1) = 1 and dy ) (935) = 0.

Note that for all

we have dy(w) = ax, dy, (w;).

Remark 20. We analyze the behavior of the normalizer Ny o on words whose first d
components are of the form 0‘w with £ € N. Note that the delay dy(0°w) is positive (resp.
zero, negative) if £ < dy(w) (resp. £ = dy(w), £ > dy(w)). If £ > dy(w), then there is a
unique word accepted by Ny, a with first d components 0w, which is (olfdu%v‘gvyu (w) ) If
¢ < dy(w), then dy(w) > 0 and Ny a accepts no word with first d components 0‘w. In
particular, there is no accepted word with w as first d components if dyy(w) > 0. Note that
in the case where the alphabet A does not contain any negative digit (in any component),
then dy(w) < 0 only when w = 0~ Ww' with dy(w’) = 0.

Example 21. Let w; = 22, wy = 022 and w3 = 0022. We have vy(wy) = vy(ws) =
vy (ws) = 100. Therefore, dy(wy) = 1, dy(w2) = 0 and dy(ws) = —1. For all £ € N, the

normalizer Ny accepts the words (Ol+lw1), (05“’2 ) and ( 0%ws )

0100 0100 0¢+1100
Now, let z; = 10, 2o = 010 and z3 = 0010. Then dy(z1) = 0, dy(z2) = —1 and
dy(z1) = —2. In dimension 2, we have d iy (%) =1, dyp) (%) =0, dwoy (% ) = —1.
For all £ € N, the normalizer Ny 1y accepts the words
¢ty 0%ws Olwg
ottlz 0z 0tz
( 051001 ) ’ ( 051020 > and (0“11300> ’
0110 0f*110 0°+210
5 Characterizations of (U, K)-regular sequences
From now on, we consider a d-tuple of Pisot numeration systems U = (Uy,...,Uy), a

d-dimensional sequence f: N — K and a finite alphabet A C Z¢ In order to prove
the implication (1) == (2) of Theorem [§ some intermediate results and definitions are
needed. Without loss of generality, we assume that 0 € A.

In what follows, we use the notatio

Gr= ) f)repym) and Via= ) f(lvalu(w)l))w.

neNd weEA*

!The letters G and V stand for "Greedy" and "Value" respectively.
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If fis (U,K)-regular, then by Proposition [2 there exists a K-automaton recognizing the
series G ¢. In this case, we let

Ac = (Qa,Ia,Ta, Avu, Eg)

be such a K-automaton. Without loss of generality, by adding a new state if needed, we
assume that Ag has a unique initial state i, which has no incoming edge [11], I7]. By
definition of G, we have (Gf,0fw) = 0 for any k > 0 and any word w € A};. Therefore,
we make the additional assumption that the unique initial state of Ag has no outgoing
edge of label 0.

In order to construct a K-automaton recognizing Vy o starting from Ag, we introduce
an operation between a 2-tape DFA and a K-automaton. For any two finite alphabets A, B
and any coding o: B* — B*, that is, a letter-to-letter morphism, this operation applied
on a 2-tape automaton A over A x B and a K-automaton B over o(B) produces a new
K-automaton A ® B over A. Roughly speaking, for all words u € A*, if there exists a
word v € B* such that () is accepted by A then the new K-automaton A ® B mimics the
behavior of the K-automaton B on o(v), that is, the weight of v in A ® B is the weight of
o(v) in B. Similar (but different) products of automata can be found in [I7].

Definition 22. Let A and B be two finite alphabets and let o: B* — B* be a coding.
Let A = (Qu,i4, T4, A X B,d4) be a DFA such that for any two states ¢,¢' € Q4 and
any letter a € A, there exists at most one letter b € B such that d4(q, (%)) = ¢/. Let
B = (Qp,Ip,T3,0(B), Eg) be a K-automaton. With A and B, we associate a new K-
automaton A® B = (Q,I,T,A, F) as follows.

* Q=0QaxQs

Iold) if g —i

QK (gq) s 120 0T
0 else.
Tg(¢") ifqeT

e T:Q—K, (¢,4) — slg) iaeTs
0 else.

Ep(q1,0(b),q3) if b€ B, dalq1, (%)) = ¢

o F: QXAXQ — K7 ((QI,Qi)aaa (Q2,QQ)) =
0 else.

Note that the extra assumption on A is required to ensure that E is a well-defined
function. An illustration of this operation is given by the black part of Figure [l in Exam-
ple

Consider the coding o: (Ay U Ay)* — Ajf;, w — ||w||. By Lemma [I6] the K-
automaton Ny a ® A (with respect to the coding o) is well defined. Let Ny a ® Ag =
(Q,I,T,A,E). We now establish some properties of the latter K-automaton. First, we
note that Nu,A ® A¢g has a unique initial state, which has no incoming edge. Then we
prove a technical lemma.

Lemma 23. For all¢ € Q, a € A and (1,05 € N, if there exist two paths labeled by 0°'a
and 0%2a from (iy,iq) to q in Nua ® Ag, then (; = ls.

Proof. Let (p,p') € Q, a € A and ¢1,¢5 € N such that there exist two paths labeled by
0°a and 02a from (iyr,ig) to (p,p') in Ny.a ® Ag. Then there exist paths respectively
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labeled by (Of,lla) and (03223) for some vi,ve € (Ay U Ay)* from iy to p in Ny a. By
hypothesis on Ag, vi and vy cannot start with 0. Since NU7 A is co-accessible, there exists
a path, say of label (3), from p to a final state in Ny a. It follows that viy = vy (0 ax) =
vy (02ax) = voy which implies vi = v, and in turn £; = ¢y as desired. O

Next, we study the series recognized by NU7 A®Aq.

Lemma 24. Let S be the series recognized by Ny a ® Ag. For all w € A* such that
du(w) # 0, any path ¢ € Cny gwq (W) is such that I(i.) =0 or T(t.) =0, and

(S,w) = {(()Gf’ lvo(W)Il) if du(w) =0

otherwise.

Proof. Let w € A*. If dy(w) > 0, then by Remark 20, the DFA Ny a accepts no word
with w as first d components. Now, assume that dy(w) < 0. By Remark 20} the unique
word v such that Ny a accepts (V) is v = 070 Wy(w), which starts with 0. Since
we assumed that there is no outgoing edge labeled by 0 from ig, there is no path labeled
by w in Ny a ® Ag starting from (iy,i¢). Therefore, if dy(u) # 0 then any path in
CNy.a®Ag (W) is such that I(i.) = 0 or T'(t.) = 0, and thus (S, w) = 0.

Suppose now that dy(w) = 0. Write w = a;---ay and vy(w) = by---by. There
exists a unique sequence of states qo,...,qe in Qa such that qo = inr, ¢ € T and for
all i € {1,...,¢}, dn(qi1, (ﬁfb)) = q;- Let ¢ € Cny awas (W) be such that ic = (in,ig).
Then ¢ can be decomposed as ¢ = ((qo,qg),al, (ql,q’l)) ((qg_l,qz_l),ag, (qg,qg)) where
gy = i¢ and ¢, ..., q, are some states in Q. Therefore,

V4
1(q0,90) E(c) T(qe, qp) = Ialic) (H Ec(qi1, ‘|bi”7qz{)> Ta(qp)-
i=1
We obtain
4
Sw)y= Y Ialic) (HEG(QQ_u HbiH,QQ)) Ta(qp) = (G, [lvu(w)])).
q/17"'7q2€QG i=1
O

We now modify Ny a ® Ag to create a new K-automaton Ay o, which will be proven
to recognize the series Vy o. We define the K-automaton Ay a = (Qv,Iv,Tv, A, Ey) as
follows.

e Qv =QU{a}.
o Iy: Qv — Kis defined by Iy |g = I and Iy (a) = I(iy,ig).
o Ty: Qv — Kiis defined by Ty |¢g = T and Ty (a) = 0.
e Fy: Qv X A X Qy — K is defined as follows.
1. For all (q1,4)), (q2,¢5) € Q and a € A,

1 ifq,:q':igandéAq, a =gq
EV((ql’q£)7a7 (q27qé)) = , , 1 2 ( 1 (0)) 2
E((Q17Q1)7a7 (Q2,q2)) else.
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2. For all g € Q and a € A, Ey(a,a,q) is equal to the sum of the weights E(c) of
all paths ¢ from (ipr,i¢) to ¢ in Ny a ® Ag labeled by 0fa for some /¢ € N>;.

3. Forall g € Qy and alla € A, Ey(q,a,«a) = 0.

Note that in Item ] if such an integer ¢ exists, then it is unique by Lemma 23] and
moreover, it is bounded by the number of states in Q.

The modification Ay o of Ny a ® Ag is symbolically depicted in Figure @l where wavy
arrows represent paths whereas straight arrows represent edges. Note that if the alphabet
A does not contain any negative digit (on any component), then the red part of Figure @l is
reduced to the loop on the initial state. Let us emphasize that the red part was indeed not
present in Ny A ® Ag since we took care to assume that the state ig of the K-automaton
Ag had no incoming edge. In view of Lemma 24] the K-automaton J\/'U7 A ® Ag produces
the correct coefficients of Vy o only for words with zero delay. The role of the state « is to
deal with words in A* with positive delays whereas the red edges are added to take into
account words with negative delays. Note that a might have outgoing edges of label 0.
This happens whenever there exist words w € A* having a delay greater than or equal to

Figure 4: The automaton Ay, s is a modification of Ny a ® A which recognizes the series
Via-

We are now ready to prove our main result.

Proof of Theorem[8. The implications 2 = 3 and 3 = 4 are clear. For any K-
recognizable series S such that for all n € N?, (S,repy(n)) = f(n), we have Gy = S ®
repy (N9). For every j € {1,...,d}, repy, (N) is a regular language since U; is a Pisot
numeration system. Therefore, the language repy;(N9) is regular as well. The implication
4 = 1 now follows from [4, Corollary 3.2.3].

It remains to prove 1 = 2. Suppose that f: N — K is (U, K)-regular. The idea is
to show that the modification Ay, o of Ny a ® Ag recognizes the series Vi a. Let S and S’
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be the series recognized by the K-automata Ny a ® Ag and Ay a respectively. We have
to show that S’ = Via. Let w € A*. Let (7 be the set of those paths labeled by w in
Ay, a with a first edge of the form ((in, @), a, (¢1,ig)) and let Cy be the set of those paths
labeled by w in Ay A starting in the state a. Note that each path in Cy4,, (W) \ (C1 U C5)
is a path in My a ® Ag. Therefore, (S, w) is equal to

(S, W)+ > Iv(inic) Bv(e) Tv(te) + > Tv(a) By (c) Ty (te). (3)
ceCy ceCs

In order to obtain that (S, w) = (Vy a,w), we show that, depending on the delay dy(w),
exactly two terms of the sum (B3)) are zero while the third one is equal to (Vya,w).

Let us write
w1
w— ( ; ) .
wq

For all j € {1,...,d}, since vy, (w;) € Ap U (Ay,)*, we have that valy, (|[vy, (wy)]|) =
|[valy, (vu, (w;))|] = ||[valy, (w;)||. Then by definition of the series Gy and Vj a, we get that

(G llrow)l]) = f(valu([[vu(w)l]) = f(llvalu(w)l]) = (Vi.a, w). (4)

It then follows from Lemma [24] that

=7

Now, we consider the second term of ([3]). We show that

Z Iv(in,ia) Ev(c) Ty(t.) =

el 0 else.

{(Vf,A,w) if dy(w) < 0

For ¢ € C4, let £, € N>1 be the number of times ¢ goes through states with ¢g as second
component. By definition of Ay, a, there exists a word v. € (AyUAy)* not starting with
the letter O such that (Ozvcvvc) is the label of a path in NU7 A starting in the initial state
inr. The latter path ends in a final state if and only if dy(w) = —£. and v. = vy(w).
Therefore, if dy(w) > 0 then Ty (t.) = 0. Now suppose that dy(w) < 0. Let w = w'w”
with |w'| = —dy(w) and let qo, g1, . - . , @jw| be the states visited along the unique accepting
path labeled by (Ode(v‘xVU(w)) in the DFA Ny a. Let (C1)” be the set of those paths ¢’
in Ny,a ® Ag labeled by w” = ajy| - - - &}y of the form

" = ((qw)16)s Ajw| 115 ( Qw11 Gy 11)) * (@w] =15 D)~ 1)s Bw]> (@w]> D))

for some q|’w,|+l, . ,q|’w| € Qqg. We get

Y Ivlin,ic)Bv(O)Ty(te) = Y Iv(iniic)By(c) Ty (t)
ceCy ceCr
le=—dy(w)

ve=ry(w)

= > I(in,ig) 17 B()T(te0).
C”G(Cl)”
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By a reasoning similar to that of the second part of the proof of Lemma [24], the latter sum
is equal to (Gy, [|vg(w)|]). We conclude by using ().
We turn to the third term of ([B]). We show that

> (@) By (0T (t) = {(Vf’A’W) if dy(w) > 0

ey 0 else.

If w = g, the desired equality follows from the facts that dy(e) = 0 and Ty () = 0. We
now suppose that w # € and write w = aw’. Any path ¢ € Cy can be decomposed as
¢ = (o,a,q)c where ¢ € Q and ¢ is path in Ny a ® Ag labeled by w'. For each ¢ € Q,
we let P, be the set of those paths in Ny a ® Ag labeled by w’ and starting in ¢. By
definition, the transition («,a,q) has a non-zero weight in Ay, a if there exists a path in
Nu.a ® Ag labeled by 0%a for some ¢ € N> from (i, ig) to ¢. By Lemma 23 all such
paths have the same label 0%a. Then

> Iv(@Ev(e)Ty(te) = > Y Iv(e)By(a,a,q)Ev(<)Ty ()

ceCy qeEQ 'eP,

=>_ > llinic) > E(p) | E()T(te)
qEQ 'EPy PGCNU,A®AG (0*a.qa)
ip=(iniG), tp=q
=3 > > Iinic)E(pc)T(te). (6)
qu pECNUYA(’BAG(OZa'qa) CIEPq
ip=(inic), tp=4
If by, # du(w), we have dy(0%9w) # 0 and then it follows from Lemma 24] that each

path pc¢’ as in (@) is such that T'(t») = 0. In particular, if dy(w) < 0 then each term of
the sum is equal to 0. Now, we suppose that dy(w) > 0. Then the sum (@) is equal to

Z I(in,ic)E(e)T(t.) = (5,090 W) w).
c€Cry p oA (00U w)
By () applied to 0°0(")w, we have (5,090 w) = (V5,070 w) = (V4. w), hence
the conclusion. -

Example 25. With our notation, if f is the sequence (), then the series G is equal to
(@ and the series V7 10,1,2} is given by

v : 3o @l glvu(w)lz 4 3l )li—glu @) ghu@lz i gy (w)) # 0
yWw) =
£,{0.1,2} 3lvu (W) 9wy (w)ls if g(vp(w)) = 0,

for all w € {0,1,2}*. Let us call Ag and Ay 01,9} the K-automata of Figures [l and
respectively. Note that A satisfies our assumptions: it recognizes Gy and has a unique
initial state, which has no incoming edge and no outgoing edge of label 0. By looking at
the normalizer Ny in Figure Bl we see that for all w € {0,1,2}*, the delay dy(w) is at
most 1. This implies that in Ay o129, the state o has no outgoing edge labeled by 0.
By our construction, the series Vy rq 1 9y is recognized by Ay 11,2}, which is precisely the
modified version of Ny ® Ag.
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Figure 5: The automaton Ay, g 1,2y whose black part is Ny ® Ag, where U is the Bertrand

numeration system associated with the Pisot number %

Remark 26. In the proof of Theorem B the Pisot hypothesis might be too strong. For
proving the implication (1) = (2), it is merely used in order to get that the normalization
is computable by a finite automaton. For the implication (4) == (1), we only need
the assumption that the numeration systems U; all have regular numeration languages
repy, (N). The other implications do not need any assumption on the numeration systems.

6 From a greedy-based linear representation to a value-based
one

The proof of Theorem [{]is constructive. In particular, by using the correspondence between
K-automata and linear representations, we provide an algorithm that, starting with a linear
representation of the series Gy = Y na f(n)repy(n), computes a linear representation of
the series VA = Y weax f([[valu(w)|]) w.

Let (A, i,7) be a linear representation of Gy with A € KIXT -y Ay — K™ and
~v € K™ corresponding to the K-automaton Ag. In particular, r is the number of states
of Ag and foralli,j € {1,...,r}and alla € Ay, p(a)j; =0, u(0)1; =0and \; = 0if i # 1.
Using Definition 22] we first build a linear representation (L, M, R) of the series recognized
by Nua ® Ag with L € K17 M: A* — K™% and R € K™*1. Let Qv = {q1,...,¢s}
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where ¢; is the unique initial state. We set

Ry
L:()\l o --- O) and RZ(:)
T R'S

where Ry,..., R, € K"™*! are given by

Y if ¢ € Ty
R, = ]
0,%1 otherwise

foralli € {1,...,s}. Foralla€e A andalli,j € {1,...,s}, we define matrices MZ(C;) e Krxr
by

M@ —

{u(HbH) if 3b e Ay U Ay, on (g (§)) = ¢
1,7 0

rxr otherwise.

Finally, for all a € A, we set

The last step is to encode the modification Ay A of Ny a ® A that consists in adding
the state « together with its transitions and the so-called “red edges”. A linear representa-
tion of the series V} A is given by (N, i/, ~/) with N € KIX(rs+h /s Ax 5 Rrs+1)x(rs+1)
and 7' € Krs+Dx1 defined as follows. We set X' = (A L) and 7/ = (%). For each a € A
and each j € {1,...,7s}, we let 5, be the unique positive ¢ such that there exists a
path labeled by 0‘a from the initial state to the j-th state of NU7 A ® Ag if it exists (see
Lemma 23] and Figure [)). Here, we consider the order on the states of Ny a ® A¢g induced
by the matrix indexing. For a € A, we define

_( 0 m(a)
Nl(a) - (Orsxl M/(a)>
where for all 4,5 € {1,...,rs},

(M(a))s; = 1 ifizjzlmodrandéj\/(q%,(g)):q#
(M(a));; otherwise

and
M(0%ia), ; if £, ; exist
m(a)J _ ( )17] 1 a,] G.XIS S
0 otherwise.

To compute m(a) for each a € A, we can either look at the K-automaton Ny a ® Ag
in order to determine the exponents ¢, ; for j € {1,...,rs}, or we can use the observation

that . ,
m(a) = (ZM(OZa)m o ZM(OZa)Lm>
=1 (=1

since for all j € {1,...,7s}, fa; < s and M(0%a); ;j =0 if £ # £, ;.
In practice, removing non-accessible and non-coaccessible states often drastically re-
duces the size of the linear representation of Vy a.
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Example 27. The linear representation (X', 1//,") corresponding to the automaton Ay, (01 2}
of Figure Al with respect to the order of the states

a, (1, W),(1,X),(1,2),(2,Y),(3,X),3,Y),(3,2), (4, X), (5, X)

/

is given by N’ = (1100000000), v =(0111100001)" and

#'(0) = , p'(1) = , 1'(2) =

OOOOOOOOO0O
[elelelelelelelelllw)]
WOOoOOoOOHH—H~HOO
[e]e]elolelolslo]l]
OOOOOOOOOO
OOOOOOOWWO
NOOOOWOOHO
[eleleleleleldololw)
OOOOOOOOOO
[e]e]elolelolslo]ol]
OOOOOOOOOO
OOOOOOOOOO
OOOOOOOWWO
OO0 OOOHOH—O
NOOOOWOoOOoOOoOo
[e]elelelololole] )
OO OoOoOoOoONOO
OOOOOOOOO0O
(el elelololololole)
OOOOOOOOOO
OOOOOOOOO0O
[e]e]elolelollo]ol]
[e]e]elolelollo]ol]
OOOOOOOOO0O
OOOOoOONNNO
QOO OOOOO0O
OOOOOOOOOO
OOOOOOOOOO
OWHHHFOOOOK
(el elelololololale)
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