
ar
X

iv
:0

80
9.

28
62

v1
  [

m
at

h-
ph

] 
 1

7 
Se

p 
20

08

New solutions for the modified generalized
Degasperis−Procesi equation

Alvaro H. Salas

Department of Mathematics
Universidad de Caldas, Manizales, Colombia.
Universidad Nacional de Colombia, Manizales.

email : asalash2002@yahoo.com
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1. Introduction

Degasperis and Procesi [1] showed, using the method of asymptotic integrability, that the PDE

ut − uxxt + (b+ 1)uux = buxuxx + uuxxx (1.1)

cannot be completely integrable unless b = 2 or b = 3. The case b = 2 is the Camassa Holm (CH) shallow
water equation [2], which is well known to be integrable and to possess multi-soliton (weak) solutions with
peaks, so called multi-peakons. Degasperis, Holm and Hone [4, 5] proved that the case b = 3, which they called
the Degasperis Procesi (DP) equation, is also integrable and admits multi-peakon solutions. They found the
two-peakon solution explicitly by direct computation.

In this paper we show some exact solutions for the generalized mDP equation [7, 8]

ut − uxxt + (b+ 1)u2ux = buxuxx + uuxxx (1.2)

for any b 6= −1 and b 6= −2 by using three distinct methods: The Cole-Hopf transformation, the rational
hyperbolic ansatz and the improved tanh-coth method.
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2. The Cole-Hopf transformation

We seek solutions to (1.2) in the form of a generalized Cole-Hopf transformation [3][6]

u = A
∂2

∂x2
log(1 + ϕ(x, t)) +B, (2.1)

for the special choice

ϕ(x, t) = exp(µx+ λt+ δ), (A 6= 0, λ 6= 0 and µ 6= 0.) (2.2)

From (2.1) and (2.2) it follows that solutions have the form

u =
Aµ2

2(1 + cosh(µx+ λ t))
+B. (2.3)

Applying this transformation and defining ζ = exp(kx+ωt+δ), we obtain a polynomial equation in the variable
ζ. Equating the coefficients of the different powers of ζ to zero, we obtain the following algebraic system :

• Bµ3 + λµ2 −
(

bB2 +B2
)

µ− λ = 0.

• Bµ3 + λµ2 +
(

bB2 +B2
)

µ+ λ = 0.

• (bA+A)µ5 − (2AB + 2AbB + 9B)µ3 − 9λµ2 −
(

3bB2 + 3B2
)

µ− 3λ = 0.

• (bA+A)µ5 + (2AB + 2AbB + 9B)µ3 + 9λµ2 +
(

3bB2 + 3B2
)

µ+ 3λ = 0.

•
(

bA2 +A2 + 5bA+ 11A
)

µ5 + (2AB + 2AbB + 10B)µ3 + 10λµ2 +
(

2bB2 + 2B2
)

µ+ 2λ = 0.

•
(

bA2 +A2 + 5bA+ 11A
)

µ5 + (2AB + 2AbB + 10B)µ3 + 10λµ2 +
(

2bB2 + 2B2
)

µ+ 2λ = 0.

Solving this system gives following solutions :

• A = − 6(b+2)
b+1 , B =

2µ2
−1+b(µ2

−1)+
√

1−b(b+2)(µ4
−1)

2(b+1) , λ = − 1
2µ
(

b+ 1−
√

1− b(b+ 2) (µ4 − 1)
)

:

u1(x, t) =
2µ2 − 1 + b

(

µ2 − 1
)

+
√

1− b(b+ 2) (µ4 − 1)

2(b+ 1)
−

6(b+ 2)µ2

2(b+ 1)
(

1 + cosh
(

µx− 1
2

(

b+ 1−
√

1− b(b+ 2) (µ4 − 1)
)

µ t
)) .

• A = − 6(b+2)
b+1 , B =

bµ2+2µ2
−1−b−

√
1−b(b+2)(µ4

−1)

2(b+1) , λ = − 1
2µ
(

b+ 1 +
√

1− b(b+ 2) (µ4 − 1)
)

:

u2(x, t) =
bµ2 + 2µ2 − 1− b−

√

1− b(b+ 2) (µ4 − 1)

2(b+ 1)
−

6(b+ 2)µ2

2(b+ 1)
(

1 + cosh
(

µx− 1
2

(

b+ 1 +
√

1− b(b+ 2) (µ4 − 1)
)

µ t
)) .

3. The rational hyperbolic ansatz

According this method, we seek solutions in the form

u(x, t) = u(ξ) =
a0 + a1 sinh(ξ) + a2 cosh(ξ)

1 + c1 sinh(ξ) + c2 cosh(ξ)
, (3.1)

where ξ = x+λt and λ, a0, a1, a2, c1 and c2 are constants to be determined. Changing the hyperbolic functions
sinh(ξ) and cosh(ξ) to their exp form and substituting the resulting expression into (1.2), we obtain a polynomial
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equation in the variable ζ = exp(ξ). Equating the coefficients of the powers of ζ to zero, we obtain an algebraic
system in the variables λ, a0, a1, a2, c1 and c2. After solving this system, we get the following solutions.

• λ = − b
2 , a0 = − 3b+5

b+1 , a1 = 0, a2 = 1
b+1 , c1 = 0, c2 = 1 :

u3(x, t) = −
3b+ 5− cosh

(

x− bt
2

)

(b+ 1)
(

1 + cosh
(

x− bt
2

)) .

• λ = − b
2 , a0 = − 3b+5

b+1 , a1 = 0, a2 = − 1
b+1 , c1 = 0, c2 = −1 :

u4(x, t) = −
3b+ 5 + cosh

(

x− bt
2

)

(b+ 1)
(

1− cosh
(

x− bt
2

)) .

• λ = − b
2 − 1, a0 = − 3(b+2)

b+1 , a1 = 0, a2 = 0, c1 = 0, c2 = −1 :

u5(x, t) = − 3(b+ 2)

(b+ 1)
(

1− cosh
(

x− (1 + b
2 )t
)) .

• λ = − b
2 − 1, a0 = − 3(b+2)

b+1 , a1 = 0, a2 = 0, c1 = 0, c2 = 1 :

u6(x, t) = − 3(b+ 2)

(b+ 1)
(

1 + cosh
(

x− (1 + b
2 )t
)) .

• λ = − b
2 , a0 = − 3b+5

b+1 , a1 = −
√

(b+1)2a2

2
−1

b+1 , c2 = a2(b + 1), c1 = −
√

(b+ 1)2a22 − 1 :

u7(x, t) =
−3b− 5 + (b + 1) cosh

(

x− bt
2

)

a2 −
√

(b + 1)2a22 − 1 sinh
(

x− bt
2

)

(b+ 1)
(

1−
√

(b + 1)2a22 − 1 sinh
(

x− bt
2

)

+ (b + 1)a2 cosh
(

x− bt
2

)

) .

• λ = − b
2 , a0 = − 3b+5

b+1 , a1 =

√
(b+1)2a2

2
−1

b+1 , c2 = a2(b+ 1), c1 =
√

(b + 1)2a22 − 1 :

u8(x, t) =
−3b− 5 + (b + 1) cosh

(

x− bt
2

)

a2 +
√

(b + 1)2a22 − 1 sinh
(

x− bt
2

)

(b+ 1)
(

1 +
√

(b + 1)2a22 − 1 sinh
(

x− bt
2

)

+ (b + 1)a2 cosh
(

x− bt
2

)

) .

• λ = − b
2 − 1, a0 = − 3(b+2)

b+1 , a1 = 0, a2 = 0, c1 =
√

c22 − 1 :

u9(x, t) = − 3(b+ 2)

(b+ 1)
(

1 +
√

c22 − 1 sinh
(

x− (1 + b
2 )t
)

+ c2 cosh
(

x− (1 + b
2 )t
)

) .

• λ = − b
2 − 1, a0 = − 3(b+2)

b+1 , a1 = 0, a2 = 0, c1 = −
√

c22 − 1 :

u10(x, t) =
3(b+ 2)

(b+ 1)
(

1 +
√

c22 − 1 sinh
(

x− (1 + b
2 )t
)

− c2 cosh
(

x− (1 + b
2 )t
)

) .
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4. The improved tanh-coth method

The traveling wave transformation

ξ = x+ λt (4.1)

reduces (1.1) to the nonlinear ode

(b + 1)u′(ξ)u(ξ)2 − u′′′(ξ)u(ξ)− λu′′′(ξ) + λu′(ξ)− bu′(ξ)u′′(ξ) = 0. (4.2)

We seek solutions to (4.2) in the form

u(ξ) = a0 +

m
∑

i=1

(

aiϕ
i + ciϕ

−i
)

, (4.3)

where m is a positive integer that will be determined and ϕ = ϕ(ξ) satisfies the Riccati equation

ϕ′(ξ) = α+ βϕ(ξ) + γϕ(ξ)2, (4.4)

where α, β, γ are constants. The solutions of (4.4) are given by:

(1) If α = 0 and β 6= 0,

ϕ(ξ) =
β

−γ + βe−βξ
. (4.5)

(2) If β = α = 0 and γ 6= 0,

ϕ(ξ) = − 1

γξ
. (4.6)

(3) If γ = 0 and β 6= 0,

ϕ(ξ) =
−α+ βeβξ

β
. (4.7)

(4) If β = 0 and αγ 6= 0,










































ϕ(ξ) =

√
αγ

γ
tan(

√
αγξ), α > 0, γ > 0

ϕ(ξ) =

√
αγ

γ
tanh(

√
αγξ), α > 0, γ < 0

ϕ(ξ) =

√−αγ

γ
tanh(−√−αγξ), α < 0, γ > 0

ϕ(ξ) =

√
αγ

γ
tan(−√

αγξ), α < 0, γ < 0.

(4.8)

(5) If β 6= 0 and β2 = 4αγ,

ϕ(ξ) = −2α(βξ + 2)

β2ξ
(4.9)

(6) If β2 < 4αγ,

ϕ(ξ) =

√

4αγ − β2 tan
(

1
2

√

4αγ − β2ξ
)

− β

2γ
. (4.10)

(7) If β2 > 4αγ and γ 6= 0,

ϕ(ξ) =

√

β2 − 4αγ tanh
(

1
2

√

β2 − 4αγξ
)

− β

2γ
. (4.11)
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Substituting (4.3), along with (4.4) into the left hand of (4.2) and collecting all terms with the same power in
ϕ(ξ), we get a polynomial in the variable ϕ = ϕ(ξ). This polynomial has the form

pϕ3m+1(ξ) + qϕ2m+1(ξ) + rϕm+3(ξ) + lower degree terms (4.12)

With m determined, we equate each coefficient of the polynomial to zero. This will give an overdetermined
system of algebraic equations involving the parameters λ, a0, ai and ci (i = 0, . . . ,m). Having determined these
parameters, and using (4.3) and (4.5)-(4.11), we obtain analytic solutions u(x, t) in a closed form.
To determine the parameter m, we usually balance the terms of highest order in the resulting polynomial. In
our case, we determine m from equations 3m+1 = 2m+1, 3m+1 = m+1, 2m+1 = m+3. This gives m = 0
or m = 2. We define m = 2 to avoid trivial solutions, so solutions have the form

u(ξ) = a0 + a1ϕ(ξ) +
c1

ϕ(ξ)
+ a2ϕ

2(ξ) +
c2

ϕ2(ξ)
. (4.13)

After solving the algebraic system , following solutions are obtained :

First Case : β 6= 0 and β2 = 4αγ.

• a0 = 3(b+2)β2

2(b+1) − 1, a1 = 0, a2 = 0, c1 = 6(b+2)αβ
b+1 , c2 = 6(b+2)α2

b+1 , λ = −b− 1 :

u11(x, t) =
6(b+ 2)β2

(b+ 1)(βξ + 2)2
− 1.

Second Case : α = 0 and β 6= 0.

• a0 = −−bβ2
−2β2+b+

√
1−b(b+2)(β4

−1)+1

2(b+1) , a1 = 6(b+2)βγ
b+1 , a2 = 6(b+2)γ2

b+1 , c1 = 0, c2 = 0,

λ = 1
2

(

−b−
√

1− b(b+ 2) (β4 − 1)− 1
)

:

u12(x, t) =
1

2(b+ 1)

(

(b+ 2)β2 − b− 1−
√

1− b(b+ 2) (β4 − 1)
)

+

6(b+ 2)γβ2

b+ 1

(

1

e−βξβ − γ
+

γ

(e−βξβ − γ)
2

)

.

• a0 =
2β2+b(β2

−1)+
√

1−b(b+2)(β4−1)−1

2(b+1) , a1 = 6(b+2)βγ
b+1 , a2 = 6(b+2)γ2

b+1 , c1 = 0, c2 = 0,

λ = 1
2

(

−b+
√

1− b(b+ 2) (β4 − 1)− 1
)

:

u13(x, t) =
1

2(b+ 1)

(

(b+ 2)β2 − b− 1 +
√

1− b(b+ 2) (β4 − 1)
)

+

6(b+ 2)γβ2

b+ 1

(

1

e−βξβ − γ
+

γ

(e−βξβ − γ)
2

)

.

Third Case : β = 0 and αγ 6= 0 :

• a0 = −−8αγb+b−16αγ+
√

b(b+2)(1−256α2γ2)+1+1

2(b+1) , a1 = 0 , a2 = 6(b+2)γ2

b+1 , c1 = 0, c2 = 6(b+2)α2

b+1 ,
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λ = 1
2

(

−b−
√

b(b+ 2) (1− 256α2γ2) + 1− 1
)

:

u14(x, t) =
−(b+ 1)− 16αγ(b+ 2)−

√

b(b+ 2) (1− 256α2γ2) + 1 + 48αγ(b+ 2) csc2
(

2
√
αγξ

)

2(b+ 1)
.

• a0 =
8αγb−b+16αγ+

√
b(b+2)(1−256α2γ2)+1−1

2(b+1) , a1 = 0 , a2 = 6(b+2)γ2

b+1 , c1 = 0, c2 = 6(b+2)α2

b+1 ,

λ = 1
2

(

−b+
√

b(b+ 2) (1− 256α2γ2) + 1− 1
)

:

u15(x, t) =
−(b+ 1)− 16αγ(b+ 2) +

√

b(b+ 2) (1− 256α2γ2) + 1 + 48αγ(b+ 2) csc2
(

2
√
αγξ

)

2(b+ 1)
.

• a0 = −−8αγb+b−16αγ+
√

b(b+2)(1−16α2γ2)+1+1

2(b+1) , a1 = 0, a2 = 0, c1 = 0, c2 = 6(b+2)α2

b+1 ,

λ = 1
2

(

−b−
√

b(b+ 2) (1− 16α2γ2) + 1− 1
)

:

u16(x, t) =
−(b+ 1) + 8αγ(b+ 2)−

√

b(b+ 2) (1− 16α2γ2) + 1 + 12αγ(b+ 2) cot2
(√

αγξ
)

2(b+ 1)
.

• a0 = −−8αγb+b−16αγ+
√

b(b+2)(1−16α2γ2)+1+1

2(b+1) , a1 = 0, a2 = 6(b+2)γ2

b+1 , c1 = 0, c2 = 0,

λ = 1
2

(

−b−
√

b(b+ 2) (1− 16α2γ2) + 1− 1
)

:

u17(x, t) =
−(b+ 1) + 8αγ(b+ 2)−

√

b(b+ 2) (1− 16α2γ2) + 1 + 12αγ(b+ 2) tan2
(√

αγξ
)

2(b+ 1)
.

• a0 =
8αγb−b+16αγ+

√
b(b+2)(1−16α2γ2)+1−1

2(b+1) , a1 = 0, a2 = 0, c1 = 0, c2 = 6(b+2)α2

b+1 ,

λ = 1
2

(

−b+
√

b(b+ 2) (1− 16α2γ2) + 1− 1
)

:

u18(x, t) =
−(b+ 1) + 8αγ(b+ 2) +

√

b(b+ 2) (1− 16α2γ2) + 1 + 12αγ(b+ 2) cot2
(√

αγξ
)

2(b+ 1)
.

• a0 =
8αγb−b+16αγ+

√
b(b+2)(1−16α2γ2)+1−1

2(b+1) , a1 = 0, a2 = 6(b+2)γ2

b+1 , c1 = 0, c2 = 0,

λ = 1
2

(

−b+
√

b(b+ 2) (1− 16α2γ2) + 1− 1
)

:

u19(x, t) =
−(b+ 1) + 8αγ(b+ 2) +

√

b(b+ 2) (1− 16α2γ2) + 1 + 12αγ(b+ 2) tan2
(√

αγξ
)

2(b+ 1)
.

Fourth Case : ∆ 6= 0, where ∆ = β2 − 4αγ :

• a0 =
24αγ+2∆+b(12αγ+∆−1)−

√
1−b(b+2)(∆2

−1)−1

2(b+1) , a1 = 6(b+2)βγ
b+1 , a2 = 6(b+2)γ2

b+1 , c1 = 0, c2 = 0,

λ = 1
2

(

−b−
√

1− b(b+ 2) (∆2 − 1)− 1
)

:

u20(x, t) = −2∆(b+ 2) + b+ 1 +
√

1− b(b+ 2) (∆2 − 1)

2(b+ 1)
+

3(b+ 2)∆

2(b+ 1)
tanh2

(

1

2

√
∆ξ

)

.
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• a0 =
24αγ+2∆+b(12αγ+∆−1)+

√
1−b(b+2)(∆2−1)−1

2(b+1) , a1 = 6(b+2)βγ
b+1 , a2 = 6(b+2)γ2

b+1 , c1 = 0, c2 = 0,

λ = 1
2

(

−b+
√

1− b(b+ 2) (∆2 − 1)− 1
)

:

u21(x, t) = −2∆(b+ 2) + b+ 1−
√

1− b(b+ 2) (∆2 − 1)

2(b+ 1)
+

3(b+ 2)∆

2(b+ 1)
tanh2

(

1

2

√
∆ξ

)

.

• a0 =
24αγ+2∆+b(12αγ+∆−1)+

√
1−b(b+2)(∆2−1)−1

2(b+1) , a1 = 0, a2 = 0, c1 = 6(b+2)αβ
b+1 , c2 = 6(b+2)α2

b+1 ,

λ = 1
2

(

−b+
√

1− b(b+ 2) (∆2 − 1)− 1
)

:

u22(x, t) =
1

2(b+ 1)
((∆ + 12αγ)(b+ 2)− (b + 1) +

√

1− b(b+ 2) (∆2 − 1))−

12(b+ 2)αγ
(

β2 +
√
∆tanh

(

1
2

√
∆ξ
)

β − 2αγ
)

(b + 1)
(

β +
√
∆tanh

(

1
2

√
∆ξ
))2 .

• a0 =
24αγ+2∆+b(12αγ+∆−1)−

√
1−b(b+2)(∆2

−1)−1

2(b+1) , a1 = 0, a2 = 0, c1 = 6(b+2)αβ
b+1 , c2 = 6(b+2)α2

b+1 ,

λ = 1
2

(

−b−
√

1− b(b+ 2) (∆2 − 1)− 1
)

:

u23(x, t) =
1

2(b+ 1)

(

(∆ + 12αγ)(b+ 2)− (b + 1)−
√

1− b(b+ 2)(∆2 − 1)
)

−

12(b+ 2)αγ
(

β2 +
√
∆tanh

(

1
2

√
∆ξ
)

β − 2αγ
)

(b+ 1)
(

β +
√
∆tanh

(

1
2

√
∆ξ
))2 .

5. Conclusions

In this paper, by using three distinct methods and the help of a symbolic computation engine, we obtain
some exact solutions for the equation (1.1). The methods we employ certainly work well for a large class of
very interesting nonlinear equations. The main advantage of these methods is that their capability of greatly
reducing the size of computational work compared to existing techniques such as the pseudo spectral method,
the inverse scattering method, Hirota’s bilinear method, and the truncated Painlevé expansion. We think that
some of the solutions we obtained are new in the literature.
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