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Abstract

The present work devoted to the finding explicit solution of a boundary problem
with the Dirichlet-Neumann condition for elliptic equation with singular coef-
ficients in a quarter of ball. For this aim the method of Green’s function have
been used. Since, found Green’s function contains a hypergeometric function of
Appell, we had to deal with decomposition formulas, formulas of differentiation
and some adjacent relations for this hypergeometric function in order to get
explicit solution of the formulated problem.
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1. Introduction

Partial differential equations with singularities (PDEwS) have numerous ap-
plications in real life processes [1,2]. Most famous equation of this kind is
Chaplygin’s equation [3], which can be written as

or in some particular cases as

Ugg + Uyy + —Uy = 0.
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Latter one called as Tricomi’s equation and was studied well by many authors
[4-7]. Due to possible applications and natural mathematical interests for gener-
alization, (PDEwS) were studied intensively and investigations are still going on.
One can find bibliographic information on this in the monographs [8-10]. Omit-
ting huge amount works, devoted to investigations of boundary problems and
potentials for two dimensional cases of aforementioned equations, note works by
A.V.Bitsadze [11], A.M.Nakhushev [12], M.S.Salakhitdinov and B.Islomov [13],
where three dimensional mixed type equations with singularities were investi-
gated reducing them into two dimensional case using Fourier transformation.

Dirichlet and Dirichlet-Neumann problems for elliptic equation with one
singular coefficient in some part of ball were investigated by C.Agostinelli [14],
M.N.Olevskii [15]. Recently, I.T.Nazipov published a paper devoted to the in-
vestigation of the Tricomi problem in a mixed domain consisting of hemisphere
and cone [16]. We also note works [17-19], where fundamental solutions and
boundary problems for elliptic equations with three singular coefficient were
subject of investigation. By J.J.Nieto and E.T.Karimov [20] the Dirichlet prob-
lem for an equation

2 2
Ha,p(U) = Upg + Uyy + Uz + —auz + —Buy =0, 0<2a,28<1 (1)
@ y

was studied in some part of ball.

In the present work handling the method of Green’s function we find ex-
plicit solution of a boundary problem with the Dirichlet-Neumann condition for
elliptic equation with two singular coefficients in a quarter of a ball.

2. Main result
We consider Eq.(1) in a domain
Q= {(x,y,z):a:2+y2+22 < R?, x>0,y>0,—R<z<R}

which is a quarter of a ball. B
Problem D-N. Find a function u(z,y,z) € C(Q) N C%(Q), satisfying
Eq.(1) in Q and conditions
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u (CE,y, Z) |r:0 =T (yv Z) ) (yv Z) S 9713
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y?Pu (2,y, 2) ly=o = 2 (z,2), (x,2) € Qa,
u(z,y,2) =¢(z,y,2), (z,y,2) €S. (4)

Here
Q= §($7972)1y2+22 <R’ r=0,y>0-R< z<R%,

Qo =1{(z,9,2) 122+ 22 <R?>, 2>0,y=0,—R< z< R},
S={(z,y,2): 2> +y*+2>=R* >0,y >0,-R < z < R},

71 (y,2),v2 (2, 2), ¢ (x,y,2) are given continuous functions fulfilling matching
condition 71 (y, 2)|y, = ¢ (7,9,2)|y, , (Y1 :=y*+22 = R?).



Figure 1: Domain

Remark. The uniqueness of solution of the problem D-N can be proved
using classical ”a-b-¢” method as in the work [20] or using extremume principle
for elliptic equations [8]. We note also that the uniqueness theorem can be
proved for more general domains.

First we give a definition of the Green’s function of the problem D-N.

Definition. We call the function G (M, My) as Green’s function of the
problem D-N, if it satisfies the following conditions:

1. it satisfies equation

2 2
Guo + Gyy + Gaz + ?O‘uz + ?ﬁuy = —5 (M, My)

in €;
2. it satisfies boundary conditions
G|x:0 = 07 yQIB Gy‘y:() = 07 G|§ = Oa
3. it can be represented as

Here § is the Dirac’s delta-function, M(z,y,z2) is any and Mo(z,y,2) is fixed
point of Q and My (To, Zg, Zo) is a point symmetric to My regarding the spherical
surface of considered domain, i.e.

R2 R2 R2 2 2 2 2
o = —55%0, Yo = —53Y0, 20 = — 53570, R0:$0+y0+207
R2™ R37Y R2

0 (M, M) =k (12)" "7 () P (2 —at8,1-a,82- 2 2ﬁ;f,n)

(6)
is one of the fundamental solutions of Eq.(1) [20],

o (@) (01);(b2);
Fy (a;b1,ba5¢1,c052,y) = S gty
z';o (c1);(c2);il5!



is Appel’s hypergeometric function [21],

R\ 32028 -
q*(MaMO):—<RO> q (M, M,)

is a regular part of the Green’s function (5), i.e. satisfies Eq.(1) in any point of

Q,

2 2
r 2

r
5:177“%’ 77:1*7“%’ r :($7$0>2+(y*y0)2+(2720)27
i = (2 +20)° + (y —90)* + (2 = 20)%, 3 = (x — 20)* + (y +10)> + (2 — 20)*,
B i I'(l—a)T'(B)T(2 —2a+2P) )
C2r (2 —-2)T(28)I (1 —a+ )’
Excise from the domain 2 a small ball with its center at My and with radius

p > 0, designating the sphere of the excised ball as C), and by (2, denote the

remaining part of 2.
Applying Green’s formula [22] in this domain, one can obtain the following;:

ffx2a 28 [ gﬁ GZU} ds = ffy2ﬁ7-1(y,z)G* (M, My) dydz
Q

oa (8)
+ff 223, 2)G** (M, M) dedz + [[ 22*y*p(o )a—da.
Qs S n
0G (M, Mp)

H (M, My) = 2%
ere G* (M, My) = = p

, G** (M, My) = G(M,M0)|y:0, n is
=0
outer normal to the 9S2.

Let us first evaluate an integral

I—// 2oy 2By ——ds. 9)

Based on (5) we write (9) as follows:

Izll+12:// 2a 25 d3+// 2a Qﬁ

P

where 5 5 5
a_ 0 % %
B = B cos(n,z) + By cos(n,y) + % cos(n, z). (10)
Formal calculation gives
0 0
a%« (kP Py Fy(...)]
B 0P OP, OF OF
—kl:(ax P+ P— or )Fg( )+P1P2 ( 85 5 + 877 779;>:|a



5.3
where P, = (T‘Q)a h-z , Py = (;vxo)lfza.
Using formula of differentiation for hypergeometric function F(...) [21]
"I Fy (a,b1,by; 1, 52, y)
axi%ﬂ'

a); s by i ba) . . . . . . .
MFQ(GJFZJF]JH +i,by 4+ jic1 +i,c0 + jix,y)
(c1); (02)]'

we get

2-F2 <304+57104,5§220%25§5777)

o >\ 2
(3-a+p)(1-a) 5
= 2 F ~ 2_ '3—2 2 ;
(2 - 2a) 2(2 a+h2-a b3 -2, ﬁ’“)’
0 3
—F(z—a+81-a,b;2-20,26:6n
on 2
3
3 _ a4+ 5
:M& s—a+fl-a,f+12-20,268+1;¢,7).
26 2
Considering
oP,  2(x —x0) 3 0B _1-2
Oz r2 a-p 2)°" o z .
dxg  2(x —xp) 2 (x — o)
51_7?7 r2 & e = = 72 ’
we have
dq kPP 3
5 =2 [Q(I—$0)<O‘_5_2)
1-2
XF2 g_a+ﬂ71_a7ﬁ,2_2aa257£7n + a7"2
3 3
xFy (5 —a+ 81— a, B2 20,28,¢n —2330(2—@*5)
. 3 11—«
xFy (5 —a+6,2-af3-2028:6n) — 20— o) (5 —a+5)E5—ar
5 3
XFQ 7_a+ﬂ72_a7573_2a72ﬂ757n —2(.’,['—(E0) 7—O[+/8 ’rlﬁ
5 2 26
5
><F2<2—cv—l—ﬁ,l—%54—1;2—20&7254'1;5777)}
(11)

Now we apply to (11) the following adjacent relation [21]
b
a—Fy (a+1,b1 + 1,bos 1 + 1, 0052, y)
C1
b
+yfF2 (a+1,b1,b2 + L;c1,c0 + 152, y)
2
= ((I + 17blab2;01762;x7y) —F (a’blﬂbQ;Clch;xay)



and will obtain

@— kP Py |:2(1;—$0) (Oz—ﬁ—g)

or 12
XFQ <5—Oz+ﬂ,1-0[,ﬁ,2-20¢,25,£,7]>
2
3 5 (12)
+2£L'0 (a_ﬂ_2> F2 (2—01‘1‘5,2—0475;3—2@»2555»77)}

1-2 3
+kP1P2 xaT2F2<2—OK+6,1—@,6;2—2C¥,26;£,7’7).

Similarly we get

Oy _ kAP, [Q(y—yo) (a—ﬂ—g>

oy  r?

XFQ 2_a+571_a7ﬁ;2_2a325;£,n) (13)
3 5

+2y0(a_5_2)F2(2_a+6a1_aaﬁ+1a2_2aa25+17€77]>:|7

0q kPP 3 ) ) .

&_ 7"2 Q(Z—Z())<OZ—5—2)F2<2—a+ﬁ,1—a,5,2 204725,5;70«

(14)

Taking (12)-(14) into account, from (10) we get the following:

0 3

g, My) = (-5~ 2 ) kPP

8nq< , My) (04 B 2>7€12

5 . . G, 01 kPP, 3
><F2<2—a+ﬂ,1—a,ﬁ,2—2a,25,§,n)8n[1nr]+ 3 (a—5—2>
X |:2xOF2 <2—04+572—a>5;3—204a25§f,77>

)
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T



Now consider the integral

// 220y, dS Iy + Lo + 113

// x2qy?8 (a —B- ) kPP,

P

x Iy (g —a+B,1—-apB;2- 204,2@5777) % [Inr?] u (Mo) ds

kP, Py?
+//a:2ay26% (a—ﬁ—;’)

P

5
X |:2J30F2 (2 —04+ﬁa2—017673—204a2ﬁ7§777)
)
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-2 3
+// azmy?ﬁ’kplpg - g8 (2 —a+8,1—a,B;2— 2a,25;5,n) u (My) ds.

P

We use the following spherical system of coordinates [22]:

T =x9+ psinfcosyy, y=yo+ psinfsiny, z = zy + pcosb,
0<f<m0<ty<2m, 0<p<oo.

Then we have

Iy =-2(a— ﬂ—f)kfdwfml 2% (20 4 psin 6 cos 1) (yo + psin O sin )?

xu (xg + psinf cos v, yo —l—pbanblnw, 20 + pcost) (pQ)()‘_B_1
xFy (3 —a+8,1-a,42—20,26;&,n,) sin 0d6.

Let us first evaluate hypergeometric function F5. We use decomposition formula
[21]

Fy (a,b1,ba5¢1,c052,y) =

S @il0ulba)i iy B (g4, by +ds ey 46 3) o Fy (@44, b + 65 ea + 13y)

= (c1);(e2),1!

after then using auto transformation formula [23]



we obtain

F2< —a+ﬁ,1—Oé,ﬂ;2—20472ﬁ;fsa775> =
X (32 _ ¢ . — Q). S
XZ(2 +ﬂ)z(1 )I(B)lzz
i=0
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2 2
gfs 1 =1- %, 777 s 1 =1- fT’ r%s :4x3+4x0psin90051p,
s 1s CE 2s
o r?, 3,
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After some evaluations we find
5 a—1 — 11—«
Fy (2 —a+fl-a 2o 2a,2ﬁ;§s,ns> = ()" () ()
[e%s) 5 A i
2 o+ (1 — . i 2 2
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Considering [23]

oS (@0, TOT(e—a=b)
2F1(aab’cvl)*nz::0 (¢),n!  T(c—a)l(c—b)’

c#0,-1,-2,..., R(c—a—5) > 0.

we deduce

1 2
limoFy (—= —a—B1—a+i2—2a+i1— oo
p—0 2 T1s

_ T(2-2a+49)T(B+2)
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5 _ , i
lim o Fy (+a+ﬂ,ﬁ+z;2ﬂ+z;1p2>
p—0 2 TQS
(2844I (-a+3)

CI(3-a+B8+49)T(B)

Now we get
: 3 20—28+1
iml; =-2r-k-(a—08—- -2 u (Mp)
p—0 2
LG-arGes)
I'(1—a)l'(B) ’
where

_ 0 (%_a+ﬁ)i(1_a)i(ﬁ)i F(2*20+Z‘)F(Qﬂ+i)
m_iz:g (2 —2a),(28),1! FQ(%—a+ﬁ+i) :

Considering [23]
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making some calculations we obtain

P = 272020 T(2-20)0(28)T (1 —a+f)
S B-a+B8) T2-2a+28T(3-a)0(3+8)

Therefore

r2-20)r2)r1—a+p)
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})l_r}%)]u:k~27(' U(Mo)

If we choose k as in (7), we will have
lim I1; = u (M) .
lim 11y u (Mo)
By similar evaluations one can get that
lim I12 = lim 113 = lim IQ =0.
p—0 p—0 p—0

If we consider an integral

/ / 2202060 g
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using above given algorithm for evaluations, we can prove that

lim // 2a 2BGa”deo

Now we can formulate our result as the following
Theorem. The Problem D-N has unique solution represented as follows

u(My) = ff y*87 (y,2) G* (M, Mo)dydz—l—ff 2%y (z,2) G** (M, My) dxdz

// sy () DO QL)
on 7

The particular values of the Green’s function is given by

G* (M, My) =k (1 — 2a) x5~
{m(—aw B.265m0z) (£)2—4a 2F1(%—a+,8,/3,2ﬁmm)}

(r2|pg)~ 3107 Ro (72|smg) " 2He7

G** (M, My) = k (zx0)' 2
{m(3—a+5,1—a,2—2a;50y) ( R )2*4‘1 2F1(§—a+ﬁ,1—a,2—2a;suy)}
—(& .

3 3
(r2]y—o) 2T 7 (7 |y=0) 2 Fe7F

Here,
2
72|pm0 = (R~ y?) (R—22) + f”oJFZo y? 4 Tatvi 2 pe
= + +
Ply=0 = (R — =5 ) (R—20)" + tta? 1 22 — g2,
_ dxxg 4R I T— _ 4 YYo
ny - 'r2| y Tox r2‘x=07 gOy R% ?Zlyozoa 7]01 - Rg ?2‘:0:07
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