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Abstract. We introduce a new technique for evaluation of series with zeta coefficients and
also for evaluation of certain integrals involving the logGamma function. This technique is based
on Hankel integral representations of the Hurwitz zeta, the Lerch Transcendent, the Digamma and
logGamma functions.

Key words: Hankel contour, Hurwitz zeta function, Lerch Transcendent, Euler constant,
Digamma function, logGamma integral, Barnes function.

2000 Mathematics Subject Classification: Primary 11M35; Secondary 33B15, 40C15.

1. Introduction.

The Hurwitz zeta function ((s,a) is defined for all Res > 1, Rea >0 by

c 1
(sa)=) : (1.1)
n=0 (n+a)*
and has the integral representation:
L(s,a) = —) f X" e gy (12)
L) 4 1-e7*
When a =1, it turns into Riemann’s zeta function, (s, 1) = {(s).
In this note we present a new method for evaluating the series
S(tap)=Y, Mﬂﬁp, (1.3)
n=1 n +P
and T(tap)=Y C@*la) ey (1.4)

n=1 (n+1)(n+2)...(n+p)



(p=0,1,2,..)) ina closed form. The two series have received a considerable attention since

Srivastava [17], [18] initiated their systematic study in 1988. Many interesting results were
obtained consequently by Srivastava and Choi (for instance, [6]) and were collected in their recent
book [19]. Fundamental contributions to this theory and independent evaluations belong also to
Adamchik [1] and Kanemitsu et al [13], [15], [16], Hashimoto et al [12]. For some recent
developments see [14].

The technique presented here is very straightforward and applies also to series with the

Lerch Transcendent [8]:

d,s,a) =Y, M (1.5)
n=0 (n+a)‘
in the coefficients. For example, we evaluate here in a closed form the series
OAnr1,d) ney (1.6)

n=0 n+P

The evaluation of (1.3) and (1.4) requires zeta values ((m,a) for positive and negative
integers m . We use a representation of {(s,a) in terms of a Hankel integral, which makes it
possible to represent the values {(m,a) for positive and negative integers by the same type of
integral. The series (1.3) and (1.4) are evaluated here in terms of the functions

gma)=C'(-na)+ y(n+1){(-na),n=01,..., (1,7)

and similar expressions are used for (1.6). Here y(s) = I'V(s)/T'(s) is the Digamma function and

1];(n+1):—y+1+%+...+% (1.8)

(v is Euler’s constant). The values ¢ (-n,a) are also well-known and can be written in terms of

Bernoulli’s polynomials [3], [19]:

_Bn+1(a)
n+l

¢(-n,a) = (1.9)

The values {’(-n,a), however, represent a challenge and give rise to new constructions [1], [7],



[10], [14], [19].

In section 2 we introduce Hankel contours and obtain integral representations for {(m,a)
and g(n,a) . Hankel integral representations for the Digamma function {(s) and the logGamma
function logI'(s) are given in section 3. The series (1.3) and (1.4) are evaluated in section 4,

while sections 5 and 6 deal with the series (1.6).

Our method makes it possible to evaluate integrals of the form

t
fsmf(a+s)ds, Re(a)>0, m=0,1,2,...,
0

for functions f (s) which have certain Hankel integral representations. Some integrals like

t
fsmlogl"(a+s)ds, Re(@)>0, m=0,1,2,... (1.10)
0

have already been evaluated by Gosper [11] and Adamchik [1], see also [6], [7], [9], [10], [19].
Using the Hankel integral technique we give an independent evaluation of (1.10) in Section 7. In
that section we also obtain a Hankel integral representation for log G(s), where G(s) is the
Barnes G- function.

The Appendix at the end of the paper contains a list of some of the Hankel integral

representations for easy reference.

2. Hankel integrals.
For Re(a)> 0 consider the integral
1 z5
I(s)= —f—e dz, (2.1)

2Ti T 1-e?

where L is the Hankel contour consisting of three parts: L =L UL UL_, with L_ the “lower

side” (ie. arg(z) = -m) ofthe ray (-,-€), € >0, traced left to right, and L the “upper

side” (arg(z) = ™) of this ray traced right to left. Finally, L_={z=€e®: -n <@ <n}isa



small circle traced counterclockwise and connecting the two sides of the ray. This contour is used,

for example, in [3, p.253] and [20, p.48]. The integral does not depend on € and setting

€ ~ 0 one can easily see that the contribution from L_ approaches zero. Evaluating the limit we

find:
0 -miys-1 , axe ™! oo niy s-1 , axe™
2mi (5) = 27 1) = | (e ™) ™ gy [ (we™)T o™ gy
€-0 Y 1-e% : 5 l_exe’
) bt xs—l -ax ) bt s—le—ax
:—e"‘”f dx +e’”sf dx
y l-e™ , l-e™
) . * xs—le—ax
— (ems_ e ms)f dx.
, l-e™
Therefore,
3 * s-1 , -ax
I(s) = (1) f X ¢  dx. (2.2)
Ty l-e™
In particular, I(m) = 0 for every positive integer m> 1. From (2.2)
1 T
s,d) = —— ————I(s), 2.3
(s I'(s) sin(ms) © -3
and also
C(s,a) =T (1-91(s), (2.4)
in view of the identity
T _DE)I-s).
sin(7S)

Equation (2.4) will be used to represent ((s,a) for negative integer values of s, while (2.3) will

be used for the positive integer values. First, a note is due: the above equations were obtained for

Re s> 1, Rea>0; the function I(s), however, is defined and holomorphic for every complex



s, and therefore equation (2.4) extends and represents the Hurwitz zeta function for every
s+ 1,2,....Similar representations of the Hurwitz zeta function by a Hankel integral with a

contour stretching along the positive semi-axis can be found in [8], [19] and [21].

For n=0,1,2,... ,(2.4) gives:

Z az
C(-n,a) = 2mf e dz. (2.5)

We cannot plug s =n+1in (2.3) or (2.4) directly, so we write (using limit and the rule of
L’Hospital in (2.3)):

{(+1,0) = 21 lim &}:L{M},
n! s-n+1 sIn(TS) n! cos(n(n+1))

1" ”Logz
n+la ( e??dz. 2.6
{(n+1,0) = mm[ (2:6)

The first part of the following lemma is ready.

Lemma 1. Equation (2.5) holds for n=0,1,2,... and equation (2.6) holds for
n=12 .. .Also, forall s#1,2,...

s+ y-9Ca =0 [ 2 ”L"gzd, 2.7)
In particular, for n=0,1,2,...:
g(na)=l'(-na)+ ¢(m+1){(-n,a) = n!_f z""'le"zLogde’ (2.8)
2miJL 1-e2

where Y (s) is the Digamma function (see below section 3).
Proof. Equation (2.7) results from (2.4) by differentiation for s:
(s,a)=-T'(1-8)I(s) +T'(1-5)1'(s)

711:((11 ;)1‘(1 NI +T(1-91'() = -y (1-9){(s,a) +T(1-9)1'(s),



and (2.8) comes from (2.7) with s = -n
Remark. It follows immediately from the representation (2.8) that the functions g (m,a)

satisfy the relation:

a4 g(m,a)=mg(m-1,a), (2.9)
da
or fg(m—l,a+s)ds:i[g(m,a+t)—g(m,a)]. (2.10)
m

Equation (2.10) can be use used for an alternative proof of Theorem 2 below by consecutive
integration.

The functions g(m,a) are similar to the generalized polygamma functions r (-m, q)
introduced by Espinosa and Moll [9] and the results obtained by them for (-m,q) can easily be

written in terms of g(m,a) and vise versa.

3. The Digamma function.
At this point we need to provide a Hankel integral representations also for the Gauss

Digamma function { (s) and the logGamma function logI'(s). The Digamma function is defined
by ([2], [19], [20], [21]):

I’ INON
V(s = 1OgF(S)
L'(s)’
it has the integral representation (Gauss), [2, p. 26]:
)dx (Res>0), (3.1)
-e”
and the series representation:
N 1
§) = - — - , 32
W=y (o ) (32)



where
Y=-¢(1) (3.3)

is Euler’s constant. The values of ¥ on the positive integers are given by (1.8).

Lemma 2. The Digamma function has the following representations by Hankel integrals

(Res>0):
b© = [ (£ +)logzaz G4
2wiJL  z 1-e?
also:
q;(s):&s)_f z ‘e’Logzdz, (3.5)
2niJeL
y=-y)= o [ S8, (3.6)
2niJeL z
1]1(s)+y:i‘f ¢ Logzdz. (3.7)
2mWidL 1 -e?
Proof. Setting € - 0 in the contour L one computes:
0
1 e?  e* -1 e™ e .
— — + Logzdz= —— —+ Inx - wi)dx
2nifL(Z l—ez) g 2ni£(—x l—e_x)( )
(-1 e e . . _
+ _f(—+ )(1nx+1't1)dx+11mf = ¥ (s),
2mi -X l-e7* €e~0YL,

since the last limit is zero (this is left to the reader). The parts with ‘ Inx ’ cancel out.

Next, we use the representation of the Gamma function I'(s) by a Hankel contour

integral [19, p. 48] (same contour as described above):

L:sz_sezdz’
I'ts)y 2miJ:

(3.8)

and differentiate both sides for s .This leads to (3.5) and (3.6) follows from there when s=1.



Finally, (3.7) is a combination of (3.4) and (3.6). The lemma is proved.
From (3.7) , for Rea >0, Re b >0 we find
1 e%-¢ bz
Y@-w®) = Logzdz,
2widr 1-

eZ

and from (3.2):

(@) -y (b) = f: ()

which symbolically can be written as

V(@ -¥((®)=C(1,b0)-C(1,a).

In the spirit of Lemma 2 we obtain also a Hankel integral representation for the

logGamma function.

Lemma 3. The following representation holds:

—1 az
logT'(a) = logy2m - y(a——)+ f e”Logz ,;
2T l1-e?

i.e. logI'(a) = logy2m —y(a—%) +g(0,a).

Proof. When n = 0 equation (2.8) becomes

£0.0)=00.0 + ¥ EOD =L [ 2

1-e?
At the same time, (see, for example, [19], pp. 91-92, or [21], p. 271):

{'(0,a) =logI'(@) - logy2m , {(0,a) = % —a

which together with (3.3) lead to (3.11).

Note. Differentiating (3.11) for the variable a gives a second proof of (3.7).

1,az
e Logzdz'

(3.9)

(3.10)

(3.11)

(3.12).

(3.13)



4. Evaluation of the series with zeta values.

First, we present two simple cases in order to explain the method. Consider the series

S= i ((n+1,a)t", 4.1)
n=1

ie. S = §(¢,a,0). By (2.6) we find

1 (-D"z"t" | e*“Logz
=— [{ } dz,
2nif nz::l n! 1-e?
S= o [(-e) %82 gy, (42)
27i T 1-e?
and therefore, by (3.9):
S=¥(@-v¥(a-1), ([f[<Rea). (4.3)
The second example is the series
Stal)=Y L0rLa (4.4)
n=1 n+l

which can be evaluated by integrating (4.3). We shall give a different proof, though, in order to
illustrate our method. Instead of (4.3) we integrate (4.2) for ¢ to obtain:

e?”Logz dz

1-e*

1 -1, -tz -1
=__ + - 4.
S(t, a,l) ; f(t zZ e V4 ) ( 5)

1

(the integration constant is -z~ in order to make the right hand side zero for # = 0). Splitting

this integral into three parts we write:

az -1, (a-t)z
S a1y =" [E Logz 4, . 1 [22 Logz 4, (4.6)
27i . 1-e® 27mi 7 1-e*




-1 ,az
1 fz e Logzdz’
2Ti T 1-e?

and use (3.7) for the first one and (2.8) for the second and the third:
St a1)=t(Y(@+y) +£(0,a-9) -g(0,a).
In view of (3.12) and (3.13) this becomes
S a, 1) =ty(a) +logl'(a-1)-logl'(@), (|t| <Rea),
([21, p. 276]; see also [19, p.159]) .
For the general case we need a simple integration formula.

Lemma 4. For every pe N:

t

k+1 p
A z z
Proof: Integration by parts.
We are ready now to evaluate the series (1.3).

Theorem 1. For everyinteger p>1, Rea>0,and |¢{|< Rea :

St a,p)=

-1
g(w(a) +v)+:’20 (”‘1) glka-ntP'* - g(p-1,a)

k

where the functions g (n,a) are defined by (2.8) .
Proof. We multiply both sides of equation (4.2), i.e.

by #P7! and integrate for ¢, taking antiderivatives which are zeros at #= 0. Thus:
y gr g

St a,p) =

2n1 1-e*

p-l _ p-1-k _
fyp‘l(l—e‘zy)dy:£+e"zz k!(p 1) ! _ @ 1)!.
p k=0 k

f{fypl(l ev7ydyt £ 108z 5

(4.7)

(4.8)

(4.9)

(4.10)

10



According to (4.8)

r az
St ap) =1 l‘f e”"Logz ;) @.11)
p 2mi 1 1-e?

. &« (p—l) -1k k! fz'k"le(“'t)zLogde}
ko \ k 2ni o 1-e?

—1\ -p,az
_(p-D! fz e Logzdz'
2T 1-¢e?

The first integral here we replace by ¥r(a) +y from (3.7). For the second and the third integrals
we use (2.8) . This gives (4.9) and the theorem is proved.

In a similar way we can evaluate the series (1.4).

C(n+1l,a) ne _
T(t,a,p)= E DD (n+p)t Po(p=12..)

Theorem 2. For everyinteger p>1, Rea>0,and |¢{|< Rea :

T(t,a,p) = ;_}: W@ +7) (4.13)

P —
‘o 1)“;( )’”l(” 1)g(k,a)tp-"-‘ - sp.an

Proof. We integrate equation (4.2) for ¢ consecutively p times to obtain:

o

{(m+1,a)t""P
n-1 (n+1)(n+2)...(n+p) 211

[owsn = g,

1-e

where Q and its derivatives for ¢ are zeros at # =0, so that

p-l 1 k1
QO,zp)= p_ + E P D) A7) ke lypk-l (-1)PzPe*?
V' k=0 - !

Therefore,

11



Ttap) =2 f L°gz dz

-+

p=l Nkl ;p-k-1 k-1 jaz _1\P -p ,(a-%)z
(- ¢ 1 fz e Lngdz—( 1) fz e Logde'
1

k=0 (p—k—l)l 2mi T -e? 2mi 1-e?

The integrals here can be evaluated by (2.8) and (3.7) and thus one comes to (4.13).

5. Series with the Lerch Transcendent

The Lerch Transcendent @ (A,s,a), also called Hurwitz-Lerch or Lerch zeta function, is
defined by (1.5) for Rea >0, Res >0 and |[A|<1,A#1. When A=1,Res>1 it becomes
the Hurwitz zeta function ((s,a). We exclude this case which has already been considered. For

a=1, the Lerch Transcendent turns into the polylogarithmic function:

=1 m*

Information about ®(A,s,a) can be found, for instance, in [8] and [13]. The standard integral
representation of this function is similar to (1.2):
s-1

1
L'(s) [ 1-Ae™

DA, s,a) =

e “dx,

and the Hankel integral representations (obtained in the same way as (2.3) and (2.4)) are:

1 - 1 az
®(A,s,a) = dz, 5.1
(A.5,0) = 2wil'(s) sm(ns)fl Ae’ ‘ G-
11(1 S) 75 1 az
®(A,s, z, 5.2
(A,s,0) = i f [ ho (5.2)

where L = L(€) is the same contour described in section 2 . Equation (5.2) holds for all s € C

12



where both sides are defined. In particular, it is true for s = 0. One has for |A|<1:

(I)(A, 0 a)= zm: A,n - 1 - 1 fz‘leaz dZ
B 1-A  2mi 4 1-Ae?

(note that this integral does not depend on a ). As before, (5.1) leads to

1)” z"Logz
q) A’ +1 ( g az
(A,n+1,a)= 2min! f 1-Le? dz

In contrast to (2.6), however, this representation is true also for n =0, i.e.

eHZ

®(A,1,a) = Logzdz,
(*,1,0) = 2me1—Aez ogzdz

as both sides are well defined. This is the analog of (3.7). Differentiation of (5.3) gives

-n-1 jaz
&' (A,-ma)+ y(n+1) ®(A,-n,a) = fz e’ Logz 5,
27‘” 1-Ae?

which corresponds to (2.8).
Theorem 3. Forany |A| <1, A# 1,Rea>0,|t| <Reaand p=1,2,...:

Y o0,

n=0 n+p
& p-1 / -1-
E( . ) [®,(A, -k, a-1) + Y (k+1) ®(A, -k, a-1)] 771
k=0

- [@. (A 1-p,a) + ¥ (p) DA, 1-p, a)].

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

Note that the summation on the left side in (5.7) starts from n = 0, while in (4.9) it starts from

n=1.

Proof. Using (5.4) we find:

Y ®(,n+1,a)" =Lf(1—e-f2)%dz,
n=1 27i

~

(5.8)

13



and correspondingly,

E dA,n+1 a)

n+

P 1 p-1 - e‘?Logz
= 1-e”?)dy} 2" dz. :
szy(e)y}1 -~ dz (59)

. -Ae

Proceeding as in the proof of Theorem 1 we come to the analog of (4.11) with the only
difference that the denominator in the integrals is 1 — A e” instead of 1 - eZ. Using (5.5) to
substitute ® (A, 1,a) for the first integral and (5.6) for the other two, we can write the hand right
side of (5.9) as

t? &= p-1 / 1-
-®(A,1,a) — + i [®,(A, -k, a-O)+ Y (k+1) R (A, -k, a-1)] P71 F
p

k=0

- [@ (A 1-p,a) + ¥ () D, 1-p, a)].

Moving the first term here to the sum on the left side in (5,9) we arrive at (5.7).
When p =0 we have from (5.8)

Y ®(,n+la)t"= DA, La-1)- ®(A,1,a0),
n=1

or ®(A,La-7) =Y, ®(A,n+1la)t", (5.10)
n=0

which is the Maclaurin series expansion of @ (A,1,a-7) inthe variable #.

6. Evaluating ®(A,-m,a) and CIJ; (A,-m,a) in terms of more simple functions.

Let Re(a) >0, |A| <1 throughout this section. First we shall evaluate ®(A,-m,a) in

terms of the geometric polynomials w(A) defined by

© M= {"HrAk 6.1)
k=0

where {}} are the Stirling numbers of second kind. The geometric polynomials were introduced

14



in [5] and used there for series summation and asymptotic expansions. In particular, the following
summation formula holds for every m =0, 1,2

(A —)'”

= 1 A
Loy kmaks .
A & 7 oG

(6.2)

Proposition 1. For m =0, 1, ... one has:

@(k,—m,a):—zm: "”(o( A )
1-A 1-A

J=

(6.3)

Proof. When |A|<1 the function

®(A,s,a) = E

(n+a)s

is defined for all s € C. In particular, when s = -m, m=0,1,2,...one has:

oo

®(A,-m,a) = i A'(n+a)™ =y A”zm: (m) niq™7
n=0 ]

n=0 Jj=0

and according to (6.2) we arrive at (6.3).

Next we consider CI); (A,-m,a) . We shall express these values in terms of the function

I(A,a) = ®/(A,0,0), ic.,

I(A,a) = - i A"log(n+a), (6.4)
n=0

and its derivatives for A .

Proposition 2. For m=0,1,..

&' -may= 3 (’”) a1 (A-Ly1101 q) 6.5)
g=0 \ ¢4 dA

15



m . q d
=y (';’) a qu:jo {;}AP(E)PI(A,a)

g=0
Proof. One has

(D;(A,S,a)::-—ji: 2&1195!2;&92’

n=0 (n+a)‘
and therefore,

- (ID:(A,—m,a) =Y A"(n+a)"log(n+a)= Y, ( m) am™1y A'nilog(n+a). (6.6)
n=0 g=0 q n=0

Clearly,

Y Antlog(n+a) = - (A-2)7 I(h, a). 6.7)
n=0 dl

At the same time, for any g¢-times differentiable function f(A):

(Lyray= Y (DA FOM), 6.8)
dx =

(see [5]). Substituting (6.7) in (6.6) we find the representation (6.5) of CIJ;(A,—m,a) in terms

of (%)Pl(k,a).

Lemma 5. The function I(A,q) in (6.4) has the integral representation:

= —at -t
I(A.d) = e™ _ e ydt 6.9
(%,a) {(He_t ) (6.9)

Proof. By integrating for a the representation

o

1 :fe‘(’”")’dt,
n+a

0

16



we find that

di

(6.10)
t

log(n+a) = f(e Tog(nra)ty
0

To obtain (6.9) we multiply (6.10) by A" and sum from =0 to n =+,
The function <I); (A,-m,a) has also a representation involving the geometric polynomials

in the spirit of (6.3).
Proposition 3. For m=0,1,...:

oo

m -at -t -t
& (A - = m\ ymaq e he - £ A ﬂ
s( > maa) Z%(q)a {[I_Ae—twq(l—le‘t) l—qu(l—x)] t

This follows from (6.6) where the last sum is replaced by - (A %)q I(A,a) , (see (6.7))

and then (6.2) and (6.9) are used. At that, (6.2) is used in the form

O Lo (2%

= ®
1-bA 1-bHL " 1-DA

true for any b independent of A (as follows from (6.2) by the substitution A - bA ).

7. Evaluation of integrals.

The family of polygamma functions ™ is defined by: @ = and

P(s) = ;_m P =(-D"m!{(m+1,s), me N.
sm

Polygamma functions of negative order, i.e for negative integers m , have been defined by several

authors, as discussed in [1] and [7]. Adamchik [1], for example, considered the family of

functions

17



PO @) =1ogl' @, ¥P @ =

7 2)| f(t s 2logT'(s)ds , k > 2,

and evaluated this integral in a closed form.

At the same time, it is clear from equation (4.3), i.e.

E L+ 1, a)" = (@) - Y (a-1),

that evaluating the series (1.3) is equivalent to evaluating the integral:

t

fsp‘llji(a— s)ds,

0

(7.1)

(7.2)

similar to the one in (7.1). For details, comments and other evaluations see [1], [7], [10], [11].

It is convenient to have at hand general method for evaluation of such integrals. The

proofs of Theorems 1, 2, 3 show that when a function f(a) has a representation by a Hankel

integral as in (2.8), we can evaluate integrals of the form

t
fsmf(a+s)ds, Re(a)>0, m=0,1,2,...
0

as combinations of the functions g, § and polynomials. For example, we shall evaluate the

integral (1.10). We need a slight modification of the integration rule (4.8). Namely:

‘ m-k
m,zy — oz | m|t m m!
fyedyeE(l)k()kl()zm+l,
0
forevery m=0,1,2... .
Theorem 4. For Re(a)>0, |¢{|<Re(a) and m=0,1,2...:
¢ m+ tm+1

fsmlogF(a+s)ds = -

0

+ [logy2m - y(a- —)]

(7.3)

(7.4)

18



- CDF(m) e D"
+ t k+l,a+t)- ~——~—g(m+1,a).
1; k+1 \ &k 8( ) m+1 &( )

The proof follows from Lemma 3, formula (7.3), and (2.8).

In particular, we have:

flogl‘(a+s)ds = —yt—; + [log\/ﬁ—y(a—%)]t +g(l,a+?) - g(1,a). (7.5)
0

Using (2.8) we write
gla+)-gl,a)=¢'(-LLa+-{'(-1,0) - ¥ )[{(-La+H)-{(-1a)].
Next, we shall simplify the expression
YLl(-l,a+n-C(-La)]

The second Bernoulli polynomial is

BZ(a) :az_a-'—% )

and according to (1.9):

C(-La+)-C(-1.a) = '—21 (B,(a+1) - B,(a)) = '—21(2at+t2—t).

Also, by (1.8)

l11(2) =1 Y,
and we obtain from (7.5)
! 2
[1ogT(@+s)ds = —% + (logy/27 —a+%)t +O(-La+f) - {'(-1,a) . (7.6)
0

The integral in (7.6) was first evaluated by Barnes [4] in terms of the GG-function which he
studied. The G-function, called now the Barnes function is defined by the difference equation
G+ =TI'(s)G(s), G(1) = 1.

In terms of G(s) the evaluation is:
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! 2
flogl‘(a+s)ds: —% +(logy2m —a+%)t (7.7)
0

+(@+t-1)logl'(a+?) - logG(a+7) - (a-1)logI'(a) +logG(a),
([41, [19], p-207). The connection with (7.6) is easily found by using the equation ([19], p. 94):

logG (a) = 1—12 ~log4 + (a- )logT(@)- {'(-1,a), (7.8)

where A4 is the Glaisher-Kinkelin constant ([1], [6], [19]).

The function {/(-1,a4)  a has a Hankel integral representation. From (1.8) and (1.9):

Y(R)L(-1,a) = ‘—21(1—y)(a2—a+%),

and by (2.8):

C’(—l,a):l(l—y)(a2—a+l)+ 1 fz_zeaz Logzdz. (7.9)
2 6 2miJL 1-¢°Z

We can use equation (7.8) now to represent logG(a) by a Hankel integral, as {’(-1,a) and

logI'(a) already have such representations. Substituting (7.9) and (3.11) in (7.8) one arrives at:

logG(a) = p(a) + — [ [(@-1)z ' -7z2]¢L08Z 4, (7.10)
2miJL l1-e?
or
logG(a) =p(@) + (a-1)g(0,0)-g(1,9), (7.11)
where p(a) is the second degree polynomial:
p(a) = '—21(1 +y)a? + (logy27 + y +%)a - % “log(4y/27). (7.12)

Therefore, one can evaluate integrals of the form
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t
fsmlogG(a+s)ds, Re(a)>0,m=0,1,2,...,
0

either by the method used in Theorems 1- 4 or, alternatively, by repeated integration of (7.11),
using the rule (2.10) for integrating g(n,q).

Appendix
This is a list of some Hankel integral representations obtained in the paper. They are given

with their original numbers. The contour L is described at the beginning of Section 2.

_ s-1
(eay=TU"D [ 2oy, 2.4)
27 1-¢e?
L
| -(n+l)
{(-n,a) = 2’;_ f Zl - e*?dz n=0,1,.. ; (2.5)
-e
_1\nrtl n
C(n+1,a):( D z Logze”dz,n: 1,2,..; (2.6)
27in! 1-e?

| -n-1 _jaz
g(na)=l(-na)+ ¢(m+1){(-n,a) = n'_f z ¢ Logzdz (2.8)
2wiJL 1-¢?2
(n=0,1,2,...);
1]1(a)+y:if ¢ Logzdz; (3.7)
2mWidL 1 -e?
1 1 zle%Logz ,
logT'(a) = logy2m -y(a-=) + f dz; (3.11)
2 2wiJL 1-e?
_ s-1_az
®(\.s,q)= LU s)fz e dz: (5.2)
2ni 4 1-Ae?
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