Document downloaded from:

http://hdl.handle.net/10251/52196

This paper must be cited as:

Hernandez, AE.; Lattanzi, MB.; Thome, N. (2013). On a partial order defined by the

weighted Moore Penrose inverse. Applied Mathematics and Computation. 219(14):7310-
7318. doi:10.1016/j.amc.2013.02.010.

The final publication is available at
http://dx.doi.org/10.1016/j.amc.2013.02.010

C ight
opyng Elsevier



On a partial order defined by the weighted Moore-Penrose inverse*

A. Herndndez® M. Lattanzi* N. Thome?

Abstract

The weighted Moore-Penrose inverse of a matrix can be used to define a partial order on
the set of m x n complex matrices and to introduce the concept of weighted-E P matrices.
In this paper we study the weighted star partial order on the set of weighted-E P matrices.
In addition, some properties that relate the eigenprojection at zero with the weighted star

partial order are obtained.
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1 Introduction and Background

Partial orders on matrices have been considered by several authors and they are defined by using
different generalized inverses. Some classic references about matrices, generalized inverses and
partial orders on matrices can be found, for instance, in [4, 5, 13, 14, 16, 20]. Applications of
partial orders in areas such as statistics, generalized inverses, electrical networks, etc. can be
found in [2, 3, 14, 15, 17].

Let C™*™ denote the space of complex m x n matrices; in particular, I,, denotes the n x n

identity matrix. The symbols A*, A7!, R(A) and N(A) stand for the conjugate transpose, the
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inverse (m = n), the range and the null space of a matrix A € C"™*", respectively. The symbol
A & B denotes the direct sum of two square matrices A and B.

The index of a matrix A € C"*", denoted by ind(A), is the smallest nonnegative integer k
such that R(A¥) = R(A¥!). The index of a nonsingular matrix A is 0. For a given integer
k > 0, let C} denote the set of all matrices A € C"*" of index k. The symbol A# stands for
the group inverse of A, which exists if and only if A has index at most 1. The group inverse
of A € C™™ is the unique matrix A% € C™" that satisfies AA*A = A, A#AA# = A# and
AA# = A¥ A. More generally, for every matrix A € C?, there exists a unique matrix A? € C™"
called the Drazin inverse of A, such that APAAP = AP AAP = AP A and AFT1AP = Ak, If
k <1 then AP = A#.

In [6, 7, 8, 9], the authors worked with the concept of eigenprojection at zero defined as
A™ =T — AAP. Specifically, for a matrix A € C"*" of index at most 1, its eigenprojection at
zero becomes A™ = I — AA# which is the projector onto A'(A) along R(A).

For every matrix A € C™*™, there is a unique matrix X € C™*™, called the Moore-Penrose
inverse of A and denoted by Af, which satisfies the four conditions: AXA = A, XAX = X,
(AX)* = AX, (XA)" = XA.

Let A,B € C™ ™. It is said that A is below B under the star partial order [10, 1] if
A*A = A*B and AA* = BA* (or equivalently if ATA = ATB and AA" = BA"). It is denoted by
A <* B.

A square matrix A is called EP if the projectors AA" and ATA are equal (or equivalently
R(A*) = R(A)). A characterization for a square matrix A to be EP is AT = A#. Several
representations were given for these matrices [5]. Moreover, Tian et al. summarize thirty five
characterizations of EP matrices in [18].

Throughout this paper, M € C™ ™ and N € C™*" will denote two Hermitian positive
definite matrices.

For every matrix A € C™*", we recall that there is a unique matrix X € C"*™ called the
weighted Moore-Penrose inverse of A with respect to matrices M and N and denoted by At
which satisfies the four conditions: AXA = A, XAX = X, (MAX)* = MAX, (NXA)* =
NXA.

The following properties on the weighted Moore-Penrose inverse will often be used [4, 5, 18,
20, 21].

Let M2 and N'/2 denote the square roots of M and N, respectively. Then

Atorn = N—1/2 (le/?fuv*/?)T M2, (1)



The M-weighted inner product in C™ is defined by (x,y)y = y* Mz, for all z,y € C™. If S'is
a subspace of C™, then S+ denotes its orthogonal complementary subspace with respect to the
M-weighted inner product. When M = I,,,, we write L instead of L . A matrix P € C™*"™ is
called an M-orthogonal projector if P2 = P and (M P)* = M P. Analogously, similar definitions
can be considered for the matrix V.

A matrix A € C"*" is called weighted-FE P with respect to matrices M and N (for short, an
E Py, n) matrix) if AATN) = ATorn) A [18]. For a given A € C™*™, it is also well known [18]

that the following conditions are equivalent:

(w.1) Ais EPy .

(w.2) rank(A) = rank(A2) and A% = Aoy,

(w.3) Ais both EP ) and EPy v

(w.4) MA and AN~ are both EP.

(w.5) rank(A) = rank(A?) and AA# = AAToLm) = AATVN)

We denote EP vy = {A € CV" 0 Ais EPy Ny}

The weighted Moore-Penrose inverse of A with respect to the matrices M = I,,, and N = I, is
the classical Moore-Penrose inverse of A. In this case, we write EP and EP instead of EFP(z,, 1,
and EP 1, 1,.), respectively.

The weighted conjugate transpose matrix of A € C™*"™ was defined in [20, 21] by

A®MN) = NTLA*M.
Moreover, when m = n we say that A is (M, N)-Hermitian if A®M.N) = A,

Lemma 1.1 [18, 20] Let A € C™*" and Sy,, Sy, be subsets of C™ and C", respectively. Then
(a) R(AAT00)) = R(A) and N(AAT00)) = N(A®01m),

(b) R(AT01M) A) = R(APM.N) and N(AT00N) A) = N(A).

(c) S = M~V2(MY2S,)L and Sty = N=Y2(N1V/268,)L.

(d) N(AP010) = (R(A)) .

(e) R(A®GLN)) = (N(A))*.



(f) AATG1N) is an M-orthogonal projector onto R(A) along N (A®GLN)),

(9) AT1.M) A is an N-orthogonal projector onto R(A®M.N) along N(A).

(h) C™ = M'PR(A) @+ MV2PN(A®mn)) = MYPR(A) @t M~12N(A%).

(i) C* = N'2R(APM) @b N12N(A) = N~V2R(A*) @t NY2N(A).

() R(AT1)) = R(AT1m) A) = R(N1A*) and R((AT1M)*) = R((AATGLM)*) = R(MA).

This paper is organized as follows. In Section 2 some properties for EP(,/ ) matrices are
given. Specifically, the weighted star partial order with respect to the matrices M and N is
studied in the class of EF ;s y) matrices. We also obtain characterizations for predecessors
and successors of a given EP(ys ) matrix. Finally, in Section 3, it is proved that the class of
E Py 0y matrices is closed under eigenprojections at zero and this eigenprojection is related to

the weighted star partial order for EP(ys 5 matrices.

2 Some properties of EP;;,n) matrices

In this section, some properties of E P ) matrices are given. The weighted star partial order
with respect to the matrices M and N is defined for E Py ) matrices and some characterizations

for predecessors and successors of a given matrix are obtained.
For every matrix A € C™*"™ we write
Uy (A) = MY2ANTY2,
Lemma 2.1 Let A, B € C"™*™. The following conditions are equivalent:
(a) AP.N) A = AP B gnd AA®PGN) = BA®POLN)
(b) Al A = AT B and AATe1m = BATan),
(c) Yrn(A) <F Yo n(B).

Proof. (a) <= (c) The equality AN A = A®MN B holds if and only if N"!A*MA =
N~1A*MB. Pre-multiplying by N'/2 and post-multiplying by N—1/2 the last equality is equiv-
alent to (N~V2A*MY2)(MYV2AN—/2) = (N=V2A*MY2)(M/2BN~1/2), that is

(‘I’(M,N) (A))*\I/(M,N) (A) = (‘I’(M,N) (A))*‘IJ(M,N) (B) (2)

4



Similarly, we get the equivalence between the second equality in (a) and

W,y (A) (Y ar, 3y (A)" = P s, 8y (B) (Y ar,3) (A)) (3)

Finally, the equalities (2) and (3) can be rewritten as Wy ny(A) <* Wy 3y (B).
(b) <= (c) From (1), it is easy to see that ATtMmA = ATaeM B holds if and only if

N=Y2(W 0y (A)TMY2A = N7Y2(0 vy (A)) M2 B. Pre-multiplying by N'/2 and post-

1/2

multiplying by N~"/¢ the last equality we get

(W ar,3) (A)) T (a0 (A) = (¥ (07,3 (A) T (a1 ) (B). (4)

Similarly, we get the equivalence between the second equality in (b) and
‘I’(M,N)(A)(‘I’(M,I\f)(A))T =V n,n (B)(Yarn (AT (5)
Finally, the equalities (4) and (5) can be rewritten as W s ny(A) <* Yy 3y (B). [

Hence, the weighted star partial order with respect to the matrices M and N, for short the
(M, N)-star partial order, is defined as follows.

Definition 2.1 For two given matrices A, B € C™*™ it is said that A is below B under the
(M, N)-star partial order and denoted by A <®O1.N) B if one of the equivalent conditions in
Lemma 2.1 holds.

Since <* is a partial order on C™*", we can assure that the binary relation above defined is
a partial order as well.

The following result is a version for E P, ) matrices of the Theorem 4.3.1 in [5] and a
result by Katz [12].

Theorem 2.1 Let A € C™*™. If m = n then the following conditions are equivalent:

(a) A is EP Ny-

(b) R(APOLN) = R(A) and N(APMN)) = N(A).

(c) C" = R(A) @ N(A), (R(A)*™ = N(A) and (N(A))*N = R(A).

(d) There exist nonsingular matrices P,Q € C™*" such that A¥M.N) = AP and A®0N) = QA.

(e) There exist matrices X,Y € C™" such that AN = AX and A®M.N) =Y A.



Proof. (a) <= (b) It is clear that N'(A®MM) = N(A*M) = N((MA)*) and R(A®P@LN)) =
R(NT1A*) = R((AN"Y*). By (w.4), Ais EP, ) if and only if MA and AN~! are EP,
which is equivalent to N (A®MN) = N (MA) = N(A) and R(APMN) = R(AN1) = R(A).

(a) = (c) It follows directly from Lemma 1.1 (f), (g), (d) and (e).

(¢) = (a) Since C" = R(A) ® N (A), there exists a unique projector P such that R(P) =
R(A) and N(P) = N(A). Moreover, from (R(A))*™ = N(A) and Lemma 1.1 (d) we have
N(A®mN)) = N(A). Thus, Lemma 1.1 (f) assures that P = AAT™M .  Analogously, from
N(A)+V = R(A) and Lemma 1.1 (e) we get R(A®M.N) = R(A). Hence, by Lemma 1.1 (g),

—~

(b) <= (d) It follows from basic results on equivalent matrices [13].

(a) = (e) The equality A = AN"IY(NATMM A) implies A* = (NAT0M A N—14* =
NAta8) AN=YA*. Then A®N) = N-1A*M = AT AN-TA*M = ATy 4A®0eN) | By
(a) we get A®OLN) = AX taking X = Aforn) A®a1N) | Similarly, we can prove that A®GMN) =
A®arn) AATOLN) - Again, by (a) we have A®PM.N) =Y A taking Y = A®arn) ATan)

(e) = (b) Suppose that A®0tN) = AX and A®MN) = Y A for some X,Y € C"*"
Then R(N71A*) = R(A®Pa1M) = R(AX) C R(A). Since rank(N1A*) = rank(A), we get
rank(A®MN) = rank(A). So, R(A®M.M) = R(A). Similarly, we have N (A®MN) = A/(A). B

Notice that, using Lemma 1.1 (h) and (i), the condition (c) of Theorem 2.1 can be rewritten
as

C" = MY2R(A) &t MY2N(A) = NY2R(A) &t NYV2N(A).
Lemma 2.2 If m = n then EP vy = EPrmy N EP (NN -

Proof. The equality follows from the equivalences between (w.1) and (w.3). [

Remark 2.1 Notice that from (w.2) and (w.3) we have that the statement A € EP (y ) implies
A#* = At = Afaran = Atwim by the uniqueness of the group inverse. Conversely, it is
immediate that A# = AT = AT~ implies (w.5). This leads to the following equivalent

condition for a matrix A to be EP s n):
(w.6) rank(A) = rank(A?) and A% = ATewn = ATovw,

Notice that M A and AN~! are not EP simultaneously in general, unless A € EP (m,n)- For



example, if we consider the matrices

11
3 M =
[13

it is easy to see that M A is EP but AN~! is not EP.

11
0 0

A:

10
and N:[02], (6)

From now on, we will consider M = N € C™*" a Hermitian positive definite matrix. More-

over, a, b stand for the rank of the matrices A, B € C™*", respectively.
Remark 2.2 Let A € C**". The following statements hold:

(i) (Afaran)x = pri/2 (M*1/2A*M1/2)TM*1/2_

(ii) (ATarn)®arm) — (A@(M’M))T(M,]M).

(iii) The conditions M A is EP and AM~! is EP are equivalent, i.e., the statement (w.4)
becomes M A is EP when M = N.

(iv) Ais anidempotent (M, M )-Hermitian matrix if and only if A is an M-orthogonal projector.

Indeed, items (i) and (ii) follow from (1). In order to prove (iii), suppose that M A is EP.
Then R(A*) = R(A*M) = R((MA)*) = R(MA) = MR(A). Hence, R(AM™!) = R(A) =
M IR(A*) = RIM~1A*) = R((AM~1)*), that is AM ! is EP. The converse is similar. Item

(iv) follows from definitions.

The above Remark (iii), Remark 2.1 and Theorem 3.5 in [18] allow us to present some

characterizations for weighted- E P matrices when M = N.

Proposition 2.1 Let A € C"*™. The following conditions are equivalent:
(a) A is EPy -

(b) rank(A) = rank(A2?) and A# = Aforan,

(¢c) MA is EP.

(d) AM~' is EP.

(e) R(IMA) =TR(A").

(f) R(M~1A%) = R(A).

(9) R(AT0e0) = R(A).



(h) R((AT0wa0)") = R(A®).

(1) N((MA)*) = N(A).

(i) N(AM™) = N (4A%).

(k) C" = R(M~1A*) @&+ N(A*).

(1) C* = R(A*) @+ N(A*M).
(m) C" = R(MA) &+ N(A).

(n) C" =R(A) &t N(AM™Y).

(0) r(A) = r(A2%) and MAA?* is Hermitian.

Proof.

(¢c) <= (e) MAis EP if and only if R(MA) = R(MA)*) =R(A*M) = R(A").

(¢) <= (d) and (a) <= (c) follow from (w.1), (w.4) and Remark 2.2 (iii).

(e) <= (f) We have seen that R(MA) = R(A*) is equivalent to M A is EP (see (c) < (e)).
By using the equivalence (¢) <= (d), it remains to prove the equivalence between (f) and the

condition that AM~! is EP. Indeed, AM~! is EP if and only if R(M~1A4*) = R((AM~1)*) =

R(AM™') =R(A).
(f) <= (g) and (e) <= (h) follow from Lemma 1.1 (j).
(¢) <= (i) It follows from N(A) = N (MA).

(e) = (1) The decomposition C* = R(MA) @+ N((MA)*) is always true. Now, the
implication is direct.

(d) = (k) It is similar to (e) = (1) by using the decomposition C* = R(AM~!) @t
N(AM1Y?).

(k) = (d) From C" = R(M~'A*) @+ N(A%) it is easy to see that C" = R((AM~1)*) ¢+
N((AM~1)*), that is, (AM~1)* is EP. Then, AM~! is EP.

(1) = (c) It is similar to (k) = (d) by using that the decomposition C* = R(A*) @&+
N(A*M) implies C"* = R((M A)*) &+ N ((MA)*).

(i) = (m) It follows from the identity C* = R(MA) &+ N ((MA)*).

(m) = (c) Since C" = R(MA) &+ N (A) = R(MA) &+ N(MA), we get that M A is EP.

(d) <= (n) From C" = R(AM™1) @+ N((AM~1)*) and (d) we have C" = R(A) &t
N(AM™Y), which is (n). The converse is trivial.



(d) <= (j) Since N'(A4*) = N(M~1A*) = N((AM~1)*), it is clear that AM ! is EP if and
only if N (A4*) = N(AM~1).

(b) = (o) Since A% = AT we get MAA# = MAAT0) = (MAATon)* =
(M AAT)*,

(0) = (b) By hypothesis, AA#A = A, A#AA#* = A# (MAA#)* = (MAA#) and
(MA#A)* = (MA#A) hold. The uniqueness of the weighted Moore-Penrose inverse assures
that A% = AT,

(b)<= (a) It is immediate from (w.6). [ |

The characterizations presented in Theorem 2.1 can be simplified when M = N as follows.
Moreover, a representation for an E Py 5s) matrix is provided.
Theorem 2.2 Let A € C"*™. The following conditions are equivalent:
(a) A€ EP -
(b) W) (A) € EP.
(c) There ezist a unitary matriz Uy € C"*™ and a nonsingular matriz Cy € C**®* such that
A=M12U\(Cq @O UMY (7)
(d) R(APA) = R(A).
(e) N(AZ0rn) = N(A).
(f) C* =R(A) &M N(A).
(g9) There exists a nonsingular matriz P € C™"™ such that A®OM) = AP,
(h) There exists a nonsingular matriz Q € C™™ such that A®0M) = QA.
(i) There exists a matriv X € C™™ such that A®M:) = AX.
(j) There exists a matriz Y € C™ " such that A®MM) =Y A,
If either (and hence all) of these statements hold then
Atanan = M=120 (05 @ O)UR M2 (8)

and
A®aran = VY20, (C% @ O UMY,



Proof. (a) <= (b) From (1), we get (¥(a7,0r)(A) = (¥ (ar,01) (Afvan)). Then
W ar) (A) (W (g0 (A) T = M2 AATOn0 N =12

and
(\I](MvM)(A))T\I’(M,M)(A) = M1/2AT(M,M)AM—1/2‘

Now, the conclusion is evident.

(b) <= (c) It follows as a direct application of Theorem 4.3.1 in [5] and the definition of
U sy

The equivalences (a) <= (d) and (a) <= (e) follow from Proposition 2.1, items (f) and (i),
respectively.

(e) => (f) By Lemma 1.1 (f), we get C" = R(A) N (A®O110) and R(A)+M = N(A®Gran),
then C" = R(A) &M N(A) follows directly from (e).

(f) = (e) Since R(A)™™ = N(A), from Lemma 1.1 (d) we have R(A)*M = N (A®Pam)),
Then N (A®Paan) = N(A).

The implications (a) = (i), (a) = (j), (d) <= (g), (¢) <= (h), (i) = (d) and (j) =
(e) follow directly from Theorem 2.1. [ |

Since the function Wy ) : C**" — C™*" defined by W5 ) (A) = MY2AM1/2 is bijec-

tive, Theorem 2.2 assures that

Yoy (EPran) = EP- (9)

Next, we will characterize predecessors and successors of an EP/ ), matrix under the
(M, M)-star partial order.
Notice that, from Theorem 2.2, if B € C"*" is E P, ) then there exist a unitary matrix

Up € C™ ™ and a nonsingular matrix Cg € C?*? such that
B =M"Y2Ug(Cg & O)UFM'/2. (10)

Theorem 2.3 Let B € C"*" be a non-zero EPy zry matriz written as in (10). The following

conditions are equivalent:
(a) There exists A € C™™ such that A <®o.) B,

(b) There exists X € C**® such that A = M~Y2Ugp(X @ O)ULRMY? with X <* Cp.

10



Proof. Assume that A <®Mm B with B € EPmmy- By Lemma 2.1, Wiyppn(A) <*
Vs (B). Moreover, Theorem 2.2 assures that Wy, (B) is EP. By Theorem 3.1 in [11],
there exists X € C**® such that A = M~'2Up(X ® O)U5M"/? and X <* Cp. Then (a) =

(b) converse follows by some algebraic manipulations. [

Theorem 2.4 Let A € C™*" be a non-zero EPyap matriz written as in (7). The following

conditions are equivalent:
(a) There exists B € C™*" such that A <®aa) B,
(b) There exists T € C"=9*("=a) sych that B = M~Y/2Ux(Ca @ T)ULM'/2.

Proof. Assume A <®0.M) B with A € EPm,my- By Lemma 2.1, Wnpap(A) <F W (a0 (B).
Moreover, Theorem 2.2 assures that W s (A) is EP. By Theorem 3.3 in [11], there exists
T € Cr=9)x(n=a) guch that B = M~'/2U4(Cy @ T)U3M"/2. Then (a) = (b) is shown. The
converse can be obtained in a similar way. |

Theorem 3.5 in [11] and the last two theorems provide the following corollary.

Corollary 2.1 Let A, B € C™" be EP ) matrices, A # O. The following conditions are

equivalent:
(a) A <®Para B,
(b) There exist V € C™", C € C*™® and T € C=0*xb=a) sych that A= M~12V(C & 0 @
OW*MY? and B = M~'2V(C & T @ O)\V*M?, where V is unitary, C is nonsingular
and T is nonsingular or T = O.

3 On the eigenprojection at zero

It is well known that EP C CjUCT and moreover ind(A) = ind(¥ y7pr)(A)) for every A € C™*".
From (9) it is clear that EP ) € Cp UCY. If A € EP(py ) is written as in (7) then by
Proposition 2.1 (b), A™ = I — AATm) and, by (8), we have

A™ = MY2U4(0 @ I, _o ) UMY, (11)
Lemma 3.1 Let A € Cj UCY. Then

11



(@) Wi an (A%) = (W an (A))# and Wi (AF) = (W1 (A)F.

(0) U (ar ) (A™) = (Y (aran)(A)™ and Wi (A7) = (U5 (A)7

(¢) (Wapan(A)* = W5k 1 (A7) and (U5 1 (A)* = Wiapan (A7),

d) A is (M, M)-Hermitian if and only if Vi o (A) is a Hermitian matriz.

( (M.M)

e) A is an M-orthogonal projector if and only if Vs o (A) is an orthogonal projector.
(M, M)

Proof. (a) It follows from definition of group inverse.

(b) From (a) we get U (arar)(A)(Yaran)(A))* = Uaran(AAF). Then (Y (A4)" =
Ln = W) (A) (W g0y (A))F = MVPATM Y2 = Wy 0y (AT).

(c) It follows by definition.

(d) By definition, A is (M, M)-Hermitian when M ~'A*M = A. This equality is equivalent
to Wi (A) = M=Y2A*MY? = (Y ar,an)(A))7, that is U(ps ap(A) is Hermitian.

(e) It is a consequence of (d) and Remark 2.2 (iv). [ |

However, in general W ys pp (A1) # (V) (A))T. Indeed, the matrices A and M given in

(6) provide a counterexample.

Lemma 3.2 Let A € Cj UCY.
(a) If A is (M, M)-Hermitian then A € EP (ar -

(b) If A € EParary then A™ is (M, M)-Hermitian. Hence, A™ is an M-orthogonal projector
onto M~IN(A*) along R(A).

(C) [fAﬂ' & S’P(M7M) then A € EP(MJ\/[)

Proof.

(a) If M~'A*M = A then (MA)* = MA, that is MA is EP. Hence, A € EP ) by
Proposition 2.1.

(b) Since A € EPps,ar), Theorem 2.2 implies that Wy (A) is EP. Thus, ¥ ) (A™) =
(Y(ar,ar)(A))™ is Hermitian by Lemma 3.1 and Lemma 4.3 in [11]. Therefore, applying Lemma
3.1 (d) we get that A™ is an (M, M)-Hermitian matrix. Furthermore, it is well known that
AT projects onto N'(A) along R(A). From Proposition 2.1 (i) we have N'(A) = N((MA)*) =
N(A*M) = M—IN(A*). Moreover, N'(A*M) = N(A®™.20). Thus the M-orthogonality of A™

follows from Lemma 1.1 (d).

12



(c) Using Theorem 2.2 and Lemma 3.1 (a) we get that (¥ 5,21)(A))" is £P. From Lemma
4.3 in [11], ¥(p7 a1 (A) is EP. Hence, A is EP 5y by Theorem 2.2. |

We define the function f : C{j U C} — Cj UCY by f(A) = A™ for each A € Cj UCF.

Lemma 3.3 Let A € Cj UCY be an EP; 5 matrix. Then f(f(A)) = A if and only if A is an
M-orthogonal projector.

Proof. By Theorem 2.2, ¥,/ 31)(A) is EP. Applying Lemma 3.1 (b), it is clear that f(f(A)) =
A'is equivalent to f(f(¥(ar,a)(A))) = Y (A). By Remark 4.1 in [11], this last equality
holds if and only if W(ys ) (A) is an orthogonal projector. Now, the proof follows applying
Lemma 3.1 (e). [

Let us consider the sets
ESP(M,M) ={AeCjUCT: f(A) € SP(M,M)}

and
EEPay = {A € CHUCT : f(A) € EPyu and f(A) # O}

The next result provides a characterization for E Py ) matrices.
Theorem 3.1 The following statements hold.

(a) EEPary = EPr,m)-

(b) SSP(OMM) = EPr,ry NCY.
Proof.

(a) We have shown that A € EP(yy,ar) if and only if U(pr 2 (A) € CEUCT and f (¥ (37,01)(A)) =
Vi (f(A)) € EP. These last conditions are equivalent to A € Cj U CT and f(A) €
SP(M7M), that is A € ESP(MyM),

(b) Let A € EP(yr,ar) be a matrix having ind(A) = 1. From Lemma 3.2 (b) and (a), f(A) €
EP(ar,my and A is a singular matrix, that is f(A) # O. Thus A € SEP?M M) Therefore
EPmny NCY C SSP(OM M) In order to see the other inclusion, let A be such that
f(A) € EPrary and f(A) # O. Then ind(A) = 1 and A is EPy, ) by Lemma 3.2 (c).

Hence, 55P(0M,M) C EP,a) NCY.

13



Remark 3.1 Let M-OP,, be the set of all M-orthogonal projectors of size n x n. From Lemma

3.3, Lemma 3.2, Proposition 2.1 and Theorem 3.1 we obtain:
(a) f(EEPh ) — 10}) = M-OP, N (C} = {0}) = (M-OP, N EEPYy, ) — {0}
(b) FEEPY 1)) = (M-OP, (1 (T} — {O}) U LT} = (M-OPy N EEPY, 1) — {0} UL},
From Lemma 3.2 (a) and (b), it is clear that f(EPus ) S EParar), but in general the
equality is not true as the matrices M = diag(1,3) and A = diag(2,0) show. In fact, the
matrix MA = diag(2,0) is P, therefore A is EPpy ). Let us suppose that there exists

B e C**?n EP,ary such that A = f(B). Denoting by o(A) the spectrum of A, we have
that 2 € 0(A) = o(f(B)), which is a contradiction because f(B) is a projector. Therefore,

EPamy € FEP)-

Let the function g : EP — EP be the restriction of the function f to the set EP and
h s EPv,my — EP(ar vy be the restriction of the function f to the set EP (s ary- It is clear that
g is well defined and, by Lemma 3.2 (a) and (b), h also is. Notice that W a1y 0h = go Wy

on EPy ary- It is evident that h is not surjective. Moreover, i is not injective as the matrices
M = diag(1,3), A = diag(2,0), B = diag(3,0) (12)

show.

The next lemma characterizes the interval
[O,h(A)] ={B € CiuUCT: O <®Bwam B <®aran p(A)}.
for some given matrix A € EP(pr,ar)-
Lemma 3.4 Let A € C™" be an EP ) matriz written as in (7). Then
[0, h(A)] = { M=Y2U,(0 & TYUSMY? . T € OP,,_ } C M-OP,,

Proof. Let A = M~"Y2U,(Cy @ O)UjflMl/2 with Uy € C™*" unitary and Cy € C**® nonsin-
gular. Thus, ¥ (71 (A) = Ua(Ca © O)U}.

Let B € [0, h(A)], that is O <®0ran B <®aran p(A). By Lemma 2.1, O = ¥ 75 (0) <*
V) (B) < Wiprary(h(A)) holds. Since Wy p1)(A) is EP, from Lemma 3.1 (b) we obtain
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O <" Y (B) <F g(¥rmy(A)). Applying Lemma 4.5 in [11] we get that W 5 5 (B) is
an orthogonal proyector of size n x n given by ¥ 1r)(B) = Ua(O @ T)U}, with T' € OPy,_,.
From Lemma 3.1 (e), B = M~Y2U4(O®T)U%M"/? is a M-orthogonal projector of size nxn. B

Theorem 3.2 The function h defined above is monotone decreasing.

Proof. Let A, B € C"*" be E P ) matrices such that A <®am) B, Then, Uoaran(A) <F
W (p,ar)(B) by Lemma 2.1. From Theorem 4.2 in [11], g(W s (B)) <* 9(¥(ar,a1)(A)), which
is equivalent to W ys ) (h(B))) <* Yz (h(A))) by Lemma 3.1 (b). Finally, by Lemma 2.1
we get h(B) <®aran p(A). [ |

However, considering the matrices given in (12) we have that A and B are EP ) such
that h(A) <®aran p(B) but B £®01a A, In the following result we state the converse of

Theorem 3.2 for a smaller class of matrices.
Theorem 3.3 Let A, B € M-OP,,. If h(B) <®0.a) h(A) then A <®aran B,

Proof. Since A and B are M-orthogonal projectors, ¥, 1r)(A) and Wy a7 (B) are orthogonal
projectors. If h(B) <®0.m) Rh(A) then Uiy (R(B)) <* Yiaran(h(A)), which is equivalent
to g(Y ) (B)) <* g(Y(ar,m)(A)) by Lemma 3.1 (b). By Theorem 4.3 in [11] we obtain
W) (A) <* g (B), that is A <®aran B, [ |

Theorem 3.4 Let A € C™" be an EP ) matriz and B € C§ U CY such that A <®w.m) B,
Then f(B) <®aran f(A) if and only if f(B) € M-OP,,.

Proof. By definition f(B) <®Ma) f(A) means Vi) (f(B)) < Yaran(f(A)), and from
Lemma 3.1 (b), it is equivalent to f(W a0 (B)) <* f(¥(aran(A)). Since f(¥(arar(A)) €
EP, using Theorem 4.4 in [11] and Lemma 3.1 (b), the last inequality holds if and only if
W n,ar)(f(B)) is an orthogonal projector, that is, f(B) is an M-orthogonal projector. [ |

We close this section with the following two remarks.

Remark 3.2 We can consider all the linear combinations C, g3 = aA + 3B, «a, 8 € C, between
two given EPy; 5 matrices A and B in C™*" [19]. A similar result to Theorem 4.7 in [11] can

be stated for E P ) where the (M, M)-star partial order is used to compare the following
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pairs of matrices: A and Cy 3, Cog and B, Cy g and C, 5, f(Ca ) and f(A), f(B) and f(Cq ),
where «, 3,~,0 € C.

Remark 3.3 Let A, B € C"™. Let A = Ay + Ay and B = B + By be the core-nilpotent
decompositions of A and B respectively, where A; is core part of A, By is core part of B, As is
nilpotent part of A and By is nilpotent part of B. In [14], it was defined that A <¢ B if and only
if AfAl = AfBl and 1411471éﬁ = BlAfE. This binary relation <% is a pre-order. Some algebraic
manipulations allow us to prove that A <?¢ B implies B* =1 — BBP <4 — AAP = A7,
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