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SOMOS-4 EQUATION AND RELATED EQUATIONS

ANDREI K. SVININ

ABSTRACT. The main object of study in this paper is the well-known Somos-4 recurrence.
We prove a theorem that any sequence generated by this equation also satisfies Gale-
Robinson one. The corresponding identity is written in terms of its companion elliptic
sequence. An example of such relationship is provided by the second-order linear sequence
which, as we prove using Wajda’s identity, satisfies the Somos-4 recurrence with suitable
coefficients. Also, we construct a class of solutions to Volterra lattice equation closely
related to the second-order linear sequence.

1. INTRODUCTION

In this paper we consider three-term discrete quadratic equation of fourth order

Intptda = Obpqitnys + ﬁti+2a (1.1)
where a and 3 are arbitrary parameters.

To start, it should be clever to recall a story about a sequence [15] http://oeis.org/A006
720, which is sometimes referred to as Somos(4). It is defined by (LIl with o = g =1
and initial data (to,t1,t2,t3) = (1,1,1,1). Michael Somos once asked to prove noticed
by him amazing fact of integrity of this sequence. Apparently, the proof of this fact was
first published in the paper [I3] by Malouf, but it seems that this proof does not reflect
the essence of this phenomenon. It is now clear that this follows immediately from the

Laurent property of this equation [2].

Theorem 1.1. Equation (I1]) has the Laurent property, that is, given initial data
0,t1,t2,t3), all of the terms in the sequence are Laurent polynomials in the variables
to, t1,ta,t Il of the t n th L t poly jals in th jabl
0,11, ta, t3) whose coefficients are in Z[a, B8], so that t, € Zla, Bty ,t7 5, or a
to, t1,ta, t3) wh jent in Zla, B8], so that t, € Zla, Bt ¢ 151 15! Il

n € Z.

As is known, equation (II]) is not the only one that has the Laurent property. For
example, it follows from the Theorem 1.6 in [2] that this property have any equation of
the form

bt N = 0lnyptnt N—p + BlntqlnyN—g (1.2)
which is known as a three-term Gale-Robinson recurrence [4], [5], [I7]. It should be noted
that the Somos-4 and Gale-Robinson equations appear in Fomin and Zelevinsky’s theory

of cluster algebras [3] providing corresponding combinatorial structures.

It can however be said that the Somos-4 equation (I.I]) has its own distinctive features.
Namely, each sequence generated by this recurrence is associated with a sequence of points

Py + nP on a some suitable elliptic curve [7].
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Theorem 1.2. The general solution of the Somos-4 equation (I1)) can be written in the

form
o(z0 + nk)
o(k)"?

where zg, K € Jac(E) are nonzero suitable complex numbers, the constants A and B are

t, = AB" : (1.3)

given by
A = to ’ B— tlU(Zo)O'(FL) .
o(20) o(z0 + k)

In Theorem [[.2] we denote above by o(z) = o(z;¢92,93) a corresponding Weierstrass

sigma function of an elliptic curve E : y? = 423 — gox — g3.

For completeness, we also give well-known explicit expressions for the invariants of the

curve E: g9 and g3. But first let us define a function

o — _tntnts to to o tnt1tng2

+ « .
tn+1tn+2 75ntn+2 tn+1tn+3 75ntn+3

It can be checked that it is the first integral (translation invariant) of the equation (LIJ).

Apparently this integral was first found and used in [22]. Since we consider only au-

tonomous equations, when writing any first integral, it is convenient to set n equal to

Zero.

Now having in hand H, one can write the invariants of the curve E. They look

H* — 88H? — 240*H + 163>

_ 1.4
g2 1202 (1.4)

and
HS —128H* — 3602 H® + 4832 H? + 14402 6H + 2160* — 6433

21603
In what follows we use the notion of a companion elliptic sequence. In general, of

g3 = — (1.5)

course, it is worth starting with the fact that an elliptic sequence, which were introduced
by Morgan Ward [24], is a very important concept that arises in the framework of the
theory of elliptic curves. A good exposition of the relationship of elliptic sequences and
elliptic curves can be found, for example, in [22]. To be more exactly, this sequence is

defined by a quadratic recurrence
W W4 = WaWyaWyps — WiWs W2, (1.6)

which, as can be easily seen, is a special case of the Somos-4 one. From (LL6]), it follows
that (W,,) is an anti-symmetric sequence, that is, W_,, = —W,. In general, no one
forbids to consider complex-valued sequences generated by (L), but from the point of
view of application, integer sequences play a special role. In [24], Morgan Ward proved

the following fact.

Theorem 1.3. Let Wy = 0 and W1 = 1, while Wo, W3 and Wy are three arbitrary integers
with the only one condition Wy|Wy, then all other members of this sequence are integers
and the following divisibility property holds: W,|W,, whenever n|m. The converse is

obviously true.
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Well, now goes back to the companion elliptic sequence associated with any sequence
defined by the Somos-4 equation (LI]). It is calculated as follows (see, for example, []]).
The first five of W},’s are

Wo=0, Wi =1, Wo = a, Wy = -8, Wy = —IV/a, (1.7)

where J = o + BH. All other terms of this sequence are defined by a recurrence (L6)).

For reference, here are a few more terms of the sequence:
W5 =—3, We =B (9 +39) Va, Wr =P + 5°4, Ws = (3° - 5° (7 + 9)) Wa,

Wo=—B(a*P(*+3) +3°),... (1.8)
where J = o7 — 33.
This is essentially an algebraic definition of companion elliptic sequence but we will also

need its analytic definition. Attached to Theorem [[L2] the terms of the sequence (W),,) are

given as
w, — 20) (1.9)

o (k)

where 0(z) = 0(z; g2, 93) is the same Weierstrass sigma function as in Theorem

One of our aims of the paper is to show an infinite set of identities connecting the
sequences (t,,) and (W,,). In the next section, we consider Vajda’s identity and its gen-
eralizations for a Lukas sequence. Then we prove the validity of a three-term four-linear
identity for any Lucas sequence which makes it look very much like an elliptic sequence.
In Section @l we prove Theorem 1.3 which says something like this: 1) any second-order
linear sequence is a particular solution of the Somos-4 equation with suitable coefficients;
2) any second-order linear sequence satisfy the Gale-Robinson recurrence (L2)) with coef-
ficients that are uniquely expressed in terms of Lucas polynomials. The Lucas sequence,
or more precisely, its tweaked version, plays the role of the companion elliptic sequence
(W,,) for general linear sequence in the sense described above. Ultimately, this gives us
an example of a couple (¢,, W, ), where (¢,) is a solution of the Somos-4 equation, while
(W,,) is the companion elliptic sequence. And then we ask the following question: well, the
Gale-Robinson equation is satisfied by any second-order linear sequence, but what about
the general solution of the Somos-4 equation? And as it is logical to assume, yes, such
relation, that involve the companion elliptic sequence, are also true. This statement is
formulated as Theorem 51l As a corollary of this theorem, we obtain the following prop-
erty of the solutions of the Somos-4 equation. Given any Somos-4 sequence (t,) select
a subsequence (tgn+r), that is, subscripts belong to an arbitrary arithmetic progression.
Any such sequence is again a solution of the Somos-4 equation. In Section [6] we consider
three-term Somos-N equations. We show a theorem that provide a relationship between
Somos-/N equation and some discrete equation that play the role of compatible constraints
for a Volterra lattice equation

oY,

a—x - Yn (Yn+1 - Ynfl) . (110)
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In Section [l we present a solution of Cauchy problem for the Volterra lattice (IL.I0) with
initial data related to the second-order linear sequence. Finally, in Sections 8 and @ we

discuss some technical details related to this solution.

2. LINEAR SEQUENCE OF THE SECOND ORDER. VAJDA’S IDENTITY

The practical purpose of this section and some subsequent sections is to show the fact

that any sequence defined by a second-order linear recurrence
Tn+2 - PTn+1 - QTn (21)

with arbitrary initial data (Tp,T1) = (to,t1) satisfies the Somos-4 equation (L)) as well as
the Gale-Robinson recurrence (L2Z)). Generally speaking, we consider any complex-valued
sequences, although of course we are aware that integer sequences generated by (2.I]) are of
greatest interest. Further we show the Vajda’s identity for an arbitrary such sequence, and
also see how generalizations of this identity lead to some identities relating second-order

linear sequences to the Somos-4 recurrence.
In what follows, we use the fact that
Ty = —toQDyp—1 + t1 Dy, (2.2)

where (D),)n>0 represents a particular solution to the linear equation (2ZJ]) with the initial

condition (¢p,t1) = (0,1). The first few members of this sequence look like this:
Dy=0,Dy=1, Dy=P, D3=P?—Q, Dy=P(P*-2Q),...

In what follows, we call the sequence (Dy,),>0 the Lucas sequence. Of course, this sequence
of polynomials in (P,Q) is the source of many well-known number sequences, such as
Fibonacci numbers, Mersenne numbers, etc., but we consider this sequence in a slightly
different way.

Further, it will be extremely important for us that the Lukas sequence (D,,),>0 can be

formally extended backwards by
Dy,
Q
and we will use this fact repeatedly. Moreover, by ([2.2]) and (23]), we have
Tin _ tODn+612; tan

that means that any second-order linear sequence can also be extended backwards.

D_, = (2.3)

Throughout the rest of this paper we consider only bi-infinite sequences (X, )nez, where
X is T or D or something others. For simplicity, to denote bi-infinite sequence, we agree

to write simply (X,,).

Proof of the following lemmas are simple and standard and are given here mainly for

completeness.

Lemma 2.1. For the Lukas sequence (D,,), the convolution identity

D"+P - _QDp—an + DpDn+17 (2.4)
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for any pair (p,n) € Z2, is valid.

Proof. Let us suppose that we have proved (2:4]) for some values n — 1 and n. Then
Dnyiyp = P (_QDp—an + DpDn—l—l) -Q (_QDp—an—l + DpDn)
= QD1 (—PDy,+QDy—1)+ Dy (PDyy1 — QD)
= —QDp—1Dpi1+ DpDppo. (2.5)
For n = 1, relation (2.4)) becomes
Dys1 = QD1 + PD, (2.6)
what is valid by definition. In turn, for n = 2, (2Z4]) becomes
Dpia = PDpi —QD,
= P(PD,—QDp1)— QD)
= —QPD,_1+ (P*-Q)D,
= —QD2Dy_1 + D3D,,. (2.7)
Relations (2.6]) and (2.7) give a basis for the induction, with the help of (2.1]), to prove
24) for all n > 1. To prove (2.4 for all n < 0 one can use similar arguments. Therefore
this lemma is proved. ([l

In the sequel, we will use the fact that the identity (2.4]) can be rewritten as

Q" 'D, _pi1=D,D, — D, 1Dy, 1. (2.8)

The following lemma contains an identity for the Lukas sequence (D,,) that is a gener-

alization of Wajda’s identity [23] for the Fibonacci numbers:
FoipFotg = FnFoiprg = (—1)"FpFy.
Lemma 2.2. For the Lukas sequence (D,,), a Vajda’s identity
Dy pDniq = DnDnyprqg = Q"DpDy, (2.9)

for any (p,q,n) € Z3, is valid.

Proof. By the convolution identity of the form (24)) and (Z8]) , we have
Dn+pDn+q - DnDn+p+q = (_QDp—an + DpDn—H) Dn+q
—Dn (=QDp-1Dnyq + DpDrigi1)

= Dp (Dn-l-an-l—q - DnDn+q+1)
— Q"D,D,.

The following lemma is a consequence of the Vajda’s identity (2.9]).
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Lemma 2.3. By (2.9), for the second-order linear sequence (1y,), identity
TrapTntqg — TnTniprq = Q" DpDy, (2.10)
for any (p,q,n) € Z3, is valid, where ¢ = Qt% — Ptoty + 3.
Proof. This is proved by direct calculation. A little difficulty can only be to prove the
identity
(DnerlennLq + Dn+pDn+q71) - (ananerJrq + DnDnerJrqfl) = PQnileDq-

But, having (2.9) in hand, we can rewrite the left-hand side of this relation as Q" D,_1D,+
Q" D, 41D, and after that the identity becomes obvious by virtue of the definition of
the Lukas sequence. O

3. FOUR-LINEAR IDENTITY ASSOCIATED TO THE VAJDA’S IDENTITY

Let n=a—¢, p=b+c, ¢g=c—>b. With (23) we can reformulate Lemma as

Lemma 3.1. For any triple of numbers (a,b,c) € Z3 the Lukas sequence (D,,) satisfies
the identity

Da—bDa+b Db—cDb+c + DcfachLa

Q° QP Q°
Let us underline that relation (B.I]) represents the Wajda’s identity (2.9) but only in
symmetrical form. Looking at the symmetrical form of Wajda’s identity (3], only the

= 0. (3.1)

blind will not notice how it can be generalized. So, let us formulate a corresponding
proposition that deviates somewhat from the main content and can rather be considered

as a remark.

Proposition 3.2. For any (ai,...,aq) € Z%, where d > 2, the Lukas sequence (D))
satisfies the identity

D D

aj—ajp1-aj+aj41 o
> o5 =0, age1 = ar. (3.2)
Jj=1

Proof. We prove this proposition by induction. Let us denote, for convenience, the symbol
{a,b} = Dy pDy1p/Q*. Note that, due to ([Z3)), the skew-symmetry relation {a,b} =
—{b,a} holds. Let us suppose we have proved the identity ([B.2) for some value of d. Let

us write the relation
d+1

Z{aj, ajr1} =0, agr2 = a1
j=1

and then add and subtract {ag4,a1} to it. Taking into account our assumption, the last

relation reduces to the relation

{ag,ad4+1} — {ag,a1} + {ag+1,01} =0

and it, in turn, is an identity due to the skew-symmetry of {a, b} and (8I]). The induction
base is given by (B.1). O
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Next we would like to show necessary for us three-term four-linear identity associated
in a sense to the Vajda’s identity (3.1)).

Lemma 3.3. By (31), for any (a1, as,as,b) € Z*, the sequence (D,,) satisfies the identity

DbfangJragDal—agDal-l—ag + DbfalDb+a1Da2—a3Da2+a3 +Db7a2Db+a2Da3—a1Da3+a1 o

Qu Qa2 Qa3 =0.
(3.3)
Proof. Using symbol {a, b}, we rewrite relation (3.3]) that need to be proven as
{b,asz}{ay, a2} + {b,a1}{as,as3} + {b,a2}{as,a1} = 0. (3.4)
We already have, for any (a,b,c) € Z3, two identities
{a,b} + {b,a} =0 and {a,b} + {b,c} +{c,a} =0. (3.5)
Subtracting from (B.4]) the relation
{b,as} ({a1, a2} + {az, a3} + {as,a1}) = 0,
we get the following one:
{ag, a3} ({b,a1} — {b,a3}) + {as, a1} ({b, az} — {b,a3}) = 0.
which, we can rewrite, by virtue of ([3.3), as
{ag, asH{as, a1} +{as,a1}{as, a2} = 0
that is obviously an identity. O

Remark 3.4. One sees that the proved identity ([B.3]) is, in a certain sense, attached to
the identity (B.I]), which in turn is a special case of identity (B.2)) for d = 3. There are in

fact an infinite number of identities of the form

d
Dy —ar. Dara.
+1ajtajy1
ZDb—aijb—l—a)\j . JQ% L =0, agy1 =a, (3.6)

J=1

where A; € (1,...,d), attached to identities ([B.2) with d > 3. The proof of each is similar
to the proof of Proposition B3l As we already found out, we have solution (A1, A2, A\3) =
(3,1,2). The following problem appears here: some suitable sets can be equivalent. Indeed,
if (A1,...,Aq) is a suitable set, then so is (Ay + 1, A1 +1,...,A4—1 + 1). One need to keep
in mind that if appears d 4+ 1, it must be replaced by 1. In the case of d = 3, the set
(A1, A2,A3) = (3,1,2) by a permutation with a shift is translated into itself. In the case
d = 4, we have four equivalent sets, namely, (4,4,1,3) — (4,1,1,2) — (3,1,2,2) —
(3,4,2,3), and therefore in the case d = 4, we have only one identity of the form (B.6])
with (A1, A2, Az, Ag) = (4,4,1,3). One can pose the task of listing identities of the form
B8], but the discussion of this problem will take us far from the main content of the

paper.
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4. LINEAR SECOND-ORDER SEQUENCE AS A PARTICULAR SOLUTION OF THE SOMOS-4
EQUATION

Let n=a1 —b, u=as—b, m=a3—0b, s =2b. With these new variables, the proved

identity ([B.3) can be rewritten in the following form:

QquDm-l—sDn—an—l—u—i—s + QmDnDn—l—sDu—mDu—l—m-i-s + QnDuDu—f—st—an—i—n—i—s =0.
(4.1)

Remark 4.1. If we put s = 0 and r = 1, then (4.1 reduced to the form
Q" ' Dyp—yDyiy = DDy 1 Dyyy — Dy—1Dyy1 Dy (4.2)

This identity has been presented and used in [12] by Eduard Lukas (see also [I]).

With (23] let us slightly correct the identity (£I]) to have it in the following form:

QmDuDu—l—sDn—mDn-‘rm—i—s - QquDm-l—sDn—an-l—u-‘rs + Qqu—uDu—i—m-l—sDnDn-‘rs =0.
(4.3)

Lemma 4.2. By (4.3), identity
QmDuDu—l—sTn—an-l—m—l—s_QquDm—l—sTn—uTn-l—u-‘rs+Qqu—uDu+m+sTnTn+s =0. (44)

holds.

Proof. This lemma can be proven by direct calculation. Let us substitute (2.2]) into (4.4]).
It is obvious that collecting terms at ¢ we get the proven identity (@3)), while at t%, we
get again this identity but with shifted n. It remains to see what we have at tygt;. Only

at this stage there are some difficulties. Namely we have the following relation:

QmDuDu—i—s (Dn—mDn—l—m-‘,-s—l + Dn—m—an+m+s)
_QquDers (ananqLqusfl + anulenJrqus)
+Qqu—uDu+m+s (DnDn-‘,-s—l + Dn—an+s) =0 (45)

that needs a proof. Let us first prove that

QmDuDu—l—sDn—mDn—l—m-‘rs—l - QquDm—i—sDn—an-i-u-l—s—l + Qqu—uDu—l—m-‘,-sDnDn-l—s—l

= _Qn+u+871DquDm7u- (46)

By Vajda’s identity (2.9), we can rewrite the left-hand side of relation (4.0]) as
LHS@E) = (Q"DuDyts — Q“DpnDypis + Q“DypuDytmss) DnDnys—1
+Q" " DyDytsD—inDyps—1 — Q" " Dy Dy s Dy Dy 51
= Q"""DyDyisD_ 1 Dis—1 — Q" Diy Dy s Dy Dyys—1

= QnDqu (Dm-l—sDu-‘,-s—l - Dm+s—1Du+s)
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Here we take into account that, due to Wajda’s identity (2.9)), the sum in parentheses at
Dy Dy 51 is equal to zero. With the identity

Dm+sDu+sfl - Dm+sleu+s = Qm—’—s_lDufm,
that follows from (2.8)), we get (4.0]).

It remains to prove the identity

QmDuDu—l—sDn—m—an—l—m-‘rs - QquDm—l—sDn—u—an-l—u-‘rs + Qqu—uDu—i—m-l—sDn—an-‘rs

= Q" 1D Dy Dy, (4.7)

but this is done by analogy with the proof of the identity (46]). And now summing the
left and right sides of the identities (£6) and (7)), we get (£.3]). O

Putting m = 2, u = 1 and s = 0, in the identity (4.4]), we obtain the fact that the

second-order linear sequence (7),) satisfies an identity

P2 P2 _
TnThta = aTn+1Tn+3 - TQTgw (4.8)

which, in turn, means that this sequence is a particular solution of the Somos-4 recurrence
(1) with coefficients

a=—, f=— (4.9)
and initial data
(to,t1,t2,t3) = (to, t1, —to@ + t1 P, —toQP + t1 (P* — Q)) . (4.10)

Now we would like to see what companion elliptic sequence corresponding to the sequence

(T},) is. Direct calculation gives

P?+2Q 9 P?—-2Q
H=—— and J=a"+p8H = ————.
Q Q
Then, by (L), we have
P P?—Q P (P?-2Q)
Wo=vVa=—, Wy=-8= ,Wy=-0Va=———=.
i var e va
One sees that for n, from zero to four,
Dy,

Inspired by this we substitute D,, = Q~1/21¥,, into ([&10), to get the following relation:
WmequanuquLqus + WanJrsWumequers + WuWquszanernJrs =0. (412)

But it is known that this relation is satisfied by the elliptic sequence [I§]. In particular,

putting s = 0 and m = 1, we get well-known equation
anuWnJru = Wq%Wn*anJrl - WU*1W'IL+1W7%
for elliptic sequences [24].

Let us now summarize all of the above in the following theorem.
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Theorem 4.3. Linear sequence of the second order (T,) is a particular solution of the
Somos-4 recurrence (I1]) with the coefficients o and B given by ({4.9) and the initial data
given by ([£.10). This sequence satisfies also

WuWqustnfmthrers - WmeJrstnfuthrqus + Wmquququstntnqu = 0, (413)
where W, is given by (4.11)).

Remark 4.4. It should be noted that formula (£IT]) can be found on the first page of the
Morgan Ward’s paper [24]. Together with others, it gives there an example of degenerate

elliptic sequence.

With the help of (I4]) and (ILH]), we calculate the invariants of the elliptic curve. In
this case, they look like this:
(P? — 4Q)* (P? - 4Q)°
S DYs P 21603

Moreover, in this case, the degeneracy relation gj — 27g§ = 0 is satisfied. In turn, the

and g3 = —

equation of a degenerate elliptic curve is as follows:

B P2 —4Q\" P2 —4Q
y2_4<x_ 12Q ) (“ 60 )

5. THEOREM THAT EVERY SOMOS-4 SEQUENCE IS A GALE-ROBINSON ONE

So we have proved Theorem 3] that any second-order linear sequence is a solution of
the Somos-4 recurrence and moreover, it satisfies relation (£13)) in which its companion
degenerate elliptic sequence is involved. Now it is natural to assume that all this takes

place in the non-degenerate case. The following theorem says that this is so.

Theorem 5.1. The general solution of the Somos-4 equation (1)) satisfy
WosWN—p—gtntnin = WoWN_gtniptnyN—p = WpWN ptnigtniN—g- (5.1)

for any (N,p,q,n) € Z*, where (W,,) is the companion elliptic sequence defined above.

Proof. One can say that the idea of the proof of Theorem [5.1] presented below follows the

lines proposed in [9]. Given any quadruple of numbers (s, m,u,n) € Z*, we define

o (k)%
/= pepes

where g = n?+m?+u?+s%+s (n + m + u) and then substitute (I.2) and Ward’s expression
(C9) for the terms of the companion elliptic sequence into the relation
[ WuWauistn—mtnim+s — Wi Wingstn—utntuts + Win—uWutmsstntnts) = 0.
As a result of rather tedious transformations we get not such a terrible expression, namely,
o(ur)o((s +u)k)o(z0 + (n —m)k)o(z0 + (n + s+ m)k)
—o(mk)o((s + m)r)o(zo + (n —u)k)o(zo + (n+ s + u)kK)
+o((m —u)r)o((m+ s+ u)k)o(zg +nk)o(zo + (n+ s)k) =0.  (5.2)
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Let us now define

- +( +S> b—< +S> —<+S) d=_2
a=z+(nt+g)rb=(m+g)r c=(utg)r d=—gr

This gives us the opportunity to rewrite (0.2)) as
o(c+d)o(c—d)o(a+b)o(a—b) —o(b+ d)o(b—d)o(a+ c)o(a—c)

+o(b+c)o(b—c)o(a+d)o(a—d) =0.

But this last relation is the well-known identity for the Weierstrass sigma function. To
prove Theorem 5.1 it remains to make the substitution u = ¢—p, s = N —2¢, m = ¢ and
shift n — n +q. O

It should be noted that, in two special cases N =2pand N =2p+ 1, with¢g=p+1
in both cases, from (G.J]), we immediately obtain the following two formulas which are

contained in Theorem 3 of the paper [16]:
W2 — W2 W W g2
1tn—ptnip = Wptn1tnyr = WpaWp ity

and

WiWatn ptnipr1 = WpWpiatn 1tnio — Wy 1 Wy potntn 1.
Let us now show a consequence of this theorem.

Corollary 5.2. Given any solution of Somos-4 recurrence, let us define a sequence (tq )
by tan = tan+r, where d is an arbitrary nonzero positive integer andr = 0,...,d—1. Then

the sequence (tqy) satisfies Somos-4 recurrence

tantdnt+a = Qatan+itanss + ,Bdtz,m_z- (5.3)

Proof. Let N = 4d, p = d and g = 2d. Substituting these value into (B.1I), we get
Wgtntn+4d = W22dtn+dtn+3d - WdWBdtgH_Qd =0

and now replacing n — dn + r we get (5.3]), where

Ws3q
Wy

W2
ag=—2¢ and B, =

= (5.4)

For example, calculating, with the help of (I7T), (L8) and (&.4]), yields
ar =792, Bo=B(1*+17)
and

a3 =« (52 +3)2, B3 = o273 (52 +3) + 33,
where, by definition, J = o?J — 3.
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6. THREE-TERM SOMOS-N EQUATION RELATED EQUATION

In a particular case p = 1 and ¢ = 2, the Gale-Robinson recurrence (.2]) becomes
tntn—i—N = aNtn+1tn+N—1 + /BNtn—l—Ztn—i—N—Za N > 4. (61)

We are forced to number the constants o and g in (6.I]), as it is convenient for the formu-
lation of further statements. We will call relation (G.I]) a three-term Somos-N equation.
Further we will show that any solution of the Somos-N equation gives a solution to some
other equation, which in turn represents a relation consistent with a Volterra lattice equa-

tion.

The following lemma can be proven by direct calculation.

Lemma 6.1. One of the first integral for the Somos-N equation (6.1)) is

N-4

titj+3 titN—3 toln—2 totn—3
Hy = E I + ay aN N . (6.2)
tivitjta toln—2 t1tN—1 totN—1

j=0

On the other hand, given any integer N > 4, let us consider an equation

N-3 N-3
Yni1 | D Unij — HN | = Ynin-o | D Ynsjyz — Hy |, (6.3)
=0 =0

where Hpy are supposed to be some constant.

Remark 6.2. It may be puzzling to the fact that now and further we use the same
notations that we have already used above for another objects, like Hy, 8y etc. But one
have to be a little patient because it will later turn out that these notations are used in

fact for the same things.

We would like to spend some lines to show how equation (6.3)) is related to the Somos-N
equation (6.I). From the very form of the equation, it is clear that it has the following
first integral:

N-3 N—-2
By =[] wnts | D wmss—Hn |- (6.4)
j=1 =0

Moreover we write down one more not obvious the first integral [20], [10].

Lemma 6.3. A quantity

N—-2 N-3 N—-2 N-3
jN = H Yn+j + Z Yn+j Z Yn+j — HN H Yn+j-
Jj=0 Jj=1 j=0 j=1
is the first integral for equation (6.3).

We have every right to consider relation (6.4]) as an equation with two constants Hy

and By. With a substitution y, = f,fnt1, it becomes

N-2 5
Z fn+jfn+j+1 = N

N-3
=0 Hj:l fn+jfn+j+1

+ Hy. (6.5)
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Lemma 6.4. A function

N-2 3
N

w= 11 fori— =55 (6.6)

j=0 Hj:l fn+j
is a 2-integral for equation (6.3). Moreover, we have
N-3 N-3
anni1 = | fors | Hv =D Farifarin | - (6.7)
j=1 j=0

(k) (F)

Of course, the product ay”a,/ is the first integral.

Lemma 6.5. We have a relation ayoan1 =In — HynSBN.

Let us now rewrite (6.6]) as

-3 N-3

QN n H fn+j H fn+jfn+]+1 BN-

Finally, substituting, f, = tptpio/t2 11, into the latter, we get relation

tntn-l—N - aN,ntn—l—ltn—i—N—l + BNtn-l—Qtn—i—N—Q- (68)

One sees that the last relation is nothing more than the Somos-N equation (6.1]), only

with a 2-periodic coefficient ap. So, summing up the above, we conclude the following:

Theorem 6.6. Given any solution of equation (6.8), a sequence (yy) defined by a substi-
tution yp = tptnts/(tnr1tnt2) is a solution of equation (6.3).

It goes without saying that in the case of a constant coefficient oy we have the same

relationship between the Somos-N equation and equation (6.3]). From (6.7)), we get

N-3
OéN1
HN - Zf]fj+1+
§=0 H f]
N-3
titj+3 totn_—2
= ————— +an
o tivitjio titN—1
N-4
_ titi+s t1tN—3 totN—2 tth 3
= Z — =+ ap, an, (6.9)
= tivitjio totn—2 titN—1 Nty 1

Here, for simplicity of notation, we set n = 0. One sees, that (6.9) generalizes expression

(62) for non-autonomous case.

Remark 6.7. The proof of Theorem is actually contained in the paper [10] except
that equation (6.4]) is considered instead of equation (G.3]).
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7. VOLTERRA LATTICE AND ITS SOLUTIONS

The Volterra lattice (IL10), at one time was noted by physicists and used by them as
a simplified model in some processes of plasma physics [14], [25]. In [14], the method of
the inverse scattering problem was applied to this equation. Due to this, the Volterra
lattice can be considered as an integrable differential-difference equation. Later it was
found that this equation is in the list of equations sharing a property of having an infinite
number of higher symmetries and local conservation laws. It was shown in [19] that the
Volterra lattice and many other integrable evolution equations and systems of equations
can be obtained using an appropriate constraint on bi-infinite sequence of Kadomtsev-
Petviashvili (KP) hierarchies.

It is clear that the solution of the Cauchy problem for the Volterra lattice in the case
of general initial conditions is an unbearable task, but nevertheless, some special cases
can be noted when the problem can be solved exactly, especially if the initial data itself
is a solution of some integrable equation. As was shown in [19], equation (6.3]) arises as
a result of further invariant restriction of the sequence of KP hierarchies and therefore is
consistent with the Volterra lattice equation (II0)). This means the following. Given some
N > 4, let Y,,(0) = y, be an initial data satisfying recurrence (6.3]) with fixed constant
Hpy. Then a corresponding solution of the Cauchy problem Y,,(z) must satisfy (G.3]) for

any x € R. Thus it makes sense to look for the solution of the Volterra chain in the form

)
Yn(x) = Yn + ZYn,jﬁa
jz1

where (y,) is a solution of some of equations (6.3]) hoping to sum it up later.

The following fact is useful for our aim.

Lemma 7.1. Let (1,(x)) satisfies bi-linear differential-difference equation

(97’ 1 (97’
TnaL; - T"H(?—xn = Tn—1Tn+2- (7.1)
then
Yy, = —nfnt3 (7.2)
Tn+1Tn+2

satisfies the Volterra lattice (I10).

In other words, instead of looking for solution to the Volterra lattice, we look for solution
of bi-linear equation (7)) of the form

zJ
To(T) =ty + E Tnj =7 (7.3)
=

where (t,) is any sequence satisfying the non-autonomous Somos-N equation (6.8]). With
a solution (Z.3]), due to what we got in Section [6] formula (7.2]) gives the corresponding

solution of the Volterra lattice.

Unfortunately we do not have a clear algorithm for finding a solution, and so far we

can only show the following result obtained by trial and error.
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Theorem 7.2. Let (T),) be any second-order linear sequence. Let B = B(x) be a solution

of the Riccati equation

B = gB(B ~P)+P (7.4)

with the initial condition B(0) = 0. Then
To(x) = (T, — Th—1B(z)) ™. (7.5)

is a solution of the differential-difference equation (7.1) with the condition 1,(0) = T5,.

Proof. This theorem can be proved by direct calculation. Substituting (73] into (ZI]), we
get the relation

(Tn, — T—1B) (n + 1)T1 — (n+ 1)T,B — T,,B’)
— (Ty41 — T,,B) (nT,, = nT, 1B — T,,_1B')
—(Th—1 = Th—2B) (Th42 = T1B) =0

which needs to be proven. Since B = B(x) is supposed to be a solution of the Riccati

equation (7)), we can reduce the last relation to the form
— EB(B—P)+P (T2 — T T, B*(T,_1T), — T,,_»T,
Q n n—1 n+1) + ( n—14n n—2 n+1)

—B (T2 — Tp—2Tp12) + TnTny1 — Tpo1Ti2 = 0. (7.6)
Using Vajda’s identity (Z.I0]) for the second-order linear sequence, we can write
T2 — Ty 1Ty = cQ D2 T 1Ty — T oTpi1 = Q" 2Dy Dy,
T2 — T oTpio = Q" 2D3, TpThi1 — Tp1Tnio = cQ" DDy,
where ¢ = Qt2 — Ptot; +t3. With these relations we bring (Z.6]) to the following form:
- <gB(B —P)+ P) Q" 'D? + B2Q"%2D1Dy — BQ" 2D2 4+ Q" 'D1 Dy = 0.

Finally, substituting D; = 1 and Dy = P into the last relation, we make sure that this is
an identity. O

Corollary 7.3. A solution of the Cauchy problem for the Volterra lattice (L10) with
initial data Y, (0) = T, Thys/(Thi1Tht2) is given by

(Tn — Ty1B(@)) (Tnts — Tny2B(2))
(Thy1 — TnB(x)) (Tnye — Thy1B(x)) .

Y, (z) = (7.7)

Formula (7.7)) gives an infinite set of solutions parametrized by (to,t1, P,Q) € R*. We
do not discuss here the physical meaning of this solution, if it exists at all. In any case,
the physical solution must at least satisfy positivity condition Y,,(z) > 0 in the domain of
its definition, and we leave it as a separate task to identify such solutions. It is possible

that solution of the form (Z.7]) may be of interest from the point of view of number theory.
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8. ON MACLAURIN SERIES FOR B(z)

Let us discuss some technical details. Namely, let us discuss the Maclaurin series for
the function B(z) that is, by definition, a solution of the Riccati equation (.4]). The first

few terms of this series have the following form:

P32  P?(P?*+42Q)z* P°(P?+8Q) x*

Blx) = Pr—Fo+— @ 3 0F 1
P5 (P4 22P%Q + 16Q?) °
P Q+16Q%)2° (8.1)
Q* 5!
Defining new variables
P p?
A:_QB’ z:—ax and 4= 53
from (B1), we get
22 23 2 2°
A(2) :z+§+(1+2q)§+(1+8q)z+(1+22q+16q2)§+...
It is easy to check that this function, by (7.4), satisfies an equation
dA
— =1+ A+ qA>%
dz

From [15] http://oeis.org/A101280| it is known that this is the Riccati equation for the
bi-variate generating function for a number triangle (e, ;), where n > 1 and 0 < j <

|(n —1)/2]. To be more exacty, these numbers are defined by the recurrence relation
€n,j = (] + 1)61171,16 + (277, - 4]) €n—1,5—1-

The triangle of numbers (e, ;) has the following property: let (E(n,j)) be a triangle
of the first-order Euler numbers [I5] http://oeis.org/A173018| that can be defined, for
example, by Worpitzky’s identity [6]

x":SE(n,]‘)(ij).

<.

They can also be defined by the recurrence relation
Em,j)=0G+1DEMm—-1j)+(n—-j)En-1,j-1).

The relationship of these two number triangles is determined by the following formula:

n—1 - Ln-1)/2] A ‘
Z E(n,j)x) = Z en o) (14 )" 172,
=0 =0

9. ON MACLAURIN SERIES FOR T, ()

It is easy to calculate the first few terms of the Maclaurin series (Z.3). We have, for

example,

P3
Tn1 = nTy, — PTy 1, Tno=n>T), — <2Pn — 5) To1,...


http://oeis.org/A101280
http://oeis.org/A173018
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By direct substitution, one can check the following. The sequences (7,,1) and (7,,2) satisfy

linear recurrences

Tnaa1 = 2PTnig1 — (P24 2Q) Toso1 + 2QPTns1,1 — Q%7

and

Tnt6,2 = 3P7'n+572 -3 (P2 + Q) Tn+4,2 + P (P2 + GQ) Tn+3,2 — 3 (P2 + Q) QTn+272
+3PQ*Tni12 — Q*Tha,

respectively. Inspired by this observations, we can assume the following.

Conjecture 9.1. Given any r > 0, let us define a set of polynomials {f,;(P,Q) : j =

0,...,2r +2} by
2r+2

Frt=3" f5(P,Q) X7,
j=0

where F = X? — PX + Q is a characteristic polynomial of a linear sequence (Ty,). Then

the sequence (T, ,) satisfies (2r + 2)-order linear recurrence

2r+2
> £ri(PyQ) Ty = 0.
=0
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