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ABSTRACT
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Finnish summary

This work is devoted to fully reliable a posteriori error analysis for a class of
evolutionary problems and some questions emerging in relation to it. The first
articles in this collection are concerned with theoretical and numerical analysis,
efficient and robust implementation of the functional type a posteriori error es-
timates and indicators for the nonlinear Cauchy problem, and time-dependent
reaction-diffusion initial-boundary value problems of parabolic type. The last
part of the study is dedicated to computable and sharp upper bounds of con-
stants in Poincaré-type inequalities for functions with zero mean on the bound-
ary (or a measurable part of it) on non-degenerate triangles and tetrahedrons.
These sharp upper bounds are crucial for quantitative analysis of problems gen-
erated by differential equations, where numerical approximations are typically
constructed with the help of simplicial meshes and become particularly useful in
implementation of the functional error majorants applied for the problems with
a decomposed domain.

The error estimates presented in this thesis are explicitly computable and
guaranteed. The two-sided functional type error bounds hold for all conforming
approximations, do not depend on any mesh discretization parameters, and only
contain global and local constants in Poincaré inequalities. Extensive numeri-
cal experiments, performed alongside with theoretical findings, provide results,
which confirm the efficiency and reliability of the error estimates and robustness
of the indicators they comprise. For numerical implementation we use MATLAB
and The FEniCS Project (with Python).

Keywords: Cauchy problem, Picard-Lindel6f method, Ostrowski estimates, evo-
lutionary problem of parabolic type, reaction-diffusion equation, func-
tional type a posteriori error estimates, error indicators,
Poincaré-type estimates
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NOTATION

= equals by definition

— compact embedding

= logical equivalence

v for all

a-b scalar product of vectors

IN space of natural numbers

R space of real numbers

R4 space of real d-vectors

@) open bounded connected domain in R with Lipschitz
continuous boundary

Q closure of Q)

e[Q) Lipschitz continuous boundary of ()

r part of Q) such that meas;_1I' > 0

Qr space-time cylinder Qr := Q) x (0, T), where T is given time

St lateral surface of Qr, i.e., St := 9Q x [0, T]

diam() diameter of the set ()

meas() Lebesgue measure of the set (2

D*v derivative of order ||

ckQ) space of k-times differentiable scalar-valued functions

Ck(Q) subspace of CK(Q) that contains functions with compact
support in ()

Cyr () space of smooth functions with compact support in ()

LF(Q)) space of scalar-valued functions in () summable with power p

LP(Q,RY) space of vector-valued functions with components summable
with power p in ()

X Banach space

14 Hilbert space

v* space dual to V

WhP(Q) Sobolev space of functions w summable with power p and
possessing derivatives D*w € LP(Q)), |a| <

H'(Q) Sobolev space W'? with p = 2

HL(Q) subspace of H!(Q) formed by functions vanishing on T

HY(O) space dual to H}(Q)

H(Q,div) subspace of L?(Q), R?) that contains vector-valued functions

with square-summable divergence
- 1lx norm in space X
-l norm in L?(Q)
I I energy norm

1
l|w|| a a weighed norm in L?*(Q), i.e., ( [ Aw - wdx) /2
0



Jooll 4 (fA w0 wdx) "
(@)

Wy partial derivative with respect to time coordinate

w; partial derivative with respect to space i coordinate

\Y% gradient of a scalar-valued function Vw = (w1,...,w )

A Laplace operator Aw := divVw

div divergence of a vector-valued function divw = % W ;
i=1

{w}a mean value of won Q, i.e., {u}g := Hﬁ‘fwdx

e projection operator ;

e error

M majorant functional

M minorant functional

Lot efficiency index Iy 1= ‘ﬁ\ffm

M marker

Mavr marker defined by the level of the average error

My marker with bulk parameter 6

Py Lagrangian finite element space of order k

RTy Raviart-Tomas finite element space of order k

ACRONYMS

APL adaptive Picard-Lindelof

BVP boundary value problem

BC boundary condition

DD domain decomposition

DOF degrees of freedom

EL elements

ND nodes

FDM finite difference method

FE finite element

FEM finite element method

I-BVP initial-boundary value problem

LHS left-hand side

PDE partial differential equation

RHS right-hand side

REF refinement iteration

SLE system of linear equations
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1 INTRODUCTION

Nowadays, mathematical models are widely used to describe processes in different
branches of natural sciences, medicine, engineering, and economics. Evolution-
ary problems, in particular, are fundamental components in simulations of real-
life processes such as heat conduction and thermal radiation models in thermo-
dynamics, global climate prediction, forecasting and understanding the weather,
and estimation of forest growth, among others. Later examples basically testify
the fact that questions arising in mathematical modeling originate from and are
highly motivated by the phenomena surrounding us.

Most of the models mentioned above are governed by time-dependent par-
tial differential equations (PDEs) or systems of PDEs, which in combination with
initial (IC) and boundary conditions (BCs) produce so-called initial-boundary value
problems (I-BVPs). The current study is focused on evolutionary problems of
parabolic type, the systematic mathematical analysis of which is presented in mono-
graphs [79, 80, 148, 151, 152]. The numerical analysis and study of the practical
application are exposed in works [138, 81] and partially in classical books on fi-
nite element method (FEM) on PDEs and saddle problems (see, e.g., [21, 58, 69, 56,
57]). The multiharmonic analysis of a distributed parabolic and optimal control
problem in a time-periodic BVPs setting has been studied in [73, 84].

Let Qr := QOx]0,T[ denote the space-time cylinder, where O C R4,
d € {1,2,3}, is an bounded domain with Lipschitz boundary 9Q), and |0, T| is
a given time interval, 0 < T < +oo. The cylindrical surface is denoted by S,
ie., St :=9Q x [0, T]. A general form of a linear parabolic I-BVP problem reads as
follows:

oru+Lu=f in Qr, (1.1)
u=up on Sr, (1.2)
u(x,0) = up on Q. (1.3)

Here, depending on the application, u might describe the temperature alteration
in heat conduction or the concentration of certain substance in chemical diffusion.
The given data includes the source term f, Dirichlet BC up (Neumann or Robin
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can be considered instead), and IC ug. The elliptic operator £ has the general
form

Lu:= —div(A(x, t)Vu(x,t)) +b(x) - Vu(x,t) +c(x)u(x,t), (x,t)€Qr,

where A is the material characteristics matrix, and b and ¢ stand for convection
and reaction, respectively. If any of the latter forms depend on u (or Vu), we
arrive at a nonlinear problem.

Forb = 0,c = 0, and A = vI, we obtain a heat equation which governs
diffusion processes. For instance, in heat conduction applications the parame-
ter v = CFLQ stands for thermal diffusivity [50, 24, 147, 23], in electromagnetics

it illustrates resistivity v = 1. Moreover, the heat equation is used in propa-

gation of action potential in nerve cells, phenomena arising in finance, e.g., the
Black-Scholes [20] or Ornstein-Uhlenbeck processes, probability, and description
of random walks [109]. The nonlinear analogs of the heat equation have also been
used in image processing and modeling of porous media [141].

The subject of our interest, i.e., evolutionary systems of PDEs, in majority
of cases can only be solved in the generalized sense by one of two discretization
techniques described below. In the first, the so-called incremental time-stepping
method, the time is discretized by ordinary differentiation (OD) and the obtained
reduced problem (in space coordinates) is approximated by FEM ([35, 66, 157,
32, 69]) or the finite difference method (FDM [87, 127, 98, 58, 37]) on successive
time sub-intervals (the detailed study of such an approach can be found in the
monographs [138, 21, 69]). In the second method the time is considered as an ad-
ditional spatial variable [60, 149, 140, 63]. It is usually referred to as the space-time
discretization technique. Regardless of the method used, the obtained approxi-
mation contains an error. Therefore, it is of high importance to construct a proper
numerical tool to analyze the obtained results and to provide reliable information
on the approximation error encompassed in it in order to avoid the risk of drawing
the wrong conclusion form obtained numerical information.

There exist two approaches for evaluating the approximation error. The a
priori approach is used for the qualitative verification of theoretical properties of
the numerical method, e.g., rate of convergence and asymptotic behavior of the
approximation with respect to mesh size parameters (see, e.g., [22, 32, 133] and
references cited therein). However, the high regularity requirements, which must
be satisfied in order to apply estimates from the latter group, are quite unrealistic.

In the second, the so-called a posteriori approach, the error is measured
after computation of the approximation. Unlike in a priori error analysis, the
alternative estimates exploit only the given data, e.g., domain characteristics,
source function together with IC and BC, and the approximation itself. The up-
per bound of the gap between the approximate and exact solution measured
in terms of relevant energy norm is called an error estimate or majorant. The
quantity replicating the distribution of the true error over the domain is called
an error indicator. There are three principal ways classifying existing error in-
dicators. The first, the so-called residual method, is based on the estimation of
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the residual functional introduced in [11, 8] and various modifications of them
covered in a wealth of publications [47, 70, 3, 4, 142, 44, 25, 30, 5, 26, 10, 12]).
The second approach is based on the approximation of latter functional or so-
called post-processing, e.g., gradient averaging [155, 156] and expanded in vari-
ous works [3, 9, 142, 154, 145, 10, 15, 146, 62, 153]). Its mathematical justifica-
tion relies on the superconvergence phenomenon [104, 158] and actively studied in
[75, 76, 77,77, 144]. Other techniques from the second group are based on par-
tial equilibration [78, 5, 21], global averaging [26, 15, 62], and solution of local
sub-problems [2, 5, 6]. Finally, the third method is dependent on the solution of
the auxiliary problem, e.g., hierarchically based error indicators [38, 1, 45, 43] and
goal-oriented error [16, 131, 110, 65, 116, 103, 132, 96, 117, 19]. The concept of a pos-
teriori error estimation jointly with mesh-adaptive methods, which are focused
on the optimization of computing resources, have become a well-established ap-
proach in the numerical analysis of PDEs.

The guaranteed error bounds for evolutionary models considered in this
thesis are based on two different mathematical approaches. One of these follows
from the theory of contraction mappings and the Banach fixed point theorem.
The other approach pursues the theory of functional a posteriori estimates.

The first part of the study, in particular, is dedicated to the investigation
of numerical treatment of the Cauchy problem with non-linearity (see, e.g., [33,
61, 136]), which can be obtained from (1.1)—(1.3) by assuming that () coincides
with R?. The so-called Picard-Lindelof method suggests one possible way to
treat nonlinear ordinary differentiation equations (ODEs). It belongs to a class
of iteration method and can be found in [89, 108, 17, 88, 111]. A similar idea is
used for PDEs in [111] and analyzed thoroughly in [112, Vol.II]. The combination
of the Picard-Lindeltf method with Ostrowski a posteriori estimates provides a
fully guaranteed Adaptive Picard-Lindelof (APL) algorithm for solving ODEs.
Moreover, the algorithm takes into account information about discretization er-
rors related to the numerical integration and interpolation. The results obtained
during the investigation of the APL method confirmed that it can be applied for
the treatment of nonlinear evolutionary models, which belong to my main re-
search topics for the future. Nonlinear PDEs exhibit multiple properties which
do not appear in linear theory but are often related to important features of the
real world phenomena. In this work, we concentrate only on the linear mod-
els. The application of Ostrowski estimates is also extended to classical iteration
schemes, the obtained results are exposed in [93, Section 6.7].

Generally, the Picard-Lindeléf method can be used not only for ODEs but
also for time-dependent algebraic and functional equations (see, e.g., [101, 102],
where it is shown that the speed of convergence is independent of the step sizes).
Numerical methods based on Picard-Lindelof iterations for dynamical processes
(the so-called waveform relaxation in the context of electrical networks) are dis-
cussed in [46]. A posteriori estimates and nodal superconvergence for time step-
ping methods are studied in [7, 92] for linear and nonlinear problems.

The second and main part of this work is devoted to the functional type a pos-
teriori error estimates and indicators initially introduced by Repin in [119, 118,
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123, 120] and thoroughly studied for various classes of problems (see, e.g., [100,
121, 93] and references therein). Unlike the above-listed error indicators, func-
tional type error estimates are guaranteed, they do not contain mesh-dependent
local interpolation constants (contrary to residual estimates), and they are valid
for any function from the class of conforming approximations (not restricted by
the Galerkin orthogonality assumption). The detailed comparison of the above-
described approaches can be found in monograph by Mali, Neittaanméki, and
Repin [93].

Our main goal is to develop a fully reliable tool to quantitatively control the
error in approximate solutions of evolutionary problems. The numerical treat-
ment of this class of I-BVPs produces approximations, which alongside with the
progress of simulations accumulate the error. This error may eventually ‘blow
up’ if it is not controlled. Therefore, the appropriate error estimates are crucial
for monitoring its possible dramatic growth. Once the error in the approximation
has been controlled reliably, it is possible to detect areas with excessively high
local errors and calculate an essentially more accurate approximation.

In the framework of the a posteriori error estimates studied in this work,
we highlight the paper [124], where a method of deriving functional error es-
timates for parabolic I-BVPs is suggested. The first attempt on their numerical
analysis is presented in [54]. In [125], the authors study the extension of error
estimates for evolutionary convection-diffusion problems with possible discon-
tinuity of approximations in time. A posteriori error analysis of parabolic time-
periodic BVPs in connection with their multiharmonic FE discretization is pre-
sented in [83]. The residual estimates are also extended to evolutionary PDEs
in [143, 14, 128, 95, 19, 126] and the reference cited therein. Lastly, hp-Galerkin
time-stepping for the same class of problems is addressed in [68, 129, 130] and
references cited therein.

In order to make functional estimates applicable to a wider class of problems
with () of complicated geometry, the domain decomposition (DD) technique in
combination with local Poincaré inequalities is discussed in [121, Section 3.5.3] for
elliptic PDEs. The current work extends the latter estimates to time-dependent
PDEs and suggests a method to omit both Friedrichs” and trace global constants,
which are included into the basic form of the majorant.

Suggested in [PIII] and [PIV] method applies Poincaré-type inequalities that
in addition to quantitative analysis of PDEs is also used in various problems of
numerical analysis, e.g., discontinuous Galerkin, mortar and DD methods. The
exact values of respective constants (or sharp and guaranteed bounds of them)
are interesting from both analytical and computational points of view. Results
related to constants in extension and projection type estimates related to FE ap-
proximations can be found in, e.g., [97, 32]. Constants in the trace inequalities
associated with polygonal domains are discussed in [29]; in FETI, FETI-DP DD
methods the application of constants is highlighted in [72, 39] and [139]. Func-
tional inequalities and respective constants play an important role in analysis of
problems described in terms of vector-valued functions (see, e.g., [53, 105]). In
[71, 90], the analysis of error constants for piecewise constant and linear interpo-
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lations over triangular finite elements can be found. And finally, [27] introduces
fully computable two-sided bounds on the eigenvalues of the Laplace operator
based on the approximation of the corresponding eigenfunction in the noncon-
forming Crouzeix-Raviart FE space.

The last part of this study is dedicated to sharp bounds of the constants in
classical Poincaré and Poincaré-type inequalities for arbitrary non-degenerate tri-
angles and tetrahedrons, which are typical objects in various discretization meth-
ods. These computable estimates are based on the mapping of the reference sim-
plices to arbitrary one using the exact values of the respective constants derived in
[113, 64, 71] for some triangles and [99] for parallelepipeds, rectangles, and right
triangles. Knowledge about the sharp upper bounds for the above-mentioned
constants is particularly useful for quantitative analysis of problems generated
by differential equations and implementation of the functional error majorants
applied for the problems with decomposed domain.

Below, we sketch the structure of the thesis. Chapter 2 is dedicated to the
overview of the mathematical framework, including definitions and theorems in
the field of functional analysis as well as results on solvability parabolic I-BVPs,
which provide fundamental results required in the subsequent chapters. Chapter
3 is focused on the main results achieved in this study, i.e., a fully guaranteed
APL method for ODEs, functional a posteriori error estimates for the distance
to the exact solution of parabolic I-BVPs, and sharp bounds of the constants in
classical Poincaré and Poincaré-type inequalities for functions with zero mean
traces on the faces of arbitrary simplexes in R? and R3. In Chapter 4, we draw
some conclusions and give an outlook on future work in connection to efficient
and fully guaranteed solvers for nonlinear evolutionary problems. The results
presented in the included papers, or in other publications, will be highlighted
accordingly. The connections between the topics are presented in Figure 1.

Author’s contribution to the included articles

[PI]: The estimates studied in this paper were discussed originally in monograph
of Neittaanméaki and Repin [100, Section 3.1]. The goal of this work is to im-
plement the adaptive iterative Picard-Lindel6f method and combine it with Os-
trowski estimates. The computations of the numerical part are carried out in
MATLAB [94] by the author. Application of Ostrowski estimates to classical iter-
ation schemes is also presented in [93, Section 6.7.6] together with a guaranteed
APL method.

[PII]: This article studies functional type a posteriori error estimates for evolu-
tionary reaction-diffusion I-BVP with a reaction function, which drastically
changes its values on different parts of the domain. The method suggested for
derivation of the majorant combines ideas presented in original work of Repin
[124] on bounds of the distance to the exact solution of heat equation and join
paper of Repin and Sauter [122], which is concerned with state reaction-diffusion
BVP. The minorant of the error in the approximate solution for the evolution-
ary class of problems derived in the paper is the original result. Its efficiency is
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confirmed by numerical tests. All experiments presented in the paper are imple-
mented by the author in MATLAB.

[PIIT]: The focus of this paper is on error estimates for an approximate solution
of the evolutionary reaction-diffusion problem in case of decomposed domains.
The method suggested in the paper is based on the idea originally introduced for
the elliptic problems in [121] and [122]. The main goal of the work is to overcome
the complications arising with the calculation of Friedrichs” constant included in
the majorant presented in [PII] once it is applied to problems with a domain of a
complicated shape. By exploiting the idea of DD and classical Poincaré inequal-
ities [114, 115], we exclude global constants from the majorant. The proofs and
technicalities in the paper are the work of the author.

[PIV]: This work is another generalization of the error estimates presented in
[PII] to the problems formulated on complicated domains with nontrivial mixed
Dirichlet-Robin BC. Again, by using the method of domain decomposition and
application of local Poincaré-type inequalities for functions with zero mean trace,
we omit global trace and Friedrichs” constants included into the basic majorant.
Besides that, we demonstrate the equivalence of errors measured in primal and
combined norms to advanced and basic forms of majorants, respectively.

[PV]: The technique suggested in [PIV] and [PIII] is based on local Poincaré
and Poincaré-type inequalities for functions with zero mean trace on the whole
boundary or measurable part of it. We suggest explicit relations (based on exact
constants from [113, 64, 71, 99]) that serve as sharp and easily computable (in-
dependent of any discretization parameters) bounds of the respective constants.
Moreover, we compare obtained bounds of the constants in the classical Poincaré
inequalities with known analytical estimates and investigate, numerically, the be-
havior of minimizers of Rayleigh quotients, corresponding the constants. The
numerical experiments in the paper are carried out by the author, using both
MATLAB and The FEniCS Project [137,91].
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2 MATHEMATICAL BACKGROUND

In this chapter, we concisely introduce the notation, mathematical framework,
and fundamental results that form the basis for the further investigations and
findings presented in this thesis. For detailed expositions, we refer the reader to
monographs [100, 121, 93].

2.1 Function spaces and inequalities

The sections below present the definitions and main results for Sobolev spaces,
which are used for the treatment of elliptic BVPs and parabolic I-BVPs. Although,
some results are quite well-known, we discuss them to keep the work as self-
content as possible. In addition, for more detailed and fundamental presentations
of the results highlighted below, we refer the reader to [48, 151, 152, 148].

2.1.1 Spaces of integrable functions

Let O ¢ R?,d = {1,2,3}, be a bounded domain with Lipschitz boundary 90,
where Q) is the closure of ), and T be a part of dQ such that meas; I > 0
(or in particular case may coincide with it). We note that throughout the the-
sis discussions will be restricted to real spaces. Let {X, || - ||x} denote a Banach
space, i.e., a vector space X equipped with a norm || - ||x, such that X is com-
plete with respect to it. Let {V, || - ||y} denote a Hilbert space, where the norm is
induced by the inner product (-,-)y : VxV — R, ie, |||y = (,)1‘;2 The
space V* denotes the dual to V, consists of linear continuous functionals on V,

f(©)

l[oflv-

and is equipped with norm || f||y+ := sup
veV,v#0
(-, Yvexy : V¥ x V — Ris defined as

The so-called duality product

(f,o)vexv = f(v), YoveV. (2.1)
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The totality of all measurable in the Lebesgue sense functions u with finite norm

fullr = ( [ Juorras)”.
(@]

forms a separable Banach space and is denoted by LP(Q)), p € [1,+oo[. For
spaces of essentially bounded functions with p = oo, the norm is defined as

[u||re := esssup |u(x)].
xeQ)
Further, we are mainly interested in the Hilbert space of square-integrable func-
tions L2(Q)) eqquiped with the norm || - 2y == (s )1L/22(Q) induced by

(0,9)1200) = (w,0) 1= /uvdx, Yu,v € L*(Q).
0

For the purpose of shortening the notation, in the cases of discussing L2-measures
on Q), the L2-norm is denoted || - || .

2.1.2 Differentiability classes

Let « = (ay,...,a4), 0 € NUO, i = 1,...,d, be a multi-index; then
D*u := %u = 36;21 e a%%”' where x* is the monomial x;%1 ... x;* with degree

d
la| = ¥ a;. Functions in C'(Q) possess continuous and bounded derivatives D*
i=1

up to order I. The space C'(Q) is equipped with the norm

a) = D* .
lullcr @) oI, P |D*u(x)]
The norm for continuous functions (I = 0) is defined by || - ”C(ﬁ)' The space

C*®(Q)) consists of infinitely differentiable (smooth) functions, and elements of
Cy(Q) € C*(Q) have compact support in 2. Smooth functions vanishing on I
are denoted by

CEr(Q) = {go € C®(Q) | dist(suppg, T) > 0}. (2.2)
2.1.3 Sobolev spaces

The a'" weak (or generalized) derivative of u € L*(Q) is denoted by
w = D*u € L2(Q) such that

/wvdx = (—1)‘“|/uD"‘vdx, Vo € Ci°(Q).
Q Q
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The separable space of Banach type W'?(Q), p € [1, +o0[ and I € N, is called the
Sobolev space WP (Q)) := {u € LP(Q) | D*u € LP(Q), |a] < l} and equipped with

the norm

1
Il = ( X ID%ul,) ™" 2.3)

la|<I
If the boundary of () is smooth enough, latter space coincide with a clouser of
C'(Q)) under the norm (2.3), i.e., W := C! (ﬁ)H'HWl'p (in general, W C W'P).

The Hilbert spaces with p = 2 are traditionally denoted as H'(Q)) = W"2(Q).
Later in the thesis, we use the spaces

HY(Q) := {u € [2(Q)|Vu e L2(Q,1Rd)}, and
fﬂdhgﬂ);:{ueLF@LR%|dwuelﬂan},
with the corresponding norms | - || 1(y and || - || g (giv,0) induced by
(w,0)n = (w,0) + (Vu, Vo) and  (4,0)ygiv) := (4,0) + (divu, divo),

respectively. Spaces with homogenous boundary conditions on I' C 9() are de-
fined as closures of (2.2):

Hl(0Q)
)

Hyr(Q) := C§r (O .

and Hr(div, Q) := C51(Q)

If T = 0Q), then H{ 5, (Q) = Hj(Q). Lastly, let yru € C(T') denote the restriction

of u € C(Q) to T, ie., yru(x) := u(x), Vx € T. The latter one is called trace
operator yr : HS(Q) — H¥/2(T), s € (L,3).

2.1.4 Inequalities

We list several algebraic and functional inequalities frequently used in the thesis.
For a,b € R and any positive B, we have general Young inequality

ab < 3(pa) + 14, b=t 4

Next, for any functional F and its convex conjugate F*, the Fenchel inequality
holds
(0%, 0)yexy < FH(0*)+ F(v), Yo' eV*, VYveV. (2.5)

When last two are used in combination, they are referred as Young-Fenchel in-
equality.

The Holder inequality for integrable functions reads as

/uvdx < ullplolls,  Vu e LP(Q), Yo e LI(Q)),
Q

1 1 _
lyl=1 (2.6)
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For p = q = 2, it is referred as the Cauchy-Bunyakowski-Schwarz inequality.

We recall the main inequalities from the embedding theory. First, Friedrichs’
inequality [52] has the form

lulla < CrallVulla, Vu € Hy(Q).
The Poincaré inequality [114, 115] reads as
lula < Coa [ Vulla, Vue H'(Q), (2.7)
where H'(Q) := {u € H(Q) |{u}q = 0 }, where {u}, = %f dx. The
Q

above-introduced constants 0 < Cgq, := < 4oand 0 < Cp :=

1
Ve i <t
where AP is the first eigenvalue of the Dirichlet-Laplacian and A} is the second
eigenvalue of the Neumann-Laplacian. Due to inequality 0 < AN 1 < AD for all
n € NN (see [49]), the relation Cpn < Cpn holds. According to [97], for simple

bounded domain in R? encompassed inside a rectangle with edges of length I;,
_1

i -2
i=1,...,d, we have the estimate Cpn < %( YL 2) . The Poincaré constant
i=1

Cpa can be estimated as Cpn < @ for convex domain () (see [106]). For
simplexes in R?, this estimate was improved in [86], where it was shown that

Cpa < di;’li“;‘ﬂ for all nondegenerated triangles, and

1
i 1 ae(0,%],
Cpa < E%S := diamQ) - { min {]111 ]011 (2(r — o) tan(a/2)) /2} € (%%,
1
/
]Ol(z(n—a) tan(a/2)) °* € (3,7

for isosceles one. Here, jo; ~ 2.4048 and j;; ~ 3.8317 are the smallest positive
roots of the Bessel functions Jy and J;, respectively.

Exact value of constant in (2.7) on equilateral triangle with unit side is de-

rived in [113], ie., C} = %. Constants for the right isosceles triangles with
legs % and 1 are C? = ﬁ and C}r) = %, respectively. The latter one can be

found from [64] and [71]. Explicit formulas of the same constants for some three-
dimensional domains can be found in papers [18] and [64].

The  Poincaré-type  inequalities also  hold  for  functions
we HY(O,T) := {u € H(Q) | {u}y =0 }, where {u} := % Jwds,ie.,
r

[l 2q) = CPIIVuIILz (2.8)
||”||L2(r) <Cr ||V”||L2(Q)- (2.9)
The exact values of Cf and C{ on right triangles, rectangles, and parallelepipeds

can be found in [99]. We consider below mainly two reference cases in R?: tri-
angle T := conv{(0,0),(0,h), (h,0)} and T := {x, = 0, x; € [0,h]}, and cor-
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1
/ -
responding constants Cr = C , and CIr:= (*) 2, where (o and (o

go tanh(Go)
are the unique roots of the equations z cot(z) + 1 = 0 and tan(z) + tanh(z) = 0in
(0,7), respectively, and simplex T := conv{(0,0),(0,h), (2, 2)} with
I := {x, = 0,x; € [0,h]}, which are characterized by C = % and
1
/
e ()
Finally, the classic trace inequality reads as follows
)l i2ry < Crrll ] vu € C'(Q). (2.10)

2.1.5 Sobolev spaces in the space-time cylinder

Let Qr := (1x]0, T[ denote the space-time cylinder with given () and time inter-
val |0, T[,0 < T < +oco. We denote St = 9Q) x [0, T| as a lateral surface of Qr.
Below, we introduce the Sobolev spaces of functions defined on Qr as they are

presented in [79, 80]. The space L?>(Qr) contains square-integrable functions in
the cylinder Qr and it is equipped with the norm || - [|;2(o,) == (-, )lL/zz( o) We
generalize the notation by denoting the space H**(Qr) as

HH(Qr):={u € Q) | D*u e L(Qr), [o] <5, 8fu € [(Qr), 1< p <k}

equipped with the norm
HUHku ) /( Y ID*u(x, )P+ ), |8tﬁu(x,t)|2> dxdt.
Or la|<s 1<B<k

The most typical examples are HY O(QT) and H"'(Qr). In [79], the same spaces
are denoted by, e.g., (QT) and W 1(Qr). Furthermore, the Sobolev spaces
with Dirichlet boundary Sp C St (w1th assigned load up on it) are denoted by

H (Qr) = {ueHS'k(QT) | u=up on sD}. 2.11)
2.2 Bochner spaces

Consider the Bochner spaces as an alternative tool for the analysis of parabolic
I-BVPs. Let {H, (-,-)y} and {V, (-, -)v} be a Hilbert space. The Bochner spaces
LP(a,b; V), p € [1, 400, are the most regularly used. They consist of measurable
functions u :|a, b[— V for which norm reads as

l’
ol o) /||u < oo,
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For p = oo, we obtain the Bochner space equipped with the norm

[t4]l 2@ pyv) 7= ess sup [u(-,#)[lv < +oo.
te(a,b)

Furthermore, we define C([a, b]; H) as the space of functions u : [a,b] — H con-
tinuous at every t € [a,b] with the norm

[l (ap);my = max [u (-, 8)] -

Infinitely differentiable functions are denoted by C*([a,b]; H) and C{°([a, b]; H)
(in case the functions have compact support on (a, b)).

For the treatment of parabolic I-BVPs, we consider LZ(O, T;V) with
V = HY(Q) (or V = H}(Q)). Since V is a Hilbert space, then L2(0, T; V) is also a
Hilbert space. The generalized weak derivative of u € L?(0, T; V) with respect to
time is denoted by 9u € L%(0,T; V*), satisfying

T
/u )0 (t) /atu (t)dt, Ve € C3([0,T]; H).
0

For separable V and H, the Gelfand triple (or evolution triple)
V — H — V* holds. Then, V* is a Hilbert space. The most commonly used
triples are H!(Q)) — L*(Q)) < (H!(Q))* and H}(Q) < L?(Q) — H~1(Q).

To study the solvability of the parabolic I-BVPs, we define the Bochner space
W(0,T) := {u(t) € L2(0,T; V) | dwu(t) € L2(0, T; V*) } equipped with the norm

T 1/2
lulwion = ( [ (G 0)1F + ot 013 dt) < co.
0

The Gelfand triple implies that W(0, T) is a Hilbert space. Moreover, we have
the continuous embedding W(0, T) < C(0, T; H) (see, e.g., [148] and [151]). The
formula of integration by parts reads as

T T

J@uu(), gt vy dt = = [ @p(t), u(t) v~y dt + (u(T), 9(T)) - (u(0), 9(0)),

0 0

where 0;u(t) € L>(0, T; V*), (t) € L2(0,T; V), and 9;¢(t) € L>(0, T; V*).

By comparing the norms of the spaces discussed above, one can see how
Bochner spaces correlate with Sobolev spaces, e.g.,

HY(Qr) = 12(0, T; H(Q)), H(Qr) = LX(0, T; H}(Q)).
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If, in addition, we consider the space H!(0, T; L?(Q)) with finite norm

T 1/2
Il = ([ (160l + IPuut 0By ) &)
0

then the combination of the norms corresponding to spaces H"!(Qr) and H(l)’1 (Qr)
(in some literature denoted by H!(Qr) and H}(Qr)) provides the equivalences

H'"'(Qr) = L*(0, T; H'(Q0)) N H'(0, T; L2(€0)),
Hy'(Qr) = L*(0, T; HY(Q)) N HY(0, T; L*(QY)).

Bochner space W(0,T) with V. = H(Q) (V = H}(Q)) is clearly wider than
HY'(Q7) (Hé’1 (Qr)) based on evolution triple. Finally, we introduce, in general
form, V**(Qr) and Vg'k(QT) (following the notation in [79]) such that

VK (Qr) := H¥*(Qr) nC([0, T]; L*(Q)),

and
VoM (Qr) == Hy*(Qr) nC([0, T); LA(Q2)).
respectively, where s > 0, k > 0, equipped with the norm

lillyss(gpy = max llu(®)lz) + lullssgry < +eo-

2.3 Parabolic initial-boundary value problem

In the current section, we present fundamental results on solvability of linear
parabolic PDEs, which have been thoroughly studied in monographs [79, 51, 151,
148]. The nonlinear class is considered in the monographs [80, 152]. Below, we
present the variational formulation of a parabolic I-BVP and discuss the main
requirements that provide the existence and uniqueness results.

Let QT be a space-time cylinder with boundary surface St as defined in Sec-
tion 2.1. Assume that Q) consists of two measurable non-intersecting parts I'p
and T’y associated with mixed Dirichlet-Robin BC. Therefore,
St :=09Q x [0,T] = ([p UTR) x [0,T] = Sp U Sg. The general parabolic I-BVP
reads as follows

up —divp +a(x) - Vu+A%(x)u = f, (x,t) € Qr, (2.12)
p= AVu, (xt)€ Qr, (2.13)

u(x,0) = uo, x €, (2.14)

u=20, (x,t) € Sp, (2.15)

A(X)u+p-n=0, (x,t) € Sg, (2.16)
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where 1 denotes the vector of unit outward normal to 0(),
fel*Qr), upel*Q). 2.17)

We assume that, for almost all x € Q) and t €]0, T|[, the operator A is symmetric
and satisfies condition of uniform parabolicity

KA|§‘2 < A(xf t) C ’ g < VA|C|2/ C € IRd/ 0< Va < vy < oo (218)

Henceforth, we use the notation

It [Ar-rdy, T3 = [a7 T Tdx
@) (@)

The functions a and A, presenting the convection and reaction, respectively, as
well as o satisfy the following conditions for a.a t €]0, T|

acL®(QRY), divaecl®Q), |a <37,
AeL®(Q), |Al <A,
ceL®(Q), o <@ (2.19)

After multiplying (2.12) by a test function 7 € Hy' (Qr), we arrive at the general-
ized formulation of (2.12)—(2.16): find u(x, t) € VO1 'O(QT) (cf. (2.11)) satisfying the
integral identity

/ (AVu -V +a-Vuy 4+ Auny — u17t> dxdt + /0‘21/!17 dsdt
Qr Sr

+ [ () (5, T) = () (,0)) dx = [ frxdr, vy € HY'(Qr). (220
[9) Qr

According to [79, Theorem 3.2], the generalized problem (2.20) has a solution
in Vol’O(QT) and it is unique in Hé’O(QT), provided that conditions (2.17), (2.18),
and (2.19) hold. In the problem with only Robin BC, in order to provide the
uniqueness of the solution additional conditions on coefficients

|ata| S E, |8t)»| S X, |8t(7| S a’,

must be imposed. The a priori stability estimate

lullyan oy < (1 ll2ar) + lHoll2ey) (221)

holds with a positive constant C dependent only on characteristics of Qr but in-
dependent of f and u. The estimate (2.21) provides the continuity of the mapping
M {f,up} — u, where M : L>(Qr) x L?>(Q) Vol’O(QT).

The solvability results can be formulated in Bochner spaces. We consider
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the simplest case, where A = I, a(x) = 0, A(x) = 0, and St = Sp. According
to [148, 151], if H and V are given separable Hilbert spaces satisfying evolution
triple V. — H — V*, f € LZ(O, T,V*), ug € H, then the generalized problem

T

T
/ut(t O)yey dt + /w - Vodxdt = /(f(t),v}v*,vdxdt,
0 0

that holds for all v € V and a.a.t €]0, T[, has a unique solution in W(0, T), which
depends continuously on f and uy. By increasing the regularity on #y and f, one
can get higher regularity of the exact solution. The problems with inhomoge-
neous BCs, e.g., up in (2.15) and g in (2.16), can be treated in the same manner,
following the spirit of [148].

2.4 Fixed point iterations

First, we present the main idea of the fixed-point iterations approach. Consider
the following general problem: find u in a Hilbert space V such that

u=Lu+Db, (2.22)

where £ : V — V is a bounded operator and b € V. One of the ways to solve
(2.22) is to apply the iteration procedure

=Lu_1+0b u€eV, k=1,...

which generates an infinite sequence {u}¢ . If £ is the g-contractive operator on
a closed nonempty set S C V, ie.,

|Lw— Lolly < gllw—2|y, q€(0,1), YwoveS, (2.23)

then, by using (2.23), it is easy to show that {u};> ; converges to a fixed point u
(see, e.g., [13,34, 74, 67, 150]).

2.4.1 The Picard-Lindelof method

We consider a Cauchy problem
@ =o(u(t), t), u(to) =ap, t€to—¢to+e (2.24)

with (scalar- or vector-valued) solution u(t). Assume that the function ¢(u(t), t)
is uniformly Lipschitz continuous with respect to u (i.e., Lipschitz constant can be
selected independent of ¢) and continuous in t. The existence and uniqueness of
continuously differentiable u(t) on [ty — ¢, to + €], Ve > 0, follows from the Picard-
Lindelof theorem and the Picard’s existence theorem (or Cauchy-Lipschitz the-
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orem) (see [33, 88]). Unlike the Picard-Lindelof theorem, the Peano existence
theorem [107] shows only existence, not uniqueness, but imposes weaker require-
ments on ¢ (only the continuity with respect to t).

The Picard-Lindel6f method represents (2.24) in the integral form

u(t) = /(p(u(s), s) ds + ao. (2.25)

The exact solution of (2.25) is a fixed point that is approximated by the iterative
method

t
uj="Tuj1+ao, Tu:= /4’(”(5)'5) ds (2.26)
to

provided that 7 : V — V satisfies (2.23) on [to — ¢, tp + €].



3 MAIN RESULTS

This chapter is devoted to the main theoretical and numerical findings obtained
during the PhD studies. Along the exposition of the results, we refer to the pub-
lished works [PI, PII, PIII, PIV] and preprint [PV], where corresponding matters
are thoroughly discussed.

3.1 Fully reliable Adaptive Picard-Lindel6f method

In this section, we make an overview of the work dedicated to the fully reliable
APL method which was suggested in [PI] in order to reliably solve the Cauchy
problem. The details of the study can also be found in [93, Section 6.7.6].

Let Q := {(u, t) | u € U, t € I}, where U is the set of possible values
of u determined during an a priori analysis of the problem and I := [to, tx]. We
consider the problem (2.24) from Section 2.4 and assume that function ¢(u(t), t)
is continuous with respect to both variables and satisfies the Lipschitz condition
for any (uq, t1), (uz, t2) € Q in the form

l@(u2, t2) — @(ur, t1)llc(iey, 1)) < Lalluz — walle(py, 1)) + Lalta — 11,

where L; and L, are Lipschitz constants.

Assume that I is discretized in the following way:

I=Uwer W, Fro= {1, 1= (t, ti1), KeN, 3.1)
If we consider (2.26), it becomes clear that condition g := Li(t 1 —t) < 1
provides the convergence of the algorithm by adapting the length of interval
10 © Fg to constant Ly. Thus, if I is sufficiently small, the solution can be re-
constructed by an iteration scheme, which we call an Adaptive Picard-Lindelof

(APL) method. The corresponding errors of the iterative approximations can be
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controlled by the Ostrowski estimates

1 M
M; = izl = i llegwy < = ujllcgoy < 5 luj = viallcgwy =M.
The latter one is applicable to any iterative process with a contraction operator
that possesses the computable contractivity parameter, for example to the itera-
tion algorithm provided in work [55].

However, some technical difficulties arising in iterative integration must be
dealt with. Consider I} € Fx introduced in (3.1) and assume that the initial
guess 1 is defined as a piecewise affine function on a sub-mesh Qg, of I ®), ie.,
Qs, = Ussi_ol 2, Zs11], where As = zg1 — 25, 20 = b, and zg, = tyq. As the first
sub-interval, we have

t
0 (t) = /cp(uo(s), s)yds+ag, teI® = [t t]. (3.2)
to

If g < 1, the distance between the computed u; and u can be found by means of

Jur (t) = u(®) oy < 755llua(t) = uo(t)lc(o)- (3.3)

However, in (3.2) we obtain piecewise polynomials as a result of the integration of
piecewise affine functions. In order to perform iterations on a finite dimensional

FIGURE 2 Integration and interpolation errors generated by 7.

space X}, the additional errors caused by integration and mapping of a function
to this finite dimensional space must be taken into account (see Figure 2). Due to
the numerical representation of 7, i.e., 7j, : X, — Z;, where Z;, C X, the function
X; = Tpxj_1 contains an integration error. Since Z;, C X does not coincide with
Xy, we must apply a certain projection (interpolation) operator 7 and evaluate the
corresponding error. Henceforth, the errors generated by numerical integration
appear in (3.3) as follows:

[ur = uoll e gy < lluo = all oy + i1 — uall ooy (34)
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Here, ||it; — 14 HC(I(O)) = |ley HC(1<0>) is the integration error. Then we must project

the result of numerical integration @ € Zj, to Xj,, i.e., @y (t) = wii; € CPY(1()),
where 7t : Z, — CP'(I\?)) is the projection operator such that 7ii(z;) = %(zs),
s =0,...,5¢1. Thus, the RHS of (3.4) is modified as follows

lur = uoll oy < M1 — woll e yory + 151 — wall gy + i = ll g0

Here, ||i1(t) — ﬁl(t)||c(1 He1||C (o)) is the interpolation error.

The obtained result states that for any piecewise linear approximation
o(t) == v*(t), t € IV, and exact solution u(t) the following estimate

() = ()l c(x <M tel®, 10 c F,

holds. Here, the piecewise constant error bound reads as

M i= (11941 = Fill ey + ¢ +¢7)-
where
int Lo A2 1 B ) )
e = Y (fAs ~ L. [@(Uj,sﬂ,zsﬂ) — Go(vj,s,zs)} >, (35)
s=0,...,S5—1
and

1nterp Z A (é((P(vj,s+1/ZS+1) - go(aj,SlZS))

SOSkl
42
3

are integration and interpolation estimates of [|¢; ||C () and Ile; ||C ) on the jth
iteration. Constants in (3.5) and (3.6) are Ly = Ly s + Lo , where l 1s the slope
of a piecewise function on every interval [z;, zs11], s =0, ..., Sy-1, and local Lips-
chitz constant L; ; analogous to the one in (3.1). In [PI] and [93, Section 6.7.6], we
present detailed derivation of estimates for both errors, and confirm the theoreti-
cal findings by set of numerical examples.

—Tj | + L, 5B D (3.6)

3.2 Guaranteed error estimates for the solution of parabolic I-BVPs

This section presents two forms of the functional error estimates, which provide a
guaranteed upper bound of the deviation e = u — v for the generalized solution u
of I-BVP (2.20) with 2 = 0 and any function v € Hé'l (Qr) (generated for instance
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by some numerical method) measured in terms of the norm

T
2
Vonen = [ WI9ell + ellAelfy + xlloelf,) de+ SleC,T) [, ©7)
0

where v, 0, {, x are positive weights and function A satisfies (2.19). By selecting
the weights to balance the components in (3.7) with a desired proportion, we gen-
erate a collection of error measures, which can be used for judging the distance
between u and v.

The first form of the majorant is presented and numerically tested for evo-
lutionary reaction-diffusion I-BVPs of parabolic type in [PII]. The second (ad-
vanced) form of the majorant is studied in [PIII] and [PIV]. Latter one was intro-
duced originally in publication of Repin [124] in order to improve the recovery
of the error in balance equation (2.12) by using a special correction function w
(see Theorem 3.2). In [PIII], we extend both majorants for problems formulated
on domains of complicated geometry by suggesting a method of decomposition
of () and application of the Poincaré inequalities locally to each element from
the collection of subsets. This method does not only help to overcome the com-
plications caused by estimating the global Friedrichs constant but also improves
the efficiency of the resulting estimates which exploit the constant on the smaller
sub-domains. In [PIV], we encounter difficulties caused by the mixed BC with
a non-trivial input function and overcome them by exploiting the Poincaré-type
inequalities. The obtained estimates become fully guaranteed, due to results of
[99] and [PV], where reliable and easy computable bounds for the constants in the
Poincaré-type inequalities are presented for simpleces in R? and R?® (commonly
used in FE analysis).

The initial step in the derivation of both upper estimates is the transforma-
tion of (2.20) into the integral identity

2 2 2 2
(1Veld + IAeld d + f[oel?, ) de +3 e, T) I,

it~

= /((ff vt —A%v)e— AVo- Ve) dxdt + /fazvedsdt, (3.8)
Qr Sr

which follows from the main energy-balance relation of problem (2.12)—(2.16). It
is worth mentioning that evolutionary I-BVPs, unlike elliptic BVPs, do not pos-
sess variational formulation, therefore the functional error estimates can only be
obtained from generalized identity (2.20). Next, we rearrange the RHS of (3.8) by
introducing a ‘free” vector-valued function

Y € Y (Qr) == {y e 12(0, T; I*(O, RY)) | divy € L2(0, T; 12(Q)),
y-neL2(0,T; LZ(FR))}.
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The residuals of (2.12), (2.13), and (2.16) are denoted by

1¢(v,y) = f—v;— Ao +divy, (3.9)
ra(v,y) :=y— AVy, (3.10)
t.(v,y) == —0?v — y-n, (3.11)

respectively. Moreover, we define the weighted residuals

r?(v,y) = purs and r}_”(v,y) = (1—p)ry, (3.12)

where ji(x, t) is a real-valued function taking values in [0, 1] used in order to split
the residual with A into two parts. This way, the resulting estimate becomes
robust to cases in which A attains drastically different values and may be close
to zero in different parts of (). A detailed numerical analysis of the majorant
with the balancing parameter y can be found in [PII, Sections 2, 5]. The forth-
coming summary demonstrates that a certain weighted combination of norms of
(3.9)—(3.12) controls the distance between u and v.

Theorem 3.1. For any v € V" (Qr), v € Yaw (Qr), 6 € (0,2], and real-valued
function y(t) € [%, +o0[, we have the estimate

2
2
[e]2,0,1,2) < MF(0,9:8,7,10):= [|e(-,0) ||Q+/ RSN
C?
ol eal?, + o S0 | o H + a3 VRHraHrR) dt, (3.13)
where N
Crrg = Crrg (1+ Cra) (3.14)

with Friedrichs” and trace constants in (2.1) and (2.10), respectively, positive parameters

1

/
v =2-60(x1t) = A(x) (2 - ﬁ) ’, u(x, t) € [0,1], and aq(t), an(t), az(t) are
arbitrary positive real-valued functions satisfying the relation

1 1 1
an tmo top =92 (3.15)

Proof. We present below only sketch of the proof. First, the RHS of (3.8) is trans-

formed by means of function y € Yy, (Qr), divergence theorem, and integration
by parts, resulting into

T

2
JOIelB+1Aeld+ el )de+ e T = 5+ 7a+ 7o+ 3l e, 0)
0
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where

jf = /rfedxdt, ]A = /I‘A-VEdth, ja:: /rUEdet'
Qr Qr SR

Next, we estimate ﬂf, J4, and 4, by using Holder inequality, as follows

740 < / Iea lLas Vel (3.16)
T

; / e llr, Sl Velladt,  and (617)
0T

(2.6), 1 CFQ V (318

|1ef ] Neella+ NIVella 19)
0

respectively. Finally, we bound estimates (3.16), (3.18), and (3.17) using the Young-
Fenchel inequality

T T
/Hg fH loellq dt” %/ (’YHO fH +3 ||Qe||§2> dt, (3.19)
0 0
T T
Cro 5« 1 CFQ 1-u 2 1 2

/ AL || Ivellaar 2/<a1 S| HQW”WHA) dt, (3.20)
0 0
T T
Jliralla [ elladt™ <3 [ (az ralho + &1 Vel3) a, G21)
0 0
T ~

¢ @
/\Iral\rR\/TFiIIVellAdt %/ (asffll rall%R+0‘13||Ve|§> dt,  (3.22)
0 0

respectively. Here, y(t), a1(f), a2(t), and a3(f) are defined in the theorem'’s for-
mulation. Then, the estimate (3.13) follows from a combination of (3.19)—(3.22).
O

Next, we consider an advanced form of the error majorant of more compli-
cated structure caused by the introduction of the correction function w € Vol’1 (Qr),
which yields sharper error bounds. Moreover, in [PIII, PIV] we show that the ad-
vanced majorant is equivalent to the error measured in terms of the primal energy
norm. In this case, the residuals of (2.13), (2.12), and (2.16) read as

1¢(v,y,w) = f— (v +w); — A% (v —w) + divy,
ra(v,y,w) =y —AV(v—w),
r.(v,y,w) == —O’Z(ZJ —w)—y-n,
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and r? and r}_” are defined analogously to (3.12).

Theorem 3.2. For any v,w € V,"(Qr), ¥ € Yaiv(Qr), 8 € (0,2], real-valued func-
tions €(t) € [1,+oo[, and y(t) € [, +oo[, the following estimate holds:

—2
le ]%1/ 6,0,2) < Mu(o,y,w;6,€,7, ) := ellw(, T} +2L +1

[(he,

C 2
+ o yer NG+ alrald o +as VFRHraHr )dt, (3.23)

where

L(v, w) ::/(fw—&—vtw—AVv-Vw—)szw) dxdt—/azwdsdt,
Qr SR

l(v,w) := / [0(x,0) — ¢(x)|* — 2w(x,0) (¢(x) — v(0,x)) dx,

Q

1
~ /
Crry is defined in (3.14), and parameters v. = 2 — 6, 6(x,t) = A(x) (2 - ﬁ) ’,

¢ = 1— 1 Here, u(x,t) is a real-valued function taking values in [0,1], and ay(t),
ay(t), and as(t) are positive real-valued functions satisfying the relation (3.15).

Proof. The proof is analogous to the steps of the proof of Theorem 3.1 and can be
found in [124, 54, 121] and [PIII, Theorem 3.1 (i)]. U

Theorem 3.3. For any § € (0,2, real-valued functions ~(t) € [}, 4],
e(t) € [1,4o0[, and u(x,t) € [0,1], the lower bound of the variation problems

inf M/ (v,y) and inf MIZI(U, Y, w)
v e Vo' (Qr) v,w € V' (Qr)
v € Ygiv(Qr) v € Y4iv(Qr)

is zero, and it is attained if and only if v = u, y = AVu, and w = 0.

Proof. See, e.g., [PIII, Theorem 2.1 (ii), Theorem 3.1 (ii)]. O

Computable lower bounds of the error in the exact solutions of PDEs pro-
vide useful information, which allows us to judge the quality of error majorants.
In [PII], the lower bounds of the error in the solution of a I-BVP are presented and
numerically studied for the first time.

Theorem 3.4. Let v, 17 € V"' (Qr), then the following estimate holds:

5
M?(y,0;k) ;= sup { Y Gui(y) + Gfuo(n)} <[elfyoz
nevy(Qr) Li=1 o
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where
Gor = / (- vy avo- i\v;ﬁ) dxdt,
Qr
GU,Z = / (ﬂﬂ) — 21T2|’7t|2> dth,
Qr
Gys = / QZ( —on — 2173|77|2) dxdt,
Qr
Got = / (=TI T) = 55 In(x T)P) dx,
o}
Gos = / 2(— oy — L [nl?) dsd,
SR
and
Gy = /f17 dxdt + /uoiy(-,O) dx,
Qr Q
/5
with constant parameters v = 3, § = (%(Kz -+ K3/\2)) =% x="1% and
k = (xy, Kk, k3, K4, K5) is a vector with positive coordinates.
Proof. See, e.g., [P1l, Section 3 ] and [PIII, Section 4]. O

3.3 Global minimization of the majorant

In this section, we discuss the algorithm of global majorant minimization, which
implies a tool for a posteriori control of the error in the approximate solution of
a parabolic I-BVPs. In [138], a priori error estimates are presented for both the
semi-discrete problem resulting in a spatial one and for the most commonly used
fully discrete schemes obtained by space-time discretization. First, we present a
majorant adapted to the time-stepping class of methods and confirm its efficiency
(both as an error estimate and an indicator) in Examples 1-3. Since the majorant is
defined as the integral over total time-interval [0, T], it is also applied to approx-
imations obtained by space-time discretization techniques on the whole cylinder
Qr (see Examples 4 and 5).

For the reader’s convenience, we assume that A = 0, which implies 4 = 0,
matrix A = A(x) is symmetric, v(-,0) = up, and St = Sp in (2.20). Thus, the
error is simplified down to a sum

T
[e]?:= (2—9) ed+lle(-, T)|la with e = / |Ve||3,dt, Vo€ (0,2],
0
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where the first term is equivalent to the energy norm and the second one illus-
trates the error at t = T. The majorant, respectively, reads as

T
Mlz(v,y;txl,ocz) =uw1/ [y — AVo H L dt+an m/|| f +divy — v, ||Q dt. (3.24)
0

T
Here, m? := [ || f + divy — v;||4 dt assures the reliability of the majorant and

0
measures the violation of the equilibrium equation (2.12), whereas the first term
mimics the residual in (2.13) and has confirmed to work as a robust and efficient

T
indicator. Further, the latter one is denoted by m3 := [ |ly — AVv ||34_1 dt. To
0

s . =2 .
measure the reliability and presentation accuracy of My, we use the efficiency
index Ly := %

In order to adapt the majorant (15) to the methods based on time-stepping
reconstruction of the approximate solution, we define the following discretization
of the time-interval [0, T}:

Tk = Uk 0 110,  where 1% = (tk, tk+1). (3.25)
Then the time-cylinder can be represented in the form
Qr = U{f;ol@, where Q(k) =10 x 0. (3.26)

Let Tn,x.xn, be a mesh selected on Q). Then, @y n;x..xN;, = Tk X TN, x..xN,
denotes the mesh on Qt. Generally, domain () of variables x can change its shape
in time, i.e., Qr := {(x,t) : x € Oyt € (0,T)}, which is more natural to hangle
with space-time FEM schemes. For time-incremental methods, we consider only
problems on ‘right cylinder’.

From now on, we limit our discussion to the time-slice Q), such that
v € Yan(QW), 0 € V5 (QW). We set ay = (1 + ) and ay = (1 + ), where
B(t) is a positive bounded function for a.e. t € I¥). For simplicity, we assume

B = const. On each QW), the increment of the majorant (15) is denoted by M2 (k)
ie.,

Mo,y = Ha+pm®+ 1+ ) SamY).  e2)

We intend to define optimal y by minimization of the increment of the majorant,
ie.,

. . —2.(k)
min min M 0,Y;B).
P>0 yevy, (QW) R

2,(k).

The corresponding increment of the error is denoted by [e] The minimum of

2 —2,(k)

1/,
Mlz 8 (y; B) with respect to B is attained at Bmin := <Cmmf,(k> > - After Bis fixed,

ﬂAﬁd
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the necessary condition for the minimizer y reads as

w, —0 (3.28)

=0
where w € YdiV(Q(k)). Condition (3.28) yields

/ (% divy divw + A*ly . w) dxdt = / ( — %(f — ;) divw + Vo - w) dxdt.
Q® Q®

We reduce the integration with respect to the time by the following linear exten-
sion of v and y on increment Q(¥)

o thtl— k1 ¢tk ke tktl— k41 ¢t k _ gk+1 _ 4k
I R e e e e AL A C W)

such th?t ok, oF1 € HY(Q), v¥, y**1 € H(div,Q), and w(x,t) = 7(x) - T(t) with
T = % and 17 € H(div, Q).

As the results, one obtains

Cia / (3divy* ™™ + divy*) divy dx + / AT (YT ) o da

Bra

Bra 27k

Q O

c2 : k1 ok .

=50 [ (BP0 - 2 divy dx + [ (390 + Vo) -y dx,
Q Q

where y**1 is the unknown function we are interested to reconstruct and
gt

Fip-phy (x) = [ f(t— t*)dtis approximated by Gauss quadratures of high order
tk
[135, 134].

Assume now that y*, 1, and 7 € span{ ¢y, ..., ¢n} =: YN C H(div, Q),
N
ie,y* = ¥ Yfpandy =¢;, j=1,...,N. The condition (3.28) leads to a SLE
i=1

2 2 2
<CF—“S+K> Yt = _1 <%S+K) Yk S0 3 ;4o (3.30)

Bua Bua (t)2

where Y&t1 € RN is the vector of unknowns, and components of matrices S, K
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and vectors z, g are defined as follows:

(SN, = / dive' divel dx, (3.31)
(@)

{z}Y, = / (F_pey + =507 divgl dx, (3.32)
@)

{Kij}hiog = / A7l ¢l dx, (3.33)
(@)

{g} = / (%Vvk“ + Vvk> - ¢/ dx. (3.34)
Q

The observations above motivate Algorithm 1 (p. 39), which summarizes the

steps the optimization MIZ 8 (v,y; B), such that on each time-step the increment
of the majorant is reconstructed by means of the iteration procedure. Sequence
of fluxes, obtained in the iteration procedure, helps to generate sequence of up-
per bounds as close to the value of the error as desired. On each Q(¥), we obtain
optimal y**1, which is used as initial data on Q**1). The second form of the
majorant and minorant can be presented in an analogous way. Generally, Algo-
rithm 1 can be extended to work with approximations that have jumps in time
(see, e.g., [125]). Moreover, the upper bound can be used as a refinement criteria
for schemes adaptive in time. In space-time FE implementation, where time is
considered as an extra dimension, we disctretize the majorant (15) by following
the steps of Algorithm 3.2 in book of Mali, Neittaanmaéki, and Repin [93, Section
3.3.1].

3.4 Numerical experiments

The detailed study of numerical application of MIZ (v,y;8,7, 1) for Q € RY,
d = {1,2} is presented in [PII]. In the same paper, we test M?(1,v;k) and com-
pare it to the majorant in (3.13). Besides that, we test the behavior of MIZ (0,¥;6,7, 1)
with optimal auxiliary function fi with respect to different A, and show that the
majorant stays robust even with a drastic change in the reaction over (). In [PII,
Examples 3-5], we consider the numerical behavior of the indicators ﬁﬁ’(k) , verify
its efficiency by several criteria, i.e., different marking procedures denoted by M,
quantitative histograms, and other means.

To overcome the drawback in the initial implementation of the functional
error estimates in MATLAB related to a large number of loops evaluating the local
distribution of the majorant, a more advanced set of numerical tests has been
performed with the help of The FEniCS Project library [137, 91]. We start
with test-examples, where the I-BVP is discretized by the incremental method
and the majorant is reconstructed and optimized, using the global optimization
technique presented in Section 3.3. From here on, parameter J in (3.27) is set to 1.
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Algorithm 1  Global minimization of MIZ k)

Input: Q) ok, oF+1 yk(Y*) {approximate solutions at fixed cuts of time and
flux coefficients on £ x Q)
¢i,i=1,...,N {basis functions}

iter : :
My {number of iterations})

Assemble matrices S, K and vectors z, ¢ by using
(S}l = / divg' divg/ dx, {z;}; = / (Fpy + T divel d,

o 0
{Kij}io = /A,lq), -¢ldx, {gi}, = / (%Vvku + V0k> - ¢/ dx.
o

O
Approximate flux y¥ g k(lJl
Let = 1. -
for m = 1 to Mit"_do
Solve the SLE (525 + K) i = ) (Sos 4+ K) Yk - fio 3oa 1 g

Approximate flux y 1= Z Yf“(])i.
i=1
Reconstruct v and y on Q) by

k+1 _tk
kt t_|_ k+1t—t Tk:fk+1—tk.

k+1_ _+k
v:vkt = t+vk+1t t

& Y=Yy p
Compute the components of the majorant by
trt1 trt1
w2k / If+divy— o [3dt and m2® = / ly— AV |2, dt.
t tr
. 2w 2
Compute optimal g by B := < ;ﬂﬁif(k) ) .
end for
Compute result increment of the majorant by
T
2
My (0, y;01,00) = [ [y — AV |4y b+ S /||f+d1vy — o [[3 dt.
0

Output: MIZ,(k) (v,y; B) lincremental majorant on Q(¥)}
yk+1 (Yk+1) {reconstruction of the flux on *+1 x Q}
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Example 1. First, we consider a benchmark problem on unit square
QO = (0,1)> ¢ R? and T = 1 with homogeneous Dirichlet BC,
initial function ug = x (1 —x)y(1—y),and u = x (1 —x)y (1 —y) (2 +t+1)
as the exact solution (the source function f is calculated respectively). The ap-
proximation v is reconstructed by the P; Lagrangian FE space (see Figure 3), and

the flux y by the linear (RT;) Raviart-Thomas FE space.

0.00

FIGURE 3 Example 1. The approximate solution on the mesh (1089 ND) at t = 0.1.

The optimal convergence test for fixed time-step and decreasing mesh size
is illustrated in Figure 4. Here, Figure 4a depicts the total error [ % and majorant
MIZ , whereas Figure 4b illustrates the part of the true error e? (the energy norm)
and the indicator ﬁﬁ decrease with respect to h. We see that both ﬁﬁ and MIZ have
the expected quadratic convergence, and the values of the indicator (see Figure
4b) practically coincide with e3.

10 . 3
2107 - oy .
o v
@ g
= 107+ - E 10 -
& g

log h

(@) [e] 2 and MIZ (b) e(} and ﬁﬁ

FIGURE 4 Example 1. Optimal convergence tests.
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x10° o x10° o
m3,(10) m;zl.(lo)
g 27 B i
By - B s ,
i‘/m“: 14 F %w 14 -
0.5 4 '|' - 0.5 1 L
o | e o ey Ty
20 40 60 80 100 120 20 40 60 80 100 120
(a) Q™0: 128 EL, Tox9 (b) Q1°: 128 EL (sorted), Tox9
210 ~81371e-05, my"” = 8.1523¢-05 1% =8.1371e-05, m;"”) = 8.1523¢-05
x107 ‘ ‘
2 637(10) r
__2(10
= 1.5 Il‘l’]( : |
Lja“t:
=" 17 i
S
0.5 *U U F
0 — 0 —
100 200 300 400 500 100200 300 400 500
() Q%: 512 EL, Th7x17 (d) Q'%: 512 EL (sorted), Ti7x17
e219 _3.0553¢-05, m3 ") = 2.0580e-05 21 =2.0553e-05, M7 ") = 2.0580e-05

FIGURE 5 Example 1. The distribution of the energy part of the error and the indicator
over QU0

Next, we consider solving the problem with a fixed mesh on each time-step
®) does represent the local distribution of eé’(k)
each Q(k). We fix meshes @1 9«9 (Figures 5a-5b) and ®O1px17x17 (Figures 5¢c-5d)
such that the time discretization parameter K = 10 and compare the distributions

10 withmy !

and confirm that ﬁﬁ’ efficiently on

% on Q19 for both meshes. Here, Figures 5a and 5¢ present the
(10) (10)

2
ofed

distributions of eé’ and mi’ element-wise, where elements (EL) are enumer-
ated according to the algorithm used in the FE implementation. Whereas, Figs.
5b and 5d illustrate the same distributions, but here the cells are sorted with re-

spect to the decreasing values of the local true errors eé’(w)

ﬁi’(lo) is depicted in the order defined by the indeces obtained after error sorting.

Both ways of presenting the results must convince the reader on the quantitative
efficiency of the tested error indicator. The evaluation of the error and indicator
distributions by such histograms was introduced in [93, Section 3.4, Example 3.4].

. The array containing
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x10° x10 ‘
1.5 1 6(2{(1) r 154 6(2[(3) |
mi,(l) m3(3)
5 = 1 b B :: = - -
E Gl
" os- - 05 i
0 T T ‘ T 0 T T T ‘ ‘
50 100 150 200 200 400 600 800 1000
(a) Q): 200 EL (sorted), (b) Q®): 1024 EL (sorted),
2V = 6.5183e-05, m3") = 6.5634e-05 e2®) =25017¢-05, m3®) = 2.4730e-05
x10” ‘ x10 ", ‘
2,(7
N a0
m?lﬂ)
Se 3 L
2]
€21 -
C\IQJ'E
1 - -
0 T T T ‘ ‘
0 T T T T T 0.5 1 1.5 2 2.5
1000 2000 3000 4000 5000 x 10*
(c) Q1): 5194 EL (sorted), (d) Q7): 27372 EL (sorted),
o2 = 7.4896¢-06, ;%) = 7.4871e-06 27 = 2.2442¢-06, %) = 2.2160e-06

FIGURE 6 Example 1. The true error and indicator distribution on different time slices
Q<k>, k =1,3,5,7, with refinement using bulk marking M 3.

Next, we consider the adaptive refinement strategy with bulk marking cri-
teria My, where parameter 6 = 0.3 (see [42]). The initial mesh is 771411 (200 EL,
121 ND). Figure 6 illustrates the distributions of eé’(k) and RH Sﬁi’(k) on differ-
ent slices Q(k), k =1,3,5,7, which demonstrates the quantitative efficiency of the
indicator provided by the majorant. Und%f) each su‘tzlgolot of Figure 6, we also

. Moreover, we can ana-

lyze meshes obtained during the refinement based either on ej’(k) or ﬁi’(k) (see

Figure 7). In Figures 7a, 7c, and 7e, we present meshes obtained after the refine-
ment process based on the local error distribution, and Figures 7b, 7d, and 7f
contain meshes constructed when the refinement is based on the local indicator.
It is easy to observe that the meshes on the RHS of Figure 7 resemble the meshes
on the LHS. Moreover, the number of EL in the meshes from both sides is close
(see Table 1, which illustrates the difference in numbers of EL on slices Q(k)). The
efficiency of the total majorant is I = 1.23.

place information on the total values of edz’ and ﬁi’
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0.0 0.2 0.4 0.6 0.8 1.0
x1

(b) @M: 200 EL, 121 ND

o2 = 6.5183¢-05, M3 ") = 6.5634¢-05

0.0 0.2 0.4 0.6 0.8 1.0
x1

(d) Q®): 1024 EL, 557 ND

e7¥ =25017¢-05, m3 ") = 2.473¢-05

08
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e3'®) = 7.4896¢-06, m3*) = 7.4871e-06

FIGURE 7 Example 1. Evolution of meshes on time-slices Q(k>, k = 1,3,5. The refine-
ment is based on the error (a), (c), (e) and indicator (b), (d), (f) using bulk

marker M 3.
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(a) QM: 200 EL,121 ND (b) @W: 200 EL, 121 ND
2V = 6.5183¢-05, M) = 6.5634¢-05 2V = 6.5183¢-05, M3 ") = 6.5634e-05
o s < = o KX
04 K X DKDK o4 DX KX DKDK
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FIGURE 8 Example 1. Evolution of meshes on time-slices Q(k>, k = 1,3,5. The refine-
ment is based on the error (a), (c), (e) and indicator (b), (d), (f) using marker

]MAVR.
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TABLE1 Example 1. The difference in numbers of EL in meshes generated during re-
finement using IMj 3 based on the true error and the indicator.

k #ELin Ty, xn;, (ref. ej’(k>) #ELin Ty, «n, (ref. ﬁ§’<k)) difference in # EL, %
1 200 200 0%
2 420 200 0%
3 1036 1024 1.16%
4 2310 2266 1.9%
5 5198 5194 0.07%
6 11888 11932 0.37%
7 27372 27388 0.06%
8 64334 64264 0.11%
9 154300 152716 1.03%
10 375150 366964 2.18%

TABLE 2 Example 1. The difference in numbers of EL in meshes generated during re-
finement using IMayr based on the true error and the indicator.

k | #ELin Ty, xn;, (ref. e;’(k)) #ELin Ty, «n, (ref. ﬁi'(k)) difference in # EL, %
1 200 200 0%

2 420 420 0%

3 1144 1144 0%

4 3116 3068 1.54%

5 7748 7660 1.14%

6 21112 21180 0.32%

7 55592 55744 0.27%

8 155284 155724 0.28%

9 422300 418304 0.95%

The bulk marking strategy can be compared to the marking determined by
the level of the average error Mayr [93, Algorithm 2.1]. Figure 8 demonstrates

the sequence of the meshes obtained as a result of the refinement based on ej’(k)
(LHS) and ﬁi’(k) (RHS) on Q) k = 1,3,5 (to compare the difference in numbers
of EL on different time-slices see Table 2). In this case, we obtain I, = 1.4. The
efficiency index is not as accurate as it is expected, due to the fact that, unlike in
the elliptic BVP, there is always a gap between MIZ and [e] ? related to the time-
derivative v; in ﬁ%.

It is important to note that the majorant can be used as a tool to predict
‘blow-ups’” in time-dependent explicit schemes, which are much less
time-consuming than the implicit one but are unstable. Furthermore, for one-
dimensional (in space) schemes, the stability condition is written explicitly,
whereas there are no such criteria (CFL number) for two- and three-dimensional
problems (see [36]). As an example, we consider the mesh ®1280x121x121
(28800 EL, 14641 ND) and illustrate the majorant reaction on instability of the
scheme (see Table 3). Here, the column DOF(v) reflects the degrees of freedom
of v. The LHS of the table contains the total error and the majorant, obtained by
using the stable implicit scheme, whereas the RHS illustrates how the majorant
drastically increases even when the ‘blow-up’ is not yet obvious.
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TABLE 3 Example 1. Total error, majorant, and efficiency index for approximations gen-

erated by implicit and explicit schemes.

Implicit scheme

Explicit scheme

k | DOF(v) [e]? M Lg | DOF(v) [e]? M Logt
1| 14641  229e-09 3.78e¢-09 129 | 14641  126e-06  7.89¢-05  7.93
2 | 23627  40le-09 684e-09 131 | 27175  2.06e-03  4.56e-03 149
3| 39795  5.05e-09 9.14e-09 135 | 45489  9.19e+03  146e+04  1.26
4 | 67719  566e-09 1.06e-08 137 | 82344  1.15e+12  1.63e+12 119

Example 2. The same properties can be tested in the example with unit cube
Q = (0,1)*> € R3, T = 1, initial condition uy = x (1 —x)y (1 —y)z (1 —z), ho-
mogeneous Dirichlet BC,and u = x (1 — x)y (1 —y)z (1 — z)(#* + t + 1) (again,
f is defined accordingly). Analogously, we consider v € P;. However, in the
current example, we compare the performance of the majorant for two different
approximations of flux, i.e.,, y € RTy and y € RT;. Figure 9a demonstrates the
uniform convergence of [¢]? and MIZ (y) with y € RTp, whereas Figure 9b illus-
trates the same characteristics for y € RT;. They both confirm the quadratic order
of convergence of the majorant constructed with y € RTp and y € RTj.

=3

10° A o
A g2 m‘thQ
_,_ﬁl . _,_M -
'] —— | L == .-
2107 “ 8 ¥ 1077
= =
2107 s 2107
10" 3 10°*4 /
10" 10° 10"
log h log h
2 =2 2 =2
(@) [e]", My (y),y € RTo (b) [e], My (y),y € RT,

FIGURE9 Example 2. Optimal convergence of [¢]> and M, (a) y € RTp and (b) y € RT;.

Next, we compare indicators the reconstruction of which is based on fluxes
of different regularity. It is easy to see that m *2 10 on Q19) (see Figure 10a) is
less efficient than the one reconstructed from y € RT; in Figure 10b . Latter
illustrations reaffirm the fact that one must use a flux of higher regularity in order
to efficiently predict the local error distribution.

Finally, we consider a refinement strategy with the bulk marking Mg,. We
take a coarse initial mesh 7343, K = 5, and illustrate the obtained error and ma-
jorant distribution after the refinement on time-slices Q(4) (Figure 11a) and Q(5)
(Figure 11b). The number of obtained EL and the total values of eé’(k) and ﬁé’(k),
k = 4,5, are shown below the figures.
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x 10" ‘ ‘ x 10" ‘ ‘
2,(10) 2,(10)
24 ed( L 1.5 €a L
210 210
_ m2 _ —
S~ 15 - S
= g 1A L
c\l'u“c c\il;c 0.5 |
0.5 3
0 T T T T 0 T T T T
0.5 1 1.5 2 0.5 1 1.5 2
x 10* x 10*
(a) Q19): 24576 EL (sorted) (b) QU19); 24576 EL (sorted)
e21% = 9.1316e-05, m>"”) = 1.1578¢-04 e21% = 9.1316¢-05, m> 1" = 9.1473¢-05

FIGURE 10 Example 2. Energy parts of true error and indicator distributions based on
(a)y € RTp and (b) y € RT;.

x 107 x 107
1.5 3
2,4 205
8 1 ed( : r erl( )
Tﬁj@) ﬁTj@)
I 64 N@} 1 L
e G
3 4 .
mv'mw o 0.5 -
2 L
0 T T :
0 T T T ; 1 2 3
2000 4000 6000 8000 4
x 10
(a) Q*: 8145 EL (sorted) (b) Q°: 38058 EL (sorted)
2,(4) _ —2,(4) _ 2,(5) _ —2,(5) _
ey = 3.7752e-04, m 4= 3.5351e-04 €3 =1.9996e-04, m 4= 1.9462e-04

FIGURE 11 Example 2. The error and indicator distributions for time-slices Q¥ and
Q®) (y € RTY).

Example 3. Next, we consider an example with a singularity in the solution. The
classical benchmark problem is defined on L-shaped domain
Q = (-1,1) x (-1,1)\[0,1) x [0,-1) with T = 1, Dirichlet BC with load
up = r'3sin6, r = (x> +?), 0 = Zatan2(y, x) on Sp, input source function
f =r"3sin® (2t + 1), and the initial condition uy = r'/3sin 6. The correspond-
ing exact solution is u = r!/3sin@ (#? + t + 1) with singularity in the point (0,0)
(see Figure 12).
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FIGURE 12 Example 3. Approximate solution on the mesh (113 ND) at t = 0.1.
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FIGURE 13 Example 3. Optimal convergence rate of (a) ¢3 and m3 and (b) [ e] Zand MIZ .

x10° ‘ x10° ‘
e2-(10) 3.5 ez.(w)
d “d
81 m_é(m) r 34 m_i.(u))
2 44 s 25
E E o2
O o 1 i
2 4
0.5
0 - : - - 0 b
10 20 30 40 50 100 150
(a) QU9): 48 EL, 33 ND (b) Q19): 192 EL, 133 ND
21~ 4.9373e-02, 219 = 2.9371e-02,
m; 10 = 7.0294e-02 m; " = 2.9371e-02

FIGURE 14 Example 3. The error and indicator distributions on Q(!9), computed on a
mesh with (a) 192 EL and (b) 768 EL.
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1.0 1.

(a) Q©®): 281 EL, 156 ND (b) Q®): 293 EL, 162 ND
e = 2.6805¢-03, m%®) = 2.9591e-03 e = 2.6876e-03, m%®) = 2.9662¢-03
0.5 0.5]
& 00 % 0.0
~0s -0
(©) Q®): 1569 EL, 823 ND (d) Q®): 1504 EL, 788 ND
e = 8.3188e-04, m3"*) = 9.6882¢-04 e = 8.4416e-04, M3 ") = 9.8012¢-04

55
(e) Q7): 8762 EL, 4465 ND # Q7). 9529 EL, 4855 ND
27 =2.7680e-04, ") = 2.8537e-04 27 = 2.8075e-04, 17 = 2.8923¢-04

FIGURE 16 Example 3. Evolution of meshes on Q(k), k = 3,5,7, after refinement based
on error (a), (c), (e) and on indicator (b), (d), (f), using bulk marking Mg 3.
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The optimal convergence test of indicator m3 is provided in Figure 13a (tak-
ing into account that v € Py and y € RT). Analogously, we fix the time-step
(K = 10) and refine the mesh discretizing (). As expected, the speed of conver-
gence of both the error and the majorant lies between linear and quadratic. In
Figure 13b, the total error and majorant convergence are provided. The differ-

ence in decay of m3 and MIZ can be explained by the presence of the term —v; in
the equilibrium part of the majorant ﬁ% and possible accumulation of the error in
the flux y (in addition to the accumulation of the error in v).

The distribution of the local errors on Q1) is indicated quite efficiently by

ﬁé’(lo) (see Figure 14). Figure 14a provides information about the error and majo-

rant distribution on Q(1%, where () is discretized by the mesh with 192 EL. Figure
14b illustrates analogous characteristics for the mesh with 786 EL. Both figures

confirm that ﬁi’(k) manages to locate errors associated with corner singularities.
Moreover, it is easy to note that the error indicator performs better on the refined
mesh with 192 EL.

Finally, we consider the adaptive refinement with two marking procedures
and analyze the obtained meshes. Figure 15 shows meshes, obtained by us-
ing marker Mayg, and Figure 16 compares derived meshes after bulk marking
My 3. Analogously to Example 1, we compare the meshes generated during the
refinement based on the local true error distribution (LHS) and the local indicator
(RHS).

Due to the main drawback of the incremental method (i.e., being time con-
suming), the space-time FEM, which can be easily parallelized, has been devel-
oped. Monograph [60] introduces a scheme that executes a multigrid method
for the elliptic problem on each time-step, such that the time is treated as an
axis in the space-time grid. Later, more space-time discretization methods were
suggested, i.e., the so-called parallel time-stepping method [149], the multigrid
waveform relaxation method (space parallelism) [140], and the full space-time
multigrid method [63].

Due to the fact that the majorant is formulated on the whole given time-
interval, we can apply it to the solution obtained on a discretized space-time
cylinder. Therefore, for minimization of MIZ , we follow Algorithm 3.2 in [93,
Section 3.3.1]. The examples below discuss the obtained numerical results for
‘1d + t’- and “2d + t’-dimensional problems.

Example 4. First, we study the numerical properties of MIZ and the indicator on
the unit interval QO = (0,1) C R and T = 1 with homogeneous Dirichlet BC. The
exact solution is u = x (1 — x) (> +t + 1) with the IC is ug = x (1 — x). The ap-
proximation v is reconstructed by P;-FEs (see Figure 17), and the flux y by P»-FEs.
In the current implementation, the time is treated as an extra dimension. There-
fore, after several refinement iterations, we can study the optimal convergence
of the majorant (see Figure 18a). The plot confirms the quadratic speed of con-

vergence. In Figure 18b, we compare the decay of le on the uniformly refined
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mesh and on the adaptively refined one (using bulk marker IMg,). It becomes
clear that for such a problem of non-complicated domain, it is more efficient to
do geometric refinement and apply methods based on tensor representations of
the data, e.g.., in the way how it is applied to the Fokker—Planck or chemical mas-
ter equations using tensor train or quantized tensor train formats (see [40, 41]).

FIGURE 17 Example 4. Approximate solution on the mesh (417 ND), refinement step
(REF) 4.

LA ],/2
104 | ——1r (unif. ref. )

—— M’ (My2)

log M, log []?
log M
5\

log h log h

(@) (b)

FIGURE 18 Example 4. (a) Optimal convergence of the total error and majorant. (b)
Decay of the majorant on the uniformly refined mesh and on the adaptively
refined one.

Next, we consider true error and majorant distributions obtained in each
refinement step (see Figure 19). We illustrate ¢ and m3 with respect to EL (num-
bered by the FE code implementation) after REF 2, 3, 4, 5 in Figures 19a, 19b,
19¢, and 19d, respectively (the initial mesh is 73x3). The graphic confirms that
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2 =
€y My

(a) 2 REF: 32 EL,
e =9.1111e-02, M3 = 9.1577e-01

\ 0 ‘ ‘ T ‘
30 20 40 60 80

(b) 3 REF: 128 EL,
e} =2.2969e-02, T3 = 2.2999%-02

100 120

100 200 300 400

(c) 4 REF: 512 EL,
e2 =1.4393e-03, m3 = 1.4395¢-03

1000 1500 2000

500

500
(d) 5 REF: 2048 EL,
e2 =3.5987e-04, m3 = 3.599¢-04

FIGURE 19 Example 4. eé and ﬁﬁ distributions after REF # = 2,3,4,5.

the indicator indeed manages to mimic the error distribution and to catch the lo-
cal jumps very efficiently. Table 4 provides a comprehensive confirmation of the

efficiency of the total majorant.

TABLE 4 Example 4. Total error, the majorant, and the efficiency index with respect to

the refinement steps.

#REF | #EL [e]? M/ L
1 8 35229¢-01  4.0889-01  1.08
2 32 9.1112¢-02  1.0682¢-01  1.08
3 128 22969¢-02  2.7215¢-02  1.09
4 512 5.7541e-03  6.8586e-03  1.09
5 2048 | 14393e-03  1.7209e-03  1.09
6 8192 | 3.5987¢-04  43096e-04  1.09
7 131072 | 2.2493¢-05  2.6969¢-05  1.09
8 524288 | 5.6231e-06  6.7435e-06  1.10
9 2097152 | 1.4058¢-06  1.6861e-06  1.10
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Example 5. Finally, we study the same problem discussed in Example 1 from the
point of view of the space-time discretization. The FE spaces used are as follows:
v € Py and y € P,. We consider two meshes obtained after the uniform refine-
ment steps REF 1, 2, 3, 4 (see Figures 20a, 20b, 20c, and 20d). Again, the local error
and indicator distributions are shown element-wise, where EL are numbered by
the algorithm implemented in the code. Table 5 provides the information about

the efficiency index of the majorant on every REF.

0 T T T

10 20 30
(a) 1 REF: 48 EL

e2 = 4.7719¢-02, M}’ = 5.6030e-02

40

100

(b) 2 REF: 384 EL

(c) 3 REF: 3072 EL

e2 = 8.4558¢-03, M’ = 9.4992¢-03

FIGURE 20 Example 5. Distribution of error and majorant after refinement steps # =

1,2,3,4.

TABLES5 Example 5. Total error, the majorant, and the efficiency index with respect to

the refinement steps.

500 1000 1500 2000 2500 3000

(d) 4 REF: 24576 EL
e2 = 6.1427¢-03, M}’ = 6.9789¢-03

200 300

e2 = 1.7268¢-02, Mij’ = 1.9175¢-02

#REF | #EL | [e]2 M/ Loge
1 48 | 47719e-02  5.6030e-02  1.08
2 384 | 1726802 1917502 1.05
3 3072 | 84558e-03  9.4992¢-03  1.06
4 24576 | 6.1427e-03  69789e-03  1.07
5 196608 | 5547903 6261703  1.06



55

3.5 Guaranteed error estimates for problems on a decomposed do-
main

In the current section, we present another important result of our work, i.e., error
estimates that can be applied for more realistic problems defined on polygonal
(polyhedral) domains of a complicated structure and having a mixed BC with
non-trivial input functions. The main drawback of the majorant defined in Theo-
rem 3.1 is that it contains global Friedrichs” Cpq and trace Ctr, constants, which
are hard to calculate or reliably estimate on complex domains. From a numerical
point of view, the task is equivalent to the reconstruction of a guaranteed lower
bound of the least eigenvalue for the respective differential operator. Therefore,
in [PIII, PIV] we suggest the idea of decomposing domain () (DD) into a col-
lection of simple non-overlapping sub-domains, such that their characteristics
quantities, i.e., constants in (2.7), (2.8) and (2.9), are known or can be estimated
(see, e.g., [99, 113, 64, 71, PV]). The method of DD and its numerical efficiency
in relation to FEM and boundary element method (BEM) have been thoroughly
studied in [82, 28, 59].

Below, we consider the main idea of the suggested approach. Let () be de-
composed into a collection O, of non-overlapping sub-domains Q) := Uq.c 0,
i=1,...,N. Next, we sort the elements of the obtained collection into two differ-
ent sets Op and Op according to the values of the parameter A, i.e., A|Op > P and
Mo, < P, respectively. The sorting is motivated by the strategy of the derivation
of error estimates, which depends on the behavior of reaction function A. For the
elements of Op, we impose the condition

1-p —
{rf (v,y)}QlEoO =0, fora.a. t€]0,T], (3.35)

in order to apply (2.7). Since v and y are in our disposal, condition (3.35) is not
difficult to satisfy technically. Subdomains from Op are treated by standard ar-
guments due to the presence of a weak term with a relatively large A. Due to
the decomposition of (), we obtain I' := UFR]-e SRFR]' such that er = an NTg,
j=1,...,M, M < N. Analogously, by imposing local conditions

{rg(v,y)}eresR =0, fora.a. t€|0,T], (3.36)

constant Cyr, can be excluded from (3.13), which is especially advantages if the
Robin boundary condition (2.16) is inhomogeneous with the non-trivial input
function. Provided that (3.36) is satisfied, we can use (2.7) in order to estimate
the error in the residual (3.11).

Based on the above-presented DD into collections Op, Oy, SR]. (see Figure
21), we construct complexes

2

7

2 c2

L |y 1-p L PQ
Ropiy®) = ¥ {5} . Ropp®= L 52 7],
QZEOP !

Oe Op 2

1-p
r
5]
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o ([ 1-n 112 (ct)’
PO - Rj 2
Roy(t) = Y rfMHQ’ Rse(t) = Y & leollF,, ., (3:37)
QkGOO k rR]'GSR

where the residual functionals r}_y (v,y) and r,(v,y) are defined in (3.12) and
(3.11), respectively. Then generalized estimates follow from Theorem 3.5.

FD ,,,,, [
QO QP

| Tr:

FIGURE 21 Example of the domain decomposition.

Theorem 3.5. Assume that (3.35) and (3.36) hold. Then for any v € Vol’l(QT) and

Y € Ygiv(Qr) and § € (0,2], p1(t) € [(2 — é)_l,Jroo {, p2(t) € [1,+00], the follow-
ing estimate holds:

T
2 <M; ;6 = 1) R t
le]tv01,2) = Min(@ Y0 p1 02, 1) 1= [(P1]| s ||, + P2Rop 3 ()
0
+aqljra ||12q—1 + ap (ROPrH'H(t) + Roo(t)> + 063R3R(t)> dt. (3.38)

Here, x¢(v,y) and xa(v,y) are defined in (3.9) and (3.10), respectively, and Ro, (.},

1
Roy || R0y, and R s, are determined in (3.37), v = 2-6,0(x, t) = A(x)(2- Pil - piz) /2
are positive weights, u(x,t) € [0,1], and a1(t), az(t), as(t) are positive scalar-valued
functions satisfying the relation (3.15).

Proof. See, e.g., Theorem 3 (i) in [PIV]. O

In [PIV, Section 3.3], we show that the obtained estimate (3.38) is equiva-
lent to the error measured in the primal-dual norm. By analogous methods used
in Theorem 3.5, we obtain the form of the advanced majorant (3.23) applied for
the decomposed (), which is equivalent to the error measured by (3.7) (see [PIV,
Section 3.5]). Due to the fact that minorant in Theorem 3.4 does not contain any
global constants, it can be straightforwardly rewritten for the case of a decom-
posed domain.
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3.6 Sharp bounds of constants in Poincaré-type inequalities

In order to apply the estimates discussed in Section 3.5, we must have in our
disposal exact values or reliable estimates of the constants in (2.7), (2.8), and
(2.9). Due to the use of FE approximations here, the constants in the above-
mentioned inequalities on arbitrary nondegenerated triangles and tetrahedrons
are of main interest. Therefore, the work presented in [PV] is dedicated to sharp
upper bounds of the constants in classic Poincaré and Poincaré-type inequalities
for functions with zero mean on the boundary of arbitrary nondegenerated sim-
plexes in R? and R>.

X2
C(hp cosa, hp sinw)
48 T X1
A(0,0) B(h,0)

FIGURE 22 Simplices in (a) R? and (b) R®.

For R?, we consider two basic triangles Tn/z := conv{(0,0),(1,0),(0,1)}
and Tn/4 = conv{(0,0), (1,0), (%, %) },withf = {xl € [0,1], x = 0}, in order to
obtain bounds of constants in (2.8) and (2.9). The corresponding exact values of
the constants were recalled in Section 2.1, i.e., Cg " ~ 0.49291, ClﬁTfT /s ~ 0.65602

and C%) o, R 0.24646, CfTrn R 0.70711. The estimates of C}. and CJ follow from
sS4 74
the Lemma 3.1 [PV, Section 2].

Lemma 3.1. For any w € H'(T,T) defined on simplex
T := conv{(0,0), (1,0), (hp cosa, hp sina) }

(see Figure 22a) with face T := {x; € [0,h], xp = 0}, the Poincaré-type inequalities

1
lwlr < CEr|Vwlr and |wlr< Cfh/2 [Vl



58

hold with
PP . s = p el p
Cr < Ct :=min {cp,n/Z Cf,n/z’ Cp,/s Cf,ﬂ/4},
=Tr . — —
Cgr < CF = min {CTr,”/z Cl;l:rn/z, CTr,7/ 4 C%EZ/4},
respectively.  Here, the weighting parameters EF,H/Z = yi//zz, Cp/y = yi//i,
_ . N=Ya _ . N=Ya o
Cryy = (0 sina) 2Ty ny,, Crryy = (20 sina) 2Ty,
1
prs, (p,00) = %(1 + 0%+ (1+p* +2 cos2a) p?) /2>, (3.39)
prs,(0,00) = 20% —2p cosa + 1+ (3.40)
1
(202 +1)(20% + 1 — 4p cosa + 4p® cos2a)) /2, (3.41)
p Tr p Tr ;
and Cf,ﬂ 1 St imd Cﬁn sy Cony, 1€ the constants in (2.8) and (2.9) for reference
triangles Tr;, and T, respectively.
Proof. See [PV, Lemma 1, Section 2]. O

Analogously to Lemma 3.1, the upper bound of the constant in (2.7) can be
obtained. In addition to earlier defined T~/, and T~/,, we consider third reference

triangle T/, := conv{(0,0),(1,0), (3, @) }. Consequently, the upper bound of
C(P) in (2.7) follows from the Lemma 3.2 [PV, Section 2].

Lemma 3.2. For any w € H'(T), the estimate of the constant in

leollr < CoR ([ Vaollx (3.42)
has the form
—PMR . _ _ _
c? < MR — min {cm Cr.,. y,CL.,  y,CE, /2} (3.43)

Here,
= Y = Y = I
Cryy = :uﬂ/24/ Cr/y = Vﬂ/23/ and  Cr/, = .Mﬂ/zzl
where yxy, and px,, are defined in (3.39) and (3.41) and

1
prsy (o, 0) =3(1+ 0> —p cosw) + 2(5(1+ p? —p cosa)? — %pz sin® o) /2,
P _ 1 P _ 3 P _ 1
and CT,"/4 = T CT’H/3 = 1, and CT/H/2 =
Proof. See [PV, Lemma 2, , Section 2]. O

In [PV, Section 3], the bounds of E}) , ErTr, and EIE'EMR (provided by Lemmas
3.1 and 3.2) are compared with the corresponding minorants, which can be found
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by minimization of the Rayleigh quotients

Pt |[Vulr T o1 [Vl P [ Vulr
Rilwl = mrwnme Rr 0= mopnye and - Ralw] = mrgny 644

for all w € H'(T). Moreover, [PV] provides the comparison of C¢;' « with exist-
ing estimates from [86, 85] and [31]. Finally, we also discuss the structure of min-
imizers for Rayleigh quotients (3.44) and their behavior with respect to changing
parameters.

The same method can be applied for non-degenerate tetrahedrons T € R3
presented in the form

T = conv{(0,0,0), (11,0,0), (0,0,h3), (Dx,, Dx,, Dx,) }, (3.45)

where (Dy,, Dy,, Dx,) = (hpcosa sinf, hjpsina sin6, hip cos()), hy and h3 are
the scaling parameters along axises Oy, and Oy,, respectively, « is a polar angle,
and 6 is an azimuthal angle (see Fig. 22b). Let zero mean condition be imposed on
I = Conv{ (0,0,0), (h1,0,0), (0,0, h3) }, and Té,& denote the reference tetrahedron,
where § and & are fixed angles. Then, by F4 5 we denote the respective mapping
.7:@’& : Té/& — T.

To the best of our knowledge, exact values of constants in Poincaré-type
inequalities for simplexes in R3 are unknown. Therefore, in [PV] some reference
cases are calculated numerically with high accuracy and listed in Table 6. Based

on these data, we present the (approximate) bounds for an arbitrary tetrahedron
T:

< CP ;P : { PP }
lellr < Crha s [[Vollr, “r &:{n/4,17}};2/2,2n/3} 7/ CF,”/Z,& !
~ 1 ~
< CIr 3 Tr : { Ir I } .
follr < G (k)2 Vo, CF=  min | {fa Gl ) G40
where le %/, 4 and CfTrn ),z are the constants related to four reference thetrahedron
712, 712,
from Table 6 and
1 1
P _ }‘7(/22,& Py h3sin& /2 P
/o & — hihz ’ /o T \ psinasin® /o R"
are the ratios of the mapping Fr/,;: Tn/w - T Here,
Tn/b& := conv{(0,0,0),(1,0,0),(0,0,1), (cos &,sin&,0)} with & = {Z, %, %, &},

T is defined in (3.45), and Fr/, 4(%) is presented by the relation

hy Sihnl& (pcosasin® —cos&) O

X = f”/z,&(-’f) = Bn/Z’&.’f, B”/zr& = 0 hlp% 0

0 h1p cos 6 h3

sin&

The numerical tests and detailed discussions of the practical aspects of this
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pM Tr,M ; T ; — j_— m
TABLE 6 Cf",” /o ik and Cﬁn 8 with respect to M(N) for Ty, withp = 1,0 = 7, and
several &.
| d=ga=7 | 4=%&=3
322 3?2
~ A
Try, v Ty,
== sy
e [ & X
/923 T 1/3?3 I
pM Tr,M p.M Tr,M
M(N) ‘ Cf,ﬂ/z,& T,7/5,8 ‘ Cf,ﬂ/z,fx T,/
7 0.32431 0.760099 0.325985 0.654654
26 0.338539 0.829445 0.340267 0.761278
63 0.341122 0.831325 0.342556 0.762901
124 0.341147 0.831335 0.342589 0.762905
215 0.341147 0.831335 0.342589 0.762905
27
3
TZT{/3
—
%
pM Tr,M p.M Tr,M
M(N) ‘ Cf/f/z,& T/, Cf,ﬂ/z,fx I/,
7 0.360532 0.654654 0.4152099 0.686161
26 0.373669 0.751615 0.4274757 0.863324
63 0.375590 0.751994 0.4286444 0.864595
124 0.375603 0.751999 0.4286652 0.864630
215 0.375603 0.751999 0.4286652 0.864630

study can be found in [PV]. In [PV, Section 5], we provide an example that shows
possible applications of the results and derive a computable majorant of the dif-
ference between the exact solution of a boundary value problem and an arbi-
trary finite dimensional approximation computed on a simplicial mesh. Using
the above presented constants, one can weaken the pointwise continuity condi-
tion of normal components of the auxiliary flux on inner faces of the mesh in
the functional estimates (3.38). Instead, it is enough that the mean values of the
normal components are continuous, which allows us to use a wider space for the
approximation of the flux.



4 CONCLUSIONS AND OUTLOOK

In this chapter, we summarize the results presented in the study and give an out-
look on some future research. The first part of the thesis presents a new version
of the Picard-Lindel6f method for nonlinear ODEs supplied with guaranteed
and explicitly computable upper bounds of approximation errors. The estimates
derived take into account interpolation and integration errors and, therefore, pro-
vide objective on the accuracy of computed approximations (see [PI]).

In the second (major) part of the work, guaranteed bounds of distance to the
exact solution of the evolutionary reaction-diffusion problem with mixed BC are
discussed. We show that two-sided error estimates are directly computable and
equivalent to the error. Numerical experiments have confirmed that the estimates
provide accurate two-sided bounds of the overall error and generate efficient in-
dicators of local error distribution (see [PII] and Section 3.4 of the current work).

Earlier, we have generalized two-sided bounds to evolutionary reaction-
diffusion problems and adapted them to domains of complicated structure with
mixed Dirichlet-Robin BC. The estimates are also valid for problems with com-
plicated nonlinear source functions. To overcome computational difficulties, the
domain decomposition method was used. To obtain the error estimate, we have
exploited the classical Poincaré and Poincaré-type inequalities for functions with
zero mean boundary traces. Therefore, the new corresponding bounds of the dis-
tance to the exact solution contain only constants in local Poincaré-type inequal-
ities associated with subdomains, which quantitatively improves the majorant
value. Moreover, it has been proved that the bounds are equivalent to the primal
and primal-dual energy norms of the error (see [PIII, PIV]).

The above-introduced estimates require exact values of guaranteed and re-
alistic bounds of constants in respective functional inequalities. Therefore, in the
last part of the thesis, we present sharp estimates of constants in Poincaré and
Poincaré-type inequalities for functions having zero mean value on the bound-
ary of a Lipschitz domain or on a measurable part of it. These estimates are
particularly used in a posteriori error estimation methods for I-BVPs introduced
in [PII] and [PIV]. Our focus was on computable relations that provide sharp
bounds of the constants in the above-mentioned inequalities on simplexes in 2D



62

and 3D, which, based on numerical simulations, have confirmed to provide ef-
ficient numerical results. Also, we have numerically studied the behavior of the
constants in the classical Poincaré inequalities and compared these results with
known analytical estimates.

In the context of partial differential equations, we have studied only lin-
ear models. Thus, extension of these methods to nonlinear I-BVPs is a matter of
future work. Moreover, it would be interesting to extend the application of majo-
rant for nonconforming approximations. The estimates based on the domain de-
composition technique and local classical Poincaré and Poincaré-type inequalities
for functions with zero mean trace obtained in [PIV] can be further developed. Fi-
nally, one of the most important directions for the future work is to improve the
speed of majorant reconstruction, e.g., to implement a highly parallel algorithm
for its minimization.



63
YHTEENVETO (FINNISH SUMMARY)

Tama vaitoskirja kasittelee funktionaalisia a posteriori virhe-estimaatteja ajasta
riippuville ongelmille. Viitoskirja koostuu viidestd julkaisusta, joista ensimmai-
set kisittelevit epédlineaaristen differentiaaliyhtdléiden Cauchy-ongelmaa, seka
aika-riippuvaista parabolista reaktio-diffuusio-konvektio-ongelmaa. Julkaisuissa
tehd&dén teoreettinen a posteriori virhe-analyysi ja kattava numeerinen analyysi.
Kaksi viimeistd julkaisua keskittyvat Poincare-tyyppisiin epayhtal6ihin ja niiden
sisdltdmien vakioiden numeeriseen laskentaan. Ndille vakioille johdetaan ylarajat
kolmioille ja tetraedreille. Osittaisdifferentiaaliyhtdloiden laskenta-alue diskre-
toidaan tyypillisesti timédn muotoisiin osa-alueisiin. Nédiden vakioiden yldrajat
ovat erityisen hyodyllisid sovellettuna funktionaalisiin virhe-ylarajoihin.

Téassa tyossa esitellyt virhe-estimaatit ovat taysin laskettavissa, eli ne eivat
sisdlld tuntemattomia muuttujia. Ne ovat my0s tdysin luotettavia, eli tarjoavat ai-
na aidon yldrajan virheelle. Ty0ssa suoritetut kattavat numeeriset kokeet osoitta-
vat funktionaalisten virhe-estimaattien ja niistd johdettujen virhe-indikaattorien
tehokkuuden ja luotettavuuden. Kaikki tdssd tyossa tehdyt numeeriset kokeet
suoritettiin MATLABilla ja FEniCSin Python-rajapinnalla.
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Abstract We present a new version of the Picard-Lindel6f method for ordinary dif-
ferential equations (ODEs) supplied with guaranteed and explicitly computable up-
per bounds of an approximation error. The upper bounds are based on the Ostrowski
estimates and the Banach fixed point theorem for contractive operators. The esti-
mates derived in the paper take into account interpolation and integration errors
and, therefore, provide objective information on the accuracy of computed approxi-
mations.

1 Introduction

In this paper, we discuss a new version of the Picard-Lindel6f method for solving

the Cauchy problem
du

= = 00,0, (i) =, (1

where the solution u(#) (which may be a scalar or vector function) must be found on
the interval [79, 2]

Existence and uniqueness of the solutions follow from the Picard-Lindel6f the-
orem and the Picard existence theorem or from the Cauchy—Lipschitz theorem (see

[L, pp. 1-15], [3]).
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The problem (1) can be numerically solved by various well-known methods (e.g.,
the methods of Runge—Kutta and Adams). Typically, the methods are furnished by a
priori asymptotic estimates which show theoretical properties of the iteration algo-
rithm. However, these estimates may have mainly a qualitative meaning and do not
provide all necessary information about error bounds. This is the goal of a posteriori
error estimation methods. We deduce such type of estimates and suggest a version of
the Picard-Lindel6f method as a tool for constructing a fully reliable approximation
of (1).

The Picard-Lindeldf iteration is one of the efficient known numerical methods
for ODEs. Furthermore, it can be used not only for ODEs but for z-dependent al-
gebraic and functional equations (see, e.g., [5, 6]). It was shown that the speed of
convergence is quite independent of the step sizes. Numerical methods based on
Picard-Lindelof iterations for dynamical processes (the so-called waveform relax-
ation in the context of electrical networks) are discussed in [2].

The approach discussed in this paper is based on two-sided a posteriori estimates
derived by Ostrowski [7] (see also systematic exposition presented in the books [4,
8]). The algorithm includes natural adaptation of the integration step and provides
guaranteed bounds for the accuracy on the time interval [z, #x].

In Sect. 2, we present the main idea of the Picard-Lindel6f method and obtain
the conditions which not only provide convergence of the method but also allow
applying a posteriori error estimates. However, these estimates cannot be directly
used. In practice computations based on the Picard-Lindel6f method we must take
into account interpolation and integration errors. This analysis is done in Sect. 3.
It leads to error bounds, derived in Sect. 4, which include the interpolation and
integration errors. The structure of the algorithm is exposed in Sect. 5, where results
of numerical tests are presented.

2 Picard-Lindelof Method

Assume that the function @(&(¢),¢) (which is allowed to be a vector-valued func-

tion) in (1) is continuous with respect to both variables in terms of the continuous
norm

u = max |u(t 2

Nulle ) te[tk,m.]‘ ()] )

and satisfies the Lipschitz condition in the form

@ (u2,22) = @(ur, 1)l e )) < Lilluz —urlle(y 1)) +Lalta =11,
V(”latl)7 (u27t2> S Q7 (3)

where L1, L, are Lipschitz constants, and

Q::{(évt)|€€U’ tOStStN}' 4)
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U is the set of possible values of # which comes from an a priori analysis of the
problem. (It is clear that ug € U.)
In the Picard-Lindelof method, we represent the differential equation in the inte-
gral form
t
u(t)= [ o(u(s),s)ds+up. (5)
fo
Now, the exact solution is a fixed point of (5), which can be found by the iteration
method

uj(t) = /tt(p(uj_l(s),s)ds—l—uo. (6)

We write in the form u; = Ju;_1 +uo, where .7 : X — X is the integral operator.
It is easy to show that the operator

t
Tu:= | ou(t),t)dt+uo
3
is g-contractive on [y = [t;,#+1], where I is a subinterval of the mesh g =
UKo [tk ti1] defined on the interval [fg, k], with respect to the norm ullcq,)» if
the condition
q:=Li(ter1 —t) <1 (7

is provided.

Therefore, if the interval [#4,1,#] is small enough, then the solution can be found
by the iteration procedure. In the next sections, we call this method the Adaptive
Picard-Lindel6f (APL) method.

3 Application of the Ostrowski Estimates

For the considered problem, the Ostrowski estimate reads as follows:

Theorem 1 ([7]). Assume that (7) is satisfied on I == [ty t1]. Then, the following
estimate holds:

1

o q .
= m””f‘”jﬂ”c(lk) <u—ujlcy, < q””j_”j—IHC(Ik) —Mj@ (8)

Remark 1. 1t is possible to derive more accurate error bounds for |lu — u;|¢(;,) by
using additional elements of the sequence {u; };":1 that have indexes greater than j:

1
=iy <My = 5= s = sl ©

By the mathematical induction method it can be proved that the optimal form of the
majorant and minorant based on P correspondent elements of the sequence are as
follows:
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, 1
P
Mj6 = sup {H_qp||uj—uj+P|C(I/()}7

p=1,...,P

P . 1
M7= 1ﬂfp{l_cﬂy||”j—“j+p|cuk) ~

p=l,..,

(10)

However, the estimates (8) cannot be directly used because numerical approxi-
mations include interpolation and integration errors, which must be taken into ac-
count by fully reliable schemes.

Let us discuss this issue within the paradigm of a single (e.g., the first) step of
the APL:

'
ul(t): (p(uo(‘c),r)d‘n te [t(),tl], (11)

fo
where u is the initial approximation defined as a piecewise affine function on the

mesh Qg, = Uf":_ol [z5,25+1] on the interval [fo,].
If g < I and u; is computed exactly, then

q
(1 (2) = u(®) e (t,10]) < g (1 (2) = uo ()l (tg.])- (12)

However, in general, u; is approximated by a piecewise affine continuous function
uy(t) = muy € CPY([z5,2511]), §=0,...,8— 1, (13)

where 7t is the projection operator 7t : C — CP!([to,t1]) satisfying the relation
T u(zs) = u(zs). Thus, on the right-hand side of (12) we can estimate as follows:

(a1 (£) = uo ()l (tg.n]) < Nter (8) = uo(®)leqrg.n)) + 1wt (@) =1 Olle.np- (14

Here [Ju1(t) — u1(?)|c(io.1) = ll€1llc(i.)) 18 an interpolation error. In general, this
term is unknown, but we can estimate it using an interpolation error estimate.

Numerical integration generates other errors which must be taken into account.
Indeed, the values u(z;), s = 0, ..., Sk, cannot be found exactly. Hence, at every node
zy instead of u; (z;) we have ) (z5). Now, (14) implies

N1 () — 0 (8) [l (.0 < N1 (8) —uo () llcirg.n)) +
i (@) — w1 () lleqirgn) + lun () —ur () ey, (15)

where [[1(¢) — u1(¢) | c(1.]) = 1€1llc(ig]) 1S the integration error.
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4 Estimates of Interpolation and Integration Errors

4.1 Interpolation Error

We study the difference between u; and u;, where u; is the linear interpolant of u;
defined at the points {z, }f": 0

) =i (=)= [ o). (16)
For all z € [zy,2,41],

— o + uy (ZS+1) _ul(zs)

A (z—z5). (17)

z—zs)] —/ o (uo(1),1) dt =
As 0
_z—z Zs+1

=37 [ etwo.di- [ otwie.nar (s

_ [/Ozx(p(uo(t),t)dt—l—

Taking into account that u is affinely interpolated, consider the last integral on the
right-hand side of (18)

/(P(uo(t)ﬁ)dt:/ (P<u0,s+u0’S+1A_u0’S(t—zs),t>dt. (19)

Define
t—zy 1z

A=

_ , 20
Ay Zg+1 — Zs (20)

where zg and zg;; are nodes of the mesh defined in Section 3. Substitute
t=z,+ (Zerl *Zs)l to (p(MO(t)at)

u —u
) (uo,s‘f' W(f_zs)J) =
S

= (P(u(),s + (u07s+l - MO,S))’7ZS +)L(Zs+l _Zs)) =
= @(Aug i1+ (1 =A)uos, Azg1 +(1=2A)z).  (21)

Let

a[s,s—o—l] =@+ W(t —2z), (22)

where @, = (P(MO.,SaZs) and @541 = (P(MO,erl ,Zs11). Using (20), we rewrite (22)
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a[s,erl] =@+ ((Ps+l - (ps))‘ =AQss1 + (1 - )’)(PS (23)

Thus, we can derive the following estimate with the help of (23) and (3):

’(P <u0,s + W(t _ZS)at) - a[s,erl] <

<[@(Auosi1+ (1= A)uos, Azgr1+(1=2A)z) = AQs1 + (1 =) @s| <
< (1= 1) [Lis PRatoo1 + (1 = Autgs — o | +

F Loy Az + (1= A)z —zs|}+
(24)
+ A [Ll,slluo,sﬂ + (1= A)ugs — o s+1|+

+LaglAzgn+ (1= Az 2] <
<2A(1 = A) [Ly s|uo 1 —uos| +Logslzes1 —zl]

(Zs+1 7t>(t Zv) [

<2

Ll,s|u05+l _MOS‘ +L2 sAg }

We decompose (19)

| otwoto) i =

Uo. UQ. -
*/ (pss+l dt+/ |: ¢(uo,s + 0 +1A % (t Z‘Y)at)(p[s,s—&-l]] dt. (25)

Let us denote the first integral on the right-hand side of (25) by Z(z) Then,
A Ps+1 — Ps o Ps+1—Ps
i) = [ (ot BT z ar= 2 [ B0,
(26)

The second integral on the right-hand side of (25) is estimated with the help of (24):

/ ® (uo,s + M(t Zs)at) - 6[&54—1]

dt <
A -

2 [LI,S‘MO,S+1 - uO,S| + L2,SAS]

/;(t —2zg)(zs41 —1)dt =

2L — Ly A z
= Ahucbios AzuO’SH = S]/(t—zs)(zs—&-As—t)dt: 27)
S Zs
_ 2[L17S‘u0,s+1 _uO,s| +L2,SAS] (Z—Z )2 ﬁ 2% _
A? 2 3

L — Ly A
_ [ 1,S|1/l0,s+1 3Au;),s| + Lo s] (Z—Zs)z(ZZs 134, — ZZ).
S
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Since
max (z—z,)? (22, + 34, —22) = A3, (28)

2€[25,2511]

we find that

z UQ,s+1 — Uo, ~
/ ’(P(u07s+ S+A s(t_zs)at)_(p[s.erl]’dt <
Jzg s

< [Ll,s U s+1 _”0,s| +L2,SAS] A? _
- 3A2
_ [Ll,s|u0,s+1 - u07s| + L2,SAS] A ) (29)
3
We represent the interpolation error (18) using (26),
_ z—2zy [Ftl z
i(2) () = = puo(0).00dt ~ [ gluo(e).1)dt =
s Jzg Zs
Z—Zsy -
= A ls(Zerl) 713‘(2)4’81 (Z)+82(Z)v (30)
S
where
Zs+1 u —u -
£ :/ (P(uo,s-F%(t—Zs)J) — Qls541]| 41,
Zs s (31)

z Ups+1 — Uo,s
& = / (P(uo,s + A -
Zg S

Thus, we estimate the interpolation error as follows:

(t —z_Y)J) - a[s.s-&-l] dt.

e= [lur(z) —ur1(2)lle(zy 2y <

Z—Zg~

—is(z1) —is(2)

" + max |e(z)+&(z)]. (32)

zelra]

< max
2€[zg,2541]

For the first term on the right hand side of (32) we have (see (26))

g < ool (2= 25) (2521 —2)| <
2As 2€(z5,2511]

< |(Ps+l - (Ps‘ A7s2

- 2Aq 4

Z—Zg~ iy
Sls(zs+l) - ZS(Z)

max
zelrzr]

S
1

= §|(PS+1 - (PS‘A& (33)

For the second term, we have (see (29))

Ay [Lis|uos1 — ug,s| +LosA
max |€1(Z)+82(z)‘§2 s[ l,s‘ 0,5+1 07S| 2.5 S}.

2€(z5,2541] 3

(34

Hence, the overall estimate of the interpolation error has the form
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1) 1z < 2B A4 2Ll — w0s] +Las A 39)

4.2 Integration Error

The interpolation error estimate (35) does not account for the fact that computations
of the integral are performed approximately. It is not difficult to evaluate the inte-
gration errors by noting that for a Lipschitz function f(¢) the error encompassed in
the simplest trapezoidal quadrature formula

! f(t)dt ~ fi(m);f(tl) (t1 —to) (36)
can be estimated as follows:
em < (0~ 10) = 221/ (0) ~ ) @)

Then, it is not difficult to show that the integration error can be estimated as

R _ L,
Iz (1) = 01 () ey 1) < 7747

1 2
4 - TLS[(PsH — o, (38)

where Ly = Lj 5 [; + Ly ;. (Here, / is the slope of the piecewise function on every
interval [z5,z54+1], s =0,...,S, — 1)

4.3 Guaranteed Error Bounds for Picard-Lindelof Method

Thus, on every subinterval [zg, zs11] the interpolation error can be estimated with the
help of (35). Then, for whole interval [ty, ;] := USSQ 61 25,25+ 1] the interpolation error
estimate is the following:

(1 (£) — w1 (D)l e (tg.]) <

(ps+18 (pv 3 [L17s|u0 s+l — u0’5| +L2,SAS] As. (39)

Analogously, for the integration error

o L, 1
1 (6) =1 (D) ey < 7A3 - E[‘PSH — . (40)

S:O....7Sk71

Then, the inequality (15) implies the estimate
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(1 (£) — uo ()l (g < Nlan (2) — MO(I) e+

+ Z <(ps+18 (pSA +3A [Lls|u0s+1_”0s|+L25 s]>+

L, 1
) (2A§ T mz). (41)

.YZO,...7Sk71

After j steps of the iterations we obtain

||u]+l(t)7u]( )”C t(),tl] <M1+1( ) ==

||u,/+1 (t) - il\_i(t) ||C([to,t1]) mterp +Emtegz , (42)

where
Uj s11,Z541) — @ (U} 5,2,
Ellnterp Z <(p( S 8) i = g)As‘*‘
5=0,....5,—1
2 N ~
+ 340 [Lislj o =i+ LasA ) (43)
and
L 1 - ~ 2
Ezlntegr = z <28As2 L. [(P(uj-,s+l 7Zs+1) - (P(uj,hzs)] )7 (44)
s=0,....5—1 s

where for j = 0 the function u; is taken as a piecewise affine interpolation of ug, and
for j > 1 it is taken from the previous iteration step.

The quantity M?"l is fully computable, and it shows the overall error associated
with the step number j on the first interval.

Remark 2. Estimate of the overall error related to the interval [f,#x] includes all
errors computed on the intervals. In other words the error associated with [fo, 7]
is appended to the error on [#;_1,#] (which formally follows from the fact that the
initial condition on [t;_1,#] includes errors on the previous intervals).

Thus, we have shown that fully guaranteed and computable bounds can indeed
be derived for the problem (1) with the Lipschitz function ¢, i.e. for every finite time
interval [y, x| and for every a priori required accuracy € an approximate solution of
the problem can be found by the APL method discussed above.

5 APL Algorithm and Numerical Examples

Let € be a required accuracy of an approximate solution. Then, practical computa-
tion can be performed by Algorithm 1.
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Algorithm 1 The algorithm of the APL method

Input: € {required accuracy on the interval}, uo {input initial boundary condi-
tion}

K—1
Fx = U [tr,tx+1] { constructed by Mesh Generation Procedure}

ek = £ {obtain accuracy of the approximate solution on interval [, z41]}
Si—1
Qs, = U [z5,25+1] {initial mesh for each subinterval}
0

5=
for k=1to K do
j=0
do
ifk=1
a=1Uup
else
a=V"1_)
endif
vlj‘- = Integration Procedure(Q, vﬂ[l k) +a

calculate EX and EX by using (43) and (44)

interp mtegr
M =1V =A e+ Elverp Bl
if Eilizterp + Eilizte > Ek
Sk = 2 S {refine the mesh Qg, }
endif
j=Jj+1
whilee > &
V= vf {approximate solution on the interval [t;_1,#]}
P eﬁe {error bound achieved for the interval [t;_,%]}
end for
Output: {+*}X_ | {approximate solution}
{e®*}K_ | {error bounds estimates on sub intervals}

In general, the algorithm should start with the generation of a suitable mesh (i.e.,
select time intervals). Here, we do not discuss this question in detail, but only note
that the Mesh Guaranteed Procedure must adapt the mesh to the nature of @ (u(¢),?),
which requires information about U (see (4)). In practise, such information can be
obtained by solving the problem (1) numerically with the help of some heuristic
(e.g., Runge-Kutta) method on a coarse mesh.

The APL algorithm is a cycle over all the intervals of the mesh .Zx = Uf;ol [ty trr1]-
On each subinterval, the algorithm is realized as a subcycle (whose index is j). In
the subcycle, we apply the PL method and try to find an approximation that meets
the accuracy requirements imposed (i.e., the accuracy must be higher than £*). Ini-
tial data are taken from the previous step (for the first step, the initial condition is
defined by uy).
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Fig. 1 The error and error
majorants
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After computing an approximation on [f,#;11] we use our majorant and find a
guaranteed upper bound (which includes the interpolation and integration errors).
Iterations are continued unless the required accuracy €t has been achieved. After
that we save the results and proceed to the next interval.

Note that in Algorithm 1, we do not discuss in detail the process of integration on
an interval, which is performed on a local mesh with a certain amount of subintervals
(whose size is Ay). In principle, it may happen that the desired level of accuracy,
€%, is not achieved with the A, selected. This fact will be easily detected because
interpolation and integration errors will dominate and do not allow the overall error
to decrease below €X. In this case, A; must be reduced, and computations on the
corresponding interval must be repeated.

Example 1. Consider the problem

du
22 Autsi 2
i utsin(8¢), t€[0,3/2], (45)

u(0) =up =1

with the exact solution
U= e% sin(8t)7%tcos(8t)

In Fig. 1, we depict the error (bold dots), error bounds computed by the Ostrowski
estimates (dotted line) and by the advanced form of the estimate (dashed line). In
order to make the results more transparent, we depict the approximate solution to-
gether with the zone which contains the exact solution (see Figs. 2(a) and 3(a)). The
form of this (shaded) zone is determined by the a posteriori estimates.

Thus, the APL method computes two-sided guaranteed bounds containing the
exact solution. It may happen that the desired level of accuracy has been exceeded
at some moment ¢’ < tx and further Picard-Lindelof iterations are unable to reduce
the error. This situation may arise if the amount of internal points used for numerical
integration on each interval is too small. In this case, we must enlarge the number
of internal nodes (which will reduce integration and interpolation errors) and repeat
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Fig. 2 (a) Exact and approximate solutions with guaranteed bounds of deviation computed by the
Ostrowski estimate. (b) A zoomed interval of exact and approximate solutions with bounds of
deviation computed by the majorant.
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Fig. 3 (a) Exact and approximate solutions with guaranteed bounds of deviation computed by the
advanced form of the estimate. (b) A zoomed interval of exact and approximate solutions with
bounds of deviation computed by the majorant.

the computations. Numerical results illustrated in Figs. 2(a) and 3(a) show that the
advanced majorant provides much sharper bounds of the deviation.

Values of the components of the estimate (the first term, the estimate of ||e|| and
the estimate of ||e]| from (42)) are presented in Table 1. We see that in this example
the values of S; were selected properly, so that interpolation and integration error
estimates are insignificant with respect to the first term.

Example 2. The APL method works with stiff problems as well. Consider the clas-
sical stiff equation



Guaranteed Error Bounds for a Class of Picard-Lindel6f Iteration Methods 13

Table 1 Components of the general estimate

Estimate of ||e;|| Estimate of ||e;|| Estimate of ||¢;||

2.2658e-002 8.6160e-008 9.5725e-008
4.6095e-002 1.8847e-007 5.8148e-007
5.4949¢-002 2.5299¢-007 5.9301e-007
7.4818e-002 2.5768e-007 2.3618e-006
9.5993e-002 3.0190e-007 2.3699¢-006
1.0302¢-001 3.4216e-007 2.3807e-006
1.5427e-001 4.8963e-007 2.4320e-006
1.5647e-001 6.1877e-007 2.4999¢e-006
2.3495e-001 9.4891e-007 2.6183e-006
2.7145e-001 9.8935e-007 2.6328e-006
3.0533e-001 9.9923e-007 2.6373e-006
3.2838e-001 1.0158e-006 2.6404¢-006
4.4629e-001 1.0182e-006 2.6517e-006

d
d%‘l = 50cos(t) —50u, t=][0,1],
u(0) =up =1

with the exact solution

(46)

1
© 2501

2500 cos
2501

)+ 50

—50¢
et 2501

u sin(z).

Analogously to the previous example, in Fig. 4(a) the general error (lines with
dots on the top) estimated by the Ostrowski estimate (dotted line) and the advanced
form of the estimate (dashed line) are illustrated. Another way to depict obtained

results is shown in Fig. 4(b).

Example 3. The APL method can also be applied to stiff systems of ODEs. As an
example, we consider the system

d
;t‘ = 998u; + 1998us,
U
—= = —999u; — 1999
dt U] up,
ui(to) = 1,ua(to) = 1,
t€[0,5-1073)
with the exact solutions u; = 4e~ — 37199 and u, = —2e" + 3¢~ 109 In Figs.

5(a), 5(b), 6(a) and 6(b), we present the same type of information (behavior of the
solution and guaranteed bounds) as in the previous examples.

We note that for stiff equations getting an approximate solution with guaranteed
and sharp error bounds requires much larger expenditures than in relatively simple
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Fig. 4 (a) Error and error majorants. (b) Exact and approximate solutions with a guaranteed devi-
ation bound.
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Fig. 5 Exact solutions and approximate solutions of the system and guaranteed error bounds com-
puted by the Ostrowski method.

Examples 1 and 2. This result is not surprising because (as it is quite natural to
expect) for such type of problems fully reliable computations will be much more
expensive.
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Abstract

The paper is concerned with sharp estimates of constants in classical Poincaré inequalities and Poincaré-type
inequalities for functions having zero mean value in a simplicial domain or on a part of its boundary. These es-
timates are important for quantitative analysis of problems generated by differential equations where numerical
approximations are typically constructed with the help of simplicial meshes. We suggest easily computable rela-
tions that provide sharp bounds of the respective constants and compare these results with analytical estimates
(if they are known). In the last section, we present an example that shows possible applications of the results
and derive a computable majorant of the difference between the exact solution of a boundary value problem
and an arbitrary finite dimensional approximation computed on a simplicial mesh, which uses above mentioned
constants.

1 Introduction

Let T be an open bounded connected domain in R (d > 2) with Lipschitz boundary 97" It is well known that the
Poincaré inequality ([29, 30])
lwlr < CF (| Vel 1)

holds for any
we HN(T) = {we H'(T)| ful; =0},

where [lwll7 denotes the norm in L*(T)), {lwl}y = 7y [ wdz is the mean value of w, and |T] is the Lebesgue

measure of T. The constant C}. depends only on 7' and d.
Poincaré-type inequalities also hold for

we AN(T,T) = {we H(T)| ful =0 },

where I is a measurable part of 97" such that meas;_1I" > 0 (in particular, I may coincide with the whole boundary).
For any w € H(T,T), we have two inequalities similar to (1). The first one

[wlr < CRIVwlr 2)

is another form of the Poincaré inequality (1), which is stated for a different set of functions and contains a different
constant, i.e. CF < CP. The constant CF is associated with the minimal positive eigenvalue of the problem

—~Au= u in T; dpu=Au} on Iy du=0 on T\I, VYue HY(T,T). (3)

The second inequality
lwlle < CF IVl (4)



estimates the trace of w € H YT,T) on I'. It is associated with the minimal nonzero eigenvalue of the problem
~Au=0in T; dpu=Mu on I'; du=0 on T\I', Yue HY(T,T). (5)

The problem (5) is a special case of the Steklov problem with spectral parameter appearing in the boundary
condition. It is called the sloshing problem, which describes the oscillations of fluid in a container. The extensive
study of the properties of sloshing eigenvalues and eigenfunctions can be found in [9, 2, 15, 16, 17] and references
therein. The question on the spectrum of the operator corresponding to the latter problem also have gained interest
from the viewpoint of spectral geometry (see [11]).

Poincaré-type inequalities are often used in analysis of nonconforming approximations (e.g., discontinuous
Galerkin or mortar methods), domain decomposition methods (see, e.g., [14, 8] and [34]), analysis of problems
described in terms of vector valued functions (see, e.g., [10, 26]), a posteriori estimates, and other applications
related to quantitative analysis of partial differential equations. In [13, 20], the analysis of error constants for
piecewise constant and linear interpolations over triangular finite elements can be found. Paper [4] introduces fully
computable two-sided bounds on the eigenvalues of the Laplace operator based on the approximation of the cor-
responding eigenfunction in the nonconforming Crouzeix-Raviart FE space. Therefore, exact values of respective
constants (or sharp and guaranteed bounds of them) are interesting from both analytical and computational points
of view. )

It is known that for convex domains C% < d’%m (see [27]). However, for triangles this estimate was improved

in [19], i.e., CF < d‘j"’< ) where J1,1 ~ 3.8317 is the smallest positive root of the Bessel function .J;. Moreover, for
isosceles trlangles it was shown that

j% a e (0,%],
P < T = diam(T) - { min {%, L2 -a) tan(a/g))*l/Z} €(z,1], (6)
(27 — ) tan(a/2) 2 € (z,m).

Here, jo,1 ~ 2.4048 and j;,; ~ 3.8317 are the smallest positive roots of the Bessel functions Jy and .Jy, respectively.
A lower bound of C}. for convex domains was derived in [6]. It was shown that
P diam (T)
Cr > S5 (M)
This estimate compliments the upper bound presented by the Payne—Weinberger estimate, and according to [1], is
known to be the best lower bound for general domains with diameter scaling among all known so far. However, for
triangles work [18] provides lower bound
Cl = 4F; (8)
which improves (7) for some cases. Here, P is perimeter of 7.
Exact values of CR and CEF were derived in [25] for parallelepipeds, rectangles, and right triangles. Below, we
present a concise summary of these results related to the case d = 2:

1. If T := conv{(0,0) 0, h), } and I := {rl € [0,h], o = 0} i.e., I coincides with one of the legs of the
isosceles right triangle), then

1
/2
=t ad OF = (goha) ©)

G’ o tanh|
where (o and fo are unique roots in (0,7) of the equations
zcot(z)+1=0 and tan(z)+ tanh(z) =0, (10)
respectively.

2. If T := conv{(0,0), (0,h), (4, %)} and T coincides with the hypotenuse of the isosceles right triangle, then

1
3 /
CP = 22}, and CFF = (%) ",

It is worth noting that values of constant C{" on the right isosceles triangle follow from the exact solutions of
Stecklov problem on the square. This specific case was mentioned in the work [11].

Exact value of constants in Cla%ical Poincaré inequality on equilateral triangle T/, := conv{ (0,0),(1,0), (2, ‘ég)}
is derived in [28], i.e., C} /o)y = . Constants for the right isosceles triangles Wlth legs V2 and 1, which are de-

fined correspondingly as T/, := conv{ 0,0),(1,0),(3,3)} and Tx), := conv{(0,0), O 1)}, are CA Tl E



and C; — L. respectively. The latter one can be found from [12] and [13]. Explicit formulas of the same constants
/o

for some three-dimensional domains can be found in papers [3] and [12].

Above mentioned results form a basis for deriving sharp bounds of the constants Cf, CEr, and CF for arbitrary
non-degenerate triangles and tetrahedrons, which are typical objects in various discretization methods. In Section
2, we deduce guaranteed and easily computable bounds of CF, CEr, and CF for triangular domains. The efficiency
of these bounds is tested in Section 3, where C}, CEr are compared with lower bounds computed numerically by
solving generalized eigenvalue problem generated by Rayleigh quotients discretized over sufficiently representative
sets of trial functions. In the same section, we make a similar comparison of numerical lower bounds related to the
constant C}. with obtained upper bounds and existing estimates known from works [18, 19] and [6]. Lower bounds
of the constants presented in Section 3 have been computed by two independent codes. The first code is based on
MATLAB Symbolic Math Toolbox [33], and the second one uses The FEniCS Project [21]. Section 4 is devoted to
tetrahedrons. We combine numerical and theoretical estimates in order to derive two sided bounds of the constants.
For convinience of the reader, we collect all the figures in Appendix 6. Finally, in Section 5 we present an example
that shows one possible application of the estimates considered in previous sections. Here, the constants are used
in order to deduce a guaranteed and fully computable upper bound of the distance between the exact solution of
an elliptic boundary value problem and an arbitrary function (approximation) in the respective energy space.

2 Majorants of Cf and C[ for triangular domains

We set

T = conv{(0,0), (h,0), (hpcos e, hp sina)} and I :={a1 € [0,h]; x2 =0}, (11)
where p > 0, h > 0, and a € (0,7) are geometrical parameters that fully define a triangle 7' (see Fig. 1). Lemma
below is based on analysis of the mapping from the reference triangles to (11) using well known transformation of
the integrals (see, e.g., [7]). Easily computable bounds of CR and C{* are presented below.

Zo
C(hp cos a, hpsin a)
L T
A(0,0) B(h,0)
r
Figure 1: Simplex in R2. Figure 2: Simplex in R?.

Lemma 1 For any w € HY(T,T), the estimates
lwlr < CRR|Vwl|r and [wlr< CF R/ ||Vul|r (12)

hold with

=P . T AT Tr ~Tr Tr ~Tr

CP < Cp =min {cf/‘2 C§W/27 53/4 C§W/4} and Cp' < Cp =min {cw/2 Cf,"/g’ ), Cﬁw/‘t}’
respectively. Here,
1 . 71/‘ 1 v . _1

02/2 = p,ﬂ//i, c}}) = (psina)”’* 05/27 cf,’/4 = ;L,//i, c;f/4 = (2p sina) & c§/4,

where
. P 1
pw/z(p,a):%<1+p2+(1+p4+2p2 cos 2ar) /2), (13)

1
sy (s ) =2p> —2p cosa+1+ ((2p2 +1)(2p% + 1 —4p cosa + 4p? cos 2a)) /2, (14)



P T | T
and Cf“,"/2 ~ 0.49291, Cﬁﬂ/2 ~ 0.65602 and Cf‘,ﬂ/4 ~ 0.24646, Clq‘w/4 ~ 0.70711.

Proof: Consider a linear mapping Fr/, : 7/:7/2 —T

h  phcosa

x = Fr, (2) = Br), @, where B, = < ) . detBx, = ph® sina.

0 phsina
For any w € ﬁl(fw/27f), we have the estimate

w4 < P s

I, <C2 IVl .

where Cff’ w is the constant associated with the basic simplex
’ 2

T/, == conv{(0,0),(1,0), (0,1)}.

Note that
Vil = kel

and

| Vo H%h < m /Aﬂ/2(h,p, a)Vuw - Vw dz,

pa
where
1+ p? cos® a 2 sina cos o
A"/z(hapao‘):hz ( 2p4 ! 5 .2 .
psina cosa p?sin®

It is not difficult to see that
1
Amax(Ary,) = WPy, (p, ), piy, (pr ) = %(1 + 07+ (1+ p* +2 cos2a p?) /2),
where pix/, (p, @) is defined in (13). We use (15), (17), and (18), and obtain

1 -
lwlr < ¢, CE h[Vwllr, &, (p,0) = ulf(p.a).

Next, in view of (4), for any w € H"(Tx/,,T) we have
N Tr ~
livlls < G IVl )
where C'f:[‘fr /s is the constant associated with the reference simplex

fw“ = ConV{(O, 0),(1,0), (% %)}

Since
[l (I = §llw

we obtain

1
1, v (o) /2
lwle < 5,0 WA Vule, ¢ (p,0) = (22322) 7.

The mapping

h  2phcosa-h

&= Fy, (&) = Bry &, where B, = < ) and  det Br/, = 2ph” sina > 0,

0 2ph sin «
yields another pair of estimates for the functions in H YT, T):
1
lwlle < &, 02 WIVwll, ) (p.0) = uf(pra),

and

1
T) iy s T) sy () /2
lwlle < e, ¢, B2 Vwlle, 30 = (“aee) ™,

where pi=/, (p, @) is defined in (14). Now, (12) follows from (19), (21), (22), and (23).

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)



Remark 1 The selection of I" and a in 7" depends on the finite element implementation, i.e., we select I' out three
edges of T' such that it satisfies the condition {jw[};, = 0. According to the results of numerical experiments, to
provide optimal values of CF, T' must coincide with with longest side of T, and between two adjacent angles we
select minimum one to be a. For the constant CE*, minimum values are attained for a lying in the interval (5, %")
(see Section 3).

Remark 2 Let us show that obtained w belongs to the correct space. Assume that w € fll(ﬁ f) and consider
mean value of w after the transformation. We note that

Jwlp = /w(z) ds = h/w(z(i))dé - h,/wdé —0.
r T T

Therefore, the mean value of the function on the boundary remains zero and indeed w € H YT,T).

Analogously to Lemma 1, one can obtain the upper bound of the constant in (1). For that we consider three
reference triangle 7%/,, Tx/, (defined in (16) and (20)), and T/, := conv{(0,0), (1,0), (3, @)}

Lemma 2 For any w € H(T), the estimate of the constant in
[wlr < CER|IVw]lr (24)

has the form
=P o P — P — P
CP < Cp=min {cw/A CT,"/4’ Cr/y Cf,«/y Cr/,y Cf,"/z} (25)
Here,
1y, _ 1 _ 1y,
Crjy = /1,,,//1, Cr/y = /1,,,//1, and T, = /1,,,//22,

where fix;, and =/, are defined in (13) and (14) and

sy (poa) =2(1+p* — p cosa) +2(5(1+ p* — p cosa)® — +p? sin’ a) /2, (26)
P I P — 3 P — 1
and Cﬁ"h = U C’f"/3 =i C'f"/2 =

Proof: The mapping Fr/, : ﬁ/z — T coincides with (2) from Lemma 1. Therefore the bound

1
lwle < 2, CEL 0 Vwlle, Ey,(0.0) = uf (0,0) 27)

is obtained by following the steps of the previous proof. From analysis of mappings

(h %(chosaf 1)-h

@ = Frjy (@) = Bryy & where Buy = | Zepsina
V3

> , det Br/, = % sina > 0,
and
h  2phcosa-h

&= Fr/, (&) = Bry, & where B, = (0 2phsina

) , det Br/, = 2ph? sina > 0,

we obtain alternative estimates for function w € H'(T)

1
lwlle < @y, CF bl Vwliz, @ylp.a) = ul (p,a), (28)
> _ 1/,
lwlly < @y, CF,, I Vwliz, @.(p.a) = nl(p,a), (29)

where pi-/, (p, @) and p=/, (p, @) are defined in (26) and (14), respectively. Therefore, (25) follows from (27), (28),
and (29). Analogously to Remark 2, if & € H(T), it follows that w € H(T). a



3 Minorants of Cf and C[ for triangular domains

3.1 Two-sided bounds of C}f and Cf"

Majorants of CE and Cl:“ provided by Lemma 1 should be compared with the corresponding minorants, which can
be found by solving generalized eigenvalue problem generated by the discretized Rayleigh quotients
Pl — — IVwlr Trr, ] — _ IVwlr
Relwl = mogorrr 80d Re'lw] = mlgep e (30)

Here, w is approximated by the basis of finite dimensional subspaces VN ¢ H (T) formed by sufficiently represen-
tative collections of test functions. For this purpose, we use either power or Fourier series and introduce

VN = span{ zly’ }, and VYV = span{ cos(miz) cos(mjy) }, i,7=0,...,N, (i,7) # (0,0),

with dim V¥ = dim ViV = M(N) := (N + 1) — 1. The corresponding constants are denoted by CM® and CM™,
where M (N) indicates the amount of used basis functions in the finite dimensional subspace. Since above defined
finite dimensional spaces are limit dense in H'(T'), the minorants tend to exact constants as M (N) tends to infinity.
The quotients (30) follow from the definition of the constants C} and C{* for w € H'(T), i.e.,

hw— fuhe e < CRIVwlr and o ol o < CF[Vulr. (31)
Embeddings (31) are justified by the equivalence of quantity |Jwl|; := ||Vw||z + | [ wds| to the norm of H(T), so
r

that the existence of CR and C* follows automatically.

Numerical results presented below are obtained with two different codes based on MATLAB Symbolic Math
Toolbox [33] and The FEniCS Project [21]. Table 1 demonstrates that the ratios between exact constants and their
approximate values (for the selected p and «) are quite close to 1 (as it is expected) even for relatively small N.
Therefore, we select N = 6 or 7 in tests discussed below.

‘ a=735,p=1 ‘ ry:%,p:%
M M M M

N M@®) ‘ o)y ey ‘ C;L"/4 T,/
1 3 0.8801  0.9561 | 0.8647  1.0000
2 8 0.9945  0.9898 | 0.9925 1.0000
3 15 0.9999  0.9998 | 0.9962  1.0000
4 24 1.0000  0.9999 1.0000 1.0000
5 35 1.0000  1.0000 | 1.0000  1.0000
6 48 | 10000 1.0000 | 1.0000  1.0000

Table 1: Ratios of gg_:[,,/f 9%,«/2 and Q¥W/4, QZK,,% with respect to increasing N and M (N).

In Figs. 3a and 3¢, we depict C1P for M(N) = 48 (thin line) for different T’ with p = g, p=1and o € (0,7).

Guaranteed upper bounds Cr), =2, CP  and Cr/, =, CP_ are depicted by dashed lines. By the bold line,
- o /2 /2 TT,7/s - /a /a4 TT,7/4
we emphasize on C'f/2 and C',p/47 which present CIE as it is defined in Lemma 1. Analogously in Figs. 4a and 4b, the
lower bound C™™ (for M(N) = 48) of the constant C™ is presented together with the upper bound 6;“ (which is
defined as minimum of C., = clr ¢ and o ¢t T . dashed lines. Parameter M is fixed to 48 since the
/2 /2 TT,7/y /a /a 7T/,
difference of order le-8 between Q{:{’TT (for bigger M) becomes unnoticeable. In the digital form, the information
is represented in Table 2.
V2

Fig. 3a corresponds to the case p = *5*. It is worth noting that for a = 7 the lower bound Qf&l’p coincides with

constant C (6,?/4). This happens beca1}§e for a = 7 the mapping F=/, is identical (see, e.g., Fig. 3b). Analogous
coincidence can be observed for CIT" (611/14) in Fig. 4a. In Fig. 3¢, the curve corresponding to Q{y‘p coincides with
the line of C} (652) at the point o = 5 (due to the fact for this angle F is theTidentical mapping and T coincides
with T/, (see Fig. 3d)). Fig. 4b exposes similar results for CMT and Cf (5,/2). Figs. 5 and 6 demonstrate the

same bounds for more interesting p = ‘/75 and %, which stay quite efficient even for the cases unrelated to the
reference triangles, e.., if p = ?, T ~ 1.0463 + 0.1300 for C¥ and Ig ~ 1.0363 + 1.3388 for CIT‘, and if p = %,

T ~ 1.0249 =+ 0.1634 for C and Iog ~ 1.2917 + 1.7643 for C/I¥.



\ p=¢ \ p=1

= T —Tr — T —Tr
o |or of o™ o | ot of o™ o

/18 0.2429  0.2657 | 1.2786  1.5386 | 0.3245 0.3486 | 1.2572  1.6971
/9 0.2414  0.2627 | 0.9289  1.0838 | 0.3248 0.3493 | 0.9058  1.2116
/6 0.2389  0.2577 | 0.7919  0.8792 | 0.3268 0.3527 | 0.7632  1.0118
2m/9 0.2379  0.2507 | 0.7259  0.7543 | 0.3339 0.3636 | 0.6906  0.9201
5m/18 | 0.2632  0.2722 | 0.6945 0.7503 | 0.3514  0.3884 | 0.6529  0.9003
/3 0.3008  0.3220 | 0.6829  0.8348 | 0.3809 0.4269 | 0.6362  0.8634
7w/18 | 0.3382  0.3694 | 0.6840 0.8432 | 0.4173  0.4721 | 0.6332  0.7840
4m /9 0.3740  0.4140 | 0.6947  0.7973 | 0.4556  0.5187 | 0.6404  0.7162
/2 0.4075  0.4554 | 0.7136  0.7801 | 0.4929  0.4929 | 0.6560  0.6560
5m/9 0.4382  0.4933 | 0.7409 0.7973 | 0.5280 0.5340 | 0.6797  0.7162
117 /18 | 0.4660 0.5165 | 0.7779  0.8432 | 0.5600 0.5710 | 0.7125  0.7840
2m/3 0.4905  0.5361 | 0.8274  0.9118 | 0.5884  0.6037 | 0.7569  0.8634
137/18 | 0.5115  0.5552 | 0.8948  1.0040 | 0.6129  0.6318 | 0.8175  0.9607
/9 0.5289  0.5720 | 0.9898  1.1292 | 0.6332 0.6550 | 0.9033  1.0874
57/6 0.5426  0.5856 | 1.1334  1.3107 | 0.6492 0.6733 | 1.0332  1.2673
8m/9 0.5524  0.5956 | 1.3796  1.6118 | 0.6607  0.6865 | 1.2565  1.5623
177/18 | 0.5583  0.6017 | 1.9436  2.2851 | 0.6676 0.6944 | 1.7692  2.2179

Table 2: Lower and upper bounds of Cf. and CEr with respect to a and for p = @ and 1.

3.2 Two-sided bounds of CE

The spaces ViV and V3" are also used for analysis of the quotient Ry[w] = %

lower bounds of the constant in (1) denoted by Q¥ P Obtained numerical results are compared with above presented

estimate 6;, 5;’&9 = d'z%fm and CF. := max {d]z%n(?): %}, which follow from (7) and (8), respectively.

In Figs. 7a, 7b, 7d, and Te, we illustrate C}"F (M(N) = 48) together with 63, 65’@ and CF with respect to
a € (0,m) for T with p = %, ?, %, and 2. We see that Q;&P indeed lies within the admissible two-sided bound.
From these figures, it is obvious that obtained upper bounds 6; are sharper than existing estimates 6];’® for T
with p # 1. True values of the constant lie between the bold and dashed lines, but closer to the bold line, which
practically illustrates the constant (this follows from the fact that increasing M (N) does not provide a noticeable
change for the line, e.g., for M(N) = 63 maximal difference with respect to Fig. does not exceed 1le-8). Also, we
note that, the lower bound Q? is quite efficient, and, moreover, asymptotically exact for a — 7.

, which yields guaranteed

Due to [19], we know the improved upper bound éi’A (cf. (6)) for isosceles triangles. In Fig. 7c, we compare

CAMF (M(N) = 48) with both upper bounds E; (from the Lemma 2) and 6§’A. It is easy to see that éi’ﬁ‘ is
. . P . —P.A

rather accurate and for a — 0 and a — 7 provide almost exact estimates. C'; improves C'77 only for some a.

Moreover, the lower bound Q%«S indeed converges to 6;‘A as T' degenerates when a tends to 0 (see [19]).

3.3 Shape of the minimizer

Exact constants in (2) and (4) are generated by minimal positive eigenvalues of (3) and (5). This section presents
results related to the respective eigenfunctions. In order to depict all of them in a unified form, we use barycentric
3
coordinates \; € (0,1), ¢ = 1,2,3, > \; = 1. Figs. 8 and 9 show eigenfunctions computed for isosceles triangles
i=1
with different angles o between two legs (zero mean condition is imposed on one of the legs). They are constructed
in the process of finding Q{l’f’p and Q#I’Tr and normalized such that the maximal value of a function is equal to 1.
For a = 7, the exact eigenfunction associated with the smallest positive eigenvalue AP = (%)2 is known (see [25]).
It is (see Fig 8d)
ub = cos(21) 4 cos (Zolzz=h)y

where zg is the root of the first equation in (10). We can compare it with the approximate eigenfunction u%j’p

computed by minimization of R} [w]. It is depicted in Fig. 8c.
Analogous results for eigenfunctions related to the constant Qﬁl’n are presented in Fig. 9. Again, for a = 7 we
know the exact one
up" = cos(Zoz1) cosh (Zo(x2 — h)) + cosh(Zo 1) cos (20(xz2 — 1)),
where % is the root of second equation in (10) (see Fig. 9d), which minimizes the quotient R{*[w] associated with
the smallest positive eigenvalue A = z“t%h(zo) It is easy to see that with the assigned value of M (N) numerical



approximation practically coincides with the exact one.

In the above considered examples, the eigenfunctions associated with minimal positive eigenvalues expose a
continuous evolution with respect to «. However, this is not true for the quotient Rp[w], where the minimizer
may cardinally change the profile. Fig. 7c indicates a possibility of such rapid change at a = %, where the curve
(related to Q4T8 ) obviously becomes non-smooth. This happens because equilateral triangle has double eigenvalue
and the function minimizing Rr[w] over ViV, changes its profile. F igs 10d-10i show three eigenfunctions u‘}%l,
uTz, and uj%s related to three minimal eigenvalues A7%;, A7%,, and Af%; computed in the process of minimization
of Ry[w). All functions are computed for isosceles triangles and are sorted in accordance with 1ncrea>1ng values of
the respectlve eigenvalues. Fig. 10 illustrates these three eigenfunctions for 7' with angles a = %, T +¢, and § —¢,
where ¢ = . It is easy to see that at a = = m/3 the first and the second eigenfunctions change places Table 5
presents the corresponding results in the digital form.

It is worth noting that for equilateral triangles two minimal eigenfunctions are known (see [23]):

U = cos (ZT”(QTl - 1)) — cos (f}rg) cos (%(2 T — 1))7
Uy = sin (27”(2 T — 1)) + cos (%Tz) sin (%(2.{1 — 1))

These functions practically coincide with the functions u7®) and u7%, presented in Fig. 10d. Finally. we note that this

phenomenon (change of the minimal eigenfunction) does not appear for, e.g., p = f orp= 2, due to the fact that
non-quadrilateral triangles have simple lowest eigenvalue. The eigenvalues as Wcll as the constants corresponding
to the eigenfunctions presented in Figs 10 are summarized in the Table 3.

§oc 3 Fe

[ ol | O M| of MR | o R

ul® | 0.2419  17.0951 | 0.2387  17.5463 | 0.2537  15.5404

p=1 | uff, | 02229 201216 | 0.2387 17.5463 | 0.2355  18.0309
udS, | 01353 546024 | 01378  52.6396 | 0.1422 494818

uf®) | 0.23137  18.6804 | 0.23671 17.8471 | 0.24336  16.8850
p="L2 | uf, | 017082 34.2707 | 0.17435 328970 | 0.17642  32.1205
uffy | 01220 66.2058 | 0.12789  61.1402 | 0.13298  56.5493

ui® | 0.34714  8.2983 | 0.35523  7.9247 | 0.3648  7.5143

p=35 | uld, | 024485 16.6801 | 0.24885 16.1482 | 0.25125 15.8412
uil, | 018258  20.9981 | 0.19084 27.4575 | 0.19845  25.3921

Table 3: Qg,“) and MY corresponding to the first three eigenfunctions in Fig. 10.

4 Two-sided bounds of C} and C' for tetrahedrons

A nondegenerate tetrahedron 7' € R® can be presented in the form
T = conv{(0,0,0), (h1,0,0), (0,0, h3), (D, Dy, D, ) }, (32)

where (Dy,,Dy,, Dyy) = (hipcosa sing, hipsina sinf, hypcos()), hy and hs are the scaling parameters along
axises Oy, and Oy, respectively, v is a polar angle, and 6 is an azimuthal angle (see Fig. 2). Let zero mean

condition be imposed on
T =conv{ (0,0,0), (h1,0,0), (0,0, hg)}

and To 4 denote the reference tetrahedron, where 6 and @ are fixed angles. Then, by Fj.4 we denote the respective

mapping Fy , : Tu,a —T.

It is possible that these results could be generalized to the other spectral problems that authors consider. To
the best of our knowledge, exact values of constants in Poincaré-type inequalities for s1mplexes in ]R3 are unknown.
Therefore we first consider several reference tetrahedrons with p = 1, 0= 3,and &g = §, Go = %, a3 = 3, and
Qg = ﬁ, and find the constants numerically with high accuracy. Table 4 shows convergence of the constants with
respect to increasing M (N). Then, for an arbitrary tetrahedron 7', we have

< CPhih . CP = i PP
”U”T - CF ! 3HV’UHT’ CF d:(«/%gg}r/%zw/g}{p”/zyﬂcl‘,”/md}’

BN ,}, (33)

~ 1 ~
vllr < CF (hy hs)2 ||Vollr, CFF = min { = &
olle < Cr* (b1 h3)2 [|Vollr,  Cr e a6 Craa



6=26=1
T2
Tryy
&
y ~—
. x1
g I
p,M Tr, M p,M Tr, M p,M Tr, M p,M Tr,M
M(N)‘ Cﬁ"/z,a 0.7/s.6 ‘ 0.7/5.6 0.7/5.6 ‘ 07/5.6 07/5.6 Cf,m.a Cf«"/z-,'i
7 0.32431 0.760099 | 0.325985  0.654654 | 0.360532  0.654654 | 0.4152099  0.686161
26 0.338539  0.829445 | 0.340267  0.761278 | 0.373669  0.751615 | 0.4274757  0.863324
63 0.341122  0.831325 | 0.342556  0.762901 | 0.375590  0.751994 | 0.4286444  0.864595
124 0.341147  0.831335 | 0.342589  0.762905 | 0.375603  0.751999 | 0.4286652  0.864630
215 | 0.341147 0.831335 | 0.342589 0.762905 | 0.375603 0.751999 | 0.4286652 0.864630

Table 4: Cf "17 _and C20M
/2,4

L7/2,&

with respect to M(N) for fé.& with p=1,0 = 5, and several &.

where C

_and CX* are the constants related to four reference thetrahedron from Table 4 and ¢?, . and ¢t
T,7/2,& T,7/a,é& /2,6 /2,&
are the ratios of the mapping Fr/, 41 T/, & — 1. Here, Tx, 4 1= conv{(O,O,O)7 (1,0,0),(0,0,1), (cos @, sin &, O)}

T

with & ={%, 5.5, 27}, T is defined in (32), and Fr/, 4(&) is presented by the relation

hi si}zf‘a(pcosasinﬁfcosd) 0
— ) — 5 — sin asin (0
I_]:”/z-,d<z) _B"/z,&m7 B”/L& - 0 hip sin(i( ) (34)
cos
0 h'lﬂsin & hs
The mapping ratios of (34) depend on the maximum eigenvalue of the matrix
242
hi+0bi;  bizba b12b32
— 2
Axjy o= b12b22 b3y baobsz
b12b32 ba2b32 h3 + b2,
1+ 5 (peosasinf — cos &)? %ﬂm’(pcosasiHG — cos &) zifffg (pcosasinf — cos &)
2 psin asin @ N e A p? sin? a cos® @ p? sin asin 20
- hl sin? & (ﬂ cosasinf — cos Ot) sin? & 2sin? &
2 2 2
peost 0 g A % sin a sin 26 h3 | 2cos?0
sin? & (/) cosasin @ — cos (’Y) 2sin? & h? +p sin? &

where b1, bag, b3z are elements of Br/, 5 in (34). Accordingly, Amax(A=/,.4) is defined by the relation

&

A ) — P l/3 _ *1/3 1
)\max( 7’/2,(1) = Wr/ya = 84 5254 + 2817

where

&1 = b2y 4 b3y + b3y + 3 + 3,

&2 = §(3(03, + a) + 12 (VB + 13,) — 383 + 3n3),

£ = 365 — 1 (M3 (0% + %) + h3 (43, + %) + b3 3 ) + S5, 03,
2, 2 3 1/z

E1= &+ (4 (03 + %) + 5 (08, + W) — B2+ L2nd) +e3) .

Therefore, ¢}, , and ¢}, ; in (33) reads as follows

1
/2
Prj2,a
hihs

P —
Crfoa =

2
— ( _hasina &P
psin asin 6 T/a,&"

Lower bounds of the constants CX and C{* are computed by minimization of RR[w] and RE*[w] over the set
VN ¢ HY(T), where

Tr
Cr)s

ViV = { o =iy 25 gk =00 Ny (G k) £ (0,0,00 }, dimVEY = M(N)i= (N + 1)~ L.



The respective results are presented in Tables 5 and 6 for 7" with h; = 1, hg = 1, and p = 1. We note that
exact values of constants are probably closer to the numbers presented in left-hand side columns. For a fixed angle
0 =T/5, we also present estimates of Qi‘!f’p and Q{V’“ graphically in Fig. 11.

| e=§ | =% | =3 | a-3

M,p =p M,p =p M,p =p M,p =p
0 ‘ Cr Cr ‘ Cr or | Cr Cr ‘ Cr Cr

7/6 | 0.23883  0.49035 | 0.24621  0.49841 | 0.25870  0.51054 | 0.29484  0.51308
w/4 | 0.23883  0.45388 | 0.24621  0.46173 | 0.25870  0.47683 | 0.29484  0.49075
7/3 | 0.29666  0.41958 | 0.31194  0.42259 | 0.33489  0.43724 | 0.38976  0.46002
w/2 | 0.34302  0.35667 | 0.34112  0.34115 | 0.34256  0.34259 | 0.37559  0.37560
2m/3 | 0.40428  0.41958 | 0.40562  0.42259 | 0.40927  0.43724 | 0.42867  0.46002
3mw/4 | 0.42890  0.45388 | 0.43110  0.46173 | 0.43505 0.47683 | 0.45017  0.49075
5m/6 | 0.44964  0.49035 | 0.45193  0.49841 | 0.45539  0.51054 | 0.46607  0.51308

[ o8 | a-% | =% | a-%

P o o lar & lar & |lav &

7/6 | 0.29484  0.51308 | 0.33069 0.51792 | 0.34468  0.52253 | 0.35499  0.52694
w/4 | 0.29484  0.49075 | 0.33069  0.50261 | 0.34468  0.51308 | 0.35499  0.52253
7/3 | 0.38976  0.46002 | 0.43880  0.48413 | 0.45742  0.50261 | 0.47106  0.51792
7/2 | 0.37559  0.37560 | 0.42865  0.42867 | 0.45017  0.45731 | 0.46607  0.47811
2m/3 | 0.42867  0.46002 | 0.45997  0.48413 | 0.47457  0.50261 | 0.48598  0.51792
3m/4 | 0.45017  0.49075 | 0.47204 0.50261 | 0.48239  0.51308 | 0.49064  0.52253
5m/6 | 0.46607  0.51308 | 0.47972  0.51792 | 0.48607  0.52253 | 0.49115  0.52694

Table 5: CMP(M(N) = 124) and CP.

‘ o= ‘ o=

IS

_x =
O’—a ‘ [e3

[SE]

s
6

M, Tr ~Tr M, Tr > Tr M, Tr S Tr M, Tr ~Tr
o ‘ Cr Cr ‘ Cr Cr Cr Cr ‘ Cr Cr

/6 1.09760  3.78259 | 0.96245 2.71866 | 0.91255  2.27382 | 0.93123  2.05449
7/4 | 1.09760  2.43897 | 0.96245 1.78094 | 0.91255 1.50166 | 0.93123  1.38951
w/3 | 0.89122  1.74467 | 0.79146  1.31130 | 0.75950  1.12431 | 0.78904  1.06349
7/2 | 0.98017  1.22920 | 0.83132 0.83133 | 0.76290  0.76291 | 0.75199  0.75200
2m/3 | 1.17698  1.74467 | 0.99473  1.31130 | 0.90578  1.12431 | 0.86463  1.06349
3m/4 | 1.35195  2.43897 | 1.14144  1.78094 | 1.03737  1.50166 | 0.98220  1.38951
5m/6 | 1.65317  3.78259 | 1.39424  2.71866 | 1.26490  2.27382 | 1.19017  2.05449

| =% | a-%
) ‘ QlI_W.Tr 51:[‘,« ‘ QgI’I\r ér’:ﬁ | Q?I.Tr él:l"r ‘ ng.Tr érr:n

7/6 | 0.93123  2.05449 | 1.07244  2.39471 | 1.21573  2.95902 | 1.47044  4.21999
7/4 | 0.93123  1.38951 | 1.07244  1.64324 | 1.21573  2.01841 | 1.47044  2.80588
7/3 | 0.78904  1.06349 | 0.91773  1.27423 | 1.04309  1.50833 | 1.26357  2.11790
7/2 | 0.75199  0.75200 | 0.86459  0.86463 | 0.98220  1.12971 | 1.19017  1.67033
2m/3 | 0.86463 1.06349 | 0.96174  1.27423 | 1.08134  1.50833 | 1.30191  2.11790
3m/4 | 0.98220 1.38951 | 1.07921  1.64324 | 1.20686  2.01841 | 1.44721  2.80588
5m/6 | 1.19017  2.05449 | 1.29582  2.39471 | 1.44268 2.95902 | 1.72383  4.21999

| o5 | -3

s
2

Table 6: CM™ (M(N) = 124) and C/™.

5 Example

Constants in the Friedrichs’, Poincaré, and other functional inequalities arise in various problems of numerical
analysis, where we need to know values of the respective constants associated with particular domains. For example,
results related to extension and projection type estimates for FEM can be found in [24, 7] (and many other
publications). Concerning constants in the trace inequalities associated with polygonal domain, we mention the
paper [5]. Constants in functional (embedding) inequalities arise in various error estimates. We deduce an advanced
version of the estimate (46) in [31], which uses constants in Poincaré-type inequalities for functions with zero mean
traces on inter-element boundaries in order to maximally extend the space of admissible fluxes. Below we address
the latter case and first explain reasons that invoke the constants in general terms.

Let u denote the exact solution of an elliptic boundary value problem generated by the pair of conjugate operators
grad and —div (e.g., the problem (38)—(41) considered below) and v be a function in the energy space satisfying
the prescribed (Dirichlét) boundary conditions. Typically, the error e := u — v is measured in terms of the energy

10



norm ||V el (or some other equivalent norm), which square is bounded from above by the quantities

/R(v7 divg) e dz, /D(qu) -Ve dx, and / Rr, (v,q-n)eds,
Q Q Iy

where I'y is the Neumann part of the boundary 0T, n is the outward unit normal, and ¢ is an approximation
of the dual variable (flux). The terms R, D, and Rr, represent residuals of the differential (balance) equation,
constitutive (duality) relation, and Neumann boundary condition, respectively. Since v and ¢ are known from a
numerical solution, fully computable estimates can be obtained if these integrals are estimated by the Hoélder,
Friedrichs, and trace inequalities (which involve the corresponding constants). However, for a Lipschitz domain
Q with piecewise smooth (e.g., polynomial) boundaries these constants may be unknown. A way to avoid these
difficulties is suggested by modifications of the estimates using ideas of domain decomposition. Assume that € is
polygonal (polyhedral) domain decomposed into a collection of non-overlapping convex polygonal sub-domains €2;,
ie.,
Q= |J % O ::{Qi €| QN Qu =0, i £, i:L....,N}.
Qi€ Oq

We denote the set of all edges (faces) by G and the set of all interior faces by Ging (i.e., I'j € Ging, if I'y; = QN ﬁj).
Analogously, Gy denotes the set of edges on I'y. The latter set is decomposed into I'y, := I'ny N 9y, (the number
of faces that belongs to I'y, is Kn). Now, the integrals associated with R and Rr, can be replaced by sums of

local quantities
N Ky
Z/Rsz(v,divq)e dz, and Z / Rry(v,q-n)e ds.

=l F=lpy
If the residuals satisfy the conditions

Rq, (v, divg)dz =0, Vi=1,...,N,

Q;

and
/ Rry(v,q-n)ds=0, Vk=1,...,Ky,
Iy
then
/RQ(v,divq)e dz < C&HR{L (v,divg)|la; |V ella;, (35)
Q;
and
/ Rry(v,q-n)e ds < OF ||Bry(v,q-n)l|ry, [V ellay. (36)
'y,

Hence, we can deduce a computable upper bound of the error that contains local constants Cf, and CII; for simple
’ k

subdomains (e.g., triangles or tetrahedrons) instead of the global constants associated with €.

The constant Cf may arise if, e.g., nonconforming approximations are used. For example, if v does not exactly
satisfy the Dirichlét boundary condition on I'p, , then in the process of estimation it may be necessary to evaluate
terms of the type

/GD(’U)EdS, k'Zl,...,KD,
Loy,
where I'p, is a part of I'p associated with a certain 2, and Gp(v) is a residual generated by inexact satisfaction of

the boundary condition. If we impose the requirement that the Dirichlét boundary condition is satisfied in a weak
sense, i.e., {‘GD(UN}F% = 0, then each boundary integral can be estimated as follows:

[ G as <Cb,, 1GoWlles, IV el (37)
',
After summing (35), (36), and (37), we obtain a product of weighted norms of localized residuals (which are known)

and ||Vel|q. Since the sum is bounded from below by the squared energy norm, we arrive at computable error
majorant.
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Now, we discuss elaborately these questions with the paradigm of the following boundary value problem: find u
such that

—divp + o®u = f, in Q, (38)
p= AVu, in Q, (39)
u=up, onT'p, (40)
AVu-n=F onI'y. (41)

Here f € L*(Q), F € L*(T'n), up € H'(Q), and A is a symmetric positive definite matrix with bounded coefficients
satisfying the condition A\ |¢|2 < A€ - &, where A is a positive constant independent of £&. The generalized solution
of (38)-(41) exists and is unique in the set Vp + up, where Vj := {w € HY(Q) | w=0o0n I‘D}.

Assume that v € Vy + up is a conforming approximation of u. We wish to find a computable majorant of the

€ITor norm

lel? = 1IVell% + lloell?, (42)

where ||Ve||% := [ AVe- Ve da. First, we note that the integral identity that defines u can be rewritten in the form
Q

/AVe~Vw dz + /92611) dr = /(fw—g%w—AV%Vw)dx + /Fwds, Yw € Vp. (43)
Q Q Q Ty

It is well known (see [31, Section 4.2]) that this relation yields computable majorant of | e ||?, if we introduce a
vector valued function ¢ € H(,div) and transform (43) by means of integration by parts relations. The majorant
has the form

lel < 1Da(Ve,q)lla-r + CrllR(v, divg)lle + CollRry (v, q - n)llry, (44)

where C} and Cs are positive constants explicitly defined by A1, the Friedrichs’ inequality C§ in [|v]|q < CF[|Vv|lo
for functions vanishing on I'p, and constant Cl?f] in the trace inequality associated with I'y. The integrands are
defined by the relations

D(Vu,q) :== AVv —q, R(v,divq) :=divg+ f — ¢’v, and Rry(v,q-n):=q-n—F.

In general, finding C§ and Cl:f; may be not an easy task. We can exclude C; if ¢ additionally satisfies the condition
q-n = F. Then, the last term in (44) vanishes. However, this condition is difficult to satisfy, if F' is a complicated
nonlinear function. In order to exclude Cy, we can apply domain decomposition and use (35) instead of the global
estimate. Then, the estimate will operate with the constants CS}l)L (which upper bounds are known for convex
domains). Moreover, it is shown below that using the inequalities (2) and (4), we can essentially weaken the
assumptions required for the variable g.

Define the space of vector valued functions

H(Q, O, div) == {q € LXQRY) | q=q € H(Q,div),
{{divg; + f — ®vf}, =0, Vi€ Oq,
(@ =) - il =0, VI € Gin,
flai-me = Flhpy, =0, Yh=1,....Kx}.

We note that the space H (€2, Og, div) is wider then H(, div) (so that we have more flexibility in determination of
optimal reconstruction of numerical fluxes). Indeed, the vector valued functions in H (2, div) must have continuous
normal components on all I';; € Giny and satisfy the Neumann boundary condition in the pointwise sense. The
functions in H (2, Oq, div) satisfy much weaker conditions: namely, the normal components are continuous only in
terms of mean values (integrals) and the Neumann condition must hold in the integral sense only.

We reform (43) by means of the integral identity

Z / (q-Vw +divqgw) dz = Z /(qiqu)-n,ijwder Z /qj-n,-wds,
Q;

Q€0 I EGin I €7
;€00 1€ T, NETN Ty,
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which holds for any w € Vy and ¢ € H(Q, Oq, div). Setting w = e in (43) and applying the Hélder inequality, we
find that

lel® < ID(Vv, )lla-lIVella+ > (1R, divg)|le,
Q,€0q

€— {\e|}91

Qi

T,

+ 3 ri@le—debry e, + X pr@e—febr,,

T4 €Gim Iy, €ln

where
7i5(q) = (@ — @j) *mijllry; s pe(@) = llgk -k — Fllry, -

In view of (1) and (4), we obtain

lel® < 1D(Vv,q)]la-1 (Ve

a+ > IR, divg)lla,C8, || Vello,
Q;€0q
+ 3 @O Vel + > pr(9)CEL [ Vella,. (45)

T €Gint Iy, €N

The second term in the right hand side is estimated by the quantity %1 (v, q) || Vellq, where

iam Q;)? . <
R(v,q) = Y B Ry, divg) |3,
Q,€0q

We can represent any §2; € Oq as a sum of simplexes such that each simplex has one edge on 9€;. Let C{%  denote
the largest constant in the respective Poincaré-type inequalities (4) associated with all edges of 9€2;. Then, the last

two terms of (45) can be estimated by the quantity R (v, q) || Vellq, where

Riq) =Y (Ch.0%n? with = Y L2+ Y s
Q,€0q Tij€%int, 3 ,
r;jN00;#2 T) MO, #0
Then, (45) yields the estimate
lel® < 1ID(Vv,q)| -1 Vella + (Ri(v,0) +Ra()) [ Vella,

which shows that
lell < ID(T,@)ll a1 + 3 (Ri(v.0) + Ra())- (46)

Here, the term R2(g) controls violations of conformity of ¢ (on interior edges) and inexact satisfaction of boundary
conditions (on edges related to I'y). It is easy to see that Ra(g) = 0, if and only if ¢-n is continuous on G,y and exactly
satisfy the boundary condition. Hence, it can be viewed as a measure of the “flux nonconformity”. Other terms have
the same meaning as in known a posteriori estimates of the functional type, namely, the first term measures the
violation in the relation ¢ = AVw (cf. (39)), and R (v, ¢) measures inaccuracy in the equilibrium (balance) equation
(38). The right-hand side of (46) contains known functions (approximation v and the reconstruction of the flux ¢)
and constants that can be easily computed using results of Section 2-4. Finally, we note that estimates similar to
(46) were derived in [32] for elliptic variational inequalities and in [22] for a class of parabolic problems.
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6 Appendix

For convenience, we collect in this part the graphics cited in Section 3 and 4.
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Figure 7: Q%R with upper bounds 6?A and 6? and lower bound with respect to o on T with (a) p =
(c) 1, (d) 2, and (e) 2.
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