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Abstract

In this paper, we investigate the existence and uniqueness of solutions to neu-
tral stochastic differential equations with Markovian switching and jumps
(NSDEwMSJs) under non-Lipschitz conditions. On the other hand, we
present the Euler approximate solutions for NSDEwMSJs and show that
the convergence of the Euler approximate solutions to the true solutions by
applying Ito formula, Bihari’s lemma and Burkholder-Davis-Gundy’s lemma.
Some examples are provided to illustrate the main results.
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1. Introduction

Stochastic differential equations with Markovian switching (SDEwMSs)
and stochastic differential equations with jumps (SDEwJs) have been widely
used to model the phenomena arising in many branches of science and indus-
try such fields as biology, economics, chemistry and mechanics. Qualitative
theory of SDEwMSs and SDEwJs have been studied intensively for the past
few years (see[1-7]). As stochastic differential equations, most SDEwMSs and
SDEwJs are nonlinear and cannot be solved explicitly, so the construction of
efficient computational methods is of great importance. Many mathemati-
cians have devoted their interests to it and a substantial body work about
numerical analysis for SDEwMSs and SDEwJs has been done. Here, we refer
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to Li [8], Kubilius [9], L.E.Shaikhet[10], Gardon [11], Yuan [12], Mao [13,14],
Higham [15-17], Platen[18] and references therein. Recently, motivated by
the theory of aeroelasticity, a class of neutral stochastic equations has also
received a great deal of attention and much work has been done on neutral
stochastic equations, for example, [19-24].

For above mentioned papers, most of the existing convergence theory
for numerical methods requires the coefficients of SDEwMSs and neutral
stochastic equations to be Lipschitz. However, the Lipschitz condition is
often not met by many systems in practice. For example,

AX(t) = a(r(t)X(t)dt + b(r(t))/X (€)dW (¢ (1)

did not satisfy the Lipschitz condition and we cannot apply the convergence
result [12] to the Eq.(1). Therefore it is useful to establish the strong conver-
gence of numerical method under some weak conditions. In this paper, we
consider the following neutral stochastic differential equations with Marko-
vian switching and jumps (NSDEwMSJs):

diX(t) = G(r(t), X(1))] = f(r(1), X(8))dt + g(r(t), X (1)) dW (1)

+ [ (X (1), w)N(dt, du), (2)
X(0) = X,.

To the best of our knowledge, there are no literatures concerned with nu-
merical solution of NSDEwMSJs under non-Lipschitz condition. The main
aim of this paper is to prove the existence and uniqueness of the solutions
to the Eq.(2) with non-Lipschitz coefficients by using a Picard type itera-
tion; On the other hand, we will show that the Euler numerical solutions
converges to the true solutions by applying /to formula, Bihari’s lemma and
Burkholder-Davis-Gundy’s lemma. It should be pointed out that the proof
for NSDEwMSJs is certainly not a straightforward generalization of that for
SDEs and SDEwMs without neutral term and jumps. Although the way of
analysis follows the ideas in [14], we need to develop several new techniques
to deal with the neutral term and Poisson random measure. Some known
results in C.Yuan[12], X.Mao[14] are generalized to cover a class of more
general NSDEsMSJs.

In Section 2, we introduce some notations and hypotheses concerning
Eq.(2); In Section 3, the existence and uniqueness of the solutions to the
Eq.(2) are investigated; In Section 4, we define the Euler approximate solu-
tion to NSDEwMSJs and show that the Euler approximate solution converge
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to the true solution under non-Lipschitz condition by applying some useful
lemmas; In Section 5, we present two examples which illustrate the main
results in this paper.

2. Preliminaries and notations

Let (92, F, P) be a complete probability space with a filtration (F;)i>o
satisfying the usual condition, i.e. the filtration (F;) is continuous on the
right and (Fy) contains all P-null sets. Let {W (t),t > 0} be a d-dimensional
Wiener process defined on the probability space (2, F, P) adapted to the
filtration (F;)i>0. Let D([0,T], R™) denote the family of function f from
[0,7] — R™ that are right-continuous and have limits on the left, D([0, T, R")
is equipped with the norm ||f|| = sup |f(¢)|, where |.| is the Euclidean norm

0<t<T

in R, ie., |z| = VaTx(x € R"). Let T > 0, £%([0,T]; R") denote the family
of all R"valued measurable (F;)-adapted processes f = {f(t)}o<t<r such
that E sup |f(t)|*> < .

0<t<T

Let (R", B(R™)) be a measurable space and m(du) a o- finite measure on
it. Let p =p(t),t € D, be a stationary F;-Poisson point process on R™ with
characteristic measure w. Denote by N (dt, du) the Poisson counting measure
associated with p, i.e.,

NEA) = S Lip(s).

s€Dyp,s<t

We refer to Ikeda [25] for the details on Poisson point process.

Let r(t),t > 0 be a right-continuous Markov chain on the probability
space (€, F, P) taking values in a finite state space S = {1,2... N} with
generator I' = (;;) nxn given by:

Vi A +o(A), if i # j,

P(r(t+ A) = j|r(t) =1) =
L+7;A+0(A), if i=j.
where A > 0. Here ~;; > 0 is the transition rate from 7 to j, ¢ # j, While
Vi = — Dz Vij- We assume that Markov chain r(.) is independent of the
Brownian motion W (.) and N(dt,du). It is known that almost every sample
path of 7(.) is right-continuous step function with a finite number of simple
jumps in any finite sub-interval of R,.
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Consider the neutral stochastic differential equations with Markovian
switching and Poisson random measure:

dlX(t) = G(r(t), X (1)) = [f(r(t),X(¢)dt + g(r(t), X (¢))dW(?)
+/ h(X(t),u)N(dt,du), 0<t<T, (3)

with initial data X (0) = X,. Here f : S x R® — R" is the drift coefficient,
g: S x R" — R™is the diffusion coefficient and h : R" x R"* — R" is the
jump coefficient; W (t) is a d-dimensional Brownian motion and N(dt, du) is
the compensated Poisson random measure given by

N(dt,du) = N(dt,du) — w(du)dt,

here 7(du) is the Levy measure associated to N.

In this paper, we impose the following conditions on Eq.(3).

(H1) For all =,y € R" and i € S, there exists positive constants «; such
that

|f(i,2) = f(i9)|* Vg, @) — g(i, y)I*
v [ ) - by wPr(n) < ke —oP) @)
where k(.) is a concave nondecreasing function from R, to Ry such that

k(0) =0, k(u) > 0 for u > 0 and fol % = 00. Let v = max;eg .
(H2) There exist some constants k; € (0, 1) such that

|G (i, x) = G(i,y)| < kolz —y, ()

where ko = max;eg k; € (0,1), and, moreover, G(i,0) = 0.
Remark 2.1 Let us give some concrete functions k(.). Let L > 0 and
d € (0,1) be sufficiently small. Define ky(u) = Lu, u € Ry,

ulog(1+1), ue 0,4,

Falu) = 510g(1+%)+k;(5—)(u—5), u € [0, +00],
uloglog(1 + %), u € |0, 4],
ks(u) =

1
d loglog(1 + 5) +k5(0—)(u—9), u€l[d+o0],
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They are all concave nondecreasing functions satisfying fol % = +o00 (i =
1,2,3). In particular, we see clearly that if let k(u) = Lu, then condition (4)

reduce to the Lipschitz conditions. In other words, condition (4) are much
weaker than the Lipschitz conditions.

3. Existence and uniqueness of solutions

In this section, we study the existence and uniqueness of solutions to the
equation (3) under non-lipschitz condition.

In order to obtain the existence and uniqueness of solutions, we use the
following Bihari’s lemma which is necessary for the proof of the strong con-
vergence of numerical solutions.

Lemma 3.1[26] Let 7" > 0 and ¢ > 0. Let k£ : R, — Ry be a continuous
non-decreasing function such that k(¢f) > 0 for all ¢ > 0. Let u(.) be a
Borel measurable bounded non-negative function on [0,77], and let v(.) be a
non-negative integrable function on [0, 7. If

t
u(t) < c+/ v(s)k(u(s))ds)
0
for all 0 <t < T, then
t
u(t) < GHG(c) —|—/ v(s)ds)
0
holds for all such t € [0, 7] that
t
G(c) —|—/ v(s)ds € Dom(G™1)
0
where G(r) = [, ds/k(s) on r > 0, and G! is the inverse function of G.

Lemma 3.2 For any f € £2([0,T] x S; R"), g € £2([0,T] x S; R™%) and
h € L£2([0,T] x R™; R"), the following equation:

dX(t) = G(r(t), X(1))] = [f(r(t),t)dt +g(r(t), t)dW(t)
+/ h(t, u)N(dt, du),



has a unique solution X (¢) on [0, 7] under the condition (H2).

Proof: By [27], we know that there exists a sequence {7, },>0 of stopping
times such that 0 =790 <7 < --- <7, = 0o . and r(¢) is constant on every
interval [7,,, 7,,41), that is, for every n > 0.

r(t) =r(m), 7o <t<Tui1

So, we will prove that Eq.(6) has a unique solution X (t) on each interval
(7 AT, Tny1 AT). First, we consider Eq.(6) on ¢t € [0, 73 A T], which becomes

d[X(t) — G(r(0), X(t))] = [f(r(0),t)dt + g(r(0),t)dW(t)
+ / h(t, u)N(dt, du). (7)

Define the operator ®

(@X)(t) = [Xo—G(r(0), Xo) + G(r(0), (t))+/ f(r(0), s)ds]

+/Otg(( // (s, u) N (ds, du)
ggi(t). (8)

Clearly, ®X is R"-valued measurable {F;}-adapted process. In order to
obtain the existence and uniqueness of solution of Eq.(7), we give three steps
as follows:

First step: we prove the mean square continuity of ® on [0,7]. Let X €
R™ t € ]0,T] and r be sufficiently small, then

E|(@X)(t+7) = (@X)(0)]* < 3) EIGi(t+7) = Gi(t)],

where
ElGi(t+7) =G < 2B|G(r(0), X(t + 7)) — G(r(0), X(1))[”
+2E\/ f(r(0),s)ds|?

< 2BE|X(t+7)— X)) +2rE /t+7‘ |£(r(0), 5)|*ds.
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It is easy to obtain that E|G,(t +r) — G (t)[* = 0, as r — 0. Furthermore,
BlGt+1) -G = B| [ gl 0) W ()P
= 5 [l o) 9pas 0
¢

as r — 0, and

ElGs(t+7) — Gs(t)] = E\/t r/nh(s,u)N(ds,du)P

t+r
_ B / / IB(s, w) 2 (du)ds — 0
t n

as 7 — 0. Therefore, ® is mean square continuous on [0, 7.
Second step:
If BE( sup |X(¢)]?) < oo, then we prove that E( sup [(®PX)(¢)]?) < oo.

0<t<m AT 0<t<m AT
By Holder inequality and Doob martingale inequality, we obtain

E( sup [(@X)(t)[)

0<t<m AT
< 3B s |Xo - G(r(0), Xo) + G(r( / F(r(0), )ds]?
0<t<m AT
+3E  sup y/ W(s)|>+3E sup \// (s,u)N(ds, du)[?
0<t<m AT 0<t<m AT n
< 9E|Xo* +9E sup |G(r(0), X(t)) — G(r(0), Xo)[?
0<t<m AT
TINAT
HOE  sup |/f ds|2+12E/ 19(r(0), 5)|2ds
0<t<m AT 0
TINT
+12E/ / \h(s, u)|*m(du)ds
0 n
TIANT
< OBIXo2+OR2E sup  |X(t) — Xof? +9(71/\T)E/ £(r(0), 5)[2ds

0<t<m AT

TINT TINT
+12E/ lg(r(0), s |ds+12E/ / h(s,u)|*m(du)ds
0 n

Since E sup |f(r(0),t)|]>V E sup |f(r(0),t)]*VE sup |h(t,u)]* < oo, so it
0<t<T 0<t<T 0<t<T



follows that

E( sup [(@X)(1)]) < oo. (9)
0<t<TAT
Hence, (9) implies @ is a operator from L£2([0,7; A T]; R™) to itself and we
conclude that ® is well defined.

Third step: we prove that ® has a unique fixed point. For any X,Y €
L2([0, 7 AT]; R"), we have
E sup [(@X)(t)— (PY)W)* = E sup |G(r(0), X(t)) — G(r(0),Y (1)
0<t<TAT 0<t<H AT
< RE swp |X(0)-Y(0)P (10)
0<t<TAT
By 0 < k2 < 1, the operator ® has a unique fixed point in £L2([0, 73 AT]; R"),
i.e., there exists unique stochastic process X = X () satisfying
E sup |X(t) — (®X)(t)]* = 0. (11)
0<t<TAT

So X (t) is a unique solution of Eq.(6) in [0, 77 AT]. Repeating this procedure,
we will extend the solution to the entire interval [0,T]. The proof is complete.

Theorem 3.1. If the conditions (H1) and (H2) hold, then the Eq.(3) has
a unique solution X (¢) on [0, 7.
Proof: Similarly to the discussion of lemma 3.2, we need to prove that
Eq.(3) has a unique solution X (¢) on each interval [1,, AT, 7.1 A T]. When
t € [0, AT], the Eq.(3) becomes

dlX(t) = G(r(0), X(1))] = f(r(0), X(t))dt + g(r(0), X (t))dW(t)
-+/ h(X(t),u)N(dt,du). (12)

Now we prove that Eq.(3) has a unique solution X (¢) on [0,73 A T]. Let
XO(t) = X, t € [0,7; AT, define the following Picard sequence:

X(t) — G(r(0), X"(1)] = Xo— G(r(0), Xo) + / F(r(0), X7 (s))ds
T / g(r(0), X" (s))dW (s)
+/0 /n h(X"_l(s),u)N(ds,du). (13)
8



By lemma 3.2, we get that the Eq.(13) has a unique solution X"(¢) on [0, 73 A
T]. Next, we are going to show that {X"(¢)},>; is a Cauchy sequence. It
suffices to prove the following

E sup |[X"(s)?<C, te0,n AT], (14)
0<s<t
limsup £ max |X"(t) — X™(t)|* = 0. (15)

nim—oo  OStSTIAT

By the elementary inequality,

1 1
2 o2 L 1), 1
2" < —gle—yl + Sl Ce(0,1) (16)
We have,
E sup [X"(s)]* < E sup [X"(s) — G(r(0), X"(s))|*
0<s<t 1 —Fko o<s<t
1

+-—E sup |G(r(0), X"(s))]*. (17)

ko o<s<t

By the Eq.(13) and the basic inequality |a+b+c+d|? < 4|al® +4[b]* +4|c]* +
4]d|?, it is easy to show that for 0 < ¢ < T,

E sup |X"(s) — G(r(0), X"(s))|?

0<s<t

< 4E sup | Xy — G(r(0), Xo)|?

0<s<t

+4E sup | [ f(r(0), X" (0))do]®
0<s<t Jo

HAE sup | [ g(r(0), X" (0))dW ()|

0<s<t

0
+4FE sup | / / X" o), u)N(do, du)[?
o<s<t Jo Jgn
= Hi+Ho+ Hs+ Ha. (18)
For the term #; in (18), we have by (H2)

H, < 8E sup |Xo|> +8E sup |G(r(0), Xo)|* < (8 + 8k3)E| X, |*. (19)

0<s<t 0<s<t
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For the term Hs in (18), we have by (H1)
Hy < 4tE/ |£(r(0), X" (s)|*ds
< S(nAT)E / F(r(0), X" (s)) = £(r(0), 0) ds
+8(n AT)E / £(r(0),0)2ds
< 8(71/\T)aE/0tk(|X” (s)P)ds + 8(ri AT)E / F(r(0), 0)[2ds

< 8(m /\T)a/o E(E| X" (s)[*)ds + 8(m /\T)E/O | £(r(0),0)[*(20)

For the term Hjz and H, in (18), we have by (H1), Doob inequality and
martingale isometries

Hy < 16E/ 19(r(0), X" (s)|2ds

< 32aE/ k(| X" 1(s)] )ds+32E/ lg(r(0),0)|*ds
0
t
< 32a/ K(E sup ]X”_1(0)|2)ds+32E/ 9(r(0), 002 (21)
0 0<0<s 0
and
t
My < 16E / B(X"(s), u) Pr(du)ds
0 R™
t
< 328 / B(X™1(s), u) — h(0, u)[2r(du)ds
0 R
t
+32E/ |R(0, u)|*7(du)ds
0 R
t t
< 32 / R(E sup | X" L(0)2)ds + 32 / (0, w) [ (du)ds
0 0<o<s 0 JR®
(22)
Setting

K = max{ B GO, Blo(. 0P, [ [0, (d)
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and taking the above Eqgs (19)-(22) into (18), we have

E sup |X"(s) — G(r(0), X"(s))[?

0<s<t

t
< (8—1—81{:3)E|X0|2+[8(71/\T)—|—64]a/ HE sup | X" (0)[2)ds
0

0<0<s

+H(m AT) +64](n ANT)K. (23)

Inserting (23) in (17) gives

E sup | X"(s)|?
Ogsgtl (s)I° < -

+[8(1 AT) + 64] /0 k:(EOS<1iI<)S X" (0)|?)ds}

+koE sup | X"(s)|. (24)

0<s<t

{84+ 8E)E|Xo]* + (M AT) +64)(m AT)K

Due to ko € (0, 1), we obtain that

k2B X,|? T 4 K
Esup |Xn(5)|2 < (8+80) | 0| +[(T1/\ )+6](T1/\ )

0<s<t o (1 — ko)?
8(ri AT) +64] [*
+[ (7 )t ]/ k(E sup | X" (0)|?)ds.
(1 — ko) 0 0<o<s
Given that k(.) is concave and k(0) = 0, we can find a pair of positive

constants a and b such that
k(u) <au+b

for all w > 0. So we have
8 + 8k2)E| X,|? AT)+64)(ry NT)K
B sy (e < BESEIENL+[(r AT) 4 64)ir AT)
0<s<t (1 —ko)?

8(1i ANT) + 64 /t 1 e
+ aF sup | X" ds
1Tk Jo * 0zos | )]

8(ri AT)+64 [*
(1= k)2 /o bds

(8 +8k2)E|Xol2 + (1 AT) +64) (i ANT)K
- (1 — ko)?
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8(my ANT) + 64

(1 _ ]{}0)2 (7'1 A\ T)b
(i AT) +64 [ .
+ ((11 _]3)2 / a(E|Xo)* + E sup |X™(0)|*)ds.
0 0 0<o<s

The Gronwall inequality implies
E(sup |X"(s)])
0<s<t
[(8 + 8k E|Xo? + (i AT) +64)(mn AT)K
- (1 — ko)?

8 A T 64 8(11 AT)+64 -
— ho

(25)

Then the proof of inequality (14) has been done. We turn to proving Eq.(15).
Observing that

XUt~ X™(t) = Gr(0), X"(£)) — G(r(0), X™(1))
n / F(r(0), X7 (s)) — £(r(0), X7 (5))]ds
" / [9(r(0), X7 (5)) — g(r(0), X (s))]dV (s)
+/0 /"[h(X"_l(s),u) —h(Xm_l(S),u)]]\Nf(ds,du).

(26)

By Hélder inequality, Doob inequality, martingale isometries and (H2), we
can derive that

E sup |X"(s) - X"(s)”

0<s<t

< 4kGE sup |X7(s) — X (s)l"
+4(m A T)E/Ot |£(r(0), X"~ (s)) = f(r(0), X" (s))[*ds
+16E /Ot l9(r(0), X" (s)) — g(r(0), X™~'(s))|*ds
+16E/0t/n (X" (s), u) — (X" Y(s), u) 2r(du)ds.  (27)
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Next, by (H1), we have

E sup [X"(s) — X™(s)[*

0<s<t

< 4KIE sup |X"(s) — X™(s)|?

0<s<t

+A(n AT) + 32]&/0 E(E sup | X" (o) — X™ Y(0)|*)ds (28)

0<0<s
Duo to 1 — 4k% < 1, we obtain

E sup |X"(s) — X" (s)|*

0<s<t

An AT)+32a [*
¢ QmAT)d 3 | HE sup 1X7(0) - X" o) Pds. - (20)
1- 4k0 0 0<0o<s

By the inequality (14) and Fatou lemma, it is easily seen that

limsup E( sup |X™(s) — X™(s)|?)

n,Mm—00 0<s<t

O DS [ himnp £ sup [X7(0) — X7(0) ). (30)

B 1-— 4]{78 7,M—00 0<o<s
Owing to Bihari’s lemma, we immediately get that

limsup E( sup |X"™(s) — X™(s)|*) =0, forall t€ 0,7 AT,

n,M—00 0<s<t

Then {X™(t)},>1 is a Cauchy sequence under sup |.|. However, the space
D([0,T],R") is not a complete space under sup |.| and we cannot get the
limit of the sequence {X™(t)},>1. So we need to introduce a metric to make
the space D([0,T], R") complete. For any X,Y € D([0,T], R"), we give the
following metric

; A(t) — A(s
d(X,Y) = inf{ sup |X; — Yy —i—o sup |109M|}’

AEA “g<t<T <s<t<T t—

where A = {A = A(¢) : A is strictly increasing, continuous on t € [0,7],
such that A(0) = 0, \(T") = T'}. By [28], we know that (D([0,T]), R") is a
complete metric space. Taking A\(t) = t, we can see {X"(t)},>1 is a cauchy
sequence under d(.,.). Hence there exists a unique X (¢) € D([0,T], R™) such
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that d(X™(.), X(.)) — 0 as n — oo. Denote the limit of {X™(¢)} by X (¢),
taking limits on both sides of (13) and letting n — oo, we obtain that X ()
is a solution of the Eq.(12).

Now we devote to proving the uniqueness of the Eq.(12). Let X(¢) and
Y (t) be any two solutions of Eq.(12). We can prove as the same way as in
proof of (29) that

E sup [X(s) - Y(s)P < C / K(E( sup |X(0) — Y(0)P))ds

0<s<t 0<o<s

for all t € [0, 73 AT]. We get E sup |X(s) =Y (s)]? =0, for all t € [0, 7, AT).
0<s<t
which implies the uniqueness.

Next, we consider the Eq.(3) on t € [y AT, 7 A TJ, which becomes

dX(t) — G(r(n AT), X(t))]
= fir(n AT),X(t)dt +g(r(mn AT), X(t))dW (t)

+/ h(X (), u)N(dt, du). (31)

Similarly to the discussion about the existence and uniqueness of the solution
of Eq.(12),we know that Eq.(31) has a unique solution X (t) on [13 AT, 7 A
T). By repeating the previous procedure, we find that Eq.(3) has a unique
solution X (¢) on [0,T]. The proof is complete.

4. Strong convergence of numerical solution under non-Lipschitz
conditions

In this section, we will show the strong convergence of the Euler approx-
imate solution to the exact solution under non-Lipschitz condition. Before
we define the Euler approximate solution for Eq.(3), we need the property
of embedded discrete Markov chain. The following lemma describes this
property.

Lemma 4.1[29] For h > 0 and n > 0, then {r" n = 0,1,2,---} is a
discrete Markov chain with the one-step transition probability matrix

P(h) = (Py(h) e = €.

Given a stepsize h > 0, the discrete Markov chain {r" n =0,1,2,--} can
be simulated as follows (see C.G.Yuan[12], X.R.Mao[13]): compute the one-
step transition probability matrix P(h) = (P;;(h))yxn = €™, Let 7(0) = iy
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and generate a random number ¢; which is uniformly distributed in [0, 1]. If
(1 = 1 then let r =i, = N or otherwise find the unique integer i; € S for

i1—1

ij<%<2mj

and let 7 = iy, where we set 3y_, Py, ;(h) = 0 as usual. Generate indepen-
dently a new random number (, which is again uniformly distributed in[0, 1].
If (; =1 then let 7’5‘ = i5 = N or otherwise find the unique integer i, € S for

i9—1

ZPHJ <C2<ZP%1J

7j=1

and let 7} = i,. Repeating this procedure a trajectory of {r",n =0,1,2,---}
can be generated. This procedure can be carried out independently to obtain
more trajectories.

Now we can define the Euler approximate solution of Eq.(3). For systems
(3), the discrete Euler approximation on ¢ € {0, h,2h,---} is given by the
iterative scheme

Yo — G(TZ_H, Y1) = Y- G(TZ> Y,) + f(TZa Y,)h
+g(r", Y,) AW, + / h(Y,, u)N (R, du), (32)

n

Heret, = nhforn > 0. Y, ~ X(t,), AW, = W(tnp1)—W (t,) and N(h, du) =
N(tyy1,du) — N(t,,du). Let us introduce the following notations

Y(t)=Y,,7(t)=r"

for t € [t,, t,41). Then we define the continuous Euler approximate solution
t
YW)ZKﬁGWmWW—QWMW+/fW@Y@W

4 /0 (). T / / n N(ds, du). (33)

First of all, we give a lemma to demonstrate the existence of a solution
to the Euler method (32).
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Lemma 4.2 Under the condition (H2), then the equation for the Euler
method (32) can be solved uniquely for Y, given Y.
Proof: We may write the Eq.(32) as Y,,11 = ¢(Y,41). By (H2), for z,y € R",
we have that

|6(x) = ¢(y)| = |G (i, ) = G, y)| < Kolz —yl.

Hence, from the Banach contraction mapping theorem, we have that the
Eq.(32) has a solutions.

We now state and prove the main theorem of this section.

Theorem 4.1 If the conditions (H1) and (H2) hold, then the Euler ap-
proximate solution (33) will converge to the exact solution of Eq.(3), i.e.,

lim E[ sup |Y(¢) — X()]*] =0, VT >0. (34)

h—0 0<t<T

The proof of this theorem is very technical, so we present some useful
Lemmas.
Lemma 4.3 Under (H1) and (H2), we get

E sup |Y(1)]* < C, (35)

0<t<T

343kZ+(943k +3C)aa
(1—ko)* dependent on

3(14+k2)E|Yy |2+9KT+(9+3k1 +30)abT€

where C] = =Fo)?

E|Xo|* a, ko and T.
Proof: By the inequality (16), we know that

1 _
E sup [Y(t) < E sup |Y(t) — G(7(t),Y (¢))”
0<t<t 1—ko o<i<ty
1 _
+—E sup |G(F(t), Y (1))?
0 0<t<t:

< E sup |Y(t) — G(7(t), Y (t))]”
1—ko o<t<t,
kB sup V(1) (36)
0<t<ty

Then

E sup [Y(t)]* < E sup |Y(t) = G(r(t), Y())".  (37)

0<t<ty (1 —Fko)? o<t<ty

16



Applying Itd's formula to |Y (t) — G(7(t), Y (t))|* yields
Y (t) - G(r(t), Y (1))
= Yo - G(r(0), Y0)|2+2/0 [Y(s) = G((s), Y ()£ (7(s), Y (s))ds

# [ lotro) Vs + [ 07 st
#2 [ V() = G (o) Y ()la(r(s). Y (0 ()

t
+/ {2(Y'(s) = G(7(s), Y (s))](Y (g5), u) + [P(Y (g5), )"} N (ds, du).
0 JRr
(38)
Thus, employing mathematical expectations and using (H2), we obtain

Eoiltl<pt Y (t) = G(7(t),Y (1))

= ElYo - G(r(0),Yo)|* + 2E sup /O V() = G(7(s), Y(5))lf (7(s), Y (s))ds

0<t<ty

t
+E sup / lg(7( )|Pds + E sup/ \h(Y (gs),w)|*m(du)ds
0 Jrr

0<t<t1 0<t<t1

12E sup / Y (s) — G(r(s), V()9 (7(s), ¥ (gs))dW (s)

0<t<t: Jo

8w [ [ () = G )T as). )

HR(Y (gs), ) P} N (ds, du)
QYL + 2B|G(r(0), Yo) 2 + B / Y (t) — G(r(t), Y (1)) ds

+E/ | f(7( |ds—{—E/ lg(7( t))|%ds

IA

+E / \h(Y (t),w)|*7 (du)dt + T, + Ls. (39)
Rn
By the Burkholder-Davis-Gundy’s inequality, we have
7, < CE]sup |Y(t) / lg(7( ))|2dt)?]
0<t<ty



t1

< %E[ sup \Y(t)—G(f(t)>57(t))\2]+k1/ Elg(r(t), Y (¢))|*dt(40)

0<t<t 0

and
1
T, < CE(M,MJ}). (41)
where

Mt:/0 Rn{2[Y(S)—G(f(s),Y(s))]h(Y(s),u)+|h(}7(s)7u)|2}]\7<dsadu)'

By the definition of quadratic variation, we obtain

M, M)}

- {te;é;qu[y“) — G(r(t), V() IR(Y (), p(s)) + [B(Y (1), p(s))[*)2

< O(teg;q V() = G(F(t), Y ()P [h(Y (), p(s))|?) 2
+O<DZ [h(Y (£), p(s))]")?

: Coi?é’éf’;(;) - G<f<t>,?<t>>r<teg<t [W(Y (1), p(s)) )
RPN OREI o

= %p ’Y_@—G<f<t>,?<t>>12+c<@§;<t [W(Y (1), p(s)[).  (42)

So we have -

T, < =B sup |Y(t) = G(r), V(1) + CE( Y @), pe)P)

6
Osist teDy, t<t1

< éE sup [V (t) — G(F(t), Y (¢))] + CE / R ), w) P (du) .
0 R

0<t<ty

(43)
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It follows from that (40) and (43), we get

E sup |Y(t) —G(F(t),Y (1))

0<t<t:

IN

3BVl + BEIG(r(0), Vo) + 5 B / Y () - GG (1), Y (1)) s

+;E/01]f(r(t),}_/(t))|2ds+;(1+k‘1)E/01Ig(r(t),?(tm?ds

+;(1 +C’)E/O 1 /n \h(Y (t), u)|*7 (du)dt

IN

t1 t
3<1+k3)Em|2+3/ E|Y(t)\2dt+3k§/ EIY (0)[2dt
0 0

t1

+(9 + 3k; + 3C) /tl k(E|Y (t)|*dt + 3E/ |f(7(t),0)|*dt

0
t1 t1
+3L / lg(7(t),0)[*dt + 3E / |h(0, w) |7 (du)dt
0 0 n
t t

IN

3(1+k§)E\YO\2+9KT+3/ E]Y(t)\2dt+3k§/ EIY ()[2dt
0 0

+(9 4 3k1 + 3C)a /tl E(E|Y (t)dt. (44)

Inserting (44) into (37) gives

IN

E sup |Y(t)]*ds

0<t<s

31+ KHE|Y? +9KT 3+ 3kE (™
E sup |[Y ()] 0 + 0 /
Sup V) (= ho)? 0k Jo

t1
O3k +3C)a / KE sup |V (£))ds. (45)
(1 — ko) 0 0<i<s

Given that k(.) is concave and k(0) = 0, we can find a pair of positive
constants a and b such that k(u) < au+ b for all u > 0. So we have

3(1+ k2)E|Yo|? + 9KT + (9 + 3k; + 3C)abT

E sup [Y()] <

0<t<t; - (1 — ko)?
3+ 3k2+ (9 + 3k, + 3C t
| 38k + (94 3k )‘w/ E sup [Y(t)[ds.
(1 — ko) 0 0<t<s

(46)
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The Gronwall inequality implies

E sup [Y(t)
0<t<ty
301+ KB +9KT + (9 + 3k + 3C)abT 2eobrpmmuone,,
B (1 = ko)?
The proof is completed.
Lemma 4.4. Under (H1), for each ¢ € [0, T,
E sup |Y(t) =Y()]F < Cah, (48)

0<t<T

where Cy = 6(T + 2)k(C}) + (12 + 67)K dependent only on K,C; and T,
but independent of h.
Proof:For any ¢ € [nh, (n+ 1)h),

Y(t) = Y,

nh B
— Yo+ GO, Y,) — Gr(0), Vo) + / (7(s), ¥ (s))ds

+Amﬂﬂ@ /M/p N (ds, du).(49)

By #(t) = rh, thus
t

Y(t)-Y(t) = ﬂ()(»®+/gH$V®MW®

h

/nh/” N(ds,du).

Using the basic inequality |a + b + c[* < 3|al* + 3|b]* + 3|c|?, martingale
isometries and (H;), it follows that

0<t<T "= 0,1,2,-,N—1

+3E sup  max |/ ), Y (gs))dW (s)|?

20



+3F sup  max |/ / N(ds, du)|?

0<t<T7’L 012 N 1

T

< o [ 1), ¥ (5)) = 1 (r(s),0)ds

0

T (n+1)h -
+6hE/ F(F(s),0)Pds +3  max E/ 19(7(s), Y (gs))[2ds
n=0,1,2,-, N—1 nh
(n+1)h
+3  max / / u)|*m(du)ds
n=0,1,2,-,N—1 n
(n+1)h B

< 6hE/ k(Y (s)] )ds+12E/ E(E|Y (s)]*)ds + (124 6T)hK

0 nh

T - (n+1) ~
< 6h/ k(sup E|Y(t)[*)dt + 12/ k(sup E|Y (t)|*)dt + (12 + 6T)hK

0 0<t<s nh 0<t<s
< 6(T+2)k(Cy)h+ (12 +6T)hK
< Cyh.
The proof is completed. O
Lemma 4.5 Under condition (H2), then
E sup |G(r(t),Y(t)) — G(7(t), Y (t))]* < Csh, (50)
0<t<T

where C} is a constant which is independent of h.
Proof:Let n = [T/h] be the integer part of T'/h. Then

E sup |G(r(t),Y(t)) — G(F(t), Y (1))]?

0<t<T

S max E[ sup |G(7’(t), Y(t)) - G(f(t)v Y(t))P]
0<k<n  “yelkh,(k+1)h)
Let I be the indicator function of the set G. With these notations we derive,
using (H2) ,that
E sup |G(r(t),Y (1)) — G(7(t), Y (1)

0<t<T
< 2max E[ sup [G(r(t),Y (1)) — G(F®), Y ()P Lireysrtn))]

0<k<n  “telkh,(k+1)h)

< Aax B[ swp (IG(r@), Y () + [GFE), Y O)) irityr(einy]
0<k<n  “telkh,(k+1)h)

< 8k2max E[( sup YO prwywr]
O<k<n telkh,(k+1)h)
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= 8ki max E{E|(

0<k<n

< 8ki max E[E[(

- O<k<n

sup
telkh,(k+1)h)

sup
te[kh,(k+1)h)

Y (6)1°) Lty ey |7 (811}

Y OP) @) ELe@zrwplr)], — (51)

where in the last step we use the fact that Y, and Ig,(s)r(,)) are conditionlly

independent with respect to the o-algebra generated by r(t).

Markov property,

E(Ipysrmoylr(te)) =

IN

IN

Lemma 4.3 yields,

E sup |G(r(t),

0<t<T

IN

IN

8keC'h max E[E[(

0<k<n

Using the

Z L t)=y P(r(s)

€S
Z I{T (tr)=i} Z %J
€S J#i

(félg}}(v( vii)h 4 o

C'h + o(h).

#ilr(ty) = 1)

+ O(S — tk))

M) Tireo=iy

€S

(52)

Y(t) = G(r(t), Y (1)
Y (&) Ir(ti)]

sup
telkh,(k+1)h)

8kaC'h nax E(sup |Y(t)]?)

<k<n  o<t<T

8k2C1C'h

<
< Csh.

The proof is completed.

(53)

Lemma 4.6 Under condition (H1), then

[ e

0

/ 19(7(5), Y (5)) = g(r(s), Y (s))[Pds < Cih,

(5)) = f(r(s), Y (s))["ds

(54)

where () is a constant which is independent of h.
Proof. The proof is similar to that of lemma 3 in [14], and we thus omit
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here.
Proof of Theorem 4.1. By the definitions of X (¢) and Y (¢), we have

X(t) =Y ()
= G(?”(t),X(t))—G(f(t),Y(t))Jr/0 [f(r(s), X(s)) = f(7(s), Y (s))lds

/ / ¥ (s), u)| N (ds, du). (55)

By the inequality (16), we get

E sup |[X(t) =Y ()]

0<t<ty

1

< TR E s X - Y] - [Gr(0), X(1) — G, V(D))
+;OEO§1£1IG( r(t), X(t)) — G(r(t), Y (1)) ]*. (56)

Applying Itd's formula to |[X(t) — Y (t)] — [G(r(t), X (t)) — G(7(t), Y (¥))]]?
and taking expectations, yields

E sup |[X(t) =Y (t)] - [G(r(t), X (1)) — G(7(t), Y ()]

Bl {IX() — V()] ~ [G(r(s). X (5)) — G(r(s), Y ()]}
(r(s), X(s)) = f(7(s),Y (s))]ds
+E/0 l9(r(s), X(s)) — g(7(s), Y (s))[*ds

+E/1 WY (), 1) — h(Y (s), u) Pr(du)ds

+2E0§g /{ ()] = [G(r(s), X(s)) — G((s), ¥ (s))]}
l9(r(s), X(5)) — g(7(s), Y<s>>1dw<s>
+2E sup / [ {1X() - V()] - [60(9), X () ~ G(s). V()



=~
©
E
T
—
=
=
»
QU
&

[h(X (5),u) = h(Y (5),u)] + [A(X (s),u) — h(
= h+T+Ts+Ti+Ts, (57)

t1

= £ (r(s), X(s)) = f(7(s), Y (5))|"ds

IN

E i | X (s) = Y(s)|]*ds + E/o 1 |G (r(s), X(s)) — G(7(s),Y (s))|*ds

+E [ [f(r(s), X(s) = f(7(s), Y (s))["ds

0

= E [ |X(s)=Y(s)|*ds+ Ly + L, (58)

Taking into accounts lemmas 4.4 and 4.5, we have
Ly < 2F /Otl G(r(s), X(5)) = G(r(s), Y (s))[*ds
+2F /Otl G(r(5), Y (s)) — G(7(s), Y (s))|*ds
< 21<:§E/0t1 X (s) — Y(s)|]*ds + 2C3Th
< 4k E /Otl X (s) = Y(s)|’ds + 4k E /Otl Y (s) — Y (s)]*ds + 2C3Th
< 4K2E /Otl | X (5) — Y(s)|*ds + 2(2k;Cy + C3)Th. (59)
In view of (H1), we obtain from lemma 4.6 that
£ < 28 [ 17060, X ) - S06), ¥ ) s
+28 [ 170060,V ()) = f(7(6). Y () s
< 2aFE /Otl k(| X(s) — Y(s)|*)ds + 2C,Th
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< 20F | KX (s) = Y(s)]? +2|Y(s) — Y (s)[*)ds + 2C,Th

< 4daF k(| X (s) — Y(s)]*)ds + 4aFE /t1 k(Y (s) — Y (s)|*)ds + 2C,Th

< da /: k(B X (s) — Y (5)[2)ds + 4a /Otl K(E|Y (s) — V(s)2)ds + 2C,Th

< da | Kk(B|X(s)—=Y(s)]*)ds + 4aCoTk(h) + 2C,Th. (60)

Substituting (59) and (60) into (58) yields that

o

J < (1+ 41</‘(2))E/t1 | X (s) — Y(s)]*ds + 4a /t1 k(E|X(s) —Y(s)|]*)ds
+2(2k5Cy + OC’g)Th + 4aCyTk(h) + 2040Th. (61)
Following from the proof (60), we can obtain that
T2 < 4da /tl k(E|X(s) —Y(s)|*)ds + 4aCyTk(h) +2C,Th.  (62)
and O
J3 < 2a /Otl E(E|X(s) — Y (s)|*)ds + 2aC,Tk(h). (63)

Applying the Burkholder-Davis-Gundy’s inequality and taking into account
lemmas 4.5, 4.6, we have

Ji < CE[sup [[X(t) =Y (®)] - [G(r(t), X(t)) — G(F(#),Y ()]l

(/0 gr(8), X (1)) — g7 (1), ¥ (1) [Pd)?
1
E

1 ELsw [[X(0) =Y ()] = [G(r(1), X (1)) = G(r(6), Y ()]I7]

0<t<ty

IN

+k2/0 Blg(r(t), X(1)) — g7 (), ¥ (1))t

B[ sup [[X(6) — Y (5] - [Gr(), X (1) — GFD), V(1))

4 To<t<t

IN

t1
+darky / k(E|X(s) — Y (s)|*)ds + 4aCskyTk(h) 4 2C,kyTh.
0
(64)
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and

N

IA

IN

EE sup [[X () = Y(8)] — [G(r(t), X (1)) — G(7(t), Y (1))]]”

0<t<ty

+CE( Z |M(X(s),u) — MY (s),p(s))]*)
iEOiltlg X(t) =Y ()] = [G(r(t), X(t) — G(F(t),Y ()]
CE / IR (), 0) = BV (5), ) P (du)dt

0 R™
2502121 X(t) =Y ()] - [G(r(t), X(t) — G(F(t),Y ()]
+2aC /tl k(E|X(s) — Y (s)|*)ds + 2aC,CTk(h).

Putting (61)-(65) into (57) yields that

E sup |[X(t) = Y(1)] = [G(r(t), X (1)) — G(r(t), Y (1))]]”

0<t<ty

< 2(1+4k§)E/0t1 X (s) — Y (s)|2ds

t1
+4(5 + 2ko + C)a/ k(E|X(s) —Y(s)|*)ds
0
+4[50402T + QOZCQI{IQT + CYCQCT]k(h)

+4[(2k5Cy + C3)T + 2C4T + CykoT)h.
On the other hand, it follows from (59) that
E sup |G(r(t), X (1) — G(r(t), Y (t))]”
0<t<ty
< 4KIE sup |X(t) =Y ()] + (4k3Cy + 2C3)h.
0<t<ty
Finally, taking (66) and (67) into (56), we obtain
2(1 + 4k3)
E X(t)-Y(@)] < 0) / X(s d
Ozlt-lglill ) =Y@®" < 1—4k:0 1= Fo) | s)[*ds

A(5 + 2ks + C)a
(1 — 4ko)(1 — ko) Js
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/ B(EIX(s) — Y(s)P)ds



4[50602T + QOéCQkQT + OKCQCT]
(1 —4ko)(1 — ko)
4[(2k2Cy + C3)T + 2C,T + CykoT]

k(h)

{ 0= 4k (1 — o)
Ao Cly 20
Tk (1= 2k (I —h) (68)
By letting
2(1 + 4k3) 4(54 2k + C)a
M; = max , ,
= )T — ) (1= Aho) (1~ o)
M o a {4[50102T + ZQCQkQT + O[CQCT]
2 T omax (1 — 4ko)(1 — ko) ’
A[(2k2Cy + C3)T + 2C4T + CukoT]  AkoCh 20 y
(1 — 4ko) (1 — ko) 1— 4k (1— 4ko)(1— ko)
(69)
we have
E sup |X(t) =Y (1))
0<t<ty
t1
< M / (B sup [X(£) = Y (£) + K(E sup |X(t) — Y (£)2)]ds
0 0<t<s 0<t<s
Y Mulk(R) + B (70)

Let k(u) = u + k(u), we obtain that

E suwp [XE)-YOP < M /Ot/;(E sup |X(t) — Y (£)[2)ds + Mok(h).

0<t<ty 0<t<s

(71)

Obviously, k(0) = 0. Since k(.) is a concave function and k(0) = 0, we have
k(u) > k(1)u, for 0 <u < 1. So

/01 % = /01 u+dZ(u) = k(];gll 1 /01 kc(l2> =
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By applying the Bihari inequality, it follows that
E(sup [X(s) =Y (s)") < G '[G(Mak(h))+ Myt]. (72)
0<s<t

Note that when A — 0, then Myk(h) — 0. Recalling the condition fol du/k(u) =
0o we have G(M,k(h)) — —oo, and G(Msk(h)) + Myt — —o0, So we get

G7YG(Msk(h)) 4+ Myt] — 0.
We therefore have
lim E( sup |X(t) =Y (#)*) < lim G YG(Myk(R)) + Mit] = 0.

h—0 0<t<tq h—0

The proof of Theorem 4.1 is now complete.
Remark 4.1 When G =0, h = 0, Eq.(3) reduces to

dX(t) = f(r(t), X(t))dt + g(r(t), X(t))dW (¢) (73)

which was recently studied in X.R.Mao etc[14]. Hence, Theorem 4.1 in this
paper is a generalization of Theorem of [14].

Remark 4.2 If k(u) = Lu in (4)(u > 0,L > 0), then condition (H1)
implies the global Lipschitz condition.

The following corollary is an immediate consequence of Theorem 4.1 and
it reveals the order of the convergence.

Corollary 4.1. Under condition (H2) and the global Lipschitz condition,
i.e, there exist a positive constants L. > 0 such that for all z,y € R" and
1€85,u€ R

|fi,z) = f(,y)|* Vg, z) — g(i, y)|?
v / Jh(ru) — by, w)lPa(du) < Lz~ g (74)

Then the numerical solution (33) will converge to the exact solution of Eq.(3)
in the mean-square sense with order %, i.e, there exists a positive constant C
such that
E[sup [Y(t) = X(t)["] < Ch, (75)
0<t<T
where C' is a positive constant which is independent of h.

Remark 4.3 Even if Eq.(3) satisfies the Lipschitz condition (74), the
Corollary 4.1 is a new result. When G = 0, h = 0, the Corollary 4.1 reduces
to Theorem 3.1 of [12], so we generalize and improve the corresponding results
given in [12].
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5. Remarks and examples

In this section we present two examples which illustrates the main results.
Example 5.1 Let w(t) be a scalar Brownian motion. Let r(t) be a right-
continuous Markov chain taking values in S = {1, 2} with the generator

-1 1
[' = (7ij)axo= [ ]

1 -1

Of course w(t) and r(t) are assumed to be independent. Consider the follow-
ing semi-linear NSDEs with Markovian switching of the form

dlz(t) — kx(t)] = a(r(t))z(t)dt + b(r(t))|z(t)|’ dw,, (76)

here G(r(t),z(t)) = kx(t), k € (0,1), a(l) = =1, a(2) = 2, b(1) = 0.5,
b(2) = 1. The equation (76) can be regarded as the result of the two equations

dlz(t) — kz(t)] = —z(t)dt + 0.5]x(t)|Pdwy,
and
dz(t) — kx(t)] = 2x(t)dt + |=(t)|° dw,,

switching among each other according to the movement of the Markov chain
r(t). When g € [3,1], we know that the function |z(¢)|? is not differentiable
and does not satisfy the Lipschitz condition on [0,T]. So, we can not prove
that Eq.(76) has a unique solution. However, the Eq.(76) satisfies the non-
Lipschitz condition, then by Theorem 3.1, we have that Eq.(76) has a unique
solution.

On the other hand, the Euler approximate solution is defined as follows:

Yn

1 h h 8
= + + AW
Yn+1 1—% 1 ka(rn)ynh b(Tn)’yn’ n (77)

1—k
Here y,, =~ x(t,). Let

g(t) = yn, 7(t) =y
for t € [t,, tn+1). Then we define the continuous Euler approximate solution
y(t) as follows

1 1 K

) = =+ 1 [ aGENIs + = [ b))
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Since the Eq.(76) satisfies the conditions of Theorem 4.1, then the approx-
imate solution (78) will converge to the exact solution of Eq.(76) in the
mean-square sense.

Remark 5.1 In especially, when G(r(t),z(t)) = 0 and 8 = 3, it will be
the hybird square-root process which is the Eq.(1) mentioned above.

Example 5.2 Consider the NSDEs with Markovian switching and pure
jumps:

dlz(t) — Glr(t), 2(t)] = e(r(t))o(x(t))dt + / wH(x(t) N (dt, du), (79)

n

here the function G(r(t),.) satisfied the condition (H2) and o(v) = +/|vlogv|,

0, if v=20,

Viog T o), » <el
H) = vy/log(1l+v~1) if0<v<e

log(1+¢€) log(l+e)—1 T _1
+ v—e ), 1f v>e .
e 2y/log(1 +e) ( b i

It is obvious that the coefficient o(.) and H(.) do not satisfy the Lipschitz
condition. We have that o(.) and H(.) are two nondecreasing, positive and
concave functions on [0, co] with ¢(0) = H(0) = 0 and fol % = 01 % =
0o. Therefore, it follows that condition (H1) is satisfied. Consequently, the
approximate solution will converge to the exact solution of Eq.(79) for any

t € [0, 7] in the sense of Theorem 4.1.
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