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Abstract

In this paper, anfécient algorithm of logarithmic transformation to Hirotdibear form of the
KdV-type bilinear equation is established. In the algaritlsome properties of Hirota operator
and logarithmic transformation are successfully appligdich helps to prove that the linear
terms of the nonlinear partialfiiérential equation play a crucial role in finding the Hirotértgar
form. Experimented with various integroffirential equations, our algorithm is proven to be
more dficient than the algorithm referred by Zhou, Fu, and Li in getthe Hirota bilinear form,
especially in achieving the céigient of the logarithmic transformation.

Keywords: Hirota bilinear form, KdV-type bilinear equation, D-op&sg Logarithmic
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1. Introduction

In 1971, Hirota developed a direct method, Hirota bilineatmod, to construct the exact
multi-soliton solution of integrable nonlinear partiafigrential equation (NPDE) [1-3]. Once
the Hirota bilinear form(HBF) of a NPDE is given, there argesal ways to solve it. The solu-
tions of NPDE can be constructed from HBF by the typical pdwtion expansion methot [1]
and others [4,5]. Therefore, the key step of the Hirota dineethod is to transform the NPDE
into the Hirota bilinear form (HBF). Hietarinta designedragram on searching for integrable bi-
linear equations such as the KdV—tyEb [6], mKdV—tylae [7],-8%Be @], NLS-typeﬁb] equations.
In 1992, Hereman and ZhuarﬂlO] gave a summary on typesio&ail equations. In recent
years, some algorithms for generating bilinear form of NRID&described and Maple packages
Bilinearization and HBFTrans are established by Zhou, FULL, [12] and Yang, Ruar [13],
respectively. The package Bilinearization can constriaetHiBF of many NPDEs by solving
a system of over-determined algebraic equations with rtspehe combinatorial cdgcients.
However, the general ansatz of the bilinear form of NPDE if I@,@], which relies on the
WTC methodhﬁl] and théiBM method [L_;LB], is so complicated that th&ieiency of perfor-
mance is relatively low. Without depending on these two mésh our method can obtain the
HBF of the KdV-type equations within shorter time. In thispea some properties of Hirota-
operator are taken advantage of, which brings forward to eergficient algorithm for finding
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the HBF of KdV-type equations in NPDE. We take a series ofsitakdV-type equations for

instance, to demonstrate the validity of our algorithm. tRemore, the implementation of the
algorithm in Maple is applied to automate the tedious comipan for the construction of the
HBF of KdV-type equations in NPDE.

2. HirotaBilinear Method

Now, let us briefly review the Hirota derivatives. In 1971réia developed the Hirota deriva-
tive, which is also called D—operat(ﬂ [1]. For1l dimensions, the D-operator is defined by

DIDM - g = (x — 9x)"(J — dy)™F (X, t)g(x’,t’)|x,:x’t,:t, mn=0,1,23,---. (2.1)

wheref(x,t) andg(x, t) are diferentiable functions aft andt, respectively.
From the definition, there are some propertiés [1] of the Brafor,

DOD"f - g = D"D}f - g = D} 'D"D,f - g (2.2)
DYD"f - 1=030"f, whered} = 9"/ox". (2.3)
DID"f - g = (~1)™"DID'g - f (2.4)
DYD"f - f =0, if m+nisodd; (2.5)

furthermore, for arbitrary independent varialije recursive definition of D-operator is,

fg for n=0
DYf -g= ’ 2.6
xt9 {DQ‘le -g- DQ‘lf -Ox, for n>0. (2.6)

As an example, the Korteweg de Viries (KdV) equation
Uyx + 6UUy + Uy = 0 (2.7)

whereu = u(x, t), can be transformed through the dependent variable tanation,

u=2(Inf)x (2.8)
into .
3% fuf — fufe + fXXX;; — A gux fx + 3fxx) _o, 2.9)
from which the bilinear equation below is obtained
fuf — Txfo + froof — Afxxfx + 3F2 = cf?, (2.10)

where c is a constant of integration. Equation (2.10), with@ may also be written concisely
in terms of D-operators as

(D% + DyDy)f - f = 0. (2.11)

Thus, the Hirota bilinear form of the KdV equation is obtalne
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3. Principles Of Our Algorithm

3.1. The Properties of Hirota Derivatives
Introducing vector notation
H
D = (DI’ DX’ Dy, o .)7 (3.1)
consider the KdV-type bilinear equatidn [1]
P(Dt, Dy, Dy, ---)f - f =0, (3.2)

whereP is a general polynomial i, Dy, Dy, - - -.
According to [Z.%#) and(215), it follows that

P(-B) = P(D). (3.3)

Now assume that the degree of every terrRiis even.
Whenn s even, it’s true that

DYf - f = [Z cina’x‘-i(—a;,)] FOYF )]y
i=0
= > (-1)C () (9F (¥
N EICRIOICI) 64
n2-1 o ) ) 2
=2 ) (-1)C, (3% () (3, F(9) + (~1)"2Ch/? (9?1 (%)
i=0
=2(3%) f +H,

whereH = H(fy, fi,---) is a polynomial infy, fi,---, WITHOUT f, andH = D%f - f —2(9%f) f.
This simple observation implies the following crucial farta

P(Dy. Dy, Dy, )F - F = 2(P(, . By, ---)) f + A = 2(P(79’)f)f +A, (3.5)

whereH is a polynomial infy, f;, - - -, WITHOUT f, andP(?)’) = P(d4, Ox, dy, - - -). Some simple
examples are listed as follows to illustrate equationl (3.5)

D2f - f = 2(fxf — f2), H=-2f2 (3.6)
DAf - f = 2(faxf — 4fay i+ 3f2), H = —8fafy + 62, (3.7)
DuDif - f = 2(f f — fify), H = —2ff,, (3.8)

wherefk?( = okf = % -k € N. Furthermore, using eq_uatidﬂB.S), it is easy to ﬁrﬁ)))f -fisa
qguadratic polynomial irf, fy, f;, - - -, and then to obtain

PD)f-f _ P, P

2 =Tt (3.9)
HereP; andP; are polynomials infy, f;,---, WITHOUT f. P, = 2P(—6))f, is a linear polyno-
mial; P, = H is a quadratic polynomial.

3



3.2. Logarithmic Transformation

Consider the derivation formula,

f fxg_ fgx fX ng
D) 2587 19 I T9x 3.10
(g)x g g @& (310

Furthermore, for arbitrary independent variah)l¢'s easy to show that

fx P, P, Pt
wherek € NandPi(i = 1,2,---,k + 1) is a homogeneous polynomial of degieée f,, f.-- -,
WITHOUT f, and
P1 = 0Kfy, Pior = (1)K £ (3.12)
are obtained by using equatién (3.10) repeatedly.
Furthermore, whem+ n > 1, it shows that
onort _ frfm
MM (In f) = % +o+ (D)™ Y (m+n—1)! fxmjn (3.13)

Still, by usingP as the denotation of a general polynomial and letting thee&iwlegree of the
terms inP be equal to or greater than 1, we have

=2 P P P
P(O)Inf)=—F+5++ 4 (3.14)
wherer = degreeP) andP; = P(—(?))f. Here,Pi(i = 1,2,---,r) also denotes a homogeneous

polynomial of degreein fy, f,---, WITHOUT f.
Using the logarithmic transformatian= 2 In f, the following expressions are obtained:

U = 2(fT - :—z) _ Diffz' f (3.15)
w=2( - 53] - 25 (3.16)
U = 2(% - ;Lz) = szffz' f (3.17)
s Z[fxlfxx B 4fxxxf;2+ 3% 12ffxsxfx2 B Gf—T) _ D‘X‘ffz- f _3(D§ff2- f)2 (3.18)
o = (fT o 12f(;ff) _ Diffz- o 15D§ff2- f Diffz- f +30(D§ffz' f)3. (3.19)

Clearly, the expressions above can lead us to finding the tgg¥-bilinear form associated
with logarithmic transformation in NPDE.
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3.3. The Relationship Between Logarithmic Transformation and KdV-type Bilinear Equation
In this paper, we consider the logarithmic transformation

u=2a(nf), n=0,1,2 (3.20)
wheref = f(x,t,---) anda is a nonzero constant.
Substituting[(3.20) to a NPDE
W(u7 uX» UI, o ') = 09 (321)
we get _
W(f7 fX7 ft7 e ; a) = W(u7 uX7 Ut, e )|u=2a(ln f)nx' (322)

If NPDE V~V(f, fx, fi,- - - ; @) has the KdV-type bilinear form

D)f - f
[%) -0, (3.23)

wherem is a nonnegative integer, using the properties of Hirotaatpe and logarithmic trans-
formation, our algorithm will find the undetermined paraersth, m, P(B), anda.

Because of[(3.14), the terms in NPDE with degkegenerate the homogeneous expression
with logarithmic transformatiod (3.20)

P« Pea

fk+ fk+1+""

(3.24)

That is,with logarithmic transformation {3120), the terim&PDE with degred do NOT gener-
ate the termg! (i = 1,2,3,--- k- 1).
Consider KdV-type bilinear form

PD)f - f _(P1f+Pz) B E+E) _(ﬂ) +(&)
f2 mx f2 mx f f2 mx f mx f2 mx

P, ~L)"mP M (P, (=1)"(m+ 1)IP,fm
(fmx+...+ L) ¢ (Peme el (3.25)

P1mx =D)M(m+ 1)!P, £ zay(P(B)) f) (=1)M(m+ 1)!P, £
=t 4 = + o0+ .
f fm+2 f fm+2

Therefore, if a equation has the KdV-type bilinear form, hwibgarithmic transformation
(2.20), the ternflfﬂ must be generated from the linear terms in NPDE(3.21).

Denoting the linear part in NPDE(3121) lﬂr(—6>)u, with logarithmic transformatiori (3.20),
according to[(3.14), the linear part is transformed into

u=2a(In ), 2a%P (79))1‘ .

P(3)u f

Thus, it follows that
— —
P(9) = ady "P(d). (3.26)
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From the above equation, we find it important that the lineems of the NPDE play a crucial
role in finding the HBF. Hence, from the linear part in NPDE, the function of HBF, can be
obtained.

Let ‘ot
P(D)f - ~
PO @t e ), (3.27)
f2 mx
then the diference should be zero, namely,
_)

~— P(D)f - f

Resy, 2 W(f, f, fi,- -+ @) - [—( ) ] =0 (3.28)

mx

Clearly,n is a finite enumerated integer ands also a finite enumerated integer (ep 5
of algorithm inSection 5) andP(3) = adl"P|(3).

With P satisfying [3.2B), the cdBcient of £ in Resy, is equal to zero. Then the homogeneous
expression irf and its derivatives follows as:

P
%%=é+m+—. (3.29)

Here,r is a finite positive integer.

Solving the numerators of (3.29), if there exists the noozemerical solutionr, the unde-
termined parameters m, P(B) are also achieved. It can be proven thdtas no more than one
nonzero numerical solution which satisfies (3.28) withaen andm.The proof will be given
in our next paper.

In summary, if a NPDE has the KdV-type bilinear form assadawith the logarithmic trans-
formation [3.20), our algorithm will surely find it.

4. An Example Of our Algorithm

Now, let us take the KdV equation as an example.

Uyxx + 6UUy + U = O. (4.2)

Here,P|(—6)) =0y + 0.
First substitutas = 2a/In f to (4.1) and simplify the equation, the homogeneous equitid
and its derivatives follows as:

20(fuxx + 12a(In f) fy + fy)  Barfyxfx . 4af3 _o
f f2 3
Since the above equation has f) (erm, we goto the next logarithmic transformation=
2a(In f)y.

Likewise,substituter = 2a(In ), to (4.3) and simplify the equation, the homogeneous equa-
tion in f and its derivatives follows as:

20(fuonx + Tix)  20(=120 fuxfy + Afguxfx + 32 + fxfr)  24afi(—afy+ f) 120ff
- 4 _ -
f f2 5 f3 f4

0.




. . 1. .
From the above equation, the ¢beent of i is acquired: P; = 2a(fuxx + fix) =

2 (6§ + 6X8t) f = 2a6XP|(79))f. Because the order of derivative is even, the Hirota bilinea

form can be obtained:D(B)f - f = a(D% + DyDy)f - f, with which divided byf2 and subtracts
the above equation theftirence is as follows:

12fpa(-20fu + f) _ 2A0f2(-afit f)  120%7

f2 f3 f4 0

Solving the numerators of theftBrence equation, it only has = 0. So we goto the next
logarithmic transformation = 2a/(In f)yx.

Similarly, substitutes = 2a(In f)4 to (Z1) and simplify the equation,the homogeneous equa-
tion in f and its derivatives follows as:

20((fexx + Trooond) _ 20(— 120 Ty Frx + T ft + ST Fx + L0Fyex Fx) + 25 fix
f f2

46,0180 12, + 6a e fy — 152 — 10y — fyf)  12Quhexf3(@— 1) 48af3(a - 1)
B 2 i 4 R S

. . 1. .
From the above equation, the ¢heent of T is obtained: P; = 2a(fyuxx + fixx) =

2a (ai + 6)2(61) f. Because the order of derivative is odd, we integieteand get the Hirota

bilinear formP(B)f - f = (D% + DiDy) f - f, with which divided byf? and derived in terms of
x one time then subtracts the above equation, tiierdince is obtained:

—24a fyxx fxx(@ — 1) N 24f (@ — 1)(3f2 + fxxxfx) B 120 fux f3(a - 1) N 48af2(a - 1) _

f2 f3 f4 f5 0

Solving the numerators of theftBrence equation, a nonzero solutiars 1, is achieved.
In conclusion, by using the logarithmic transformatioa 2(In ), it shows that the equation
(4.1) is equivalent to
(D% + DD - f
—— ] =0.
f2 «

This example illustrates our method intuitively.

5. An Algorithm of Bilinear

Consider the general NPDE
W(u7 uX» UI, o ') = 09
whereu = u(x,t,---), andW is a polynomial inu and its derivatives.
The algorithm for obtaining HBF goes in the following steps:

Stepl Letn=0, f = f(xt,---)anda is an undetermined nonzero constant.
Step 2 Using logarithmic transformatiom= 2« (In f),,, it follows that

w = w(f7 fX» ft7 o ') = W(u7 uX» UI, e )|U=2(t(|n f)nx
7



Step 3 If W has In (f) term, then gotctep 6.
Step 4 Simplify the equatio®WV to get the homogeneous expression$ and its derivatives
~_P1 P Pr
W=T+ﬁ+"'+F,
whereP; = Pj(fy, fi,--+) (i = 1,2,---,r) is a homogeneous polynomial of degiieim
fy, ft,- -+, WITHOUT f.
Step 5 Getthe co#ficient of%
with respect tokin Py isk, and the corresponding Hirota bilinear fornrBy, Dy, - - - ) f - f.
Then the following equation is obtained:

iNnW: Py = P1(fx, fi,---). Letthe lowest order of the derivative bf

Pl(fX7 ft» o ') = 26[)‘(np(fX9 ft» o ')9

where 0< m < k and the degrees of the termsR(fy, f;, - - -) are even. That s,
o If the lowest order derivative of is even, theim =0,2,4,---, andm < k.
e If the lowest order derivative of is odd, therm=1,3,5,---, andm < k.

Step 5.1 Letm= 0, if the lowest order of the derivative dfis even, or else leh = 1.
Step 5.2 IntegratingP; by m times in terms ofx, we getP(fy, f;,---) = %6;mP1(fX, fi,---).
Hence the HBF i®(Dy, Dy, - --)f - f.
P(Dy, D¢, --)f - f
f2
enceResg, to get the homogeneous expression$ and its derivatives

Step 5.3 Calculate the dferenceResy, = W —( ) , and simplify the dier-
mx

F>2 I’:;r
ReS'NZE-F"'-FF.

Step 5.4 Get the equation§ =0(@ = 273,---,r), and solve the equations. If a nonzero
P(Dy, Dy, ---)f - f
=0.
f2
mx

exists, then using = 2« (In f),,, the NPDE is equal té

Therefore, the HBF i®(Dy, Dy, ---)f - f, and exit of program.
Step 5.5 Letm=m+ 2. If m< k, gotoStep 5.2, or else got®tep 6.

Step6 Letn=n+1. If n < 2 then gotdStep 2, or else the NPDE has no HBF with logarithmic
transformation, end program and exit.

6. Applications
Example 1. Boussinesq equatioiﬂ@l?]

Ut — Uxx — 3U2, — Ugx = O (6.1)
Solution. From the equatiorBilinear within 0.s outputsr = 1,u= 2In(f) and

(D?-D2-DHf-f _
f2 B
8
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Example 2. Sawada-Kotera equation {18/ 19]
Up + 45U,U% — 15UyyUy — 15Uyl + Usy = O (6.2)
Solution. Within 0.032s our program outputs= —1,u = —2(In )« and

(-D6 — DD f - f
f2

=0.

X

Example 3. Kadomtsev-Petviashvili equati20]
(Ugx + BUU + U)x + 362Uy = O (6.3)

Solution. Bilinear within 0.016s outputa = 1, u = 2(In f)x and

(D% + DxDy + 36°D)) f - f 0
f2 a
XX

Example 4. The shallow water waves equation|[21]

Ut — Uyyt — ULk + 3uxf udx+u,=0 (6.4)
X

Solution. By substitutingu = wy and using the boundary conditiafiy... = 0 (6.4) can be
converted into the dierential form

Wit — Wayt — SWyWyt — SWyxW + Wyy = O, (6.5)

Bilinear within 0.016s outpute = 1, w = 2(In f)x and

(—D§D1+D§+ DXDt)f f) -0
f2 .

Example5. Ito equation]

X
Uit + Uzyt + BUyUs + 3UUy + 3uxxf udx =0 (6.6)

—00

Solution. By substitutingu = wy and using the boundary conditiogiyx_._., = 0 (6.8) is trans-
formed into the dierential form

Wyt + Waxt + BWy Wy + SWyWit + 3WaxWe = O, (6.7)
Bilinear within 0.031s outpute = 1,w = 2(In f), and

(DI + DAF-F)
P2 -0
XX

Example 6. (2+1)-dimensional breaking soliton equati[23]

X

Ur + Buyyy + 48Uuy + 48Uy f udx =0 (6.8)
9



Solution. The equation can be written as (6.9) by substituting wy and using the boundary
conditionuy|y—-. = 0

Wyt + BWaxy + 4BWxWyy + 4BWxWy = 0, (6.9)

Bilinear within 0.016s outpute = 2, w = 3(In f), and

3(D:D+pDDY - ) _
4 f2 .

Example 7. The Bidirectional SK equatioﬂiM]

X

X
5f UtdX + Suyy — 15uu; — 15uxf UrdX — 45U,U° + 15UyyUy + 15UgeU — Usy = O (6.10)

00 —00

Solution. Similarly, we convert(6.10) into the fierential form by substituting = wy and using
the boundary condition|x_,_c = O, Ugtlxs-co = O

BWit + SWayt — 15Wy Wy — 15Wy W — 45\NXXWZX + 15W3 Wy + 15WaWy — Wgy = O, (6.11)

Bilinear within 0.015s outpute = -1, w = —-2(In f)x and

((—5Dt2 + DS — 5D3Dy) f - f)
f2 §

Example 8. (2+1)-dimensional SK equatioh [25]

X X
O + Usy + 15Uy Uy + 15Ugy U + 450,U° — 5 f UyydX — 15uuy — 15uy f UydX—5SUyy = 0 (6.12)

—00 00

Solution. With the substitutioru = wy and the boundary conditiom|y—,-« = O, Uyylx—-o = 0
(6.12) acquires a ffierential form

AWyt + Wey + 15WaxWyy + 15WayWy + 45WXXWZX — 5wy — 15W, Wiy — 150wy Wy — SWayy = 0, (6.13)
Bilinear within 0.032s outpute = 1, w = 2(In f)x and

(DS - 5D3Dy — 5D2 + 9DDy)f - f
f2

X

Example 9. (3+1)-dimensional KdV equatiovm3]
Ug + BUyUy + Uxyy + Usxz + B0UZUZ + 10U34U; + 20UxUye = O (6.14)

Solution. Bilinear within 0.016s outpute = 3, u = (In f), and

1(DyDy + DSD; + DID)f - f 0
2 f2 -
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7. The Program Code of Bilinear
with(PDEtools): with(DEtools):

## Hirota Bilinear Method
## Bilinear Derivative / Hirota Operator

BD:=proc(FF,DD) local f,g,x,m,opt;

if nargs=1 then return ‘*‘(FF[]); fi; f,g:=FF[]; x,m:=DD[];
opt:=args[3..-1]; if m=0 then return procname(FF,opt); fij;

procname ( [diff (f,x),gl, [x,m-1] ,opt) -procname ([f,diff(g,x)], [x,m-1],0pt);
end:

‘print/BD‘:=proc(FF,DD) local f,g,x,m,i; f,g:=FF[];
f:=cat(f,¢ ‘,g); g:=product(D[args[i] [1]] args([i] [2],i=2..nargs);
if g<>1 then f:=“‘(g)*“‘(f); fi; f; end:

## collect(expr,f); first!
getFnumer:=proc(df,f,pow: :posint:=1) local i,g,fdenom;

if type(df, ‘+‘) then

g:=[lop(df)];

fdenom:=map(denom,g) ;

for i to nops(fdenom) while fdenom[i]<>f"pow do od;

if i>nops(fdenom) then lprint(fdenom) ;

error "no term(s) or numer=0 when denom=%1",op(0,f) “pow fij;
g:=numer(gl[il);

if not type(expand(g),‘+‘) then Ilprint(g);

error "Expected more than 1 term about Hirota D-operator" fij;
return g; fi; lprint(df);

error "expected 1st argument be type ‘+¢."; end:

getvarpow:=proc(df::function) local i,f,var,dif,pow; if
op(0,df)<>diff then lprint(df); error "expected diff function" fi;
f:=convert(df,D); var:=[op(f)]; dif:=[op(op([0,0],£))];
pow:=[0$nops(var)]; f:=op(op(0,f))(var[]l); for i to nops(var) do

dif:=selectremove(member,dif,{i});

pow[i] :=nops(dif[1]);

dif:=dif [2];

od; pow:=zip((x,y)->[x,y],var,pow); pow:=remove (has,pow,{0});

[[f,f],powl[]]; end:

#convert to Hirota Bilinear Form
HBF:=proc(df) local i,c,f; if type(df,‘+‘) then
f:=[op(df)]; return map(procname,f); fi;
if type(df, ‘*‘) then f:=[op(df)];
f:=selectremove(hasfun,f,diff); c:=f[2]; f:=f[1];
if nops(£)<>1 then lprint(df); error "need only one diff function factor." fi;
11



f:=f[]; c:=%(c[]); f:=getvarpow(f); f:=[c,f]; return f; fi;
if op(0,df)=diff then f:=getvarpow(df); f:=[1,f]; return f; fi;
lprint(df); error "unexpected type."; end:

printHBF:=proc(PL::1list) local j,DD,f,C,tmp,gcdC; C:=map2(op,1,PL);
gcdC:=1; if nops(C)>1 then tmp:=[seq(cat(_Z,i),i=1..nops(C))];

gcdC:=tmp *~ C; gcdC:=+‘(gcdC[]); gcdC:=factor(gcdC);

tmp:=selectremove (has,gcdC,tmp); gcdC:=tmp[2];

if gcdC=0 then gcdC:=1 fi; gcdC:=gcdC*xcontent (tmp[1]); fi;

if gcdC<>1 then C:=C /~ gcdC; fi; DD:=map2(op,2,PL);
f:=op(0,DD[1] [1]1[11);
DD:=map(z->product (D[z[i] [11]~=z[i] [2],i=2. .nops(z)),DD);
DD:=zip(‘*‘,C,DD); DD:=‘+‘(DD[]); gcdC * “(DD) * cat(f,¢ ¢,f);
end:

## print Hirota Bilinear Transform
printHBT:=proc(uf,u,f,i,j,PL,alpha:=1) local DD,g,C,tmp,pl;
pl:=printHBF(PL); if j>O then print(u=2*alpha*’diff’(1n(f),x$j));
else print(u=2*alpha*1ln(f)); fi;

if i>0 then print(’diff’ (pl/f°2,x$i)=0); else

print(pl/£°2=0); fi; NULL; end:

guessdifforder:=proc(PL::1list,x: :name)

local L,minorder,maxorder,tmp; L:=map2(op,2,PL);

L:=map(z->z[2..-1],L); tmp:=map(z->map2(op,2,z),L);

tmp:=map(z->‘+‘(z[]),tmp); tmp:=selectremove(type,tmp,even);

minorder:=0; if nops(tmp[1])<nops(tmp[2]) then minorder:=1 fi;

tmp:=map(z->select(has,z,{x}),L); tmp:=map(z->map2(op,2,z),tmp); if

has(tmp,{[]}) then maxorder:=0; else tmp:=map(op,tmp);
maxorder:=min(tmp[]); fi;

if type(maxorder-minorder,odd) then maxorder:=maxorder-1 fi;

[minorder,maxorder]; end:

guessalpha:=proc(Res,uf,u,f,i,j,PL,alpha) local tmp,res,pl,flag,k;
flag:=1; tmp:=[op(Res)]; tmp:=map(numer,tmp);
tmp:=gcd (tmp[1] ,tmp[-1]); if type(tmp, ‘*‘) then
tmp:=remove (has,tmp,f); fi; if tmp<>0 and has(tmp,{alphal}) then
tmp:=solve(tmp/alpha~difforder (uf),{alphal});
if tmp<>NULL and has(tmp,{alpha}) then lprint(tmp);
for k to nops([tmp]) while flag=1 do
res:=collect (expand (subs (tmp[k] ,Res)),f,factor);
if res=0 then pl:=subs(tmp[k],PL);
printHBT (uf,u,f,i,j,pl,rhs(tmp[k]));
flag:=0; fi; od; fi; fi; PL; end:

Bilinear:=proc(uf,u,f,x,alpha) local su,h,i,j,gl,CB,PL,gdo,DD,Res;
if hasfun(uf,int) then error "Do not support integral function yet.
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Please substitute int function." fi; for j from O to 2 do

Res:=1; su:=u=2*alpha*diff (ln(f), [x$jl);

h:=collect (expand(dsubs(su,uf)),f,factor);

if hasfun(h,ln) then next; fi;

gl:=getFnumer(h,f)/2; gl:=expand(gl); CB:=HBF(gl);

gdo:=guessdifforder(CB,x);

for i from gdo[1] by 2 to gdo[2] do
if i=0 then PL:=CB; else PL:=HBF(int(gl,x$i)); fi;
DD:=add(PL[i] [1]*BD(PL[i] [2] [1),i=1..nops(PL));
Res:=collect(expand(diff (DD/f"2, [x$i])-h) ,f,factor);
if Res=0 then printHBT(uf,u,f,i,j,PL,alpha); break;
elif type(alpha,name) and has(DD,alpha) then

Res:=guessalpha(Res,uf,u,f,i,j,PL,alpha);

fi; od; if Res=0 then break; fi; od; PL; end:

8. Conclusions

To sum up, an algorithm for generating the Hirota bilineamnfaf NPDE with logarithm
transformation has been proposed in this paper, and theshilforms of a class of NPDEs are
obtained by using package Bilinear. Then we illuminate thailability of the algorithm by
illustrating some examples.
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