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BEZIER REPRESENTATION OF THE CONSTRAINED DUAL
BERNSTEIN POLYNOMIALS

STANISEAW LEWANOWICZ* AND PAWEE WOZNY

ABsTrRACT. Explicit formulae for the Bézier coefficients of the constrained dual Bern-
stein basis polynomials are derived in terms of the Hahn orthogonal polynomials.
Using difference properties of the latter polynomials, efficient recursive scheme is ob-
tained to compute these coefficients. Applications of this result to some problems of
CAGD is discussed.
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1. INTRODUCTION
Let H,(f’l), where k+1 < n, be the space of all polynomials of degree < n, whose derivatives
of order < k—1 at t = 0, as well as derivatives of order <[—1 at ¢t = 1, vanish. In particular,
II, = H,(TO’O) is the space of the unconstrained polynomials of degree at most n. Obviously,
dim HW) =n—k —1+1, and the Bernstein polynomials {B,?, Biiis-- ,BZ_Z} , where
B = (T)e-ar i<,
i

form a basis of this space. There is a unique dual constrained Bernstein basis of degree n,

(DI (@30, 8), DI (@30,8), ..., DI (@i, 8) ) < D,

satisfying the relation <D(n kD) B]"> =06;; (4,5 =Fk,k+1,...,n—1), where ¢;; equals 1 if

i = j and 0 otherwise, and the inner product (-,-) is given by

1
(1.1) f. g) = /0 (1-2)%2® f(2)ga) dz (o, B > —1).

The unconstrained dual basis D} (z; «, 3) corresponds to the case k = | = 0, hence DI (x; o, B) =
D(n’o’o)(x' a, B).

Dual Bernstein polynomials D( ok, l)(x; a, 3) were studied by Ciesielski [4] (case « =8 =0
and k = [ = 0), also by Juttler [6] (case = B = 0 and general k = [), Rababah and
Al-Natour [11] (k =1 = 0 and general «, 3) and [12] (general o, 8 and k =1).

In [8], we have given explicit expressions for D!(x;c, ) in terms of the shifted Jacobi

polynomials Rg.a’ﬁ ) (x), which, as it is well known, form a set of orthogonal polynomials with
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respect to the inner product (LI]). See also (23)). In [I6], we show that the constrained
polynomials Dg"’k’l)(x; a, B) are related to the unconstrained dual Bernstein polynomials of
degree n— k — 1, with parameters a+ 2l and S+ 2k. Consequently, using the above-mentioned
results of [8], we obtain an explicit orthogonal representation, as well as degree elevation
formula for the constrained dual Bernstein basis polynomials. The latter result plays a crucial
role in the algorithm of multi-degree reduction of Bézier curves, given in the cited paper.

In some computer-aided geometric design applications, like curve intersection using Bézier
clipping (see, e.g., [15 2, [10]), polynomial approximation of rational Bézier curves [9], or
degree reduction of Bézier curves (see, e.g., [16] and the papers cited therein), it is desirable
to have the Bézier-Bernstein representation of the dual constrained polynomials,

n—l
D" (@;0,8) = 3" Cijn, k.1, a, B) B (x).
j=k
In this paper, we give an efficient algorithm to compute the coefficients Cjj(n, k,l, o, §) for
i,7 =1,2...,n, which has O(n?) complexity. This should be compared to a rather compli-
cated recursive algorithm given in [6] and its generalization of [12].
In the sequel, we use the notation
k—1
@k = [J(c+4) (k=0).
j=0

The generalized hypergeometric series is defined by (see, e.g., [1I, §2.1], or [7, §1.4])

TF5< aly...,qp Z> — > (al)k...(ar)k 2k7
bi,...,bs — ENb)g - (bs)k
where r; s € Z4 and aq,...,a,, b1,..., bs, z € C.

2. DUAL BERNSTEIN POLYNOMIALS

Bernstein polynomial basis of degree n (n € N) is given by

Bl'(x) := <:L> zt (1 —z)"" (0<i<mn).
Recall that

(@8) (z) .- (@t Dm —m,mAa+B+1],
(2.1) RO () = S o By AN |

are the shifted Jacobi polynomials [13), p. 280, Eq. (46)]. For « > —1 and 8 > —1, polynomials
(1) are orthogonal with respect to the scalar product (LI]) (see, e.g., [I3, p. 273]); more
specifically,

(a+ Dm(B+1m
m!(2m/o +1)(0)m

with 0 := a4+ +1 and B(\, u) = T'(A)I'(1) /T (A + p). Recall that the Hahn polynomials are
defined by [7), §9.5]

(RG, REOD) = b Bla+1, 8 +1) (m,n > 0)

-m,m+a++1 —x

(22) Qm($;a,ﬁ,N) = 3F2< a+1,—N

1) (m=0,1,...,N; N € N).
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Bernstein polynomials have the following representation in terms of shifted Jacobi polynomial
basis:
n

nigy - (™ | | 21+ 5 68 0 RO (o
(2:) Bi<x>—<i)<a+1>n_z<ﬁ+1>zj§:jo(aﬂ)j(jw);l@y(,ﬁ, ) R ),

where 0 < ¢ < n. This result follows from a formula given in [14], using [I, Cor. 3.3.5]; see
also [8, Eq. (5.4)]. Conversely, shifted Jacobi polynomials have the following representation
in terms of Bernstein basis [3]:

n

O‘H ZQZn—L ,8,n) Bj(z)  (0<i<mn).

(2.4) R"P(z) =

Associated with the basis B*(x) there is a unique dual Bernstein polynomial basis of degree
n?

Dy (z;, ), DY (z;00, B), ..., Dy (x; a, ),
defined so that

(2.5) (D}, BY) = b;; (i, =0,1,...,n).
In [8], we gave a number of properties of polynomials D (x; a, ), including the expansion
1 i Zi/e+ V(o) ()
. Dn 5 = —1 J NI . . s
(2:6) P@ieB) =5 T T j;( e, @8R ),

where 0 < i < n, as well as the following alternative formula representing the dual Bernstein
polynomial D(x;a, ) (0 < i < n) as a "short” linear combination of Jacobi polynomials
with shifted parameters:

e a (1) (o + 1), " (—0); (Bt
(2.7) D} (x;a, B) = Blat LB+ (at DB+ ]z:% (=n); Rn—j ().

In CAGD applications, it is desirable to express the dual basis polynomials in terms of the
Bernstein basis. We have the following result.

Theorem 2.1. Fori=0,1,...,n, we have
(2.8) (x;0,B) = ZCU n,a, ) B (z),

where the Bézier coefficients c;j(n, o, [3) (0 < j < n) are given by any of the following two
forms:

(2.9)
. 1 ~ 2m/o + )(B+ Dm(0)m , .. ’
cij(n, o, B) “Blat LB+ 2 o+ 1 Qm (15 8, a,n) Qum,(4; B, a, ),
(2.10)

’ Dot Da(ca—n)i g~ (=i njia n
cij(n, o, B) '—B(a+1,5+1)n!(5+1)i};(—a—n)h%—h( jia, S+t 1n).
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Proof. Formula ([2.8) with ¢;;(n, a, ) given by [2.9) (respectively, (ZI0)) follows by inserting
expansion (2.4)) in (26]) (respectively, (2.7))) and doing some algebra. O

Now, we show that the coefficients ¢;j(n, o, 8) (i,j = 1,2...,n) given in Theorem 2.1] can
be computed recursively, with a cost O(n?).

Theorem 2.2. Quantities ¢;; = cij(n, o, B) defined in (Z9), ZI0) satisfy the following
recurrence relation:

Civ1y :ﬁ{(z‘ — )20+ 2 — 20— o+ B) ey
(2.11) + B(j) ¢ij—1 + A(j) cijj+1 — B(i) Ci—l,j}a
where 0 <i<n—1,0<7<n and
A(h):=(h—=n)(h++1), B(h) :==h(h—n—a—1).
The starting values are

(04 Da(B+2)n (=1) .
(2:12) WTBla+1L,8+1) (a+ 1), ;(8+2); O<j<n).

Proof. Observe that the expression on the right-hand side of (2.9]) is the linear combination
of products Q,(i; 8, a,n) Q. (j; B, a,n), with the coefficients independent of ¢ and j. Hence,
the proof of the Theorem can be based on an idea similar to the one used in [16, Thm A6] to
prove a recursion satisfied by the dual discrete Bernstein polynomials.

First, recall that the Hahn polynomials satisfy the difference equation (see, e.g., [7, §9.5]),

Ly Qu(w; 8,0, N) = m(m + 0) Qu(x; 5, a, N),
where the operator £ is given by
Ly y(z) = an(z) y(z + 1) — en(@) y(z) + by (z) y(z — 1)
with
an(z) = (x - N)z++1), by):=a(@—a—N-1),
en(z) == an(z) + by ().

Now, using equation (2.9]) we easily obtain that

= @mfo+ DB+ Dim(0)m
ij = Z Bla+1, 8+ 1)m!(a+ 1),

x m(m + ) Qu(i; 8, ,n) Qm(J; B, n)
:ﬁgl Cz‘j-

LYe

7
m=0

This implies equation (2.11).
By (ZI0) and (Z2]), the sum in co; reduces to 2F1(j —n,n + 0 + 1;a+ 1;1) which can be
summed by the Chu-Vandermonde formula (see, e.g., [7, (1.5.4)]). Hence follows (Z12). O
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Remark 2.3. Rababah and Al-Natour [12] have given the formula

qj@%a,ﬁ>=<—1v+j<?>{(?>_l

min(i,j) 1
n+o+h n+oa—nh
Y (2h 1 i Vj
8 h:O( +h )<n+5+h+1>< n—h > Vih Uik

S n+B+h+1\/n+a—nh
mh = n—m n+a—m)’

which contains the earlier result of Jittler [6] for o = 3 = 0.

with

3. CONSTRAINED DUAL BERNSTEIN POLYNOMIALS

Let H%k’l), where k+1 < n, be the space of all polynomials of degree < n, whose derivatives
of order < k —1 at t = 0, as well as derivatives of order <[ — 1 at ¢t = 1, vanish:

D) = {PeHn : POO)=0 (0<i<k-1); PO1)=0 (Ogjgl—l)}.

n
In particular, 11, := Hﬁ?’o’ is the space of the unconstrained polynomials of degree at most n.
Obviously, dim H,(qk’l) =n—k —1+1, and the Bernstein polynomials {B,?, Biii--- vBZ—l}
form a basis of this space. There is a unique dual constrained Bernstein basis of degree n,

D @i a,8), DY (@i, B), .., DY (w5, ),
satisfying
<D§”’k’l), B;‘> =6  (hj=kk+1,...n—1).
Recently, we have shown that the polynomials DZ-("’k’l) can be expressed in terms of dual
Bernstein polynomials without constraints. Namely, we have the following result.

Theorem 3.1 ([16]). Fori=k,k+1,...,n—1, the following formula holds:
(3.1) Dgn’k’l)(x; o, B) =U; - 2*(1 — 2)! DM asa + 21, B+ 2K),

where

62 (0

Now, using expansion (Z38)) in (3I]), the following result is easily obtained.

Theorem 3.2. The constrained dual basis polynomials have the Bézier-Bernstein represen-
tation

n—I

(33) Dz(n7k’l)($7avﬁ) :chj(nvkvh()‘)ﬁ)Bjn(x) (k <i S’I’L—l),
j=k

where

(34) C’ij(n, k,l, a,ﬁ) = UZ Uj ci_hj_k(n — k- l,Oé + 2[,5 + Qk),

notation used being that of [2.9) and (3.2).
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TABLE 1. The C-table

0 0 o 0
0 Ci Cik+1 -+ Crpa O
0 Ci+1k Crit1k+1 -+ Cryina O
0 Cocik Cocigt1 oo Chgp— O
0 0 o 0

Observe that the quantities C;; can be put in a square array (see Table [I]).
Combining ([34]) with Theorem [2Z2] we obtain the following theorem.

Theorem 3.3. Quantities C;j = Cy;(n, k, 1, a, B) defined in [34) satisfy the recurrence rela-
tion
Civng = (1= 9)(2i+2) — 2 — a + ) Oy
i+1,7 _A*(Z) 1= ¢ J n—ao ij
(3.5) + B*(j) Cij—1 + A*(§)Cijy1 — B*(i)ci—l,j},
where k<i<n—-I01—1,k<j<n-—1and
A(uw)=(u—n)(u—k+1)(u+k++1)/(u+1),

B*(u) =u(lu—n—-Il—a—-1)(u—n+1l-1)/(u—n—1).
We adopt the convention that Cyj := 0 if i < k, ori >n—1, orj <k, orj>n—1. The
starting values are

(-1)7 U, .
3.6 Cri =W - —kk41....n—1),
(3.6) ki (@ + 20+ Dogs(k+ B+2); v + n=1)

where we use notation [B.2), and
o (™ )R (o4 2k + 20+ 1) gy (k+ B+ 2
T \k Bla+2l+1, 8+2k+1)(n—k—1)!
Using equation (B.5)), one may obtain the element Cj1; ; in terms of four elements from the

rows number i and i — 1 (see Table 2)). Now, the C-table can be completed very easily in the
following way.

(3.7)

TABLE 2. The cross rule
Ci—1,j

Cij-1 Cij  Cijn
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Algorithm 3.4 (Computing the Bézier coefficients of the polynomials DZ-(n’k’l)).

(1) Compute quantities Cyy, Ck k1, ---, Crn—t, filling the first row of the C-table, by the
formulas

63 () (Y D o 2k 2 Dy
. k=t =\k) \i) Blat2+LB+2k+1)(n—k-—DV

TNt —a—l-n)
(3.9) (J=n—-1l—-1,n—-10-2,... k).
(2) Fori=kk+1,...,n—1—1and j =k k+1,...,n—1, compute Ci;1;, using the
recurrence (B3.5)).

Remark 3.5. Obviously, in case k = 1 = 0, the above scheme allows to compute the Bézier
coefficients c;j(n, o, B) of the unconstrained dual polynomial D} (x; . 8) (cf 2.8)).

Remark 3.6. If o = 3 and k =1, we have the following symmetry property of the C-table:
Cij = Chin—j (k<i,j<n-—k).
This can be verified easily, using the definition B4]) of Cy; as well as the identity
Qm(n—i;a,a,n) = (=1)"Qum(i; o,y n).
Thus, the cost of computing the C-table can be halved in this case.

Remark 3.7. Jittler [6] studied the case of k =1 and o = B = 0 and gave a rather complex
(k)

recurrence relation in i and k, for the coefficients c; ;oin
9

n—=k
DI (2;0,00 =3V B (@) (k<i<n— k).
j=k

Rababah and Al-Natour [12] extended his approach to the case of arbtitrary o, > —1.

4. APPLICATIONS

Consider the following approximation problem. Given the function f defined on [0, 1], we
look for a polynomial P, € II,,,

(4.1) Pp(t) =Y pi BI'(b),
=0

which gives minimum value of the squared norm
(4.2) 1f = PonllZ, = (F = Pons £ = Prn)

with the constraints

43) F00)=PP©0)  (=01,...,k-1),
fOQ) =P (G =01,...,0-1),
where k +1 < m.
This general model contains, for instance,
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(1) multi-degree reduction problem, where f = L, is the polynomial of degree n, n > m,
given in Bézier form,

n
Ln=) 1l B}
=0

(see, e.g., [16] and references given therein);

(2) computing roots of polynomials by the method of clipping [15] 2, 10], which uses a
specific variant of the multi-degree reduction with low value of the degree m, say, less
than five;

(3) polynomial approximation of the rational Bézier form, where f = Ry,

n . BT
R, = 2 i—owii Bj
n
Y imowi BY

(see, e.g., [9] and references given therein).

Theorem 4.1. The coefficients pg,p1, ..., Pm of the polynomial (A1l minimising the error
[@2)) with constraints [@3]) are given by

i—1
(4.4) pi = ( f“ )= (- Z“() - (i=0,1,...k—1);
7=0
i(m—
(4 5) Pm—i —(_1) m 2_: Pm— i+7 (Z 07 17 7l - 1)7
m—I k—1 m
pi =Y Cij(m, k1,0, B) (f, B]") + D | ek
i=k =0 j=m—I+1
(4.6) i=kk+1,...,m—1),

where Cyj(m, k, 1, o, 3) are introduced in [B.3) and

0= ) ()

y (@+14+1)p(B+k+1);
(@+14+1)pmi(B+Ek+1);

Proof. Recall that (see, e.g., [3, p. 49])

J
PY)(0) 'Z J+h< >ph,
h=0
J
P(])( 'Z ]+h< >pm—j+h-
h=0

Using the above equations in (4.3]), we obtain the forms (44]) and (4] for the coefficients
pbo, P15 - .- Pk—-1 and Pm—i+15---5Pm—1,Pm; respectively.

(4.7)




BEZIER REPRESENTATION OF THE CONSTRAINED DUAL BERNSTEIN POLYNOMIALS 9

The remaining coefficients p; are to be determined so that

m—l1

If = Pulli, = IW = mB"|1,
i=k
has the least value, where
k—1 m
W= f— + Y | pB
j=0  j=m—I+1

Remembering that B]" and Dlgm’k’l) (k <i <m —1) are dual bases in the space Hgi’l), we
obtain the formula

Y m—l k—1 m
i = <VV7 Di(m, 7)> = Cij(m,k,l, o, B) (f, B]m> — + Z ;i Kij,
Jj=k Jj=0  j=m-—i+1
where
Kij = By, D™
Formula (47]) was obtained in [9]. Equation (4.6)) now readily follows. O

Remark 4.2. Evaluation of quantities (f, BI"), which are present in equation D), is a simple
task in case of multi-degree reduction or computing zeros by Bézier clipping, as we have

and

S e

In case of approrimation of the rational function, we have
(f, Bf") = (R, B}") Zwm i

where the integrals I;; := <Bi", B / > h—oWh B}’l‘> should be computed using numerical meth-
ods (see, e.g., [9]).

CONCLUSIONS

We gave explicit formulae for the Bézier coefficients of the constrained dual Bernstein
basis polynomials in terms of the Hahn orthogonal polynomials. Using difference equation
satisfied by the latter polynomials, we obtained a recursive algorithm to compute efficiently
these coeflicients. Applications of this result to several problems is discussed, namely to the
multi-degree reduction problem for the Bézier curves, computing roots of polynomials by the
method of Bézier clipping and approximation of the rational Bézier curves by Bézier curves.
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