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Abstract

The present work devoted to the finding explicit solution of a boundary problem
with the Dirichlet-Neumann condition for elliptic equation with singular coef-
ficients in a quarter of ball. For this aim the method of Green’s function have
been used. Since, found Green’s function contains a hypergeometric function of
Appell, we had to deal with decomposition formulas, formulas of differentiation
and some adjacent relations for this hypergeometric function in order to get
explicit solution of the formulated problem.
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1. Introduction

Partial differential equations with singularities (PDEwS) have numerous ap-
plications in real life processes [1,2]. Most famous equation of this kind is
Chaplygin’s equation [3], which can be written as

K(y)uxx + uyy = 0

or in some particular cases as

uxx + uyy +
1

3y
uy = 0.

Email addresses: salakhitdinovms@yahoo.com (M.S.Salakhitdinov),
erkinjon@gmail.com (E.T.Karimov)

URL: http://salakhitdinov.narod.ru (M.S.Salakhitdinov),
http://karimovet.narod.ru (E.T.Karimov)

Preprint submitted to Applied Mathematics and Computation September 3, 2021

ar
X

iv
:1

20
4.

50
26

v1
  [

m
at

h.
A

P]
  2

3 
A

pr
 2

01
2



Latter one called as Tricomi’s equation and was studied well by many authors
[4-7]. Due to possible applications and natural mathematical interests for gener-
alization, (PDEwS) were studied intensively and investigations are still going on.
One can find bibliographic information on this in the monographs [8-10]. Omit-
ting huge amount works, devoted to investigations of boundary problems and
potentials for two dimensional cases of aforementioned equations, note works by
A.V.Bitsadze [11], A.M.Nakhushev [12], M.S.Salakhitdinov and B.Islomov [13],
where three dimensional mixed type equations with singularities were investi-
gated reducing them into two dimensional case using Fourier transformation.

Dirichlet and Dirichlet-Neumann problems for elliptic equation with one
singular coefficient in some part of ball were investigated by C.Agostinelli [14],
M.N.Olevskii [15]. Recently, I.T.Nazipov published a paper devoted to the in-
vestigation of the Tricomi problem in a mixed domain consisting of hemisphere
and cone [16]. We also note works [17-19], where fundamental solutions and
boundary problems for elliptic equations with three singular coefficient were
subject of investigation. By J.J.Nieto and E.T.Karimov [20] the Dirichlet prob-
lem for an equation

Hα,β(u) ≡ uxx + uyy + uzz +
2α

x
ux +

2β

y
uy = 0, 0 < 2α, 2β < 1 (1)

was studied in some part of ball.
In the present work handling the method of Green’s function we find ex-

plicit solution of a boundary problem with the Dirichlet-Neumann condition for
elliptic equation with two singular coefficients in a quarter of a ball.

2. Main result

We consider Eq.(1) in a domain

Ω =
{

(x, y, z) : x2 + y2 + z2 < R2, x > 0, y > 0,−R < z < R
}

which is a quarter of a ball.
Problem D-N. Find a function u (x, y, z) ∈ C

(
Ω
)
∩ C2 (Ω), satisfying

Eq.(1) in Ω and conditions

u (x, y, z) |x=0 = τ1 (y, z) , (y, z) ∈ Ω1, (2)

y2βu (x, y, z) |y=0 = ν2 (x, z) , (x, z) ∈ Ω2, (3)

u (x, y, z) = ϕ (x, y, z) , (x, y, z) ∈ S. (4)

Here

Ω1 =
{

(x, y, z) : y2 + z2 < R2, x = 0, y > 0,−R < z < R
}
,

Ω2 =
{

(x, y, z) : x2 + z2 < R2, x > 0, y = 0,−R < z < R
}
,

S =
{

(x, y, z) : x2 + y2 + z2 = R2, x > 0, y > 0,−R < z < R
}
,

τ1 (y, z) , ν2 (x, z) , ϕ (x, y, z) are given continuous functions fulfilling matching
condition τ1 (y, z)|Υ1

= ϕ (x, y, z)|Υ1
,
(
Υ1 := y2 + z2 = R2

)
.
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Figure 1: Domain Ω

Remark. The uniqueness of solution of the problem D-N can be proved
using classical ”a-b-c” method as in the work [20] or using extremume principle
for elliptic equations [8]. We note also that the uniqueness theorem can be
proved for more general domains.

First we give a definition of the Green’s function of the problem D-N.
Definition. We call the function G (M,M0) as Green’s function of the

problem D-N, if it satisfies the following conditions:

1. it satisfies equation

Gxx +Gyy +Gzz +
2α

x
ux +

2β

y
uy = −δ (M,M0)

in Ω;

2. it satisfies boundary conditions

G|x=0 = 0, y2β Gy|y=0 = 0, G|S = 0;

3. it can be represented as

G (M,M0) = q (M,M0) + q∗
(
M,M0

)
. (5)

Here δ is the Dirac’s delta-function, M(x, y, z) is any and M0(x, y, z) is fixed
point of Ω and M0 (x0, z0, z0) is a point symmetric to M0 regarding the spherical
surface of considered domain, i.e.

x0 = −R
2

R2
0

x0, y0 = −R
2

R2
0

y0, z0 = −R
2

R2
0

z0, R
2
0 = x2

0 + y2
0 + z2

0 ,

q (M,M0) = k
(
r2
)α−β− 3

2 (xx0)
1−2α

F2

(
3

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
(6)

is one of the fundamental solutions of Eq.(1) [20],

F2 (a; b1, b2; c1, c2;x, y) =

∞∑
i,j=0

(a)i+j(b1)i(b2)j
(c1)i(c2)ji!j!

xiyj
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is Appel’s hypergeometric function [21],

q∗ (M,M0) = −
(
R

R0

)3−2α+2β

q
(
M,M0

)
is a regular part of the Green’s function (5), i.e. satisfies Eq.(1) in any point of
Ω,

ξ = 1− r2
1

r2
, η = 1− r2

2

r2
, r2 = (x− x0)2 + (y − y0)2 + (z − z0)2,

r2
1 = (x+ x0)2 + (y − y0)2 + (z − z0)2, r2

2 = (x− x0)2 + (y + y0)2 + (z − z0)2,

k =
1

2π

Γ(1− α)Γ(β)Γ(2− 2α+ 2β)

Γ(2− 2α)Γ(2β)Γ(1− α+ β)
. (7)

Excise from the domain Ω a small ball with its center at M0 and with radius
ρ > 0, designating the sphere of the excised ball as Cρ and by Ωρ denote the
remaining part of Ω.

Applying Green’s formula [22] in this domain, one can obtain the following:

∫∫
Cρ

x2αy2β

[
u
∂G

∂n
−G∂u

∂n

]
ds =

∫∫
Ω1

y2βτ1(y, z)G∗ (M,M0) dydz

+
∫∫
Ω2

x2αν2(x, z)G∗∗ (M,M0) dxdz +
∫∫
S
x2αy2βϕ(σ)

∂G

∂n
dσ.

(8)

Here G∗ (M,M0) = x2β ∂G (M,M0)

∂x

∣∣∣∣
x=0

, G∗∗ (M,M0) = G (M,M0)|y=0, n is

outer normal to the ∂Ω.
Let us first evaluate an integral

I =

∫∫
Cρ

x2αy2βu
∂G

∂n
ds. (9)

Based on (5) we write (9) as follows:

I = I1 + I2 =

∫∫
Cρ

x2αy2βu
∂q

∂n
ds+

∫∫
Cρ

x2αy2βu
∂q∗

∂n
ds,

where
∂q

∂n
=
∂q

∂x
cos(n, x) +

∂q

∂y
cos(n, y) +

∂q

∂z
cos(n, z). (10)

Formal calculation gives

∂q

∂x
=

∂

∂x
[kP1P2F2(...)]

= k

[(
∂P1

∂x
P2 + P1

∂P2

∂x

)
F2(...) + P1P2

(
∂F2

∂ξ
ξx +

∂F2

∂η
ηx

)]
,

4



where P1 =
(
r2
)α−β− 3

2 , P2 = (xx0)
1−2α

.
Using formula of differentiation for hypergeometric function F2(...) [21]

∂i+jF2 (a, b1, b2; c1, c2;x, y)

∂xiyj
=

(a)i+j (b1)i (b2)j
(c1)i (c2)j

F2 (a+ i+ j, b1 + i, b2 + j; c1 + i, c2 + j;x, y)

we get

∂

∂ξ
F2

(
3

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
=

(
3
2 − α+ β

)
(1− α)

(2− 2α)
F2

(
5

2
− α+ β, 2− α, β; 3− 2α, 2β; ξ, η

)
,

∂

∂η
F2

(
3

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
=

(
3
2 − α+ β

)
β

2β
F2

(
5

2
− α+ β, 1− α, β + 1; 2− 2α, 2β + 1; ξ, η

)
.

Considering

∂P1

∂x
=

2 (x− x0)

r2

(
α− β − 3

2

)
P1,

∂P2

∂x
=

1− 2α

x
P2,

ξx = −4x0

r2
− 2 (x− x0)

r2
ξ, ηx = −2 (x− x0)

r2
η,

we have

∂q

∂x
=
kP1P2

r2

[
2 (x− x0)

(
α− β − 3

2

)
×F2

(
3

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
+

1− 2α

x
r2

×F2

(
3

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
− 2x0

(
3

2
− α+ β

)
×F2

(
5

2
− α+ β, 2− α, β; 3− 2α, 2β; ξ, η

)
− 2 (x− x0)

(
3

2
− α+ β

)
ξ

1− α
2− 2α

×F2

(
5

2
− α+ β, 2− α, β; 3− 2α, 2β; ξ, η

)
− 2 (x− x0)

(
3

2
− α+ β

)
η
β

2β

×F2

(
5

2
− α+ β, 1− α, β + 1; 2− 2α, 2β + 1; ξ, η

)]
.

(11)
Now we apply to (11) the following adjacent relation [21]

x
b1
c1
F2 (a+ 1, b1 + 1, b2; c1 + 1, c2;x, y)

+y
b2
c2
F2 (a+ 1, b1, b2 + 1; c1, c2 + 1;x, y)

= F2 (a+ 1, b1, b2; c1, c2;x, y)− F2 (a, b1, b2; c1, c2;x, y)

5



and will obtain

∂q

∂x
=
kP1P2

r2

[
2 (x− x0)

(
α− β − 3

2

)
×F2

(
5

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
+2x0

(
α− β − 3

2

)
F2

(
5

2
− α+ β, 2− α, β; 3− 2α, 2β; ξ, η

)]
+kP1P2

1− 2α

x
r2F2

(
3

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
.

(12)

Similarly we get

∂q

∂y
=
kP1P2

r2

[
2 (y − y0)

(
α− β − 3

2

)
×F2

(
5

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
+2y0

(
α− β − 3

2

)
F2

(
5

2
− α+ β, 1− α, β + 1; 2− 2α, 2β + 1; ξ, η

)]
,

(13)

∂q

∂z
=
kP1P2

r2
2 (z − z0)

(
α− β − 3

2

)
F2

(
5

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
.

(14)
Taking (12)-(14) into account, from (10) we get the following:

∂

∂n
q (M,M0) =

(
α− β − 3

2

)
kP1P2

×F2

(
5

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
∂

∂n

[
ln r2

]
+
kP1P2

r2

(
α− β − 3

2

)
×
[
2x0F2

(
5

2
− α+ β, 2− α, β; 3− 2α, 2β; ξ, η

)
+2y0F2

(
5

2
− α+ β, 1− α, β + 1; 2− 2α, 2β + 1; ξ, η

)]
+kP1P2

1− 2α

x
F2

(
3

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
.

(15)
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Now consider the integral

I1 =

∫∫
Cρ

x2αy2βu
∂q

∂n
dS = I11 + I12 + I13

=

∫∫
Cρ

x2αy2β

(
α− β − 3

2

)
kP1P2

×F2

(
5

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
∂

∂n

[
ln r2

]
u (M0) ds

+

∫∫
Cρ

x2αy2β kP1P2

r

2(
α− β − 3

2

)
×
[
2x0F2

(
5

2
− α+ β, 2− α, β; 3− 2α, 2β; ξ, η

)
+2y0F2

(
5

2
− α+ β, 1− α, β + 1; 2− 2α, 2β + 1; ξ, η

)]
u (M0) ds

+

∫∫
Cρ

x2αy2βkP1P2
1− 2α

x
F2

(
3

2
− α+ β, 1− α, β; 2− 2α, 2β; ξ, η

)
u (M0) ds.

We use the following spherical system of coordinates [22]:

x = x0 + ρ sin θ cosψ, y = y0 + ρ sin θ sinψ, z = z0 + ρ cos θ,
0 < θ < π, 0 < ψ < 2π, 0 < ρ <∞.

Then we have

I11 = −2
(
α− β − 3

2

)
k

2π∫
0

dψ
π∫
0

x1−2α
0 (x0 + ρ sin θ cosψ) (y0 + ρ sin θ sinψ)

2β

×u (x0 + ρ sin θ cosψ, y0 + ρ sin θ sinψ, z0 + ρ cos θ)
(
ρ2
)α−β−1

×F2

(
5
2 − α+ β, 1− α, β; 2− 2α, 2β; ξs, ηs

)
sin θdθ.

Let us first evaluate hypergeometric function F2. We use decomposition formula
[21]

F2 (a, b1, b2; c1, c2;x, y) =
∞∑
i=0

(a)i(b1)i(b2)i
(c1)i(c2)ii!

xiyi2F1 (a+ i, b1 + i; c1 + i;x) · 2F1 (a+ i, b2 + i; c2 + i; y) ,

after then using auto transformation formula [23]

2F1 (a, b, c;x) = (1− x)
−b

2F1

(
c− a, b, c; x

x− 1

)

7



we obtain

F2

(
5

2
− α+ β, 1− α, β; 2− 2α, 2β; ξs, ηs

)
=

×
∞∑
i=0

(
5
2 − α+ β

)
i
(1− α)i (β)i

(2− 2α)i (2β)i i!
ξisη

i
s

×2F1

(
5

2
− α+ β + i, 1− α+ i; 2− 2α+ i; ξs

)
×2F1

(
5

2
− α+ β + i, β + i; 2β + i; ηs

)
=

∞∑
i=0

(
5
2 − α+ β

)
i
(1− α)i (β)i

(2− 2α)i (2β)i i!
ξisη

i
s (1− ξs)α−1−i

(1− ηs)−β−i

×2F1

(
−1

2
− α− β, 1− α+ i; 2− 2α+ i;

ξs
ξs − 1

)
×2F1

(
−5

2
+ α+ β, β + i; 2β + i;

ηs
ηs − 1

)
.

Here

ξs
ξs − 1

= 1− ρ2

r2
1s

,
ηs

ηs − 1
= 1− ρ2

r2
2s

, r2
1s = 4x2

0 + 4x0ρ sin θ cosψ,

r2
2s = 4y2

0 + 4y0ρ sin θ sinψ, 1− ξs =
r2
1s

ρ2
, 1− ηs =

r2
2s

ρ2
.

After some evaluations we find

F2

(
5

2
− α+ β, 1− α, β; 2− 2α, 2β; ξs, ηs

)
=
(
r2
1s

)α−1 (
r2
2s

)−β (
ρ2
)1−α+β

×
∞∑
i=0

(
5
2 − α+ β

)
i
(1− α)i (β)i

(2− 2α)i (2β)i i!

(
ρ2

r2
1s

− 1

)i(
ρ2

r2
2s

− 1

)i
×2F1

(
−1

2
− α− β, 1− α+ i; 2− 2α+ i;

ξs
ξs − 1

)
×2F1

(
−5

2
+ α+ β, β + i; 2β + i;

ηs
ηs − 1

)
.

Considering [23]

2F1 (a, b, c; 1) =

∞∑
n=0

(a)n (b)n
(c)n n!

=
Γ (c) Γ (c− a− b)
Γ (c− a) Γ (c− b)

,

c 6= 0,−1,−2, ..., < (c− a− b) > 0.

we deduce

lim
ρ→0

2F1

(
−1

2
− α− β, 1− α+ i; 2− 2α+ i; 1− ρ2

r2
1s

)
=

Γ (2− 2α+ i) Γ
(
β + 3

2

)
Γ
(

5
2 − α+ β + i

)
Γ (1− α)

,

8



lim
ρ→0

2F1

(
−5

2
+ α+ β, β + i; 2β + i; 1− ρ2

r2
2s

)
=

Γ (2β + i) Γ
(
−α+ 5

2

)
Γ
(

5
2 − α+ β + i

)
Γ (β)

.

Now we get

lim
ρ→0

I11 = −2π · k ·
(
α− β − 3

2

)
· 22α−2β+1u (M0)

×
Γ
(

5
2 − α

)
Γ
(

3
2 + β

)
Γ (1− α) Γ (β)

·P,

where

P =

∞∑
i=0

(
5
2 − α+ β

)
i
(1− α)i (β)i

(2− 2α)i (2β)i i!
· Γ (2− 2α+ i) Γ (2β + i)

Γ2
(

5
2 − α+ β + i

) .

Considering [23]

Γ (2− 2α+ i) = Γ (2− 2α) (2− 2α)i , Γ (2β + i) = Γ (2β) (2β)i , Γ

(
3

2

)
=

√
π

2
,

Γ

(
5

2
− α+ β

)
=

√
πΓ (2− 2α+ 2β)

(
3
2 − α+ β

)
21−2α+2βΓ (1− α+ β)

(
5

2
− α+ β

)
i

,

making some calculations we obtain

P =
2−2α+2β(

3
2 − α+ β

) · Γ (2− 2α) Γ (2β) Γ (1− α+ β)

Γ (2− 2α+ 2β) Γ
(

5
2 − α

)
Γ
(

3
2 + β

) .
Therefore

lim
ρ→0

I11 = k · 2π · Γ (2− 2α) Γ (2β) Γ (1− α+ β)

Γ (2− 2α+ 2β) Γ (1− α) Γ (β)
· u (M0) .

If we choose k as in (7), we will have

lim
ρ→0

I11 = u (M0) .

By similar evaluations one can get that

lim
ρ→0

I12 = lim
ρ→0

I13 = lim
ρ→0

I2 = 0.

If we consider an integral ∫∫
Cρ

x2αy2βG
∂u

∂n
dS,

9



using above given algorithm for evaluations, we can prove that

lim
ρ→0

∫∫
Cρ

x2αy2βG
∂u

∂n
dS = 0.

Now we can formulate our result as the following
Theorem. The Problem D-N has unique solution represented as follows

u (M0) =
∫∫
Ω1

y2βτ1 (y, z)G∗ (M,M0) dydz +
∫∫
Ω2

x2αν2 (x, z)G∗∗ (M,M0) dxdz

+

∫∫
S

x2αy2βϕ (σ)
∂G (M,M0)

∂n
dσ.

The particular values of the Green’s function is given by

G∗ (M,M0) = k (1− 2α)x1−2α
0[

2F1( 3
2−α+β,β,2β;ηox)

(r2|x=0)−
3
2
+α−β −

(
R
R0

)2−4α
2F1( 3

2−α+β,β,2β;ηox)
(r2|x=0)−

3
2
+α−β

]
,

G∗∗ (M,M0) = k (xx0)
1−2α[

2F1( 3
2−α+β,1−α,2−2α;ξoy)
(r2|y=0)−

3
2
+α−β −

(
R
R0

)2−4α
2F1( 3

2−α+β,1−α,2−2α;ξoy)
(r2|y=0)−

3
2
+α−β

]
.

Here,

r2|x=0 =
(
R− yy0

R

)2
+
(
R− zz0

R

)2
+

x2
0+z20
R2 y2 +

x2
0+y20
R2 z2 −R2,

r2|y=0 =
(
R− xx0

R

)2
+
(
R− zz0

R

)2
+

y20+z20
R2 x2 +

x2
0+y20
R2 z2 −R2,

ξ0y = − 4xx0

r2|y=0
, η0x = − 4yy0

r2|x=0
, ξ0y = − 4R2

R2
0

xx0

r2|y=0
, η0x = − 4R2

R2
0

yy0
r2|x=0

,
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[15] Olevskǐi M.N. Solution of the Dirichlet problem for the equation ∆u +
p
xn

∂u
∂xn

= ρ for a hemispherical region. (Russian) Doklady Akad. Nauk
SSSR (N.S.) 64, (1949), pp.767770.

[16] Nazipov I.T. Solution of the Spatial Tricomi Problem for a Singular Mixed-
Type Equation by the Method of Integral Equations. Russian Mathematics
(Iz.VUZ), 55(3), (2011), pp.61-76.

[17] Hasanov A. and Karimov E.T. Fundamental solutions for a class of three-
dimensional elliptic equations with singular coefficients. Appl.Math.Lett.
22(2009), pp.1828-1832.

[18] Urinov A.K. and Karimov E.T. On fundamental solutions for 3D singular
elliptic equations with a parameter, Appl. Math. Lett., 24,(2010), pp.314-
319.

[19] Karimov E.T. On a boundary problem with Neumann’s condition for 3D
singular elliptic equations. Appl.Math.Lett. 23(2010), pp.517-522.

11



[20] Nieto J.J. and Karimov E.T. The Dirichlet problem for a 3D elliptic equa-
tion with two singular coefficients. Computers and Mathematics with Ap-
plications, 62, (2011), pp.214-224.

[21] Appell P. and Kampe de Feriet J. Fonctions Hypergeometriques et Hyper-
spheriques; Polynomes d’Hermite, Gauthier - Villars. Paris, 1926.

[22] Rassias J.M. Lecture Notes on Mixed Type Partial Differential Equations.
World Scientific, 1990.

[23] Erdelyi A. and Bateman G. Higher transcendental functions, vol.1, Nauka,
Moscow, 1973 (Russian translation)

12


	1 Introduction
	2 Main result
	3 Acknowledgment

