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Abstract

In this paper we give a complete description of the families of central con-
figurations of the planar 4-body problem with two pairs of equals masses
and two equal masses sufficiently small. In particular, we give an analytical
proof that this particular 4-body problem has exactly 34 different classes
of central configurations. Moreover for this problem we prove the following
two conjectures: There is a unique convex planar central configuration of the
4-body problem for each ordering of the masses in the boundary of its convex
hull, which appears in [3]. We also prove the conjecture: There is a unique
convex planar central configuration having two pairs of equal masses located
at the adjacent vertices of the configuration and it is an isosceles trapezoid.
Finally, the families of central configurations of this 4-body problem are
numerically continued to the 4-body problem with four equal masses.
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1. Introduction and statement of the main results

We consider the planar N-body problem

qr — q;
my Q= Gmypm
;: Tk — q;f?
i#k
k=1,...,N, where q; € R? is the position vector of the punctual mass m;,

in an inertial coordinate system and G is the gravitational constant which
can be taken equal to one by choosing conveniently the unit of time. The
configuration space of the planar N—body problem is

E={(ai,...,an) eR¥™ : q; # q;, for k # j}.

Given mq,...,my a configuration (qi,...,qn) € & is central if the
acceleration vector for each body is a common scalar multiple of its position
vector (with respect to the center of mass). That is, if there exists a positive
constant A such that

qr = —A (g —cm)

for Kk =1,..., N, where cm is the position vector of the center of mass of
the system, which is given by

N
_ Dk=1 MEGk
cm =8
D k=1 Mk
The configuration (qi,...,qn) € £ of the N-body problem with positive
masses my,...,my is central if the exists A such that (A, qi,...,qn) is a
solution of the system
al q q
k— Y
A (qr —cm) = m; = (1)
Z ! lak — q]'|3
i=1
itk

fork=1,...,N.

We say that two planar central configurations belong to the same class
if there exists a rotation of SO(2) and a homothecy of R? with respect to
the center of mass which transform one into the other.

The set of planar central configurations of the N—body problem is com-
pletely known only for NV = 2,3. For N = 2 there is a unique class of central



configurations. For N = 3 there are exactly five classes of central configura-
tions for each choice of three positive masses, the three classes of collinear
central configurations found in 1767 by Euler [11] and the two classes of
equilateral triangle central configurations found in 1772 by Lagrange [14].

The are some partial results on the problem of finding the exact number
of classes of central configurations of the N—body problem when N > 3. In
1910 Moulton [19] showed that there exists exactly n!/2 classes of collinear
central configurations for a given set of positive masses, one for each possible
ordering of the masses. Palmore in [20] obtained a lower bound of the num-
ber of planar non—collinear central configurations. Pedersen [21] numerically
and Gannaway [12] and Arenstorf [7] numerically and analytically obtained
the number of central configurations of the 4-body problem when one of
the masses is sufficiently small. Later on Barros and Leandro in [8] and [9]
completed the study of the central configurations of the 4-body problem
when one of the masses is sufficiently small showing that in the triangle of
masses there is a simple closed bifurcation curve such that outside it there
is 8 classes of central configurations, on the bifurcation curve 9 and in the
region limited by this curve 10. Xia in [24] studied the number of central
configurations for all NV when some of the masses are sufficiently small.

Simé in [23] gave a numerical study for the number of central configu-
rations for N = 4 and arbitrary masses. Hampton and Moeckel [13], by a
computer assisted proof, proved the finiteness of the number of central con-
figurations for N = 4 and any choice of the masses. Albouy and Kaloshin
[5] proved analytically the finiteness of the number of classes of central con-
figurations for N = 4 for any choice of the masses and for N = 5 for almost
all choice of the masses. The question about the finiteness of the number of
classes of central configurations remains open for N > 4.

Although the set of all planar central configurations of the 4-body prob-
lem is not completely known, we can find in the literature several papers
that provide the existence and classification of central configurations of the
4-body problem in some particular cases.

Definition 1. Assume that q = (q1,92,93,44) s a central configuration of
the planar 4-body problem.

(i) q is convex if none of the bodies is located in the interior of the triangle
formed by the others,

(ii) q is concave if one of the bodies is in the interior of the triangle formed
by the others,



(iii) q is a kite central configuration if it has an azis of symmetry passing
through two non—adjacent bodies,

(iv) q is a thombus if it is convex and the four exterior edges are equal to
each other.

Under the assumption that every central configuration of the 4-body
problem has an axis of symmetry when the four masses are equal, Llibre in
[16] characterized the planar central configurations of the 4-body problem
with equal masses by studying the intersection points of two planar curves.
Later on Albouy in [1, 2] provided a complete analytic proof of the central
configurations of the 4-body problem with equal masses.

Bernat et al. in [10] characterized the kite planar non—collinear classes
of central configurations having some symmetry for the 4-body problem
with three equal masses, see also Leandro [15]. The characterization of the
convex central configurations with an axis of symmetry and the concave
central configurations of the 4—body problem when the masses satisfy that
my1 = mg # m3 = my is done in Alvarez and Llibre [6].

MacMillan and Bartky in [18] proved that for any four positive masses
and any assigned order, there is a convex planar central configuration of the
4-body problem with that order (see Xia [25] for a simpler proof). Albouy
and Fu in [3] (see also [18, 22]) stated the following conjecture, well known
in the central configuration community.

Conjecture 1. There is a unique convex planar central configuration of the
4-body problem for each ordering of the masses in the boundary of its convex
hull.

MacMillan and Bartky also proved that there is a unique isosceles trape-
zoid central configuration of the 4—body when two pairs of equal masses are
located at adjacent vertices. This result has been reproved recently by Xie
in [26].

The following subconjecture of Conjecture 1 is well known between peo-
ple working on central configurations.

Conjecture 2. There is a unique convex planar central configuration hav-
ing two pairs of equal masses located at the adjacent vertices of the configu-
ration and it is an isosceles trapezoid.

Long and Sun in [17] proved that any convex non-—collinear central con-
figurations with two equal masses m; = mo < m3 = my located at the



opposite vertices of a quadrilateral and such that the diagonal correspond-
ing to the mass m; is not shorter than the one corresponding to the mass
mg, must posses a symmetry and therefore must be a rhombus. Pérez—
Chavela and Santoprete in [22] extended this result to the case where two of
the masses are equal and at most, only one of the remaining mass is larger
than the equal masses. In particular, they proved that there exist exactly
one convex non—collinear central configuration when the opposite masses are
equal and it is a rhombus. Albouy et. al. in [4] proved that in the planar
4-body problem a convex central configuration is symmetric with respect
to one diagonal if and only if the masses of the two particles on the other
diagonal are equal. If these two masses are unequal, then the less massive
one is closer to the former diagonal.

In this paper we give a complete description of the central configurations
of the 4-body problem when mq = mo > mg = my = m > 0 and m is
sufficiently small. In particular, we prove Conjectures 1 and 2 under these
assumptions on the masses.

The existence of the central configurations of the 4-body problem when
mip = mg > m3z = my = m > 0 and m sufficiently small is established
analytically by Xia in [24]. More precisely, Xia shows that the five relative
equilibria of the restricted 3-body problem (i.e. the two equilateral triangle
solutions and the three collinear solutions), can be continued to 5 x 4 classes
of central configurations of the 4-body problem with two small masses which
are away from each other and to 2 x 4 + 3 x 2 = 14 classes of central
configurations with two small masses close to each other. We note that in
Xia results the two small masses do not need to be equal. Xia results agree
with the ones obtained numerically by Simé in [23].

The work of Xia does not provide the geometrical shape of the central
configurations, which is our main objective.

Theorem 2. Let m; =ms =1, mg =my =m, q = (—1,0), g2 = (1,0),
as = (z3,y3) and qq = (x4,y4) be the positions of the masses mi, ma,
ms and my respectively. Let s = (x3,ys, x4,ys). Without loss of generality
we assume that x3,ys3 > 0, and that two planar central configurations are
equivalent if one can be obtained from the other by doing either a rotation
in dimension three or by interchanging the names of the masses ms and my.
Then the following statements hold.

(a) For m = 0 we have the following classes of non—equivalent planar
central configurations.

(a.1) Five different non—equivalent classes of non—collision central con-



figurations given by the positions s1 = (0,/3,0,0), so = (0,/3,0,
—/3), s3 = (,0,0,0), s4 = (a,0, —,0), and s5 = (0,v/3,,0)
where o = 2.39681... 1is the unique real root of the equation
25 — 223 — 822 + 2 — 8 = 0. See Figure 1. We note that the
central configurations given by ss and s4 are collinear.

(a.2) Three different classes of non—equivalent collision central config-
urations given by the positions sc; = (0,0,0,0), sco = (0,/3,0,
V3), and sc3 = (o, 0,,0). See Figure 2.

(b) The central configuration for m = 0 given by s; = (0,4/3,0,0) can be
continued to a unique family (zs(m),ys(m), z4(m),ys(m)) of concave
kite central configurations for m > 0 small where

xz(m) = x4(m) =0,
ys(m) = \/§+Mm+0(m2),
ya(m) = 8_47?2)\/3771—1—0(7712).

(c) The central configuration for m = 0 given by sy = (0,v/3,0, —/3) can
be continued to a unique family (z3(m),ys(m),z4(m),ys(m)) of convex
kite central configurations for m > 0 small where

xz(m) = x4(m) =0,
yz(m) = \/§+% (1—3\/3) m 4+ O(m?),
ya(m) = —ys(m).

(d) The central configuration for m = 0 given by s3 = («,0,0,0) can be
continued to a unique family (x3(m),ys(m),x4(m),ys(m)) of collinear
central configurations for m > 0 small where

4 -1) (a" —20° —da* + a3 + o — 1)

= a— O(m?
z3(m) “ a? (b — 30t + 1603 + 302 + 48 — 1) m+O(m’)
= 2.39681--- —1.36514... m + O(m?),
4 (302 -1
za(m) = ABef-1) O(m2) = 0.0295360 . .. m + O(m?),

1702 (a2 — 1)°
ys(m) = ya(m)=0.



(e) The central configuration for m =0 given by s4 = (a,0, —,0) can be
continued to a unique family (zs(m),ys(m), z4(m),ya(m)) of collinear
central configurations for m > 0 small where

(a? —1) (17a* — 2a% +1)
(a8 —3at 4+ 1603 + 302 + 48a — 1)
= 2.39681--- +1.02836... m + O(m?),
—x3(m),

y3(m) = ya(m)=0.

2
x3(m) = oz+a2 m + O(m?)

&
N
—
2
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(f) The central configuration for m = 0 given by s5 = (0,v/3,,0) can
be continued to a unique family (x3(m),ys(m),x4(m),ys(m)) of non—
symmetric central configurations for m > 0 small where

16 [ o®2+1 a 2
r3(m) = — - m +0(m
= 1.10354... m+ O(m?),
% — % + 3a2+12
a243)° (0‘2_1)
z4(m) = a+ . )4a(a2+3) 1 m +O(m)
(a2-1)* "1

= 2.39681--- +0.582716... m 4+ O(m?),

16 2cy 1
m) = V3+ + m + O(m?
y3( ) 3 ((042 o 1)2 (OLQ + 3)3/2> ( )
= 1.73205--- +0.774741... m 4+ O(m?),
1 1
_ V3 <§ B <a2+3)3/2> 2
y4(m) - 2a(a?43) 1 mt O(m )

(042—1)3 4
= —1.04970... m + O(m?).

(9) The central configuration for m = 0 given by sc; = (0,0,0,0) can be
continued to a unique family (x3(m),ys(m),x4(m),ys(m)) of collinear
central configurations for m > 0 small where

_ b s 32 4/3
r3(m) = Tk 867m+0(m ),
zq(m) = —wz(m),
ys(m) = ya(m)=0.



(h) The central configuration for m = 0 given by sca = (0,4/3,0,v/3) can
be continued to

(h.1) a unique family (x3(m),ys(m),z4(m),ys(m)) of concave kite cen-
tral configurations for m > 0 small where

x3(m) = x4(m) =0,

223 L9 1 4/3
yg(m) = \/§+32Tm —I—Wm +8—1m—|—0(m ),
( _ V3 223 n L 93 1 L O(mA/3
ya(m) = 25" 5576 " ™ (m™?).

(h.2) a unique family (zs(m),ys(m),z4(m),ys(m)) of isosceles trape-
zoid central configurations for m > 0 small where

AR I O(mi/3
x3(m) = VR +2—7m+ (m™?),
z4(m) = —mz3(m),

1
y3(m) = \/§+Wm2/3+0(m4/3)a
ya(m) = yz(m).

(i) The central configuration for m = 0 given by sc3 = (a,0,a,0) can be
continued to a unique family (x3(m),ys(m),x4(m),ys(m)) of collinear
central configurations for m > 0 small where

x3(m) = a+Tzrm'® + T3z m?? + Tzm + O(m3)
= 2.39681--- +0.622799...m"% 4 0.303818...m*/3 +
1.60489 ... m + O(m*/3),
zy(m) = a—Tm? +TRm? +THM 4 O(mY?)
= 2.39681--- —0.622799...m"?% 4+ 0.303818...m%/3 +
1.52572...m + O(m*/?),

y3(m) = ya(m) =0,
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s1 = (0,+3,0,0) s2 = (0,v3,0,-V3) s3 = («,0,0,0) s4 = (,0, -, 0) s5 = (0, V3, a,0)

Figure 1: The classes of non—equivalent non—collision planar central configurations for

m = 0.
m.
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— o —@
m1 g mo miy m2 .
m3 3

mi ma2 m3

scy = (0,0,0,0) sca = (0,v3,0,v3) se3 = (,0,0,0)

Figure 2: The classes of non—equivalent collision planar central configurations for m = 0.

and

- a?—1

r31 = 376 1 )
Vab —3at +16a3 + 302 + 48 — 1

L 24 (a6 +5a% — 50?2 — 1)

xr32 = )
(a6 — 30t + 1603 + 3a2 + 48a — 1)/
8

T = 3 (9a'® — 600 + 284a'® + 168a'? — 2160 + 2132a'0—
17080 + 133140° + 331227 + 1300408 — 17880a° —
208960 — 152a° — 75240 + 268a — 147) / (a® — 3o+
1602 4 302 + 48 — 1)3 ,

L o 16 (3a* — 202 — 1)

T43 = —I33+

ab — 30t 41603 + 302 +48a — 1°

(j) The central configurations described in statements (b)—(i) are all the
families of non—equivalent central configurations defined for m > 0
sufficiently small.

Note that Theorem 2 provides all classes of equivalent central configura-
tions of the 4-body problem with two pairs of equal masses and two equal
masses sufficiently small. Recall that two planar central configurations are



equivalent if one can be obtained from the other by doing either a rotation
in dimension three or by interchanging the names of the masses mg and my.
If we do not take into account this equivalence relation, then Theorem 2
provides that the 34 classes of central configurations predicted in [24] and
[23] are the unique central configuration classes for the 4-body problem here
studied. In particular, Theorem 2 describes the geometrical shape of these
34 classes of central configurations. See for more details Figure 3.
From Theorem 2 we get the following result.

Corollary 3. The following statements hold for the 4-body problem with
two pairs of equal masses and two equal masses sufficiently small.

(a) It has exactly 34 classes of central configurations.

(b) It has exactly one convex central configuration for each ordering of the
masses in the boundary of its convex hull (i.e. Conjecture 1 holds).

(¢) It has ezxactly one convex central configuration having two pairs of equal
masses located at the adjacent vertices of the configuration and it is an
isosceles trapezoid (i.e. Conjecture 2 holds).

2. Equations for the central configurations

The center of mass of the central configurations studied in Theorem 2 is

om — <m($3 +x4) m(ys + y4)>
2(m+1) " 2(m+1) )’

and equations (1) become

e; =0, fori=1,...,8, (2)

10



m3 ma ma2
m1 ma m3 m1 mg m2 ms Mmi mo
m1 mo ms3
ma3 mq
mq my M4
m Mo m Mo 3 J3
mi m2 m1 m3 ma2 my m2
my ms
m3 my M4 ma2 mq mo % mi m3 mo mi mo
A W - -
mi mg ma m3 my ™y “my
ms3 mi m2
ma
— o> o <o *———@> o <o o — — ¢ —0>
mi mgm2 ms3 m1 m3 mg M4 mg miy mo My
mq
my mo m3
m3 mi mo
my o> <o —o o> 8 <o
myg My m2 mg mg mq m3 mo m3 mi1 my M2
mq
mi m2 ms
m3 mi mo
4
4
mi m2 ms
mi ma Mm3mq mi m, m m m.
my mi mao 1m3amy M2 am3z my 2
3
3
mi ma2 mq
ms3 e—e My mi mo
——o o o oo —o 0
my ™mo ms3 ee my m1 mo mymg m1mgmsa ma mgamgz My m2
my e-e M3 mi mo
m1 mo my e m3

Figure 3: The classes of planar central configurations that emanate from the five central
configurations of the restricted 3—-body problem to the four body problem with m; = mg
and m3 = m4 small. The direction of the arrows indicates how the position of the masses

m3 and ma changes when ms = m4 > 0 and small.
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where

1 1 1
o = L m(:v33+ ) m(a:43+ ) 1y m(x3 + 24) A
4 T3 24 2(m+1)
o — 1 mz—1) ms—1) 1_m($3+x4) 3
2 4 T3, 3, 2(m+1) ’
x3+1 x3—1 m(xs—=x m(xs + x
e = o1, ( s 4)_(3}3_ 2( 3 14)>)\’
13 93 T34 (m+1)
xa+1 x4—1 m(xa—=x m(xs + x
e = Tl w1l (43 3)_<$4_ (=3 4))/\’
T14 T34 T34 2(m+1)
o = (Y _ya  AMys+u)
> rly 3, 2(m+1) )7
v = m ¥ _ 4 Ays +ya)
° riy T3y 2(m+1) )7
o — y_3+£+m(y3—y4)_ y_m(y3+y4) A\
' iy T3 T3 2(m ) ’
o — £+£+m(y4—y3)_ y_m(y3+y4) N
® Ty T3y 73 YT 2(m 1) ’
and
ri3 =/ (z3 +1)2 + 3, ra = /(24 + 1)2 + y3,
ro3 = /(w3 — 1)? + y3, ros = +/(xa — 1)2 4+ y3

T34 = \/(373 —x4)% + (Y3 — ya)?.

Notice that equations (2) are not defined at the binary colilisions between
the masses. That is, when either ri3 = 0, r14 = 0, r93 = 0, 794 = 0 or
r34 = 0.

Clearly the eight equations (2) are not all independent. It is not difficult

to prove that
e1+ex+mes+meyg =0, (3)
es +eg+mer +meg =0.

12



By defining

Ei =e1 — ey, Ey = e3 — eo, E3 = e4 — e,
Ey = e5 — eg, Es = e7 — e, Eg = eg — e,

system (2) taking into account (3) is equivalent to system
E; =0, fori=1,...,6. (4)

By isolating A from equation F; = 0 and substituting it into the other
equations of (4) we get system

F; =0, fori=1,...,5, (5)
where
r3—1 x3 2x3+1 :L‘?))—l x%—l T3 — X4
F = T T4 3+ <_ 0,3 073 I
723 13 713 723 T34
(x3+1)(xg — 1) B (x3 —1)(x4 + 1)
2r3, 2r3, ’
T4—1 x4 x4+1 3+ 1)(xg — 1
Roo BlomnEl (e
T34 T4 2ris
(w3 — (x4 +1) x4—23 221 22-1
27“:2))3 7“9?;4 27“:1)’4 27"5’4 ’
T3 Tag  Toy Tig
Ys Y3 Y3 (w34+1)yz  (w3+1)yz  (2a+1)ys3
By = T+T_Z+m<_ T R
i3 Ta3 713 723 714
ys —ys . (xa —1)y3 + 2y
2 2r3 ’
34 24
oo YL Y1 (g +1D)ys  (xa+1Dys  (va+1D)ya
T S R H L R W S 973
T4 To4 713 14 To4

3— +

ya—y3  2ys+ (r3 — 1)y4>
T34 27"33

13



3. Central configurations with m = 0

When m = 0 system (5) is equivalent to system

G(373a?43) = 07 G(3747y4) = 07

(6)
H($3>y3) - 07 H(x4ay4) - Oa
where
x—1 r+1 T
G377y = + T
(0) (x—12+y2)%?  (@+1)2+y2)%* 4
Yy Yy )
H T,Y) = + —_ =,
(0) (- 12+y2)%?  (@+1)2+y2)%? 4

Clearly (z3,ys3,%4,y4) is a solution of (6) if and only if (x3,y3) (respec-
tively, (z4,%4)) is a solution of

G(z,y) =0, H(z,y) =0. (7)
Solving system (7) we find the following solutions

(‘7:7y) = (07 0)7 (%,y) = (07\/3)7 ($7y) = (07 —\/3),
(l‘,y) = (—a,O), (x,y) = (Oé,O),

where o = 2.39681 ... is the unique real root of the equation z° — 223 —
822 +2-8=0.

We note that the five solutions of (7) that we have found correspond
to the five relative equilibria of the restricted 3-body problem; the two
equilateral triangle solutions and the three collinear solutions.

Since we have assumed that x3,ys > 0, the solutions of (6) satisfying

14



these conditions are

Cy: (.’L‘g,yg) - (070)7 (x4,y4) - (07())7
Cy: ((L‘g,yg) - (070)7 (x4,y4) - (07 \/§>7
Cs: ((L‘g,yg) = (070)7 (x4,y4) - (07 _\/g)a
Cy: (1'3’3/3) = (070)7 (x4ay4) = (—04,0),
Cs: ((L‘g,yg) = (070)7 (x4,y4) = (CY,O),
Ce : (:L'g,yg) = (07 \/5)7 (x4,y4) = (070)7
Cr: (1'3’3/3) = (07 \/g)v (x4ay4) = (07 \/g)a
Cs : (1'3’3/3) = (0> \/g)v (x4ay4) = (07 _\/g)a
Cy : (1'3’3/3) = (0> \/g)v (x4ay4) = (—04,0),
Cio: (z3,93) = (0,V3), (24,94) = (a,0),
Ci1: (1'3’3/3) = (Oé,O), (x4ay4) = (070)7
Cia: (1'3’3/3) = (Oé,O), (x4ay4) = (07 \/§),
Ciz: (23,93) = (@, 0), (x4,y1) = (0, =V/3),
Chs: (x37y3) = (04,0), (x4,y4) = (—04,0),
Cis: (173,3/3) = (Oé,O), (x4ay4) = (a,O)

Notice that the solutions Cy, C7, and C15 correspond to central config-
urations where mg and my are colliding.

The central configuration given by C3 can be obtained from the one
given by Cy after doing a rotation of 180 degrees around the z—axis. The
central configuration given by Cj4 (respectively Cg) can be obtained from
the one given by Cjs (respectively Cjg) after doing a rotation of 180 degrees
around the y—axis. The central configurations given by Cb, Cs and Cio
can be obtained from the ones given by Cf, C11 and Cyg, respectively, after
interchanging the names of the masses m3 and my4. The central configuration
given by C13 can be obtained from the one given by C1q after doing a rotation
of 180 degrees around the x—axis and interchanging the names of the masses
msg and my.

Assuming that two different central configurations are equivalent if one
can be obtained from the other one by doing either a rotation in dimension
three or by interchanging the names of the masses ms and my4, we have
that for m = 0 there are five non—equivalent classes of non—collision central
configurations Cy, Cg, C1g, C11 and Chy4, and three non—equivalent classes of
collision central configurations C7, C7 and C15. This proves statement (a)
of Theorem 2.

15



4. Central configurations with x3 = 0 and x4 = 0 for m > 0 small

In this section we consider the kite central configurations; i.e, central
configurations such that 3 = 0 and x4 = 0. More precisely, we will find the
analytic expression of the kite central configurations of the 4-body problem
when m; = mg = 1 and m3z = m4 = m > 0 small that emanate from the
central configurations with m =0 and z3 = x4 = 0.

Without loss of generality we can assume that y3 > 0 and y3 > y4. Under
these conditions the first three equations of (5) are always satisfied and the
last two equations become

= Y4 — Y3 1 2y3 Y3
Fy = m + + — 22 =0,
<M+N” %—MJ w3+1)* 4

~ - 1 2
F = m Y3 —Ya + Y4 _%:0.

(+1)" Ws—wl ) (i) A

Let t = (y3,y4). The solutions of (8) that provide non-equivalent non-
collision kite central configurations with m = 0 are t; = (1/3,0) and to =
(v/3,—v/3). They correspond to the components y3 and 34 of the solutions s;
and sy given in Theorem 2(a.1). The solutions that provide non—equivalent
collision kite central configurations with m = 0 are tc; = (0,0) and tco =
(v/3,4/3). They correspond to the components y3 and g4 of the solutions
sc; and scg given in Theorem 2(a.2).

In our analysis the central configurations with 3 = z4 = 0 and y4 = —ys3
will play an important role. So first we analyze them.

4.1. Central configurations with x3 = x4 =0 and ys = —y3
When y4 = —y3 system (8) is equivalent to equation

R TR U
(3+1)** 4 Wi 3+

By solving this equation with respect to m we get

o
(3+1)

m = f(y3) = —13—2%
4y§ (y§+1)3/2

It is not difficult to see that the numerator of m equals zero when y3 = 0
and y3 = £v/3, and the denominator of m equals zero when y3 = 1//3.
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f(y)

Figure 4: The graph of the function f(y) for y > 0.

Then analyzing the sign of m for y3 > 0 we have that m > 0 for y3 €
(1/4/3,4/3), m =0 for y3 = 0 and y3 = v/3, and m < 0 for y3 € (0,1/v/3) U
(v/3,+00). Furthermore we can prove easily that f(ys) is decreasing for all
y3 € (1/v/3,v/3), f(+/3) = 0 and lim, 5+ = +oo (see Figure 4). This
proves the following lemma.

Lemma 4. There exists a unique family of kite central configurations with
ysa = —y3 and y3 = 0 defined for all m > 0. This family is given by
y3 = y3(m) = f~Y(m), and it satisfies that y3 € (1/v/3,V/3], and that
Y3 — /3 when m — 0, and y3 — 1/v/3 when m — +o00.

4.2. Central configurations with m > 0 small emanating from the solutions
t1 and to

Notice that system (8) is analytic with respect to all its variables ex-
cept at the points corresponding to binary collisions between the masses.
Therefore it is analytic in a neighborhood of the solutions t; and ts.

Let

p=| % Ou
OF, oF,
Oys  Oys
It is easy to check that
63 81
D|m:0,t:t1 = _6_4 # 0, D|m:0,t:t2 = ﬁ # 0.
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Therefore from the Implicit Function Theorem we can find unique analytic
functions y4(m) and yi(m) satisfying system (8) and (y4(0),y5(0)) = t; for
1 = 1,2 which are defined in a sufficiently small neighborhood U of m = 0.

Next we analyze the functions y4(m) and yi(m). Let ti(m) = (y4(m),
y4(m)) with

o oo
yh(m) =Y yhem®,  yh(m) = yhmh,
k=0 k=0
and (y,y4o) = ti; and let
o o
ﬁ4‘t:ti(m) - kZ:%de mk, ﬁ5’t:ti(m) - Zd%k mk, (9)

be the expansion in power series of m of the functions Fy and ﬁ5 evaluated
at t = t’(m). Clearly t*(m) is a solution of system (8) if and only if d%, = 0
and di, = 0 for all k € NU {0}. Moreover since (4, y}o) is a solution of
system (8) for m = 0, the terms of order 0 of the power series expansions
(9) are zero; that is, dj; = 0 and di, = 0.

Case ¢ = 1. By computing the terms of order 1 of the power series
expansions (9) we get

1

1
e <—27y31 —48V3 + 16) cdh =

42 3 3—8).
13 ( Ya1 + \/_

We equate these terms to zero and we obtain

16 (1 - 3/3) 833

Y31 = o7 s Yq1 = T

We substitute the values of y3; and y4; into the expression of t!(m), and
then we compute the terms of order 2 of the power series expansions (9)
obtaining

g —15309y32 + 62824+/3 + 7920 g 47628149 + 1023513 — 34128
427 27216 T 27216 '

By equating these terms to zero we get

8 (990 + 7853v/3) 34128 — 10235V/3

Ys2 = 15309 ro Y= 476283

18



In short,
16 (1 — 3v/3) 8 (990 + 7853v/3)

1 — 3 O 3
ys(m) = V3 + 27 m 15309 m”+0(m’), (10)
8 — 33 34128 — 10235v/3
1 _ 2 3
yi(m) = o "t 17628 m~+ O(m?).

Case i = 2. Proceeding as in the case : = 1 we get
4 4(90 — 101v/3)

2 _ = _ 2 3
y2(m) = 3+ 5 <1 3\/§> m+ 5187 m* + O0(m?),
4(90 —101v3)

2187

+ O(m?).

(11)
By observing the first terms of the expansion of y2(m) and y3(m) in power
series of m we claim that the solution t?(m) satisfies that y3(m) = —y3(m).
The proof of the claim is an immediate consequence of the uniqueness of the
solution t2(m) = (y3(m), y3(m)) together with Lemma 4, which assures the
existence of a solution of system (8) with y, = —y3 satisfying that y3 — /3
when m — 0. In short we have proved the following result.

yi(m) = - 3—%(1—3\/§>m—

Proposition 5. The following statements hold.

(a) There exists a unique family t*(m) = (y3(m),yi(m)), with y3(m) and
yi(m) given by (10), of kite central configurations emanating from the
central configuration with m =0, x3 = x4 = 0 and (y3,y4) = (v/3,0).

(b) There exists a unique family t2(m) = (y3(m),y3(m)), with y3(m) =
—y3(m) and y3(m) given by (11),of kite central configurations ema-
nating from the central configuration with m = 0, x3 = x4 = 0 and

(y3,51) = (V3,—V/3).

4.3. Central configurations with m > 0 small emanating from the solutions
tCl and th
Next we analyze the existence of families of central configurations with
x3 = 0 and x4 = 0 emanating from the collision solutions tc; and tcs.
We define two new equations in the following way

= _ 57 Y3 — 4 Ys — 4 2y3
F=Fkh+F = m( 9 3/2 [ o 3/2)+ 9 3/2
(3 +)"" i+ (43 +1)
2
_y¥ ¢—%=O, (12)

Lo A

(ys —ya)* Fy = 0.

Ql
I
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Obviously, a solution of system (8) is also a solution of (12). Furthermore
the functions F and G are analytic with respect to all its variables. So we
shall work with system (12) instead of (8).

Let now L
or oF

p=|9m on

oG oG

om 0Oy,

It is easy to check that

7 9
D‘m:O,t:tcl = 1 # 0, D|m=0,t=tc2 = 16 # 0.

Therefore, from the Implicit Function Theorem, we can find unique analytic
functions m?(y3) and i (y3) satisfying system (12) and m!(0) = 0, m?(v/3) =
0, y1(0) = 0 and y2(v3) = v/3 which are defined in a sufficiently small
neighborhood V of y3 = y4, = y3|t:tci fori=1,2.

Next we analyze the functions m®(ys) and y}(y3) by proceeding in a simi-
lar way than in Subsection 4.2. Let Y3 = y3 —v4,, 7/(Y3) = (m*(Y3), y4(Y3)),

let
kay?m Y4 (Ys) = Z?J4kY3,
k=0

where mo = 0, yi, = Yalg—gc,; and let

F‘(m ya)=7%(Y3) ka Y3 ’ 6’(m ya)=74(Y3) Z Y3k7 (13)

be the expansion in power series of Y3 of the functions F and G evaluated
at m =m"(Y3), ys = y4(¥3). ,

The terms of order 0 of the power series expansions (13), FE = 0 and
@6 = 0, are zero because m = mé and y4 = yfm is a solution of system
(12) for Y3 = 0. Next we analyze higher order terms of this power series
expansions.

Case i = 1. After some computations we see that the terms of order 1
of the power series expansions (13) are

-1 Tyn 7 1
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By equating these terms to zero we get m; = 0 and y41 = —1. We substitute
them into the expressions of m(Y3) and y4(Y3), and then we compute the
terms of order 2 of the power series expansions (13) obtaining

E = %7 g = ma.
We equate these terms to zero and we get mo = 0 and y40 = 0. By computing
the terms of order 3 of the power series expansions (13) we get

-1 Tyss _
3= 4 gz =mz+7.
So m3 = —7 and y43 = 0. By computing the terms of order 4 of the power
series expansions (13) we get
-1 Tyaa _
f4 = T7 gi = My,

therefore my = 0 and y44 = 0. By computing the terms of order 5 of the
power series expansions (13) we get

-1 Tyss _
fSZTa g}):m5_127

hence ms = 12 and y45 = 0. In short,
mi(Ys) = —TYs +12Y9 + O(Y5),  yi(Ys) = ~Y3+ O(Y5).

By observing the first terms of the power series expansions of m!(Y3) and
y4(Y3) we claim that yj(Y3) = —Y3. Indeed, we have proved that m!(Y3)
and y;(Y3) are the unique functions satisfying (12), and consequently satis-
fying (8). Moreover in Section 4.1 we have proved that there exists a family
of solutions of (8) with y4 = —y3 which is defined in a neighborhood of
y3 = 0. Therefore we can conclude that yi (Ys) = —Y3 which proves the
claim. This solution does not provide a family of central configurations with
x3 = x4 = 0 because on this family m < 0 (see Figure 4).
Case i = 2. Proceeding as in the case : = 1 we get

9V  27V3Ys  195Y9

2 _ _ 6
V3YZ  3Y?
I e e (14)
7V3YdE  3(31 —512v3) Y2
\/_ 3 + ( \/>) 3 + O(Yg?),
768 1024

where Y3 = y3 — /3.
In short we have proved the following result.
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Figure 5: The graph of the functions y3(m) (continuous line) and y4(m) (dashed line), for
m € (0,1], on the families of central configurations given by Propositions 5 and 6.

Proposition 6. The following statements hold.

(a) There is no family of kite central configurations emanating from the
collision central configuration with m =0, x3 = x4 =0 and (ys,y4) =
(0,0).

(b) There exists a unique family tc? of kite central configurations emanat-
ing from the collision central configuration with m =0, x3 = x4 =0
and (y3,y1) = (vV'3,V/3). This family is given by (14).

4.4. Numerical study of the families of central configurations with xs = x4 =
0

With the help of Mathematica, we have followed the families of central
configurations t', t? and tc? given by Propositions 5 and 6 respectively from
m = 0 to m = 1. The results that we have obtained are plotted in Figure 5.

It is well known that there are three different classes of planar non—
collinear central configurations of the four-body problem with equal masses:
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the square, an equilateral triangle with a mass at its center, and an isosceles
triangle with one mass on its axis of symmetry (see [1]).

By computing the solutions of system (8) when m = 1 we find exactly
three real solutions satisfying y3 > 0 and y3 > y4,

(i) the solution y3 = v/3, y4 = 1/4/3 which belongs to the family t' and
provides an equilateral triangle with the mass m,4 at its center

(ii) the solution y3 = 1, y4 = —1 which belongs to the family t> and
provides a square

(iii) the solution y3 = 1.81723..., y4 = 0.650378 ... which belongs to the
family tc? and provides an isosceles triangle with the masses mg and
my on its axis of symmetry.

5. Central configurations with y3 = 0 and y4 = 0 for m > 0 small

In this section we consider the collinear central configurations; i.e. cen-
tral configurations such that that y3 = 0 and y4 = 0. Without loss of
generality we can assume that x3 > 0 and x3 > x4. Under these condi-
tions the last three equations of (5) are always satisfied, and the first two
equations become

F=0, F=0, (15)
with
~ xs3 r3—1 1 g —1
F = —— 2 =
! 1 T 1P w1y +m< 2wy + 17 T
(vg — 1)(z3 +1) w3 -1 (z3—1D(za+1) 1
2|x4 — 1‘3 2|x3 — 1‘3 2‘1’4 + 1|3 (1’3 — .I4)2 ’
~ Ty 374—1 $4+1 (:U4—1)
P = —— = 7
2 4 ‘$4—1|3 + |x4+1\3 + < 2($3+1)2
3 —1 (x3 —1)(xg + 1) 3 -1 B 1
20y + 113 2/xs — 13 2lzy — 13 (w3 — m4)?

Let r = (z3,24). The solutions of (15) that provide non-equivalent non-
collision collinear central configurations with m = 0 are r; = (a,0) and
ro = (o, —a), where a = 2.39681 . .. is the unique real root of the equation
x® — 223 — 822 +  — 8 = 0. These solutions correspond to the components
x3 and x4 of the solutions s3 and s4 given in Theorem 2(a.1). The solutions
of (15) that provide non—equivalent collision collinear central configurations
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[e[¢]

Figure 6: The graph of the function g(z) for z > 0.

with with m = 0 are rc¢; = (0,0) and rcg = (@, ). They correspond to the
components zz and x4 of the solutions sc; and scs given in Theorem 2(a.2)).

We start analyzing the collinear central configurations with x4 = —x3,
which play an important role in our study.

5.1. Central configurations with y3 =y4 =0 and x4 = —x3
When x4 = —x3 system (15) is equivalent to equation
I3 xTr3 — 1 1 1 (1’3 — 1) I3 I3
- — - = 0.
4 + |z — 1)3 + (x3+1)2 +m<4x§ + |zg — 1]3 (r3+1)2

By solving this equation with respect to m we get

_z3 r3—1 1
m = (:1;:) — 4 + |CE3—1|3 + (x3+1)2
=g\r3) = L+($3—1)13_ v
423 [zs—1]3 (z3+1)2

It is not difficult to prove that the numerator of m equals zero when x3 =
0 and z3 = «, and the denominator of m equals zero when z3 = =
0.417220. .., where f is the unique real root of equation 8z° — z* + 8z +
222 — 1 = 0. Analyzing the sign of m when z3 > 0 we have that m > 0
for z3 € (0,8) U (o, +o0), m = 0 when z3 = 0 and z3 = «, and m < 0
when z3 € (8,a). Moreover, the function g(z3) is increasing in [0, 5) U
(B,400), g(0) = 0, g(a) = 0 and lim,, ,5- = 400 and limg, 1 = +00
(see Figure 6). This proves the following lemma.

Lemma 7. For allm > 0 there exist two families of collinear central config-
urations with x4 = —x3 and x3 > 0, one for each branch of x3(m) = g~ (m).
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(a) A family x3(m) € (0,8) for m > 0 satisfying that x3(m) — 0 when
m — 0, and x3(m) — [ when m — +00.

(b) A family x3(m) € (v, +00) for m > 0 satisfying that xs(m) — o when
m — 0, and x3(m) — +oo when m — +o0.

5.2. Central configurations with m > 0 small emanating from the solutions
r; and ry

Notice that system (15) is analytic with respect to all its variables ex-
cept at the points corresponding to binary collisions between the masses.
Therefore it is analytic in a neighborhood of the solutions ry and rs.

Let

iizz 8%? 8%%
OF; OF;
81‘3 81‘4

It is easy to check that

17 (o8 — 30 + 160° + 302 + 48c — 1)

Dlp—or=r, = 6z 17 =4.39829--- #0,
6 _ 304 + 160° + 302 + 480 — 1)°
Dlpgrr, = (0° =30 +160% + 30> + 480 —1) | (150 2
e 16 (a2 — 1)°

Therefore from the Implicit Function Theorem we can find unique analytic
functions z%(m) and x(m) satisfying system (15) and (25(0),z%(0)) = r; for
¢ = 1,2 which are defined in a sufficiently small neighborhood U of m = 0.

Next we analyze the functions x%(m) and x%(m) by proceeding as in
Section 4.2. Let r'(m) = (z4(m), 2 (m)) with

00 00
zy(m) =Y ahymb, ai(m) =) alymh,
k=0 k=0

where (z%,,2%,) = r;. We expand the functions F| and Fy evaluated at
r = r'(m) in power series of m. By computing the first terms of these power
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series expansions and equating them to zero we get

4(a?-1) (a" —20° —dat + a3 + o — 1)

1 _ _ O(m?
z3(m) “ a? (ab — 3at + 1603 4 302 + 48a — 1) m+O(m’)
= 2.39681--- — 1.36514... m + O(m?),
4 (3&2 — 1)
1 2 2
zi(m —— - m+ 0O(m*) =0.0295360... m + O(m~),
Iom) = e o?) (m?)
(16)
and
2 4 2
5 B (0® —1) (17a* — 20* + 1) Olm?
w3m) = a+t a? (ab — 3at + 163 + 30?2 4+ 48 — 1) m+0(m’)
= 2.39681--- +1.02836... m 4+ O(m?),
2 4 2
) o (a? —1) (17a* — 20% + 1) Olm?
zi(m) @ (@b —3aT+ 16a% 1302 1 dsa 1) " T O
= —2.39681--- —1.02836... m + O(m?).
(17)
By observing the first terms of the expansions of z3(m) and x3(m) in power
series of m we claim that the solution r?(m) satisfies that 2%(m) = —z3(m).

The proof of the claim is an immediate consequence of the uniqueness of the
solution r?(m) = (x3(m),x3(m)) together with Lemma 7, which assures the
existence of a solution of system (8) with x4 = —x3 satisfying that x3 — «

when m — 0. In short we have proved the following result.

Proposition 8. The following statements hold.

(a) There exists a unique family v*(m) = (z(m), zj(m)), with z5(m) and

x5 (m) given by (16), of collinear central configurations emanating from
the central configuration withm =0, y3 = y4 = 0 and (z3,z4) = (o, 0).

(b) There exists a unique family r*(m) = (z3(m), —23(m)), with 23(m) is

given by (17), of collinear central configurations emanating from the
central configuration with m =0, y3 =y4 =0 (x3,24) = (, —v).

5.3. Central configurations with m > 0 small emanating from the solutions
rc; and rcy

Next we analyze the existence of families of central configurations with
ys = 0 and y4 = 0 emanating from the collision solutions rc; and rcs.
We define two new equations

F:ﬁ’ﬁrl@:o, a:($3—$4)2ﬁ1:0. (18)
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Obviously, a solution of system (8) is also a solution of (18) and the functions
F and G are analytic with respect to all its variables except when x5 = 1 and
x4 = 1 (remember that we have considered only solutions with z3 > 0);
i.e. at the binary collisions between ms3 and msq, m4 and mq, and m4 and
mo. Therefore F and G are analytic in a neighborhood of rc; and rc..

We shall work with system (18) instead of (8). Let now

OF OF
p=|om ou
9G 9G
om 8y4
It is easy to check that
17
D|m:0,r:r01 = Z#Oa
6 _ 30! +160° 4 302 + 48a — 1
Dlpprre, = 1007 O; A T 103489+ £0.
T 4(a2—1)

Therefore from the Implicit Function Theorem we can find unique ana-
lytic functions m®(x3) and x%(x3) satisfying system (18) and m'(0) = 0,
m?(a) = 0, £j(0) = 0 and 23(a) = « which are defined in a sufficiently
small neighborhood V' of x5 = 2%, = 3] with 7 =1, 2.

Next we analyze the functions m’(z3) and z%(z3). Let X3 = x3 — %,
p'(X3) = (m'(X3), z3(X3)) with

r=rc;

[o.¢] o
m'(X3) =) mj, X5, 24(Xz) =)l X3,
k=0 k=0

and mg = 0, 2% = 24 By proceeding as in Subsection 4.3 for i = 1

r=rc;"
we get
m'(X3) = 17X5+32X3 + O(X$),
(19)
ri(X3) = —X3+O(X3),
where X3 = x3. We claim that x}(X3) = —X3. The proof of the claim

is an immediate consequence of the fact that m!(X3) and x}(X3) are the
unique functions satisfying (18), m!(0) = 0 and z}(0) = 0 together with
the fact that there exists a family of of collinear central configurations with
x4 = —x3 defined in a neighborhood of z3 = 0 (see Lemma 7(a)).
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For ¢ = 2 we get
m*(X3) = m3 X3+ O0(X3),

23(X3) = a— X3+ai, X3 +23; X5+ O(X3),

where X3 = x3 — « and

my = —(a®—=1)7" (a® - 3a" + 160 + 30> + 48a — 1)
(470" — 170a'% — 7520° + 2090° + 704a” + 2356a°+
7360° + 29130 — 5760° + 150a” — 112a + 639) = 4.13957 ...,
16 (30" — 5a® — 21t + @® — 14a®> + a =5

th = (a2(— 1) (af — 3 + 1603 + 3a2 + 48a — 1)) = 1.56656...,

2 = —16(a®—1)"(a® —3a* + 160" + 30> + 480 — 1) "
(1410 — 463a'? — 2112a'" + 457a'” 4 1984a” + 62690°+
1664 4 437505 — 8960° — 19170 — 5760 — 450% —

64a +399) = 10.5053. .. .

In short, we have proved the following result.

Proposition 9. The following statements hold.

(a) There exists a unique family rct of collinear central configurations
emanating from the collision collinear central configuration with m =
0, z3 =24 =0 and y3 = y4 = 0. This family satisfies that x4 = —x3
and it given by (19).

(b) There exists a unique family rc? of collinear central configurations
emanating from the collinear collision central configuration with m =
0, z3 = x4 = o and y3 = y4 = 0. This family is given by (20).

5.4. Numerical study of the families of central configurations with y3 = y4 =
0

We have followed the families of central configurations r', r?, rc' and
rc? given by Propositions 8 and 9 respectively from m = 0 to m = 1. The
results that we have obtained are plotted in Figure 7.

We have computed the solutions of system (15) when m = 1 and we

have found exactly four real solutions satisfying x3 > 0 and z3 > x4,

(i) the solution (z3,y3) = (2.03895...,0.0389514...) which belongs to
the family r',
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Figure 7: The graphs of the functions z3(m) (continuous line) and z4(m) (dashed line), for
m € (0, 1], on the families of collinear central configurations given by Propositions 8 and 9.
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(ii) the solution (x3,y3) = (3.16212...,—-3.16212...) which belongs to
the family r?,

(iii) the solution (z3,y3) = (0.316243...,—0.316243...) which belongs to
the family rc',

(iv) the solution (x3,y3) = (4.85003...,2.85003...) which belongs to the

family rc?.

6. Central configurations for m > 0 sufficiently small emanating
from non—collision central configurations for m = 0

Let s = (x3,y3,T4,y4), and let s, s2, S3, S4, and s5 be the solutions of
(6) for m = 0 given by Theorem 2(a).

System (5) is analytic with respect to all its variables except at the
points s corresponding to binary collisions between the masses. Therefore
it is analytic in a neighborhood of the solutions s1, ss, 83, s4, and ss.

Let
oFy 0F, O0F, O0F;

Ors Oyz Oxy Oy
0Fy O0Fy, 0F, 0F
Ors Oyz Oxy Oy
oFy, OFy O0OF, OF,
Oxrz Oys Oxy Oys
0Fs; O0Fs O0OFs O0F;
Ors Oyz Oxy Oy

Let
A=

(a+1)3  (a—1)3"
It is not difficult to check that

3213
D‘m:O,s:sl = M 7& O,
729
D S
‘m:(),S:SQ 65536 7é O,
119 /1 1
D|m:0,s:s;3 = E <Z + 2A> <Z - A> = —1.09641--- # 0,
1 271 2
D‘m=0,5254 = - <Z - A) <Z + 2A> = —0.0217317 - - - ;é O,
27 (1 1
D‘WZO,S:S5 = 956 (Z + 2A> <Z — A> = 0.0155478 - - - # 0.
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Therefore from the Implicit Function Theorem we can find unique analytic
functions x4 (m), y4(m), wﬁ;(m), and yi(m) satisfying system Fy = 0, F> =0,
Fy =0and F5 = 0 and (2%(0),y5(0),2%(0),y4(0)) =s; for i = 1,...,5 which
are defined in a sufficiently small neighborhood U of m = 0.

Xia in [24] proves that for each i = 1,...,5 the central configuration
s; can be continued to a family of central configurations with m > 0 small.
Therefore the solution s?(m) = (z4(m), y4(m), 2 (m),yi(m)) of system F; =
0, Fo =0, Fy = 0 and F5 = 0 provides a family of central configurations
for m > 0 small and consequently it satisfies also equation F3 = 0. Here we
shall give the analytical expression of the families of central configurations
given by the solutions si(m) = (z(m), y&(m), x4 (m), yi(m)).

By uniqueness, the family of central configurations given by the solution
s'(m) = (x(m),yi(m),z4(m),yi(m)) with i = 1 coincides with the family
given by Proposition 5(a), the one with i = 2 coincides with the one given
by Proposition 5(b), the one with i = 3 coincides with the one given by
Proposition 8(a), and the one with ¢ = 4 coincides with the one given by
Proposition 8(b). This proves statements (b), (¢), (d) and (e) of Theorem 2.

Next we analyze the family of central configurations given by the solution
s°(m) by finding the analytic expression of the functions z3(m), vy3(m),

x3(m) and y3(m) as in Section 4.2. Let

o0 [e.@]
w3(m) = Z xgk m", i (m) = Z ol m”,
k=0 k=0
oo [e.e]
yg(m) = Z ygk m”, yi(m) = Z yik m”,
k=0 k=0

where (23, Y39, 730, ¥30) = S5. We expand the functions Fy, Fy, Fy and Fj
evaluated at s = s®(m) in power series of m. By computing the first terms
of these power series expansions and equating them to zero we get

E a?+1 B «
3 \(a2-1" (a2+3)
= 1.10354... m+ O(m?),

z3(m) = 3/2> m + O(m?)
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Figure 8: The graph of the points (z3(m),y3(m)) (continuous line) and the points
(x3(m), y3(m)) (dashed line), for m € (0, 1], on the family of solutions s®(m).

16 2c 1
y3(m) = V3+ 3 <(a2—1)2 + (a2+3)3/2> m + O(m?)

= 1.73205--- + 0.774741 ... m + O(m?),

a —a 3a2+1
(a2+3)32 8 (a2-1)?

da(a?+3) 1
(@27 71

= 2.39681--- +0.582716... m + O(m?),
(3~ i)

o 372
yim) = — 2a(a2+(3)2+3)1 m + O(m?) = —1.04970. .. m + O(m?).

(-7 ~ 1

zi(m) = a+ m + O(m?)

This completes the proof of statement (f) of Theorem 2.

6.1. Numerical study of the family of central configurations s®(m)

We have followed numerically the family of non—symmetric central con-
figurations s°(m) from m = 0 to m = 1. The solutions that we have obtained
are plotted in Figure 8.

We note that when m = 1 the configuration s® is given by (x3,y3) =
(1.81097...,1.82819...) and (x4,y4) = (2.06662...,—1.64001...), and it
becomes an isosceles triangle with the masses msy and my4 on its axis of
symimetry.

7. Central configurations for m > 0 sufficiently small emanating
from collision central configurations for m = 0
System (5) is not defined when (z3,y3) = (24,y4). Inspired in the work

of Xia [24], we transform system (5) into a new system that is well defined,
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and in fact analytic, in a neighborhood of (x3,y3) = (x4,y4) in the following
way. First we consider the system of equations

Gi=F +F,=0, Go=Fy+ F5 =0, G3 = F3,

Gy=F —F =0, Gs=Fs—F; =0, (21)

which is equivalent to system (5). It is easy to see that the first three equa-
tions of (21) are analytic with respect to all its variables in a neighborhood
of (xz3,y3) = (x4,y4) and m = 0. The last two equations of (21) are not
analytic at these points because they contain the term

m m

s (w3 —xa)? + (y3 — ya)2)Y

5

This term is well defined when m — 0 if (3,93) — (24,y4) = O(m?) with
B <1/3. Let p = m'/3, then by doing the the change of variables defined by
(x4,y4) = (z3,y3) + u(Xy,Ys), we obtain a new system of equations which
is analytic in a neighborhood of the point (z3,ys), # = 0 and (X4,Yy) # 0
where

2(@3—1)  2(@3+1) a3

Gi = + +0(n)
35 i 2
2y; 2
Gy = 2+ - B0,

3
Tos  T13 2

1 1
Gs = 2y3 <T - T) 1+ 0(uh),

23 Ti3
G 2X4 n Xy (—21‘:25 + 4x3 + yg — 2) — 3(1‘3 — 1)y3Y4
4 = P
(X2 +72)*? r3s
Xy (—22% —das+y3 —2) —3(xs + DysYs Xy
4 Xl o ) = | oW,
13
G — 2Y, Vi (23 — 223 — 295 + 1) — 3(z3 — 1) Xuys
s =
(x2+v2)"? "3
Yy (23 + 225 — 295 +1) —3(zs + 1) Xuys Yy
+ ( 7"?3 ) T a M+ O(MQ)'

Consider now the system of equations

@1:G1:O, EQZGQZO, §3=G3/M3=O,

Gi=Gi/u=0,  Gs=Gs/p=0, (22)
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which is also analytic with respect to all its variables in a neighborhood of
(x3,y3), 0 =0 and (X4,Yy) # 0.

First we compute the solutions of (22) with x = 0. When u = 0 the
third equation of (22) is always satisfied and the first two equations of (22)
become G(x3,y3) = 0 and H(x3,y3) = 0 (see (7)). Therefore the solutions of
G1 =0, Gy =0 and G5 = 0 with x3,y3 > 0 are (x3,y3) = (0,0), (23,y3) =
(0,4/3) and (z3,y3) = (a,0). We substitute these solutions into the last two
equations of (22), then by solving the resultant system of equations we get
that when g = 0 system (22) has 8 different real solutions with x3,ys > 0,
they are given by

2 2
SC11 = <0 0 71/3,0> N SC19 = <0,0,—W,O> y

25/3 25/3
SC21 = <O \/_ 31/3 ) ) y SC22 = <07 \/37 _ma 0) ’
SCo3 ( <

25/3 25/3
O \/_0 32/3> S5C24 = 07\/5707_32? ’
sc31 = (a,0,X,0), sc3 = (a,0,—-X,0) ,

where

2(a? — 1)
Vab —3a* + 1603 + 302 + 48a — 1
Here the components of sc;; are (3,33, X4,Ys). We note that system (22)
has no solutions with (Xy,Y;) — (0,0) as g — 0, because either G4 or
G5 tend to +0o when y — 0 and (z3,y3) = (0,0), (z3,y3) = (0,4/3) or
(3,y3) = (, 0).

Next we continue the solutions of system (22) with 4 = 0 to g > 0 small
by applying the Implicit Function Theorem as in Section 6. Clearly system
(22) is analytic with respect to all its variables in a neighborhood of the
points scij, scy;, sy, and scz; with j = 1,2, and £ = 3,4.

Let

X =

= 1.245598....

0G1 0Gy 090G, 0G;
a$ 3 8y3 8X 4 83/4
0Gy 0Gy 0Gy 0Go
ox 3 8y3 0X. 4 0}/4
0Gy 0G4y 0G4 0G4
E)x 3 8y3 8X 4 83/4
0Gs 0G5 0G5 0Gs
E)x 3 8y3 8X 4 81/4

S
I
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and let § = (x3,ys, X4, Ys). It is not difficult to check that

E‘yZOS:sclj = 13%% # 0,

E‘;L:os:sczj = 8712—992 # 0,

E‘;LZO,g:SCQk = _% # 0,

E‘pzoszsc;;j = _% (046 —3a’ — 80 + 30 — 240 — 1)

(a8 — 30 + 160° + 302 + 480 — 1)” = 2.15539 -~ £ 0,

for all j = 1,2 and k = 3,4. Therefore from the Implicit Function Theorem
we can find unique analytic functions (1), y4(u), X4 (), and Y} (), defined
in a sufficiently small neighborhood U of ;i = 0, satisfying system G = 0,
Gy =0, G4 = 0 and G5 = 0 and such that (25(0),y5(0), X}(0), Y{(0)) = sc;;
forall j =1,2 wheni =1,3; and j =1,...,4 when ¢ = 2. Next we will give
the analytical expression of these functions.

Let 8 = 8(pn) = (w3(p), y3(w), Xa(p), Ya(p)) be the solutions of system
5120,52:0,54:0and55:0with

o0 oo
wa(p) = wypp®, Xa(p) =) Xy pF,
k=0 k=0
o oo
ys() = > sk ¥ Ya(u) = wyar i
k=0 k=0

We expand the functions Gp, Ga, G4 and G5 evaluated at § = s(u) with
(230, Y30, X40, Ya0) = sc;j for j = 1,2 when ¢ = 1,3; and j = 1,...,4 when
1 = 2. By computing the first terms of these power series expansions and
equating them to zero we get the following.

If (230,30, X40, Ya0) = sc11, then

w() = —=1 4 327 L o) ya) = 0+ O(u)
I 867 ) )

2 64> 163

Xy(p) = o — o H OH

This solution does not provide solutions of (5) with x3,ys > 0.

O(u), Ya(u) =0+0(u?).
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If (30, Y30, X40, Ya0) = sci2, then

3
w3(1) = —= —32—“+O(u4), y3(1) = 0+ O(u?),

2 6444 16u
=t
V17 - 867 51v/1
We undo the change of variables (x4, y4) = (3, y3) + (X4, Ys) and we have

Xa(p) = — +0(u"), Ya(u) =0+0(u")

1 32

w3(i) = g = 5 WO, ys(i) =0+ 0@,
1 32

(i) =~ ger 1 HOWY), ) = 04 0.

By observing the first terms of these power series expansions we see that this
solution must provide the family of collinear central configurations given by
Proposition 9(a). This proves statement (g) of Theorem 2.

If (230, Y30, X40, Ya0) = sca1, then

22/3,11, 5N3 2
z3(p) = — 31/3 927 +0 (“4) ) ys(p) = V3 + 25/337/6 +0 (“4) )

95/3 10M2 211/?)#3
31/3"" 27 37/3

Xa(p) = +0 (u'), Ya(n) =0+ 0(u).

This solution does not provide solutions of (5) with x3,ys > 0.
If (230,30, X40, Ya0) = sc22, then

92/3;, 53 A w2 4
w3(n) = S5 + 57 T O (W), ys(h) = f+25/337/6+0(“)’
95/3 ]-0/1'2 211/3N3
Xalw) = =515~ 5+ 37 +0 (uh), Ya(u) =0+ O(ub).

By undoing the change of variables (z4,v4) = (x3,y3) + u(Xy, Yy) we have

22/3 5
w3(i) = S bt e i+ O, ws(p) = f+25/337/6ﬂ2+0(ﬂ4),
22/3 5

__= ,,_ <3 4 2 4
(i) = =g i = 5= 0+ O, ) = VB + o 25/337/6 w2+ O(uh).
From the first terms of these power series expansions it seems that the

solution s(u) satisfies that x4 = —x3 and y4 = ys, so it could be an isosceles
trapezoid. From [26] we know the existence of a unique family of isosceles
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trapezoid central configurations defined for all m > 0 that tends to the
equilateral triangle central configuration scy when m — 0. Therefore the
family of solutions s(u) must provide the family of isosceles trapezoid central
configurations. This proves statement (h.2) of Theorem 2.

By proceeding in a similar way we see that the family of solutions of
G1 = 0, G2 = 0, G4 = 0 and G5 = 0 with ($30,y30,X40,Y40) — 8C23
provides a family of solutions of (5) with

22/3 1
_ 4 _ < 2, L 3 4
w3(1) =0+ 0("), ws(n) = V34 g i+ g 17+ g 10 + O,
(=04 06", aw =vE— ot L Lus g
Ta(p) =0+ O(p”), yalp) = —mﬂ-i'wﬂ _8_1'u+ we).

This family must be the family of kite central configurations given by Propo-
sition 6(b). This proves statement (h.1) of Theorem 2.

Since without loss of generality we can assume that y3 > y4, we can check
that the family of solutions of G; = 0, G3 = 0, G4 = 0 and G5 = 0 with
(30, Y30, X410, Ya0) = sca4 does not provide solutions of (5) with z3,y3 > 0
and y3 > ya.

Without loss of generality we also can assume that x3 > x4. Then we
can see that the family of solutions of G; =0, Go =0, G4 =0 and G5 =0
with (230, y30, X40, Ya0) = sc31 does not provide a family of solutions of (5)
with z3,24 > 0 and x3 > x4. B B _ _

The family of solutions of G; = 0, G, = 0, G4 = 0 and G5 = 0 with
(30, Y30, X410, Ya0) = sc32 provides the family of solutions of (5) given by

w3(p) = o+ Tai p+ To p” + T3+ O(pt),  ya(u) = O,
za(p) = a =T p+ Tz p’ + T p’ + O0(uh),  yalp) = O(u?),
where T31 = X /2 = 0.622799. .., (see the definition of sc3y) and
24 (a6 + 50 — 502 — 1)

THm o= — _ —0.303818.. .
(a8 — 30t + 1603 + 3a2 + 48a — 1)/

8
TH o= 3 (90! — 600’ + 2840’ + 168! — 2160’ + 2132010~
17080 4 133140® + 331207 + 130040’ — 17880 —
208960 — 1520° — 75240° + 268a — 147) / (a® — 30 4 160°+
30% +48a — 1)° = 1.60489...

and
16 (3a* — 202 — 1)
ab — 304 + 1603 + 302 + 48a — 1

43 = —T33 +

=1.52572....

37



L L L L L L L L L Lox3
01 02 03 04 05 06 07 08 09 1

Figure 9: The graph of the points (z3(m),ys(m)) for m € (0, 1] on the family of solutions
of (5) with 4 = —z3 and ys = y3 # 0.

We note that these solutions must provide the family of collinear central
configurations given by Proposition 9(b). This proves statement (i) of The-
orem 2.

7.1. Numerical study of the family of isosceles trapezoid central configura-
tions

We have followed numerically the family of isosceles trapezoid central

configurations from m = 0 to m = 1, the solutions that we have obtained

are plotted in Figure 9. We note that if m — 0, then (z3,y3) — (0,/3), and

if m = 1 then the configurations tends to the square with (z3,y3) — (1, 2).

8. Central configurations for m > 0 sufficiently small that do not
emanate from central configurations with m = 0

The families of solutions of system (5) for m > 0 small can come either
from the solutions for m = 0, from the singularities of the equations (5)
(which correspond to collision between the masses), or from infinity.

Up to here we have found all the families of non—equivalent central con-
figurations of the planar four—-body problem emanating from central config-
urations with m = 0. In this section we prove that there are no families
of central configurations for m > 0 sufficiently small with one of the small
masses near collision with either m and ms, and that there are no families
of central configurations with one of the masses coming from infinity. This
proves statement (j) of Theorem 2.

8.1. Central configurations for m > 0 sufficiently small with one small mass
near collision with either my and msy

Without loss of generality we can assume that ms tends to collision with
mg when m — (. Since each central configurations is a solution of system
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lim  h(x,y) lim — ho(z,y)

(z,y) — (0,0) (z,y) — (0,0)

(z,y) € Y8, (z,y) € 78,
O #km/2, k=0,1,2,3 00 00
g=0orb=m o0 0
0=m/20r0=—7/2 0 00

0 Y 0, with 6, =

kw/2, k=0,1,2,3, and

an arbitrary a € R an arbitrary b € R
0 # 6y

Table 1: The values of lim, 4y, (0,0) h1(x,y) and lim(, ) (0,0) h2(x, y) along the paths v,
depending on the values of 0y. In this work oo would mean the unsigned infinity, it could
refer to either +00 or —oo depending on the context.

(5), a necessary condition in order to have a family of central configurations
with mg — mo as m — 0 is that 4, — 0, F5 — 0, F3 — 0, Fy — 0 and
F5 — 0 when (z3,y3) — (1,0) and m — 0. We will see that not all the
functions F; tend to 0 as (x3,y3) — (1,0) and m — 0, which implies that
there are no solutions of (5) with mg — mg as m — 0.

In order to analyze the limits of F; when (z3,y3) — (1,0) we need the
following lemma.

Lemma 10. Let

hl(xay) - (m2+y2)3/27 hQ(‘r?y) - (x2+y2)3/2'
We introduce polar coordinates x = r cos and y = r sinf. If vy, denotes
an arbitrary path that approaches the origin along the direction of the ray
0 =0y i.e. 0 — 0y when r — 0 along the path, then the following statements
hold.

(a) The values of im, yy_(0,0) h1(z,y) and lim, 0,0y h2(z,y) along the
path v, depend on the values of 6y and they are summarized in Table 1.

(b) If 0o # £7/2, then lim, ) (0,0), (2,9)€70, hi(x,y) is infinity of order
1/r% when r — 0; i.e. lim, o+ 72 hi(r cos o, sinfy) = £ with £ # 0
and £ # oo.

(c) If 0o # 0,7, then limg ) (0,0), (@.9)E70, ho(x,y) is infinity of order
1/r? when r — 0; i.e. lim,_,g+ 72 ho(r cos 8o, sinfy) = £ with £ # 0
and £ # oo.
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PRrROOF. The proof is an immediate consequence of the fact that the expres-
sions of h; and ho in polar coordinates are

g, ha(r cos 0,7 sinf) = sin 0
r

hi(r cosf,r sinf) = T

Indeed, if cosf # 0, then lim, g+ hi(r cos@,r sinf) = co. If § = £7/2 is
constant along the path, then lim,_,o+ hq(r cosd,r sinf) = 0. And finally if
0 — +7/2 asr — 0 but § # £7/2 along the path, then the limit will depend
on the path that we choose in order to approach the origin on the direction
of the rays § = +m/2. For instance, if we approach the origin along paths
of the form x = ay? with a € R arbitrary then
3

. 3 T ay _

;ll}%)hl(ay 7y) _Z}ll}%) (a2y6+y2)3/2 a
The limit lim g, ) (0,0) h2(z,y) along the paths 74, depending on the values
of 6y can be analyzed in a similar way.

In what follows we use the notation lim h(z,y) to denote the

(2.5)%(0,0)
limit lim,, ), (0,0 2(2,y) along the path ~p,.
By applying the properties of limits and after some computations we get

-1 —
im F = (14+m)- lim s T +m- lim s 3 T
(z3,y3)—(1,0) (w3,y3)—(1,0) T3 (x3,y3)—(1,0) T3y
1 1 1
S T gy B (23)

The limit lim g, 4.)-1,0) (23 — 1)/r3; depends on the path that we choose
to approach the point (1,0), see Lemma 10. We consider polar coordinates
x3 = 147 cosf and y3 = r sin § and we denote by vy, an arbitrary path that
approaches the point (z3,y3) = (1,0) along the direction of the ray 6 = 6,
then
00 if Oy # +m/2,
Li= lm ol )0 if=xn/2 (24)

~_1)2 + 42)3/2
(ess) 20 1,0 (F3 = 1 +03) acR if 99 4r/2.

Since we only are interested in solutions with x3,y3 > 0, we assume that
0 €[0,7/2].

We note that the second, the third and the fourth summands in (23)
could tend to infinity when m4 — mo or mgq — mq as m — 0. So the limit
of Fy when (x3,y3) — (1,0) and m — 0 depends on wether my — ms as
m — 0, mg — mq as m — 0, or my is far from collision with m; and msy as
m — 0.
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8.1.1. Case my far from collision with either my or mg when m — 0.
From (23) and (24), if my4 is far from collision with either m; or mg when
m — 0 then
lim Fy=(1+m)L;.
(3.3) 2 (1,0
Since we need that F; — 0 as (z3,y3) — (1,0) and m — 0, 6y = 7/2. On

the other hand, if my4 is far from collision with my and mo when m — 0,
then it is easy to check that

. . Ys
lim Fi=(14+m lim .
T L ) s 1.0 (3 —1)2 +3)3/2

By Lemma 10 this limit becomes oo when we approach the point (x3,y3) =
(1,0) along an arbitrary path s, with 6y = 7/2. Therefore there are no
solutions of (5) in this case.

8.1.2. Case my tending to collision with my when m — 0.

We define L; as in (24). We introduce polar coordinates =4, = —1 +
R cosy and y4 = Rsingp and we denote by 7y,, an arbitrary path that
approaches the point (z4,y4) = (—1,0) along the direction of the ray ¢ = .
Then we define

) 00 if g # +m/2,
Io=  lim Ta ¥ _) 0 ifp=4n/2,
2T o 1oy (@4 12+ g2 "oy
(wa,y1) = (=1,0) \\74 1 beR if o =5 +7/2,

(25)

see Lemma 10. From (23), (24), and (25) we get

.7,‘3—1

lim Fi=0+m)-Li —m-Ly- lim
(%3,v3) o, (1,0) sl

s
(za,y1) —> (=1,0)

(26)

Next we analyze the values of (26) and the possible solutions of (5)
depending on the values of L and Ls.

Case L; = oo and Ly = oo. From Lemma 10, if 6y # w/2 and pg #
+7/2, then Ly is infinity of order 1/7? as r — 0 and Ly is infinity of order
1/R? as R — 0. Moreover (z3 — 1) is an infinitesimal of order r as r — 0.
Therefore if F; — 0, then the mass m has order R?/r3 as r, R — 0 (see

(26)).
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On the other hand, it is easy to see that

_ 1
lim Fo=(14m)-To—m-Li- lim 255 ()
(e3,3) 2% (1,0) moh 2

s
(4,y1) =% (=1,0)

In order that Fy — 0 the mass m must have order 72/R3 as r,R — 0.
Therefore R?/r® and r2/R? must have the same order as r, R — 0. This
implies that R and r have the same order which is not possible because
m — 0 as r, R — 0. So there are no solutions of (5) in this case.

If either 6y = 7/2 or ¢y = +m/2, then L; is infinity of order 1/r® as
r — 0 and Ly is infinity of order 1/7% as r — 0 for some a, § > 0. Moreover
(x4 + 1) is an infinitesimal of order r7 as r — 0 for some v > 0. Therefore
if F; — 0, then the mass m has order 7#~®~1 as r — 0 (see (26)). On the
other hand, in order that F» — 0 the mass m must have order r*#~7 as
r — 0 (see (27)). Therefore § —a —1 = a —  — . This implies that m has
order r—(+1)/2 a5 r — 0 which is impossible because v > 0 and m — 0 as
r — 0. There are no solutions of (5) in this case.

Case L1 = a # oo and Ly = oo. There are no solutions of (5) when
L; =a # oo and Ly = 0o because F» tends to oo (see (27)).

Case L; = oo and Ly = b # co. In this case I} tends to 0o, so system
(5) is not satisfied.

Case L = a # +oo and Ly = b # +oo. Under these assumptions F
tends to a, so a must be zero (see (26)). This means that 6y = 7/2. It is
easy to check that

lim Fi=1+m) Ly—m-Ly- lim 2,
(@3,93) % (1,0) 10 2

5
(4,94) == (=1,0)

where

00 if 69 # 0, 7,
Ly=  lim Y3 - 0 ife=0,m, (28)

_ 2 2\3/2
() 22 1,0y (#8 = 1) +43) / ceR ifo V0, x,

see Lemma 10. Since 6y = 7/2 and Ly = b # 400, Fy tends to co. Therefore
there are no solutions of (5) in this case.
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8.1.8. Case my tends to collision with mg when m — 0.

We define L; and L3 as in (24) and (28) respectively. We introduce polar
coordinates 4 = 1 + R cosp and y4 = R sinp and we denote by v, an
arbitrary path that approaches the point (z4,y4) = (1,0) along the direction
of the ray ¢ = pg. Then we define

00 if o # £7/2,

. T4 — 1 .
Ly, = lim = 0 if p =+7/2,
—1)2 213/2
o) 2 1,0 (P2 = 1 +y2) beR if o =¥ £7/2,
oo if g #0,m,
. Y4 ; _
Ly = lim = 0 if =0,
—1)2 213/2
(o) 2 (,0) (B2 = 1) + ) deR if o =0,
see Lemma 10. And we define
H1 = lim Fl, HQ = lim FQ’
(w3, 3) % (1,0) (w3, y3) % (1,0)
(4,51) 2% (1,0) (4,51) % (1,0)
where
T, - T3 — x4 B r cos — R cosy
P (s w2+ (g5 — w2 (P2 B2 =27 R cos(0 — )32
T Y3 — Ya rsinf — R singp
2 = =

((r3 — 24)2+ (y3 —y4)2)3/2  (r2+ R2 — 27 R cos(f — ¢))3/2

By applying the properties of limits and after some computations we get

lim
(@3,93) —% (1,0)
(2a,94) 2% (1,0)

lim
(@3,93) —% (1,0)

;
(z4,y1) —% (1,0)

lim
(@3,93) —% (1,0)
(2a,94) 2% (1,0)

lim
(€3,93) =% (1,0)
(@a,94) 2% (1,0)

Fr=(014m)-Li+m-Ly+m-Hy,

F2:(1+m)~L2+m-L1—m-H1,

Fy=1+m) Ly+m-Ly- lim %+m-L4+m~H2,

y3—0

Fs=(1+m) Li+m-L; - lim %—i—m-Lg—m-Hg.

y4—0
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‘We consider also the limits

lim (F1+F2) = (1+2m)-(L1+L2),
(@3,93) =2 (1,0)
(@, y1) 2% (1,0)

(29)
li$n (Fy+Fs5) = (14+2m)-(L3+ Lg) +
(3,3) ~% (1,0) » ’s
(z4,y1) 2% (1,0) m-Ly- lim = +m-Ly- lim =,
Yya—0 2 y3—0 2

Clearly the solutions of (5) are also solutions of F} + Fy = 0 and Fy+ F5 = 0.
Next we analyze the possible solutions of (5) depending on the values of L
and Ls.

Case Ly = o0, Ly = co. If L and Lo are infinity of different order,
then F} + F5 tends to infinity (see (29)). Assume now that L; and Lo are
infinity of the same order. It is easy to see that if equation Fy + F5 = 0 is
satisfied then cosfy = — cos p; that is, oo = 7™ + 6y. If g # /2, then L,
and Ly are infinity of order 1/r% as r — 0, see Lemma 10. Moreover

cos 6y " B 0
T — cos By — cos o _J 4r2(cos?6y)3/? Hro= TR
L= 209 _ — o032
72(2 — 2 cos(fp — o) cos _
12 if oo =7+ 6.

Thus H; is infinity of order 1/7? as » — 0. In short, if 6y # 7/2, then F}
tends to infinity and system (5) cannot be satisfied.

If 6y = 7/2 and consequently ¢y = £7/2, then that L3 is infinity of order
1/r? as r — 0 and Ly is infinity of order 1/R? as R — 0, see Lemma, 10.
Thus, if r and R have different orders then Fj 4+ Fj tends to infinity and
there are no solutions of (5). If r and R have the same order, then it is easy
to see that if equation Fy + F5 = 0 is satisfied, then sin 6y = — sin ¢y. Thus
0y = 7/2 and ¢y = —7/2 and

T, " sin(r/2) —rsin(=7/2) 1
2T (242 =202 cos(m))32 4r?

So Hj is infinity of order 1/r? as » — 0. Therefore F} is infinity of order
1/r? as r — 0 which implies that there are no solutions of (5) in this case.

Cases L1 =00, Lo =b# oo and L = a # o0, Ly = co. These cases
cannot provide solutions of (5) because F; + F» becomes infinity.
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Case L) = a # 00, Ly = b # oco. From (29), in order to have a solution
of F1 + F5 = 0, we need that a = —b. Since Ly = a # 00, Ly = b # o0,
from Lemma 10, we have that 6y = 7/2 and ¢y = +7/2. Proceeding as
in the case L1 = oo and Ly = oo with 6y = 7/2 we prove that the case
Ly = a+# oo, Ly = b # 0o cannot provide solutions of system (5).

8.2. Central configurations for m > 0 sufficiently small with one small mass
coming from infinity
Without loss of generality we can assume that the small mass coming
from infinity is m3. We introduce polar coordinates (3, y3) = (r cos@,r sinf).
So the mass mg3 comes from infinity when r» — 400 by following the direc-
tion of the ray 6 = 6y with 6y € [0,7/2] (remember that we have assumed
that x3,ys3 > 0. Next we will prove that there are no solutions of (5) such
that r — 400 as m — 0.

8.2.1. Case my comes from infinity when m — 0
After some computations we can see easily that

1 -1 21
im BFS o lim - o, lim B~ —o,
r—+00 13 r—+00 753 r——+00 {3
2
x5 —1
lim = o, lim 22—, lim 2 —0,
T—+00 7‘23 r—+00 7’13 T—>+00 7’23
1 3+1
lim («753+3 ) Y3 —0, lim (1’34-3 ) Y3 —0
T—+00 {3 r—+00 7’23
(30)

We introduce polar coordinates (z4,y4) = (R cos¢, R sing). So the mass
my comes from infinity when R — 400 by following the direction of the ray
© = . In a similar way than in (30) we get

T 1 x4 — 1 x;—1
lim HFS o, lim TS =, lim A=,
R—+o00 14 R—+4o00 To4 R—+o00 14
2
i —1
O ——) lim 2 —o, lim 2 —o,
R—+o00 o4 R—+o00 T4 R—+o00 o4
1 1
T S S A C 7
R—+o00 T4 R—+o00 Ty
(31)
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Moreover

0 = T3 — T4 _ rcosf — Rcos p
3, (r2 + R? — 2rRcos(0 — ¢))3/2’
4y = (x3+1)?’(374—1):—1—rcos@—i—Rcoscp—i—chochosgo
24 (R? — 2R cos ¢ + 1)3/? ’
ly = (azg—l)?’(a?4+1):—1—i—rcos@—Rcoscp—i—TRcos@cosgo (32)
14 (R? 4+ 2R cos ¢ + 1)3/? ’
0 = (a:3+1)3(374—1):—1—rcos@—i—Rcoscp—i—chos@cosgo
T3 (r2 4 2r cos ¢ + 1)*/2 ’
= (azg—l)(m’4+1):—1—i—rcos@—Rcoscp—i—TRcos@cosgo
3 (r2 — 2r cos @ + 1)*/2 ’
and
e = Ys —ys rsinf — Rsiny

r3,  (r24+ R2 —2rRcos(f — ))3/2’
ys(xg —1)  —rsinf + rRsinfcosy

l; = a -

54 (R? — 2Rcos o + 1)*%’
ys(xa+1) rsinf+rRsinfcosp
by = 5 =— 577 (33)
T14 (R?+2Rcosp+1)
’ (x3+1)ya  Rsinp+rRcosfsing
9 = = ’
i3 (r2 + 2r cos ¢ + 1)*/2
(x3—1)ya  —Rsinp+rRcosfsing
to = 3 = 9 3/2
T3 (r2 —2rcosp+1)

From (30), (31), (32) and (33) the limit of F} as r, R — 400 can be reduced
to the limit of -
m(fl + gg - 63) - ZS (34)

Next we analyze this limit depending on the orders of r and R.

Case R and r are infinities of different orders. We assume that
R =P with 8 > 0 and 8 # 1 and that 5 — £3 has order 77 for some v € R
as r — +oo. It is easy to see that /1 — 0 as r, R — +oo. Moreover it is
easy to see that the order of ¢ — f3 is smaller than the order of r1728; that
is, v < 1 —26. In order to have solutions of equation F} = 0 the order of m
must be equal to the order of 7/r7 = r1=7. Since v < 1 — 283, 1 — v > 28.
Thus the order of m is bigger than the order of r?? which is impossible
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because 8 > 0 and m — 0 as r, R — 4-00. Therefore there are no solutions
of (5) in this case.

Case R and r are infinities of the same orders. It is easy to see
that if R and r have the same order, then /o, {3, 4 and /5 tend to O as
r — 4+00. Moreover the limit of F; + F5 when r — 400 is equivalent to
the limit of —z3/4 — x4/4 when r — +o00. In order to have a solution of
Fy 4+ F5, = 0 we need that cos = —cosp. On the other hand, ¢7, fg, {9
and /1o tend to 0 as » — +o0o and the limit of Fy + F5 when r — +o00
is equivalent to —y3/4 — y4/4 when r — 4o00. In order to have a solution
of Fy + F5 = 0 we need that sinf = —siny. Therefore we only can have
solutions of F; + F5, = 0 and Fy + F5 = 0 when either # = 0 and ¢ = 7 or
0 =m/2 and ¢ =37/2. If § =0 and ¢ = 7, then ¢; — 0 as r — 400, so F}
tends to oo as 7 — +oo, see (34). If § = w/2 and ¢ = 37/2, then {5 — 0 as
r — 400, so by proceeding in a similar way wee see Fy tends co as r — +oc.
In short there are no solutions of (5) in this case.

8.2.2. Case my tends to mi; when m — 0
We introduce polar coordinates (z4,y4) = (—1 4+ R cos ¢, R sinp). This
means that if R — 0, then the mass my4 tends to my following the direction
of the ray ¢ = pg. We can see easily that
I3 — Ty

3 — 0 as r — +oo and R — 0.
T34

We define Lo as in (25). If Ly = b # +oo, then it is easy to see from (30)
that F| tends to oo as r — +oo and R — 0. Otherwise Ly is infinity of
order 1/R* as R — 0 for some o > 0 and consequently F; is an infinity of
order 1/R* as R — 0. Therefore there are no solutions of (5) in this case.

8.2.8. Case my tends to mo when m — 0

By proceeding as in the previous case we can prove that there are no
solutions of (5) with mg3 coming from infinity and my4 tending to mq as
m — 0.

8.2.4. None of the above cases

If my is far from either infinity, or m; and mo when m — 0, then F} is
infinity of order r as r — +o00. Therefore there are no solutions of (5) in
this case.
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