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Definite integrals and operational methods

D. Babusci,l’H G. Dalgtoli,z’H G. H. E. Ducgamp,?”H
K. Gérska,*? [ and K. A. Penson®

IINFN - Laboratori Nazionali di Frascati,
v.le E. Fermi, 40, I 00044 Frascati (Roma), Italy
ENEA - Centro Ricerche Frascati,
v.le E. Fermi, /5, 1 00044 Frascati (Roma), Italy
3 Université Paris XIII, LIPN, Institut Galilée, CNRS UMR 7030,
99 Av. J.-B. Clement, F 93430 Villetaneuse, France
4Instituto de Fisica, Universidade de Sdo Paulo,
P.O.Box 66318, BR 05315-970 Sao Paulo, SP, Brasil
°H. Niewodniczanski Institute of Nuclear Physics, Polish Academy of Sciences,
ul. Eljasza-Radzikowskiego 152, PL 31342 Krakow, Poland
b Laboratoire de Physique Théorique de la Mati¢re Condensée (LPTMC),
Université Pierre et Marie Curie, CNRS UMR 7600,
Tour 13 - Sieme ét., Boite Courrier 121,
4 place Jussieu, F 75252 Paris Cedex 05, France

Abstract
An operational method, already employed to formulate a generalization of the Ramanujan master
theorem, is applied to the evaluation of integrals of various types. This technique provides a very
flexible and powerful tool yielding new results encompassing different aspects of the special function

theory.
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The use of operational methods is, sometimes, very much useful to ”guess” specific the-
orems in various fields of analysis. The drawback of such an approach is that any of its
consequences should be validated by a more rigorous procedure. This is indeed the case
of the Ramanujan Master Theorem [, B], according to which if a function f(z) can be
expanded around x = 0 in a power series of the form
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where I'(z) is the Fuler’'s Gamma function. The rigorous proof of this identity has been
obtained in Ref. |3, Q] The simpler but heuristic proof is given in E, B] It is based on
setting
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with ¢ being an umbral operator such that H]

¢"p(0) = (n). (4)

The theorem has been exploited in B, H] in a generalized version to obtain, in a very simple
way, old and new formulas for integrals and successive derivatives of Bessel functions. The
noticeable feature emerging from such a procedure is that cylindrical Bessel functions can
be formally treated as functions involving the operator ¢. For example, the n-th order
cylindrical Bessel function can be written as
Ta(22) = (ea)"e™* 9(0), @(n) = T+ (5)
According to the above restyling, and by taking the freedom of treating ¢ as an ordinary
constant, an interesting plethora of new results concerning integrals of Bessel functions and
their derivatives can be obtained. Just to give an example of how the method works, we

consider the integral

B,(«a, 8) = /Oooxjg,,(ozx)eiﬁz2 dz, (a>0,5>0). (6)



The use of Eq. ({) allows to treat this integral as an elementary integral of exponential type

and indeed, under the hypothesis o? < 443, we find
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where we have introduced the function

where [,(z) is the modified Bessel function ﬂﬂ] In the case v = 0, Eq. (@) gives
: o2
By(a, B) = ﬁ exp <—Z@) (8)
in agreement with Eqs. 6.728.3 and 6.728.4 of E], and Eq. 2.12.18.7 of H]
We consider now the Struve function [10]
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that can be rewritten with the umbral operator h, as
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with
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By applying our method, and using the Euler’s reflection formula for Gamma functions, we
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that is formula 6.811.1 of ﬂg] Further application of Eq. ([I0) furnishes
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(see formula 6.813.2 of ﬂg It is evident that the method can easily be applied also to more
complicated integrals involving the Struve functions.
As a further evidence of the usefulness of the method, we apply it to the search of close

form of the following generating function
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With the help of Eq. () it can be written as

G(z,t|m) = exp[(éx)™t — ¢ %] ©(0). (15)

If we introduce the higher, (m > 2), order Hermite polynomials ]
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their generating function is Hﬂ]
Z—'H (u,v) = exp(uz + vz"™). (17)
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(Note that H,gz)(;(;’y) = (—i)"y"?* H, < >, where H,(z) are conventional Hermite poly-

N
nomials [10]). This allows us to recast Eq. (IH]) in the operator form
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Furthermore, as a consequence of the definitions () and (I6), it is possible to show that

Gz, t|m) = gC™ [a2, (—2)™] (19)
where
N DR

are the so called Hermite-based Tricomi functions ] The correctness of the above identity
has been thoroughly checked numerically. We stress that its derivation with conventional
means is much more involved.

In the same spirit, we will use operational methods to evaluate various families of integrals.

In particular, we consider the integrals of the type
~ [ rowy (21)
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The identity ]

can be used to write
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and, by assuming that the integral (a = constant)

Fa)= [ lgtorar
exists, one can express I(x) as
I(x) = F(x ;) (). (24)

If the function f(x) admits a power series expansion

= a(k)z"k, (25)
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as a consequence of the identity
F(x0,)z" = F(n)z", (26)
we get
= a(k)F(mk + p)a™**. (27)
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To clarify the content of this result, we choose the case g(t) = et | f(z) = J,(z). By
using Eq. (26) one has

/_ZJ< )dt \/72]{;1 IRV n > 0. (28)

The above series has been proved to be convergent and the correctness of the proposed

procedure has been checked numerically.
As a further example we consider the evaluation of the integral (1)) for g(t) = (1 +#*)~!
f(x) = z%e~*". Since
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we get

2
ooexp[ o2 ] > P(2k+32) « 35 3
/_oo (1+2)? kz . 2k:+2 2“(4’4’ ) I) (30)

where ,Fi(ai,...,ap; by,..., by y) is the generalized hypergeometric function, see E, ]

Let us now consider the following Laplace-type transform integral

L(z) = /000 e tg(xt)dt, (31)
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also known as the Borel transform. The use of Eq. ([22]) leads to the operatorial identity
L(z) =T(x0, + 1) g(z) (32)

from which, under the assumption that L(x) can be expanded as in Eq. (), as a consequence

of Eq. (2d), one obtains
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k=0
See Chap. 2 of ] for the use of the operator I'(xz 0, + 1).

The use of Borel transform is of noticeable importance in the derivation of Quantum
Chromodynamics (QCD) sum rules |16]. For a general introduction see [17]. We will just
touch on this topic and leave further developments for a forthcoming paper. Just to quote
a few examples we note that the polynomials given in Eq. (I0) are the Borel transform of

their hybrid counterpart [18]

[n/m] = mk k
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if we choose g(xt) = am (xt,y) and treat y as a parameter. They are called hybrid
because they have properties in between those of Hermite and Laguerre polynomials. It is
worth stressing that the Borel transform with respect to the y variable [namely choosing
g(yt) = JZ8S (x,yt)], is elm L"_/g” ] % corresponding to a family of truncated
polynomials. See Ea for discussions of related polynomial families. Furthermore, for

g(z) = (1+2™)~', |z| < 1, we find that the associated transform is the pseudo-trigonometric

function |19] cé )(at), where
(m) e xmr—l—k
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The following relationship can be viewed as an extension of the Borel transform
Ios(z) = /O 1 u (1 —u)" "t fluz)du (Rea,Ref > 0). (36)
By using Eq. (22)), this integral can be written in terms of the Beta function as follows
Log(x) = Bla+ 20, 8) f(x),

i.e., in terms of the Gamma function
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If the function f(x) satisfies Eq. ([II), one has

sl = 3 T e (38)

where

V(n) = B+ n, B) (n). (39)

In conclusion, in this paper we have provided a few elements proving the usefulness of
formal procedures to get results encompassing various aspects of operators and of special
functions. Other examples could be discussed to corroborate the validity of the method. We
believe, however, that the main plot of the whole technique can be quite well understood
via the examples discussed here. In closing, we remark that the results we have obtained
are at the level of sound conjectures. The relevant rigorous proof of them is out of the scope
of the present article. There are similar techniques that kept being revived, see for example

] and references therein.

Acknowledgements

One of us (G. D.) recognizes the warm hospitality and the financial support of the Univer-
sity of Paris XIII, whose stimulating atmosphere provided the necessary conditions for the
elaboration of the ideas leading to this paper. K. G. thanks Fundacao de Amparo a4 Pesquisa
do Estado de Sao Paulo (FAPESP, Brazil) under Program No. 2010/15698-5. The authors
acknowledge support from Agence Nationale de la Recherche (Paris, France) under Program

PHYSCOMB No. ANR-08-BLAN-243-2.

[1] B. Berndt, Ramanujan’s Notebooks, Part I, p. 295, Springer-Verlag, New York, 1985.

[2] G. H. Hardy, Ramanujan. Twelve lectures on subjects suggested by his life and work, Cam-
bridge University Press, Cambridge, 1940.

[3] T. Amdeberhan and V. H. Moll, A formula for a quartic integral: a survey of old proofs and
some new ones, Ramanujan J. 18 (2009) 91-102.

[4] T. Amdeberhan, O. Espinosa, I. Gonzalez, M. Harrison, V. H. Moll, and A. Straub, Ramanu-
jan’s Master Theorem, in press, http://dx.doi.org/10.1007/s11139-/ 011-9333-y.


http://dx.doi.org/10.1007/s11139-

[5]
[6]

[17]

[18]

[19]

[20]

D. Babusci and G. Dattoli, On Ramanujan Master Theorem, larXiv:1103.3947 [math-ph].
K. Gérska, D. Babusci, G. Dattoli, G. H. E. Duchamp, and K. A. Penson, The Ramanujan
master theorem and its implications for special functions, Appl. Math. Comp. 218 (2012)
11466-11471.

S. Roman, The Umbral Calculus, Dover Publications, New York, 2005.

I. S. Gradshteyn, I. M. Ryzhik, Table of Integrals, Series, and Products, fifth ed., A. Jeffrey
(Ed), Academic Press, New York, 1994.

A. P. Prudnikov, Yu. A. Brychkov, and I. O. Marichev, Integrals and Series. Special Functions,
vol. 2, Gordon and Breach Science Publishers, New York, 1992.

G. E. Andrews, R. Askey, and R. Roy, Special Functions, Cambridge University Press, Cam-
bridge, 2001.

F. G. Tricomi, Funzioni ipergeometriche confluenti, Cremonese, Roma, 1954.

P. E. Appell, J. Kampé de Fériét, Fonctions Hypergéometriques et Polynéomes d’Hermite,
Gauthier-Villars, Paris, 1926.

G. Dattoli, P. L. Ottaviani, A. Torre, and L. Vazquez, Evolution operator equations: in-
tegration with algebraic and finite-difference methods. Applications to physical problems in
classical and quantum mechanics and quantum field theory, Riv. Nuovo Cimento 20 (1997)
1-133.

G. Dattoli, S. Khan, and G. Yasmin, Generating Relations of Hermite-Tricomi Functions
Using a Representation of Lie Algebra T3, Georgian Math. J. 14 (2007) 99-107.

M. M. Djrbashian, Harmonic Analysis and Boundary Value Problems in the Complex Domain,
Birkhauser, Basel, 1993.

B. L. IToffe, Calculation of baryon masses in quantum chromodynamics, Nucl. Phys. B 188
(1981) 317-341.

B. Langwallner, Improved QCD Sum rules for the Nucleon, Diploma Thesis, Technische Uni-
versitdt Miinchen, Physik-Department, Sept. 2005.

G. Dattoli, S. Lorenzutta, P. E. Ricci, and C. Cesarano, On a family of hybrid polynomials,
Int. Trans. Spec. Func. 15 (2004) 485-490.

P. E. Ricci, Le funzioni pseudo iperboliche e pseudo trigonometriche, Pubblicazione
dell'Istituto di Matematica Applicata n. 192, 1978.

G. Dattoli, C. Cesarano, and D. Sacchetti, A note on truncated polynomials, Appl. Math.


http://arxiv.org/abs/1103.3947

Comp. 134 (2003) 595-605.
[21] G. Dattoli, P. E. Ricci, and L. Marinelli, Rend. Istit. Mat. Univ. Trieste, XXXIV (2002) 9.
[22] 1. Gonzalez, V. H. Moll, A Straub, The method of brackets. Part 2: Examples and applications,
in: T. Amdeberhan, L. A. Medina, V. H. Moll (Eds.), Gems in Experimental Mathematics,
Contemporary Mathematics 517 (2010) 157-172.



	 References

