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Computation of Two-Dimensional
Fourier Transtforms for Noisy
Band-Limited Signals
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Abstract

The computation of the two-dimensional Fourier transform by the sampling
points creates an ill-posed problem. In this chapter, we will cover this problem for
the band-limited signals in the noisy case. We will present a regularized algorithm
based on the two-dimensional Shannon Sampling Theorem, the two-dimensional
Fourier series, and the regularization method. First, we prove the convergence
property of the regularized solution according to the maximum norm. Then an error
estimation is given according to the L>-norm. The convergence property of the
regularized Fourier series is given in theory, and some examples are given to
compare the numerical results of the regularized Fourier series with the numerical
results of the Fourier series.
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1. Introduction

The two-dimensional Fourier transform is widely applied in many fields [1-9].
In this chapter, the ill-posedness of the problem for computing two-dimensional
Fourier transform is analyzed on a pair of spaces by the theory and examples in
detail. A two-dimensional regularized Fourier series is presented with the proof of
the convergence property and some experimental results.

First, we describe the band-limited signals.

Definition. For two positive £;, £, € R, a functionf € L? (Rz) is said to be band-
limited if
f(wl,mz) =0, V(01, 0y) ER*\[—Q1, 2] X [~25,2,].

Here f is the Fourier transform of:

F(f) (o1, 0) = f (@1, 0) = Jm Jm Flt1,t2)em 102 e dty ) (01, 0,) €R%. (1)

—00 —00

We will consider the problem of computing f (w1, ;) from f (t1,1,).
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For band-limited signals, we have the following sampling theorem [4, 10, 11].
For the two-dimensional band-limited function above, we have

X & sin Ql(tl — anl) sin .Qz(tz — nsz)

t1.t) = Hy,m,H |
LY nlzz—oonzzz—oof(nl 17ath) Q(th —mHy)  Qa(ty —naH>)

(2)

where Hy =7/, and H, =7 /£2,.
Calculating the Fourier transform of f (¢1,,) by the formula (2), we have the
formula which is same as the Fourier series

f((ﬂhﬁ)z) =HH, Y Y f(nHy,npHy)e™ortinthop, o a), (3)

N1=—00 Ny=—00

where Po(01,m2) = 1_g, 0,)x[-0,.2,] (03 ®2) is the characteristic function of
[—91, .Ql] X [—.Qz, .Qz].
In many practical problems, the samples {f (n1H1,n,H,)} are noisy:

f(mH1,n,Hy) = f (n1H1,n,Hy) + n(niHq,nHy), (4)
where {5(n,H1,n,H3)} is the noise

In(n1H1,m2H)| <6, (5)

and f» € L? is the exact band-limited signal.

The noise in the two-dimensional case is discussed in [5, 6], and the Tikhonov
regularization method is used. However, there is too much computation in the
Tikhonov regularization method since the solution of an Euler equation is required.

The ill-posedness in the one-dimensional case is considered in [12, 13]. The
regularized Fourier series

f‘ (00) _y i f(nH)ei”H‘”
“ n=—0o0 1 + 271'0! =+ 271'0{(1’21H1)2

P_Q((D)

in [12] is given based on the regularized Fourier transform

53 f(t) o
—oo 1+ 27 + 2rat?

R = |

in [14]. The regularized Fourier transform was found by finding the minimizer
of the Tikhonov’s smoothing functional.

In this chapter, we will find a reliable algorithm for this ill-posed problem using
a two-dimensional regularized Fourier series. In Section 2, the ill-posedness is
discussed in the two-dimensional case. In Section 3, the regularized Fourier series
and the proof of the convergence property are given. The bias and variance of
regularized Fourier series are given in Section 4. The algorithm and the experimen-
tal results of numerical examples are given in Section 5. Finally, the conclusion is
given in Section 6.

2. The ill-posedness
We will first study the ill-posedness of the problem (3) in the noisy case (4). The

concept of ill-posed problems was introduced in [15]. Here we borrow the following
definition from it.
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Definition 2.1 Assume A: D — U is an operator in which D and U are metric
spaces with distances pp (%, *) and py(x, *), respectively. The problem

Az =u. (6)
of determining a solution z in the space D from the “initial data” u in the space U

is said to be well-posed on the pair of metric spaces (D, U) in the sense of
Hadamard if the following three conditions are satisfied:

i. For every element u € U, there exists a solution z in the space D; in other
words, the mapping A is surjective.

ii. The solution is unique; in other words, the mapping A is injective.

iii. The problem is stable in the spaces (D, U): V € >0, 36>0, such that
pU(ulvuZ) <6= ,01)(21,22) <E.

In other words, the inverse mapping A ! is uniformly continuous. Problems that
violate any of the three conditions are said to be ill-posed.

In this section, we discuss the ill-posedness of Af = f on the pair of Banach
spaces (L?[—01, 2] X [—£2,, 2], 1°(Z*)), where f (01, ®2) is given by the Fourier
series in Eq. (3).

The operator A in Eq. (6) is defined by the following formula:

Af =f, @

where = {f (n1H1,n,H,): n1€Z, n,eZ}.
As usual, [* is the space {a(n): neZ*} of bounded sequences. The norm of [ is
defined by

@l = sup |a(n)],
ne’Z?

where
i. The existence condition is not satisfied.
ii. The uniqueness condition is satisfied.

iii. The stability condition is not satisfied. The proof is similar to the proof
in [10].

3. The regularized Fourier series

Based on the one-dimensional regularized Fourier series in [12], we construct
the two-dimensional regularized Fourier series:

folog,mm) =
© ) H H,)etmHio1+inaHymy
mH, S Y Slnth, mbie :
m=-com=-o |1+ 2z + 2za(n1Hy) } [1 + 2ra + 2rwa(nyHy) ]

P.Q((Dh Q)Z):

(8)



Recent Advances in Integral Equations

where f(n1H1,n2H>) is given in (4). We will give the convergence property of
the regularized Fourier series in this section.

Lemma 3.1
1 sinQ(t —nH)| H inHo H (—1)" A(0-Q) N e a(0+Q)
1+ 2za+2rat? Qt —nH) | 1+ 2za+ 2ﬂa(nH)2 4raa a—inH a+inH|
9)

— 14+ 27
where a:=, /557¢,

Proof.

F 1 sin Q(t — nH) F sinQ(t — nH)
1+ 2na+ 2za2 Q(t—nH) | 2z |1+ 27ra + 27a2]” Q(t — nH)

1 1 _ ; i _
= 5%6 a‘(u‘* [HelwnHP_Q( 471'(10: J e alul MH (0=w) 1[(»—!2,(»4—(2] (u)du
1 ) 0+ ) 1 . 0 ) w+£2 )

—H eme J efa|u|7mHudu —H emHm J eaumeudu + J efaufanudu

4raa 0—0 4raa 0—0 0
oy 1 einHu) 1 B e(afinH)(mfﬂ) N 1 B ef(aJrinH)(er_Q)
- 4naa a —inmH a —inH a+inH a +imH
_y 1 einHw 1 N 1 B 1 einHm e(afinH)(me) N ef(a+inH)((u+Q)

4zaa a—inH a+inH 4raa a —inH a+inH
_ Hi ginHo . o 1 einHw(_l)n ea(w—Q).—inHm N e—a(m—&-.Q.)—inHu)

2no g2 + (nH) draa a —inH a +inH

ginHo 1 ea(wfﬂ) efa(erQ)
=H s—H (-1 { —+— ] :
14+ 2na + Zﬂa(nH) 4raa a—inH a-+inH

Lemma 3.2 For any band-limited function g(¢1,¢,) and
(01,02) € [-Q1, 1] x [—£2,, 8]

J~oo Joo g(th tz) eitlwl +itrm) dtl dtz
oo J—co (14 2700 + 27082 (1 4 27 + 270rt3)

0 © ein1H1w1+inzH2mz
=HH Hi,nH
! 2nl:z_:oo nzzz_:wg(nl 1ath) (14 2za + 2ra(niH1)?|[1 + 2za + 2ra(nyH,)?

et (_1)"2 (ea(mz.(lz) ea(w2+!22)):|

- + ;
1+ 2ra + 2rna(nHy)* 4maa \a —inyHy — a +inyH,

[Se]

—HH, Y. Y g(nHi,nH,)

N1=—00 Ny=—00

—-H:H, Y Y g(nHy,nH,)

N1=—00 Ny=—00

—
1+ 27a 4 2ra(nyH,)* 4naa \a —imHy  a +iniH;

¢inaHa02 (71)711 (ea(ml—!zl) e—a(u)1+!21)):|

+HiH, Y X g(mHi,nH)) 5
N1=—00 Ny=—00 (477,'@0)

(_1)"1“"2 A (01—21) o~ a(01+€21) A (0—42) e~ (02+2)
|:ﬂ —iniH, +ﬂ + in1H1:| . |:ﬂ —in,Hy +ﬂ + insz] '

(10)
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Proof. By the sampling theorem

. J~oo Joo g(tl, tz)eit1w1+itzwzdt1dt2
- oo (14 270 + 27at?) (14 27 + 27ar?)

© oo eit1w1+itzwz
J_oo J_oo (1 + 2ra + 277:0’1%) (1 + 2za + 27zaft§)
) s sin.Ql(tl — anl) sin .Qz(tz — nsz)
. niH1,n,H
nlzm nzzmg( H1,mats) Q(t1 —miH1)  2y(t —noH>)

X X o0 1 sian(tl — anl)
= n1Hy,n,H
m:z,mz:z,wg< e 2>Jm1+2m+2m§ Q4(ty — mHy)

Jm 1 Sil‘le(tz — nsz)
oo L+ 27 + 272'0£t% .Qz(tz — nsz)

dtqdt;

¢1odt

eitzmzdtz
By Lemma 3.1 and the FOIL method, Eq. (10) is true.

Lemma 3.3 For each arbitrarily small c>0 and o € [-2 + ¢, 2 — ¢,

—0 (e;ﬂc> . (1)

Proof. By the inequality |a + b|* < 2(|a|2 + |b|2),
e—a(0+2) 2]

<2
- nzoo[ a+inH

—ac 00 —2ac
<43 e zﬁic’_ml[ dx 4 5 Anme 4
n=—wa’+ (nH)" ~ H

[Se]

ea(wfﬂ) efa(u)JrQ) 2

— + -
a—mH a+inH

n=—0oo

[es]

X

Nn=—0o0

PA0-Q)  palo+Q) 2 A0-9) 2

a—inH+a—|—inH a —inH

———+—e e
_od?+x2 a? Ha a?

—2ac

Lemma 3.4 For each arbitrarily small ¢>0 and (w1, ;) € [—£21 + ¢, 21 —¢]x
[—.Qz +c, 802, — C],

Y X g(nHi,noH,y)

(_1)n1+n2 |: ea(u)l—.Ql) e—ﬂ(&)1+91)

- + -
R (47ma)2 a—inHy a+inH, (12)
ea([x]zf.Qz) e*d((i)z‘l‘.gz) >
, = O(ae ).
L; T, at insz] (ae™)

for @ — 40 and g that is 2-band-limited.

Proof. By the Cauchy inequality,

2

0 0 ea(mlfﬂl) e*ﬂ(ﬂ)]+91) ea(mzfﬂz) efa((oz+[22)
H H
nlzz—oo nzzz_oog(nl 1,72 2) |:6{ — ianl * a + in1H1:| |:&l — insz + a + insz]

< i %O: lg(n1Hy, naHy)[?

N1=—00 Ny=—00

eﬂ(wlfgl) e*ﬂ((A)1+.Q1) eﬂ((l)z*.Qz) e*d((ﬂzﬁ»ﬂz)
|:0l — ianl + a + ianJ |:0l — i?’Lsz + a+ insz]

[es] [es]

X X

N1=—00 Np=—00

2

2
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where Y'° 3% lg(n1H1,noH,)[* is bounded by Parseval equality, and

n1=—00

2

0 0 eﬂ(u)l—.Q1) e—tl((01+.Q1) ea(wz—_()z) e—{l((l)z-‘r.Qz)
DI . + : . + .
Mo meoo| @ —iniH1  a+iniHi| |a —inoHy  a +inpH,
oo o—21)  pma(@+2) 712 lo—21)  pmalor+21)7 |2
N nlzm [a —in1H, * a+ i1’l1H1j| oo [a —iniHq * a + ianJ '
By Lemma 3.3, Eq. (12) is true.
Lemma 3.5
® 1 1
=0(——=). (13)
Proof. n=—oo |1+ 2o + Zﬂa(nH)z‘ <\/5)
2 2
) 1 - ’ 1 1
neo |1+ 270+ 2za(nH)?| ~ [1+2za| 70|14+ 2za + 2za(nH)?|’
where
1 ? ® 1
5 <2 5 <
n#0 1 + 2ro =+ ZHG(WH) n=1 |:1 + 2o + 2ﬂa(nH)2:|
2 r" dx B O( 1 >
HJo (14 2za+ 2zax?)’ va)
So

[Se]

n=—0oo

iy ()
1+ 2za + 2za(nH)? va)'

Lemma 3.6 For each arbitrarily small ¢>0 and
(0)1,002) S [—.Ql +c, 021 — (,‘] X [—.Qz +c, 02y — C],

mH1m (_1)”2 A @2—) o (02+2)
5 + -
1+ 2za + 2za(nH,)* 4naa <a —inoHy a4+ m2H2>

=0 (a%e*"“),

for @ — 40 and g that is £2-band-limited.
Proof. By Cauchy inequality,

[s9) [s9)

Y X g(nHy,noH,y)

N1=—00 Np=—00

(14)

. 2
ezn1H1w1

1+ 2za + 21ra(n1H1)2

(02 —2) e~ w2+22)
|:6l — insz + a+ inij

< Y3 lglmHr,mH)

N1=—00 Np=—00

. 2
ezn1H1m1

1+ 2ra + 2za(nHy)*

D)

N1=—00 Np=—00

>

A 02—£2) e~ w2+22)
|:0l —inyHy + a + iﬂ2H2:|
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where 3° " lg(nHa, nyH,)|* is bounded by the Parseval equality, and

n1=—00

2

0 0 gmHio ea(mrﬂz) efa(wer_Qz)
D) : [ R }
me—com=—oco| |14 2z + 2za(niHy)" | @ —inoHay — a +inyH,
© gmHim © ea(mzfﬂz) efa(mz+!22) 2
= X 1> [ — + — } .
m=——oo|1l+ 2zax + 271'(,1(1’[1H1) ny=—oo| L& myH,  a +in,H,

By Lemma 3.3 and Lemma 3.5 Eq. (14) is true.
Lemma 3.7

D)

N1=—00 Ny=—00

n(n1Hy, noHy)
14 2za + 2za(niH1)?|[1 + 2za + 2ra(naH,)?

_ o<§) (15)
a

for 6 — 40 and @ — 40, where n and ¢ are given in (4) and (5) in Section 1.
Proof.

& 1 1 1
< + >
o |1+ 2ma + 2ra(nH;)* '1 +27al 70 |14 2na + 277.'0((1’ZH1)2‘
where
1 & 1
2| <2 2
n20 |1+ 2za + 2rna(nHq) n=11+ 2na + 2na(nH;)

<2 J"" dx _0 1
THi)y 14 2za+2zax?  ~ \Va)

So
> ! | =o(/va).
n=—oo |14+ 2w + 2ﬂa(7LH1)
For the same reason,
S ()
d=0o(—).
n=oo |1 + 2ro =+ 27[(1(7LH2) \/a

So Eq. (15) is true.

Theorem 3.1 Suppose f € L'(R*) nL?*(R?) is band-limited. For each arbitrarily
small ¢>0, if we choose a = a(§) such that a(6) — 0 and §/a(6) — 0asé — O,
thenfa(ml, ) —>fT(m1, ;) uniformly in (01, ;) € [—21 + ¢, 21 —¢] X

[, +¢,92;—clas§ — 0.

Proof. By Lemma 3.2, Lemma 3.4 and Lemma 3.6, we have

H1H2 i i fT (anl, nsz) ein1H1w1+in2H2w2
e o oo [1 4 2ma + 2wa(n1H1)?|[1 4 2za + 2za(nyH,)?]

J ) J ) fT @, tz)eitlwl+it2m2dt1dt2 +0 (a%e*ac)
oo (14 27a + 2nat?) (1 + 27a + 27at?) '

—0o0
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Therefore,

5 2 & [fr(ngHy, moHy) + n(ngHy, nyHy) eimthortintho
s - = H,H.
falor,02) =frlon02) = Hy 2nl_z,w WX T+ 2w + 2ra(mH) [+ 270 + 2ra(mgHL)]

Pq(m1, 0;) —fr(whwz)

) ) anl n2H2 ein1H1w1+in2H2(uz
_n frlmHy maH)

P ~fr (o,
e om0 |1+ 2 + 2wa(n1H1)?|[1 + 2ma + 2ra(n,Hy )?| a(o1,02) =fr (01, 02)

n1Hq,n,H.
+H1HZZ Z (11 22)

ein1H1(01+inszu)ng(
n1=—00 Ny=—00 [1 + 2za + 27[a(”1H1) Hl + 270 + Zna(nsz)z]

w1, (1)2)

< t t ltl“ﬁ’ltzﬂzdt dt e
[ J [ 1+ 21a +1 272rat N+ 2 +227mt [ [f (b p2)e e dtz} Pa(ey, o)
1 2
© © H H inyHyo1+inyHymy
+H:.H, ) n(raH, naHa)e Po(w1, ;) + O(a%e’””).

s m oo [1 + 270+ 27m(n1H1)2] [1 + 270+ 2ﬂa(n2H2)2]
This implies

‘f-a(mla(DZ) _fT((ﬂl;(ﬂz)‘

J © J ® Aza+ 2ratt + 2wats + (Zﬂa + 271'61,’15%) (27wc + Znat%)

fT (tla tz)eitlm1+itzmz dtldtz

I 1 I (14 2za + 2zat?) (14 2za + 2nat})
S n(niHq,nyHy) inyHyon+ina H.
H H 1n1Hw1+1nyHymp

T Y X AT 9ra + 2ealuH A + 20 1 2na(mE) ¢
+0 (u%e*“‘)

where

% i n(n1Hq,m2H>) . pimHio im0 | _ (é) '
m=—c0 my=—o0 [1 + 2za + 2za(n1Hy) } [1 + 2z + 2ra(nyH») } @

For any &>0, there exists M>0 such that

J J If 7(t1,82) |dirdt; < €.
[t1|>M or [t2|>M

Then

o (oo 2 2 2 5
J J 4ra + 2mat + 2mats + (Zﬂa + 27rat1) (2ﬂa + 27rat2) Foltnta) ot gy dr

s (1 + 2o + 2n'at%) (1 + 2na + 2mxt%)

—00

4ra + 2770:1:% + Zﬂat% + (Zﬂ'a + Zﬂat%) (271:a + 2mxt%)

= (1 + 2o + 27w:t%) (1 + 2ra + Zn'at%)

fr(t1,t2)e T2 gt dt,
It1] <M and |t2] <M

4o + 2ﬂat% + met% + (27ta + 277,’(11’%) (27[0: + 27[(Xt%)

* (14 27a + 2zar?) (1 + 27a + 27at3)

[t1|>M or |t2|>M

fT (tlv tz) eitﬂul +itrm) dt1 dtz B

where
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4o+ ZE(ZT% + ZE(Xt% + (271’6! + ZH(Xt%) (Zita + 2mxt%)

t ,t eil’l(x)1+il’zu)2dt dt

[t1]=2M or [t2|2M

< [f (21, 82) |dindt, < &

[t1]>M or |t2|>M

and

4na + 2mat} + 2noth + (2na + 2nat}) (2na + 2nat3)
(14 27a + 2nat?) (1 + 2wa + 2nat3)

fT (tl, tz)eitlwl+it2w2dt1dtz

[t1] <M and |t;| <M

— 0

as a — 0.

4. Error analysis

In last section we have proved the convergence property of the regularized
Fourier series under the condition f € L' (R?) . In this section, we give the error
analysis of the regularized Fourier series according to the L>-norm for the func-
tions f, € L*(R?). The bound of the variance of the regularized Fourier series is

presented.
By Lemma 3.5, we have next lemma.

Lemma 4.1

f i n(n1H1,noH,)
e om0 |[1 4 27a + 2wa(n1H1)?|[1 + 27a + 2za(naH,)?]

: =0(8) + o(‘;)

for § — +0 and @ — 40, where 7 and § are given in Eq. (4) and Eq. (5) in
Section 1.

Theorem 4.1 Suppose f. € L*(R?) is band-limited. If we choose a = a(3) such
that a(8) — 0 and 6*/a(6) — 0 asé — 0, thenfa(wl, ) —>fT(oo1, ;) in
L?[—Q1, 4] x [~£2,,82;] as § — 0.

Proof.

falo1,02) = f (01, 0)

n1Hy,mH,) + n(niHy, nyHy eimHio+inyHyo, o
[fr(mHy ) +n(mH, )] Pg (w1, 02) —f p(01,w2)

=HiH, ¥ ¥

ni=—c0 my=—co [1 + 2ra + 277(1(%1H1)2} [1 + 2za + 27t(l(7£2H2)2]

w A4ma+ 2ra(nHy)? + 2xa(naHa) + <27[(l + 2ﬂa(n1H1)2> (271'(1 + Zﬂa(n2H2)2>

= —HH, ; ; 5 5
m=—00 my=—0c0 [1 + 2ra + 2za(n Hy) } [1 + 2z + 2rwa(nyH,) }
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fT (anl’ nsz)ein1H1w1+in2H2w2PQ (('017 (»02)
n(niHi,noH>)

+HH, Y Y 5 5
m=—com=—c |1 4 2z + 2zxa(n1Hy) } [1 + 2ra + 2ra(n,Hy)

emlH1m1+mzH2m2PQ ((D17 0)2) .

Let

Sn0)= Y 3

NnN1=—00 Np=—00

Ao+ 2ﬂa(n1H1)2 + 27ra(n2H2)2 + (271:(1 + 27ra(n1H1)2> <2ﬂa + 2ﬂa(n2H2)2>
[1 + 2o + 271’0!(111H1)2] [1 + 2o + Zﬂa(nsz)z}

fT (1’!1H1, nsz)emlHlmlanHzmng(0)1, (Dz).

Then
X A 2
7 lan.m) g o, 00) [, <2 S(0,00) P + 2638
2
- i ’7(”1H1’ nsz) eianmlJrinszu)sz(0017 (02) R
1 o o [1 4 2o+ 27za(n1H1)2} [1 + 2z + ZJZ'(X(WZHZ)Z}
where
% i ’7(an17 nsz) ein1Hlm1+inszszQ ((D17 002)
M 00 Ty 00 [1 + 2ra + 27ta(n1H1)2] [1 + 2na + Zn'a(nzHZ)z}
2
© n(niHy,myH)) =0 <5—2)
a

TLEaE [1 + 27a + 27[05(111H1)2} [1 + 2za + 2”0‘(”2H2)2}

N1=—00 N=—00

by Lemma 4.1 and

|M8

ISno)? = ¥

N1=—00 N3=—00

4na + 2ra(niHy) + 2ra(nyH,)* + (27ra + 27Ia(n1H1)2) <2ﬂa + 2zra(n2H2)2>
[1 + 270+ 2m(n1H1)2] [1 + 270 + Zﬂa(nsz)z}

-lfT(anl,nsz)|2.

For every >0, there exists N>0 such that

> [JCT(W1H1,712H2)|2 <6

[71|>N or |na| >N

since

10
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[Se] (S
N1=—00 Np=—00

4na + 2ra(niHy)? + 2ra(nyH,) + (27[05 + 27ra(n1H1)2> (27:05 + 27ra(n2H2)2)

[1 + 27 + 27ra(n1H1)2] [1 + 2z + 27za(n2H2)2}

JfrmH,mH)[P = Y %

[n1]| <N and |ny| <N

4na + 2ra(niHy)? + 2xa(nyH,)* + (27ra + 27ra(n1H1)2) <2ﬂa + 2zra(n2H2)2>

[1 + 270+ Zﬂa(anl)z] [1 + 270 + Zna(nsz)z}

'LfT(ﬂthﬂsz)}z + Yy X

|n1|>N or |ny|>N

4na + 2ra(niHy)? + 2ra(nyH,) + (27[05 + 27ra(n1H1)2) (27:05 + 27ra(n2H2)2)

[1 + 2na + 27m(n1H1)2] [1 + 2z + 27za(n2H2)2}

|f ¢ (n1H1, n2Hy) 2

where

[n1|>N or [ny|>N

4o+ 27ra(n1H1)2 + 27:05(1/12H2)2 + <2ﬂ:a + 277a(n1H1)2> (2ﬂa + 2ﬂa(n2H2)2>

[1 + 2za + 2ﬂa(n1H1)2] [1 + 270 + 271’(1(712H2)2}

'[fT(anhnsz)}z
S Z Z [fT(n1H17n2H2)|2<e

[n1|>N or [n2|>N
and

[n1] <N and |ny| <N

4na + 2ra(niHy)* + 2xa(nyHy)* + <2ﬂ:a + 277a(n1H1)2> (2ﬂa + 2ﬂa(n2H2)2>

[1 + 2na + Zﬂa(anl)z] [1 + 2o + Zﬂa(nsz)z}
lfT(mHl,nsz)\z — 0

as a — 0.
2

Va(ml’mz) —JGT(wsz)HL2 — 0.

Therefore,

Theorem 4.2 Suppose f. € L*(R?) is band-limited. If the noise in Eq. (4) is
white noise such that E[y(n1H1,7,H;)] = 0 and Var[n(niHq,n,H,)] = 62, then the

biasz(ml,mz) - E[fa(ml,mz)} — 0in L2[—Q1, 2] x [~£2,,2;] asa — 0 and

Var [fa(ml, 0)2)} = 0(0%) + 0(c?/a)
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if a(c) — 0 and 6%/a(6) — 0 as 6 — 0.
Proof. We can calculate

|Frton.00) ~B[f fon o[, =mE - & ¥

N1=—00 Np=—00

4o+ 27Z(X(111H1)2 + Zﬂa(nsz)z + (Zﬂa + 277,'(1(111H1)2> (271(1 + Zﬂa(n2H2)2>

[1 + 2za + 277a(n1H1)2] [1 + 270 + Zﬂa(nsz)z}

'lfT(anl, nyH») }2

and

Vm’[fa(wl,wz)}z Y X

2
m=—com=—co [1 + 2na + 2m(n1H1)2} [1 + 2na+ 27ra(n2H2)2}

3

By the proof of Theorem 4.1, we can see thath(u)l, w) — E [fa(ml, mz)} — 0in
L2 0Q1, @] X [, ] as a — 0 and Var [fa([—ml, 0)1])} = 0(c?) + O(c%/a).

5. The algorithm and experimental results

In this section, we give the algorithm and an example to show that the regular-
ized Fourier series is more effective in controlling noise than the Fourier series.

In practical computation, we choose a large integer N and use the next formula
in computation:

Figure 1.
The exact Fourier transform in Example 2.
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1.5+

Figure 2.
The numerical vesults by Fourier series in Example 2.

Figure 3.
The numerical vesults by the regularized Fourier series in Example 2.

A~

f oo, 0) =

N N H H in1Hyo1+inyHyo
HH, Y fmFh, 2 22)6 -
N N [1 + 270 + 2na(nHy) } [1 + 210 + 2na(nH,)

P_Q((x)l, 0)2).

Example 1. Suppose

1— cost;1— cost;

fT(tlﬂtZ) =

2 2
nty nty
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Then

fr(@nm) = (1— o)1 - |w])Pa(0r, o)),

where 2; =1and 2, = 1.

We add the white noise that is uniformly distributed in [-0.0005, 0.0005] and
choose N = 20. The exact Fourier transform is in Figure 1. The result of the Fourier
series is in Figure 2. The result of the regularized Fourier series with @ = 0.001 is in
Figure 3.

6. Conclusion

The problem of computing the two-dimensional Fourier transform is highly ill-
posed. Noise can give rise to large errors if the Fourier series formula is used. The
regularized two-dimensional Fourier series is presented. The convergence property
is proved and tested by some examples. The convergence property and numerical
results show that the regularized two-dimensional Fourier series is excellent in
computation in noisy cases. The algorithm will be useful in image processing and
multi-dimensional signal processing. The method will be of interest to: engineers
who want higher precision in the gauging and design of function generators and
analyzers; the electronic or electrical rectification industry; and also to the mathe-
matics community for computing methods and the improvement of mathematics
programs on signals and systems, for example, Simulink; and others since many
problems in engineering involve noise.
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