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Abstract: We give the Jordan form and the Singular Value Decomposition for an integral operator
N with a non-symmetric kernel N(y,z). This is used to give solutions of Fredholm equations for
non-symmetric kernels, and to determine the behaviour of N™ and (NN*)™ for large n.

1 Introduction and summary

Suppose that €2 C RP and that u is a o-finite measure on 2. Consider a s; X so complex matrix
function N(y, z) on Q x Q. Generally we shall assume that N € Lo(p X p) and is non-trivial, that
is,

0 < |WIE = / / IN (g, 2)|Pdu(y)du(z) < oo.

The integral operator asociated with (N, u) is N defined by

Naly) = /N(y, 2)q(2)du(z), p(z)*N = /p(y)*N(y, z)du(y) (1.1)

where p : Q — C* and ¢ : Q — C*%2 are any functions for which these integrals exist, for example
p,q € La(p), that is [|p|?du < oo, and similarly for g. (All integrals are over . * denotes the
transpose of the complex conjugate.)

Section 2 reviews Fredholm theory for Hermitian kernels, that is, when N(y, z)* = N(z,y), so
that s; = sy . For this case, N = O(r]) for large n where r; is the magnitude of the largest
eigenvalue.

Section 3 extends this to non-Hermitian kernels for the case of diagonal Jordan form. Again
N™ = O(r}) for large n for 1 as before.

Section 4 deals with the case of non-diagonal Jordan form. In this case N™ = O(rin™~1) for

large n for r1 as before where M is the largest multiplicity of those eigenvalues with modulus ry.
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Section 5 gives the Singular Value Decomposition (SVD) for a non-symmetric kernel N(y, z).
In this case one has results such as (MA*)" = O(6?") for large n where 6; is the largest singular
value..

2 Hermitian kernels

Matrix theory

First consider a Hermitian matrix N* = N € (C**®. Its eigenvalues vq,--- ,vs are the roots of
det(N — vI) = 0. They are real. Corresponding to v; is an eigenvector p; satisfying Np; = v;p;.
These are orthonormal: pipy = 0 where 6;; = 1 and 6, = 0 for j # k. Set P = (p1,--- ,ps). If
N and its eigenvalues are real, then P can be taken to be real. The spectral decomposition of N in
terms of its eigenvalues and eigenvectors is

S
N = PAP* = Zl/jpjp; where A = diag(vy, -+ ,vs), (2.1)
j=1

d_vipip; = PP =I,=P'P = (pjp).
So for a € C
N® = PA“P* = ZV PiD; (2.2)
provided that if det(/N) = 0, then « has non-negative real part. So for det(N) # 0,

S
Nf=g=f=N"1g=> vi'pi(pjg)

j=1
Similarly for v not an eigenvalue and f,g € C?,
(WI-N)f=g=f=wl-N)" ZZV—VJ 'p;(pig).
For large n, if
ri=lnl=-=vpm| >ro= max, |vj] (2.3)
then
M
N" =r{Cy + O(ry) where C,, = Z[&gn (v)l"pip; = O(1) (2.4)
j=1

assuming that s does not depend on n.

Function theory
Now consider a function N(y,z) : Q%> — C*** and a o-finite measure p on Q C RP. Its integral
operator with respect to p is N defined by (LI]). Suppose that the kernel N is Hermitian, that is,

N(y,2)" = N(z,y).



Then the analogues of the matrix results above are as follows. Suppose that [|[A||3 > 0 and

|Njj(z,z)dp(z) < oo
;/ Jj H

The spectral decomposition of N in terms of its eigenvalues and vector eigenfunctions {p;(y)} : @ —
C*%, is
N(y,z) = PuAP(2)* => vpi(y)p;(2)° (2.5)

where A = diag(v1,v2,--+), P(y) = (p1(¥),p2(y), )

The eigenfunctions are orthonormal with respect to u:

/p}*pkdu = Ojk-

In Fredholm theory the convention is to call {\; = v ' the eigenvalues, rather than {v;}.

T,. = P(y)P(z)* is generally divergent but can be thought of as a generalized Dirac function:
J Ly f(2)dpu(z) = f(y). P(2)*P(y) = (p;(2)"p(y)) satisfies [ P(2)*P(2)dp(z) = .
For n =1,2,---, Nu(y,2) = N""IN(y, z) satisfies

Ny(y,2) = P(y)A"P(z ZV p;(y)p; (2
For large n, if (2.3]) holds then
M
Ni(y,2) = 17Cn(y, z) + O(rf) where Cp(y,2) = > [sign ()]"p;(y)p;(2)* = O(1).
7j=1

Conditions for (2.5]) to hold pointwise and uniformly are given in Withers (1974, 1975, 1978.) It is
known as Mercer’s Theorem.

The resolvent
Given functions f, g : Q — C%, the Fredholm integral equation of the second kind,

p(y) = AWp(y) = f(y), (2.6)
can be solved for A not an eigenvalue using
(I = M) "L =T+ )N, that is, Ny = (I — W) "INV

where

Naf(y /NA (y, 2 du(z), g(2)Nx = /g(y)NA(y,Z)du(y),

and the resolvent of N,

Na(y,2) = (I = MN)"'N(y,2) : C x Q* — C***



with operator Ny is the unique solution of
(I — M)Ny = N = Na(I — M),

that is,
WNA(Z/) Z) = N(yvz) - N)\(y7 Z) = )\N)\(y,Z)N

If this can be solved analytically or numerically, then one has a solution of (Z:6]) without the need
to compute the eigenvalues and eigenfunctions of N.

The resolvent satisfies
Na(y,2) = > _pi(m)p;i(2)* /(A = A). (2.7)
j=1

Conditions for this to hold are given by Corollary 3 of Withers (1975). The Fredholm equation of
the second kind, (2.6), has solution

() = F3) + 23 (o) / P fdu) (0 — N).
j=1

The resolvent exists except for A = A;, an eigenvalue. The eigenvalues of N are the zeros of its
Fredholm determinant

A
D) =152,(1 = A/Aj) = exp{—/0 d)\/trace Ny(z,z)du(x)}. (2.8)

The Fredholm integral equation of the first kind

has a solution provided that A is an eigenvalue. For v an eigenvalue, its general solution p(z) is a
linear combination of the eigenfunctions {p;(z)} corresponding to \; = A.

Example 2.1 Suppose that Y,Z € R and (}Z/) ~ N2(0,V) where V = (7{ ;

correlation matriz for (}Z/) For j € Ny, © € R set pj(x) = H;(x)/j!"/? where Hj(z) is the
standard univariate Hermite polynomial. Then [ piprér = djx and

). So V is the

> ripiWpi(2) = do(y, 2)/or(y)di(2).
=0

This is Mehler’s expansion for the standard bivariate mormal distribution. Pearson gave an in-
tegrated version and Kibble extended it to an expansion for ¢y (x)/¢r(x) for v € R* and V a
correlation matrixz. See for example (45.52) p127 and p321-2 of Kotz, Balakrishnan and Johnson
(2000).



3 Functions of two variables with diagonal Jordan form

Diagonal Jordan form for matrices

Consider N € C*** with eigenvalues vy, -+ , v, the roots of det(N — vI) = 0. N is said to have

diagonal Jordan form (DJF) if
N = PAQ" where PQ* =1 and A = diag(vy,- -+ ,vs).

So

S
N = Zyjqu;v Q;pk = 5jk where P = (pl,“' 7ps)7 Q= (QIa
j=1

s

Y pig = PQT=1I1,=Q'P=(qm)

j=1
If N, A are real then P, @ can be taken as real. Also

NP = PA, Np; =vjpj, N*Q = QA, N*q; =7;q;,
and for any complex «, .
N® = PA°Q* = Z vipid;
j=1

provided that if det(/V) = 0, then a has non-negative real part. Suppose that

vj = rjeiej and ry =---=rp>rop= max Tj.
j=R+1
Then
R .
N" =riCp+ O(rg) where C,, = Z emeﬂ'qu; =0(1)
j=1
Taking o = —1 gives the inverse of N when this exists.

Diagonal Jordan form for functions

7(]3),

(3.1)

(3.2)

(3.3)

Now consider a function N(y,z) : Q%> — C**5. When N has diagonal Jordan form (for example
when its eigenvalues are all different), then the Fredholm equations of the first kind,

Mp(y) = p(y), MW*q(z) = q(2),

or equivalently for v = A7,

Np(y) = vp(y), N*q(z) = vq(2),

also have only a countable number of solutions, say {\; = Vj_l,pj(y), q;(z), j > 1} up to arbitrary

constant multipliers for {p;(y), j > 1}, satisfying the bi-orthogonal conditions

/ Gpedp = bjp..



These are called the eigenvalues and right and left eigenfunctions of (N, u) or N. Also

N(y,2) = Y vpj)g;(2)* = P(y)AQ(2)" (3.4)
j=1

where A = dia‘g(VhV?v o ')7 P(y) = (pl(y)7p2(y)7' o )7 Q(Z) = (Q1(y)7Q2(y)7' o )

with convergence in Lo(p X p), or pointwise and uniform under stronger conditions. If N is a real
function and A is real, then P, () can be taken as real functions

Forn > 1,
Nu(y,2) = N""IN(y, z) (3.5)
satisfies
No(y,2) = > vIpi(y)gi(2)* = P(y)A"Q(2)", (3.6)
j=1
N'p(y) = > vipi(y) / ¢ pdp.
j=1
If (3.2) holds then
R .
Nu(y,z) = r7Cp+O(r) where Cp = > e™pj(y)g;(2)" = O(1) (3.7)
j=1
R .
N'(y) = rien +O(ry) where ¢, = Z e p;(y) /q;fpd,u =0(1).
j=1

The resolvent satisfies the equations of Section 2 except that (2.7) is replaced by
Na(y,2) =D piW)g;(2)* /(A = N). (3.8)
j=1

The Fredholm determinant is again given by (2.8]). If only a finite number of eigenvalues are non-
zero, the kernel N(y,z) is said to be degenerate. (For example this holds if p puts weight only at
n points.) If R =1, that is,

|/\1| < |/\]| for j > 1, (3.9)

then as n — oo,

N ) INTF(y) = AT FN™T FNT = AT

This is one way to obtain the first eigenvalue A; arbitrarily closely. Another is to use
At = sup{/ gNhdy - /ghdu =1} if A\; >0, (3.10)

A= inf{/g/\/hdu : /ghd,u =1} if A <O. (3.11)



The maximising/minimising functions are the first eigenfunctions g = g;,h = h;. These are unique
up to a constant multiplier if (3.9]) holds. If A\; is known, one can use

(MN)"f(y) —>p1(y)/(fffdu, fy) (AN — ql(y)/f*mdu,

for any function f : Q — C*®, to approximate p1(y),q1(y). One may now repeat the procedure on
the operator N7 corresponding to

Ni(y,2) = N(y, 2) —vip1(y)q1(2)"

to approximate A2, p2(¥y), g2(z) assuming that the next eigenvalue in magnitude, Ao, has multiplicity
1.

For further details see Withers (1974, 1975, 1978) and references.

4 Fredholm theory for non-diagonal Jordan form

Non-diagonal Jordan form for matrices

For N # N* a matrix in C**? its general Jordan form is

N = PJP~! where J = diag(J1,--- ,J,), Jj = T, (Ng), ij = s,
j=1

A1 0 -+ 0
I = Mt Up=|" T O (4.1)
00 0 -+ A

for some matrix P, and U, is the m x m matrix with 1s on the superdiagonal and Os elsewhere:
(Um)jx = 0jk—1-
(See [1] for example. If N and its eigenvalues are real, then P can be taken as real.) So for n > 1,
N™ = PJ"P~! where J" = diag(J},--- ,J").

By the Binomial Theorem,
Ta(N)" =Y <"> AU and (U2) ;5 = 0;—a.
So U} = 0. For example

n n—1
To(A)™ = ATy + n A" 10, — (A nA > .

0 AT

So N can be expanded in block matrix form

T
(N")jr = _ P I} P*

c=1

7



where we partition P and its inverse as
P = (P]k ],]{7:1, ”r’), f)_1 :(ij J’k::1’ ,7")

with elements P, and Pik matrices in C" %k

Alternatively setting

Q*:P_lv (Plv"'7P7‘):P7 (Ql)"')QT):Qv

with P;,Q; € C**™i, we have

N" = PJ"Q"=)_PJ'Q;. (4.2)
j=1
Y PQ; = PQ =I,=QP=(Q;P)

so that
QjFj =Inm,;, QjP,=0€C™>"™if j k.

P can be obtained as follows. Let pj; be the kth column of P; for k =1,--- ,m;. Then
NP =PJ = NP; = P;J; = Npji = A\jpji + pjk—1 where pjo = 0. (4.3)

So one first obtains pj1, the right eigenvector of N, then pja,- -+, pjm,. This is called the Jordan
chain. @ can either be obtained by inverting P or using

N'Q=QJ" = N"Q; = QjJ; = N*qj, = S\jq]'k + @j k+1 where gj m; 11 = 0. (4.4)

So one first computes g;m;, the right eigenvector of N* then gjm;-1,--,¢j1. For large n and

A0,

Jn(\)" = <m”_ 1> AP gL O(1)]

and U1 is a matrix of 0’s except for a 1 in its upper right corner. So if (3.2)) holds and

R
mp=---=my > max m;
j=Mt1 7

then

(N™), = (M”_ 1)41 MHD, + O

where Dn — ZP el n—M+1) GCUM 1P6k ZP el n—M+1) GCUM 1P6k O(l)

See Withers and Nadarajah (2008) for more details.

Non-diagonal Jordan form for functions
Now consider N : Q2 — C*%°. Suppose that p is a o-finite measure on Q and that N is not
Hermitian, that is N(y,2)* # N(z,y). Its Jordan form is

N(y,z) = P(y)JP(z)"' = where J = diag(J1, Ja, ), J; = Im; (A)) (4.5)



for P(y) : Q@ — C***° and J,,(\) of (&) above. So partitioning
P(y) = (Pir(y): j,k=1,2,---), P(z)_l = (pjk(z) D k=1,2,---),

with elements Pjx(y) and P7%(z) matrix functions in Q — O™ *™k we can partition the nth
iterated kernel, N,(y,2) = N""IN(y, z) as

w(y:2)]jk = ZPJC ) J2 P (2).

Alternatively setting

Q)" =P()7" (Piy), Pay), ) = Py), (Q1(2),Q2(2),-+) = Q(2),
with Pj(y),Q;(z) : & — C**™, we have

e}

No(y,z) = P(y ZPJ ) J1Q;(2)". (4.6)
P(y) can be obtained as follows. Let p;;(y) be the kth column of Pj(y) for k =1,--- ,m;. Then

NP(y) = P(y)J = NPj(y) = Pi(y)J; = Npjr(y) = \ipjk(y) + pjr-1(y) (4.7)

where pjo(y) = 0. So one first obtains p;1(y), the right eigenfunction of N, then pja(y),- -+, pjm,; (¥)-
Q(z) can either be obtained by inverting P(z) or using

N*Q(z) = Q(2)T" = N*Q;(2) = Qj(2) T} = N"qju(2) = \jajk(2) + ¢ p41(2) (4.8)
where ¢; n,+1(2) = 0. So one first computes g, (2), the right eigenfunction of N* then q; ;m;-1(2),- -+ , gj1(2).
So if ([3:2) holds and
mi=--+=my > jglj\lg}}-f-lmj’

then

oD = (3" ) Dol ) + 067

M
where D, (y,2) = Z etn—M+1) 9°P (y )U%_IPCk(z) =0(1)

c=

has (a,0) element S22 | =M+ [Py ()] [P (=) .

[y

Example 4.1

5 The SVD for functions of two variables

The SVD for matrices
Suppose that N € C%1*%2 That is, N is a s X s3 complex matrix. Denote its complex conjugate
transpose by N*. Its SVD is

T
N = PDQ*= Zﬁjqu; where PP* =1, QQ* =1, r = min(sq, $2), (5.1)
j=1
P = (p17"'7p81)6081><817 Q:(Q17"'7q82)6082><827 01229r>0



and for s;1 = s9, $1 > S92, 81 < S9

0

D =A, <A>, (A, 0) respectively where A = diag(fy, - -

If N is real, then so are P and Q.

So for s1 > s9,
A% 0

DD* =
<oo

>, D*D = A?
and for s1 < s9,

A2 0
DD* = A%, D*D = .
oo=(5)

Compare this with (B.]). Also for 1 <j <r,
Ngq; = 0;pj, N'pj = 0;q;,
for r < j <s1, Ng; =0, and for r < j < s, N*p; = 0. Also since

NN*P = PDD*, N*NQ = QD*D

the p; is a right eigenvector of NN* with eigenvalue 9]2- (or 0if r < j < s1) and the ¢; is a right

eigenvector of N*N with eigenvalue (9)2» (or 0if r < j < s2). So (or by Section 2),

T T

(NN = Y 03mppl, (N*N)" = 02"q;q} forn > 1,

j=1 7j=1
T T

(NN*)"N = Zeinﬂqu;, (N*N)"N* = 29]2-"+1qu; for n > 0.

Jj=1 J=1

These do not depend on the vectors {p;,q;,j > r}.

Soif 0y =--- =60y > Opr41, then we have the approximations for n > 0,

M M
(NN = 6" pipl + O(0311), (N*N)" =63 q;q; + O(031,) for n > 1,

j=1 j=1

(NN*)'N = 67" “pigs + O(03751), (N*N)"N* = 67" " g;p% + O(
j=1 =1

But

s2
Iy, = (NN*)" Zpypg, I, = (N"N)" =}~ 445
j=1

If s1 = s9 and N is non-singular, its inverse is

-1 _ QA_lp*.

However unlike Jordan form, the SVD does not give a nice form for powers of N.

Now suppose 2 C RP and that u is a o-finite measure on 2. Consider a function N(y, z) :

081 X S82

10

(5.2)

02 >



The equations
Na(y) = 6p(y), N'p(2) = bq(2),
have a countable number of solutions, say {0;,p;(y),q;(2), j > 1} satisfying

/p§pkdu = /q}kadu = Ok

The singular values {0;} may be taken as real, non-negative and non-increasing. (For convenience
we have included 0; = 0.) {p;j(y)} and {g;(y)} are the right eigenfunctions of NN* and N*N
respectively, with eigenvalues {9]2} Also in Lo(p % )

z) = inpj(y)qJ'(Z)*- (54)
p=
If N is real, then so are {p;, q;}. By d), for n > 0,
NN)"N(y,2) = in"*lpj(y)qj(Z)*,
NTN)'N(y,2)" = Z92n+1 pi(y)",
N*NN*)"N(y,z) = ZH§”+2Qj(y)qJ'(Z)*,

o

NWNN)'N(y,2)" = 07" pi(2)p;(y)",

j=1
WD) = 0w [ v
j=1

N N)"q(z) = D 607g5(2) / qjqdu,
7j=1

[e.e]

WATYNal) = 30 i) [ diadn.
j

N*N)"N*ply) = iGZ"“ i(y) / pipdp,
st

[ trace AN YN emyit) = [ e NN Ny, 2ecyilil) = 3072
1
Soif 1 = -~ = Op; > Ops41, then we have approximations such as j
(NN*)"p(y) = 67" ij / pipdu + O (03] 1)

it p;(y) [ pipdu = O(1) for j > M. So for iterations of N* A" or NA* the most important parameter
is the largest singular value.

11



References

[1]

2]

Kotz,S., Balakrishnan, N. and Johnson, N.L. (2000) Continuous multivariate distributions,
1, 2nd edition, Wiley, New York.

Withers, C. S. (1974) Mercer’s Theorem and Fredholm resolvents. Bull. Austral. Math. Soc.,
11, 373-380.

Withers, C. S. (1975) Fredholm theory for arbitrary measure spaces. Bull. Austral. Math.
Soc., 12, 283-292.

Withers, C. S. (1978) Fredholm equations have uniformly convergent solutions. Jnl. of . Math.
Anal. and Applic., 64, 602-609.

Withers, C. S. (2000) A simple expression for the multivariate Hermite polynomials. Statistics
and Probability Letters, 47, 165-169.

Withers, C. S. and Nadarajah, S. (2008) The nth power of a matrix and approximations for
large n. Preprint http://arxiv.org/abs/0802.0502

12


http://arxiv.org/abs/0802.0502

	Introduction and summary
	Hermitian kernels
	Functions of two variables with diagonal Jordan form
	Fredholm theory for non-diagonal Jordan form
	The SVD for functions of two variables

