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Abstract

In this paper, the global stability of a schistosomiasis infection model that
involves human and intermediate snail hosts as well as an additional mam-
malian host and a competitor snail species is studied by constructing Lya-
punov functions and using properties of K monotone systems.

We derive the basic reproduction number R for the deterministic model, and
establish that the global dynamics are completely determined by the values
of Ry. We show that the disease can be eradicated when Ry < 1. In the
case where Ry > 1, we prove the existence, uniqueness and global asymptotic
stability of an endemic steady state. This mathematical analysis of the model
gives insight about the epidemiological consequences of the introduction of a
competitor resistant snail species.

Keywords: Epidemic models, Nonlinear dynamical systems, Monotone
systems, Global stability, Reproduction number, Schistosomiasis.

1. Introduction

Schistosomiasis also known as bilharzia is a parasite-induced disease. The
prevalence of Schistosomiasis is high in tropical and sub-tropical countries,
especially in poor rural regions without access to safe drinking water and
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adequate sanitation. The parasites, schistosomes, have to go through an
intermediate host (snails in most cases) to complete their life cycle: from
eggs, to miracidia, to cercaria, finally to adult worms. Schistosomes have
two stages of reproduction: the first one consists in a sexual reproduction in
the blood vessels of humans and the second stage is an asexual amplification
in snails.

Many strategies are used to prevent and control the schistosomiasis infection:
chemotherapy, chemical molluscicides, improvement of sanitary conditions,
snail control.

For many endemic situations, mass drug administration with praziquantel is
recommended by the WHO (World Health Organization)[23]. However, as
reported by WHO, ”a major limitation to schistosomiasis control has been
access to praziquantel. Available data show that only 10% of people requiring
treatment were reached in 2011”. The price of a chemical antischistosomial
is still too expensive for people in many developing countries.

Biological control by introducing competitive snails of the intermediate snail
hosts is a control strategy that may require relatively little funding. For
instance, Schistosomiasis infection has declined in Puerto Rico due to the in-
troduction of Thiara granifera, a snail which competes with the intermediate
host snail of schistosomes Biomphalaria glabrata (see [17], [1]).
Mathematical modeling and analysis of schistosomiasis has drawn many at-
tentions since the first paper by MacDonald in [15]. Thereafter many others
researchers built excellent models and developed a decent understanding of
transmission mechanism of schistosomiasis (see [7, 6, 24]).

Recently, a schistosomiasis infection model described by E.J Allen and H.D
Victory [1] has been proposed. This model generalizes in some way, previous
mathematical models such as those described by Anderson and May [2];
Kimbir [13].

Here, we consider the model proposed in [1]. This model allows competition
between the intermediate host snails and a resistant snail species in order to
study the advantages of biological control. In [1], computational simulations
have been done to estimate some parameters and to study control of the
infection by chemotherapy and biological control using snail competition.
In this paper, we propose a complete mathematical analysis of the determin-
istic model of [1]. A stability analysis is provided to study the epidemiological
consequences of control strategies. Therefore, the specific objectives are to
determine the threshold parameter that measure initial disease transmission
and to analyze the steady states stability. This reproduction number can be



used to assess the potential impact of biological control in the schistosomiasis
disease eradication. We show that the DFE is globally asymptotically stable
by constructing a Lyapunov function. The existence and uniqueness of a non-
trivial equilibrium (endemic equilibrium) is shown by applying a fixed point
Theorem due to Hethcote and Thieme [19] and its local asymptotic stability
is investigated using a Krasnoselskii sublinearity trick. The global asymp-
totic stability of this unique endemic equilibrium is shown using properties
of K-monotone systems [11].

The paper is organized as follows. In Section 2 we present the model de-
scribed by E.J Allen and H.D Victory [1]. Its well-posedness is established
and a reduced model is proposed. In Section 3, we determine R the basic
reproductive number of the model and we establish the global asymptotic
stability of the disease-free equilibrium when the basic reproductive number
is less or equal to one. Section 4 is devoted to the study of the system be-
havior when the basic reproductive number is larger than one. In this case,
by using some properties of K-monotone systems (see [18]), we prove the
existence of a unique endemic equilibrium and we show its global asymptotic
stability.

Finally, in Section 5 , we present some discussions about the characteristics
of the competitor resistant snail species that can be used to eliminate the
disease.

2. Model framework

We consider the model presented in [1]. In their work, four definite mam-
malian host sub-populations, three intermediate snail host sub-populations,
and a population of resistant competitor snails are considered. We assume
that the human births and deaths dynamics can be neglected compared to
the infection dynamics.

Further, it is assumed that infected snails and infected mammals do not
recover from schistosomiasis as their life span are short in comparison to
that for humans. The state variables of the model are:

e H,(t) the susceptible (uninfected) human population size.
e H,(t) the infected human population size.

e S5,(t) the susceptible snail host population size.



Se(t) the population size of the infected snails which are not yet shed-
ding cercariae (latent population size).

S;(t) the infected and shedding snail population size(shedding popula-
tion size) .

e S,.(t) the competitor snail population size(resistant to infection).
e M,(t) the susceptible mammal population size.
e M;(t) the infected mammal population size.

In addition, the population of snails as well as mammals are assumed to be
competitive. Birth and death rates for the various sub-populations will be
denoted by b; and d;. The transmission parameters for the model are:

® t15 = ty,s, = transmission rate from infected snails to uninfected hu-
mans,

® t3y = lg,y, = transmission rate from infected humans to uninfected
snails,

® t33 = tg, ), = transmission rate from infected mammals to susceptible
snail,

o t;5 = ty,s, = transmission rate from infected snails to susceptible mam-
mals.

Competition parameters are defined for the populations as follows:

c33 is the competition parameter between S and Sy, Se, S;,

cyq and cs5 are the competition parameters between S, and S;, respectively,
and Sy, Se, and S;,

3¢ is the competition parameter for snails S,. with snails Sy, ¢4 and csg are
defined analogously,

ces 1s the competition parameter for snails S5, S, and .S; with S,.,

ces 1s the competition parameter for S,. with S,

c77 and cgg are the competition parameter for the mammals populations.
The recovery rate for infected humans is denoted by 715 and r54 denotes the
rate that the latent snail population S, becomes shedding S;.



The time evolution of the different populations is governed by the following
system of equations:

( dH,
i —t155; Hy + r12 H;,
dH;
prai t15 Si Hy — 112 Hy,
dS,
dt = b3 (SS + Se + Sz) — t32 Hl SS — d3 Ss — C33 SS(SS -+ Se + SZ)
—C36 Ss Src - Z538 Ss Mia
dS.
7 tso H; Ss 4 t3g Ss My — dy Se — a4 Se(Ss + Se + 5;)
—C46 Se Src — T's4 Sea
dsS;
T 754 Se — ds S; — €55 Si(Ss + Se + 5;) — €56.Si Sre,
dSTC
dt = b6 Src — Ce4q Src(ss + Se + Sz) — C66 Src Src - d6 Srca
dM,
dt = b7(M5 —l— Ml) — t75 Sz MS — Cr7 MS(MS + Mz) — d7 Ms,
dM,;
L dt = t75SZ‘MS—d8MZ‘—ngMi(Ms—’—Mi).

(1)
It is assumed for snnphcﬂ:y that dg = d4 = d5, d7 = dg, C33 — C44 — Csp,
c77 = cgg and ¢4 = 56 = c36. The total human population Ny = H, + H; is
constant since CUJ—tH = 0. The total no resistant snails population is denoted

Ng; = Sg + S + 5;. Its time-evolution is governed by

dNg;

dt - (bg N dg) Nsi — ¢33 Ng'l — C36 Src N;.

It follows that

dNg;
dt

bs — ds

C33

(bs — d3) Ng; — c33 N&, = ( - Ns¢> c33 Ng;.

The dynamics of the resistant snails population and the total mammals pop-



ulation (Ny, = Mg + M;) are respectively governed by

dSy. bg — d
dt - (b6 - dG) Src — Ce6 Sfc — Ce4 Src(‘ss + Se + Sz) S < 6 6 - Src) Ce6 Srm
C66

dN b, —d

d—tj\/[ (b7—d7)NM—C77N2 I( 7077 7—]\7]\/[> C77NM.

Thus the feasible region for the system (1) is

D - {(H87 Hi) 857 Sea Si7 STw MS) MZ) S Ri .
NSiSbg_d37NM§b7_d77S’rc§b6_d6}-

C33 Cr7 C66

Proposition 2.1. The compact set D is positively invariant and attracting
under the flow described by (1).

Proof. 1t is sufficient to consider the system on the faces of D and to show
that for each face, the vector fields associated to the system points into the
set D.

dNsg;
Si 0 then di
bs — ds

If Ng; = then <0.
C33 IN
If Ny = 0 then d—tM = 0.
— N
IfNM:b7 dz thend—M§0.
Cr7 g dt
d rc
If S,. =0 then = 0.
bg — d dsS,. bg — d
If S, = 25 then = —cgn —2(Ss+ 5.+ 5;) < 0. O
Ce6 dt Ce6

Furthermore, the model (1) is well-posed epidemiologically. Hence, it is suf-
ficient to study the dynamics of the basic model in D.

2.1. Reduction of the system

We will reduce the stability analysis of (1), to the study of a smaller and
simpler system. The following theorem(see [22] ) will permit us to reduce
the stability analysis to a smaller system.



Theorem 2.1 ([22], Theorem 3.1). Consider the following C' system
T = f(x); r e R" y € R™
)= 9(2,y);
y=g(z,y) (2)
with an equilibrium point (x*,y*) i.e.,
f(z") =0 and g(z*, y*) = 0.

If z* is globally asymptotically stable (GAS) in R™ for the system & = f(x),
and if y* is GAS in R™, for the system y = g(z*,y), then (z*,y*) is (locally)
asymptotically stable for (2).

Moreover, if all the trajectories of (2) are forward bounded, then (x*,y*) is
GAS for (2).

S,
We define the proportions of the no resistant snails by: s; = —- for j =
Si
M.
s,e,1, and the proportions of mammals m; = N_j for j = s, 1.
. . . M
S, Ng; S;
Using §; = —- — ‘s = —L — (a3 — c33Ng; — C365¢) 5,
gg' st'_ NSi] .st' (3 331V8 36 )]
M; N M;
iy = —L — My, = =L — (b; —dy — ¢z7Nay)my, and the fact that

= m;

J Ny Ny 7’ Ny
Ss + Se + 85 = 1, mg + m; = 1, simple computations show that the new
variables H;, s., s;, m;, Ng;, Sy, and Ny, satisfy:

( dH;
7l ti5(Ng — H;) s;Ng; — ri2H;,
ds,
7 = (taoH; + t3s Ny my) (1 — sc — ;) — (bg + 754) S,
dSi
E = T'545. — b3;,
dmi
7l t75 Ng; si(1 —m;) — brmy, (3)
as
dNg; —_——
dts :(b3 - d3) Ng; — 033N§i — C365rcNgi = X1(Nsm Src)7
4S,.  —r—
dt :(bG - dﬁ) S’rc - 064STCNSi - CﬁGSrcSrc - XQ(NSi7 S’rc)y
dN
{ d—tjw == <b7 — d7>NM - C77N]%J.



This system is triangular: the last three equations do not depend on the

variables H;, s., s;, m;.

The last equation has two equilibria: the trivial one which is unstable and a
by —

positive equilibrium Ny, = ! ” which is GAS.

Cr7
Let us consider the following subsystem:

as

dNg; — 9
di = (bs - d3) Ng; — C33Ns¢ — 36597 Ng; = Xl(NSi> Src)7
as (4)
dS. —
dt = (bﬁ - d6> Src - CG4STCNSi - 06657"051"0 - XQ(NSi? Src)7

The equilibria of (4) are:
(0,0) which is unstable: two positive eigenvalues as and ag.

as . . Cea03 C3306 — Cpa03
E, = (—, ()) with eigenvalues —a3 and ag — = ‘
C33 C33 C33

ag . . C3606 Cep 3 — C3606
Ey, = (O, —) with eigenvalues —ag and ag — = i

Ce6 Ce6 Ce6
If c33a6 — Ceaaz < 0 then Fy is LAS. If Cee @3 — Cagg < 0 then Fj is LAS.
The system (4) has a positive equilibrium E*:

" C3606 — Ce603 Ce6d3 — C3606
N — —
Si - )
C36C64 — C33C66 C33C66 — C36C64 <5>
[ Ce4a3 — C3306 (3306 — CpaQ3
re - -

C36C64 — C33C66 C33C66 — C36C64

We remark that
Cee A3 — C36 Ug
C33 06 — Cg4 A3

The equilibrium E* = (N¢,, Sk.) exists if and only if

1. 1st case: c33¢c66 — c36c4 > 0. In this case the existence of E* implies
that E* is LAS and the other are unstable.

2. 2nd case: ¢33¢66 — 3664 < 0. In this case E* exists if c33a¢ — cguaz < 0
and cggaz — c3gag < 0. In this case F; and E, are LAS but E* is
unstable.



We shall assume that F; and E5 are unstable which implies that

c33a6 — Ceaasz > 0 and cgg a3 — czgag > 0. (7)

This implies
C33Ce6 — C36Ce4 > 0. (8)

In this case E* is LAS: eigenvalues with negative real part.
Let V' a lyapunov function defined as follows :

V= (NSZ - Ng‘z IOg NSz) + d(‘src - S:c 1Og Src)'

Then, its derivative along the solutions of (4) satisfies :

V = (Ng;i — Ng;)(as — c33Ng; — ¢36Src) + d (Spe — Si.) (a6 — c6aNsi — Ce65rc)-

Using equilibria relations, we obtain:

V. = (Ng — N&)(caaNg; + 3655 — c33Nsi — c36Sre) + d (Spe — Si) (coaNZ;
+c665y, — cealNsi — Co65rc)
= —cg3(Nsi — Ng,;)® — dce(Sre — S7)* — ca6(Ngi — N§g;)(Sre — S7)
—d ca(Ngi — Ng;)(Sre — S7e)
= —c33(Nsi — Ng;)® = dce(Sre — Sy.)” — (ca6 + d cea) (Nsi — N§;)(Sre — )
066a§

=. With this and using (8) we can show
033a6

We choose d =

(c36 + d064>2 —4dcszces <0, 9)

then V is definite negative and hence the equilibrium (Ng;, S*,, N3,;) is GAS.
Then, under the condition (8), (N¢&;, S, Ni;) is GAS.

Remark 2.1. [t is also possible to prove the GAS of (N§,;, S!.) by using

Dulac criterion [25] with the function p(Ng;, Sye) = defined on the

b d b d Si Src
set U =)0, ——[x]0, —=].
W a( CXBS) a( XC)66
PA1 PA2 C33 Ce6
h = — [ .
© have ONg; + 0S5, <Src + Ngi) <0

9



Therefore, under the assumption (8) and using Theorem 2.1, the stability
properties of system (10) on the set D are the same as those of the following
reduced system

( dHl
7 = t15(Ny — H;) N&; s; — 12 H;,
ds. .
i (tso Hi + tss Nyymi)(1 — se — s;) — (b3 + 754) S,
ds: (10)
d_tl = T's4 S — b3 5,
dm,
\ ZZZ = t75 N&; s; (1 —m;) — by my,

defined on the set

D ={0< H, <Ny, 0<s.+s5<1,0<m; <1}

3. The Disease-free equilibrium and the basic reproductive number

In this section, we will give an analytic expression for Ry the basic repro-
ductive number of the system (for more details concerning the definition and
the computation of Rg one can see [20, 9, 5]), and completely answer the
stability question for the disease-free equilibrium (DFE). As usual p(M) is
the spectral radius of the matrix M.

3.1. Ry and the local stability of the DFE
Proposition 3.1. The DFE for system (10) is the origin (H;, S, Si;,m;) =
(0,0,0,0) = Ey and the basic reproduction ratio is given by:

R - \/7’54N§i (brtistso Ny +riatsstes Nyy) /2
0= 0

b3 by 12 (b3 + 754)
Moreover The DFE is LAS if Ty < 1 and is unstable if Ty > 1.

Proof. Tt is clear that the DFE is Ey = (0,0,0,0). Using, the now standard

10



techniques [9, 20], it is easy to show that the basic reproduction ratio is

rsatis N NG tis Nu Ng;

0
b% + 7’541)3 bg
t tss N3
-2 0 0 —38b M
Ro=p(| ™2 ’ )-
0 0 0 0
0 54 t75 Ng; trs Ng; 0
2
b3 + 75403 bs
A simple computation gives:
Ry = (|72 NG (brtistso N + riatastss Nyy) T2,
bs b7 12 (b3 + 754)
The Jacobian matrix of (3) at Ej is
—T12 0 t15 NH N:Skvz 0
I — tsa —(bg+1s4) 0 t3s Ny
0 0 T'54 —b3 0
0 0 t75 Ngl _b7

Jo 1s a Metzler matrix and we can write Jy = F' + V with

0 0 ti5NgNg 0 —7T19 0 0 0
Fe t32 0 0 t38 NX/[ V= 0 —(b3 + 7"54) 0 0

0 0 0 0 ’ 0 T's4 —b3 0

0 0t N, 0 0 0 0 —b

We have F' > 0 and V is Metzler stable, see [3, 12, 10, 4]. Thanks to Varga’s
Theorem in [21]: s(Jy) < 0 iff p(—F V') < 1. Since p(—F V™) = Ry, we
then deduce that Ey is LAS if Rg < 1 and is unstable if Rg > 1. O

3.2. Global stability of the DFE
We have the following global behavior for system (3) when Ry < 1.

Theorem 3.1. If Ry < 1 then the DFE is GAS.

11



Proof. Consider the candidate Lyapunov function:

t bs + 1 tsg N3
v oo 3+ 5, 4 s M
T12 T's4 b

Its derivative along the solutions of (10) satisfies:

. t
V = 27515(]\7[1( — Hz) SZN‘;Z — tggHZ‘
12

+<t32Hi —+ t38 N]T/[ ml)(l — Se — Si) — (bg + 7“54) Se

b tag N3
3+ T'54 (7“54Se B b3si) n 38 Vs
T's4 7

—I— <t75 N;Z Sz<]- — m,) — b7m,)

= —t3oH;5; — t3g Ny mys;

by +r
+Se ( i r > T54 — (b3 + 7"54) - tSQHZ‘ — 138 NX/[ mz>
54

t by +r tagtrs Ni
+5i (ﬁ tis Ngi (Nog — Hy) = =2 by - =2
712 T'54 by

= — (Se + 8;) (tsaH; + t3g Nyymy)

N (1= mo)

t by +r tag t7x NF
s, (ﬁtw% (Nyg — ;) — rsty,  fastns Niy
T12 T's54 b?

N5 (1= m)).

Hence
V< o— (8¢ + 8) (tsoH; + tas Ny, my)

T12 T'54 by
- - (Se + Si) (t32Hi + t3g NJT/[ mz)

t bs +1r tsg t7s N
b (ﬁthgviNH— 3 54 by + 38 U75 MN§i>

N by + 754 ) <r54 Ng; (br t15tso Ny + 12 tsg tzs Niy) 1)

i 3 B '
T4 bs (b3 + 754) b7 12

b3 + 754

T'54

Therefore V < - (Se + 82‘) (tggHi + t38 NE\% mz) +

if Ry < 1.

If Ry <1, theanOimpliessi:,s’e:O, or s; = m; = H;, = 0 and if
Ro = 1, then V=0 implies s; = s, = 0, or m; = H; = 0. However, in
cach case the largest invariant subset of V = 0 is the singleton Ey. Thus, by
LaSalle Invariance Principle [14], Ey is GAS on D; when Ry < 1. O

12



4. Endemic Equilibrium

4.1. Exzistence and uniqueness of the endemic equilibrium

We have shown that the disease-free equilibrium is globally asymptotically
stable when Ry < 1. In the following, we will prove that system (10) has
a unique endemic equilibrium when R > 1. To this end we formulate the
problem as a fixed point problem. Then we use a theorem due to Hethcote
and Thieme ([19], Theorem 2.1) for the existence and uniqueness of a posi-
tive fixed point of a multi-variable function. To be self contained, we recall
hereafter the result of Hethcote and Thieme:

Theorem 4.1. ([19], Theorem 2.1) Let F(x) be a continuous, monotone
non-decreasing, strictly sublinear, bounded function which maps the non-
negative orthant R} = [0,00) into itself. Let F(0) = 0 and F'(0) exists
and be irreducible. Then F(z) does not have a non-trivial fized point on the
boundary of RY. Moreover, F(x) has a positive fized point iff p(F'(0)) > 1.
If there is a positive fived point, then it is unique.

An equilibrium point (H}, s%, sf,m}) for system (10) satisfies

17°e) <)

T'54

* *

Si - 867
b3

t15<NH — H:()S;k Nng — T12 Hz* =0.

This implies

T'54
tis N& Ny -2t s
Hy = bs
J « 54,
ri2 + t15 NSib_ Se
3

Solving the equations in (10) at steady state gives

b3 t75N*~ t15NHN*» s¥
§F = =2 S:, mik St S* H* . Si 21

= -—— -7 —_— .
T'54 ¢ t75N§i Sz + b7 ! ' t15N§i S;!< + T12

(11)

o — (tggH:‘{‘tggN]T/[mj)

— —

(bs + r54) + (ts2 HY +t38N;(4m;‘)(1+%)
3

13



The fourth equation gives

NE, tm% 5t
* 3
Mi = T54 -
b7 + N.;z t75—
b3
We write this as
U=F(@U),
H;
where U = Se , and
my
tis N% Ny s,
bs
<
r12 + l15 N;-ﬁ Se
b3
. ? (tso H; + tsg Nyymy)
= — T
’ (b3 + 154) + (ts2 H; + t3s Njymi) (1 + ﬂ)
Fg b3
Néz t75@ Se
b3
T
br + N, trs— 5.
b3

It is easy to remark that F; < Ny, F5, <1 and F3 < 1.

The equilibrium points satisfy the relation U = F(U). We use this formula-
tion to prove existence and uniqueness of an endemic equilibrium point.

Let Q = {(H;, $e,m;) : 0 < H; < Np,0<s.<1,0<m; <1}. The function
F'is a continuous bounded function that maps €2 into itself and it is infinitely
differentiable with Jacobian

0 Jiz O
FU) = Ju 0 Jy
0 Jy O

where:

14



Ty = bariarsatis Nu NG, Ty = b3 t32
(b37’12 + T's4 t15 Ngl Se) 2’ (bg + T54) (bg -+ t32 HZ + t38 N& mz) 2’
J . b%tggN]T/[ bgb7T54t75N§i
23 —

(bs + 1r54) (b + t30 H; + t3g Nyym;) 2 Jor = (b3 by 4+ 154 tys N&;se)
The off-diagonal elements of the matrix F'(U) are non-negative. Thus the
function F'(U) is monotone non-decreasing. We have F'(0) = 0 and p(F'(0)) =
Ro > 1. Thanks to the graph theory, we claim that F’(0) is irreducible be-
cause the associated graph of the matrix is strongly connected.

Let us now prove that F is strictly sublinear in €2, i.e., F(AU) > A F(U), for
any U € Q with U > 0, and A € (0,1). Some calculations give

T'54
tis No.—r s,
AR(U) TR e

Ei(AU) r12 + t1s Ngi% Se
3

-
(bs + 154) + (t3e H; + tss Ny, m;)(1 + ﬁ)

AR(U) bs .

Fy(\U) (b3+7"54)+T(t32Hi+t38NX4mi)(1+T_)

C T
)\Fg(U) B b7+NSit75 b3 )\Se < 1
F3(>\U) b7+N§it75Tbi48€
3
So the function F(U) is strictly sublinear. In this way we have proved the

following theorem

Theorem 4.2. If Ry < 1, the only equilibrium point of the system is the
disease-free equilibrium Ey. If Ro > 1, there also exists a unique endemic
equilibrium E* in int(€)) whose coordinates satisfy (11).

4.2. Local Stability of the Endemic Equilibrium

In this section, we shall prove the local stability of the endemic equilibrium
when Ry > 1. For this we shall follow the method given by Hethcote and
Thieme, which is based on a Krasnoselskii technique [19]. A usual way to
prove the local asymptotic stability of an equilibrium point z of the system
of differential equations & = f(x) is to prove that the linearized equation
2 = Df(Z) z has no solutions of the form

2(t) = Z exp(wt) (12)
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with Z € €" \ {0}, w € € and Re(w) > 0, i.e., wZ = Df(Z)Z with
Z € €"\ {0}, w € € implies Re(w) < 0.

Substituting a solution of the form (12) in the linearized equation at the
endemic equilibrium, we obtain the following linear equations.

(wZy= —(tis8; N& +7112) Z1 + tis (Ng — H}) N3, Zs,
wlhy= (1—sk—8)tsaZy — (tso Hf +t3s Njymi) Zs
—(bs +154) Zo — (tgo Hf +t3s Njymi) Zs
+ N tss (1 — se — 84) Zy,
wZ3 = 1542y — b3 Zs,
wZy =tz N§ (1 —m}) Zs — (tz5 N§,; st + br) Zy.

\

Solving for Z3 from the third equation of (13), and substituting the result
into the second equation (and simplifying), gives the equivalent system

( ti5 s N, tis (Ng — HF) NE,
(1 i w + 15 S; 52) Zl _ 15 ( H z) Si Z37
12

T12

1—sf— s

(14+ Gy (w)) Zy = #<t32 Z1 + (tss Ny mj) Z4),
b3 + 754

w T'54

1+— | Z3=—12

( +b3) 3 b3 2

(1+ t75 Ng; S:) 7, = trs Ng; (1 —m)) Zs,

\ b7 b?

where

GQ(’UJ)

_ +(32 38 Mm) 1+ T'54 '
b3 + 754 by + 154 w + bs

Denoting in the same way

Gl(w) _ w + 15 4V 54 827 G3(U}) _ E’ G4(w) _ w + 7; Si 5 ’
7

T12 b3
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we obtain the system

1+ Gi(w)] Z1=(HZ),,
1+ Go(w)] Zy=(HZ), +(HZ),,
14
1+ Gy(w)] Zs = (H 2),, (14)
1+ Gy(w)] Zy = (H Z),,
with
0 L (Ng — H}) Ng, 0
12
t32 (]_—S:—S;{) 0 O t38N]T4 (1-8:-8:)
H = b3 -+ T's54 T4 b3 + T's54
0 —_— 0 0
bs
by

System (14) can spells in a compact way as follows
(1+Gi(w)) Zi = (H Z),;

where Z = (Zy, Zy, Z3, Z,) with the lexicographic order. Note that the no-
tation (H Z); (with ¢ = 1,...,4)) denotes the ith coordinate of the vector
H Z. Tt should further be noted that the matrix H has non-negative entries,
and the equilibrium E* = (H}, sf, sf, m}) satisfies E* = H E*. Furthermore,
since the coordinates of E* are all positive, it follows then that if Z is a
solution of (14), then it is possible to find a minimal positive real number p,

depending on Z, such that
| Z |<pE7, (15)

where | Z |= (| Z1 |,| Z2|,| Z3 |,| Z4 |) and | - | is a norm in €. Now we want
to show that Re(w) < 0. We assume that Re(w) > 0. From this assumption
one has two cases : w = 0 and w # 0. In the first case, the determinant
A of the homogeneous linear system (13) in the variable Z; (i =1,...,4)
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corresponds to the determinant of the matrix

tisNg; (Ng — H)

—1—G4(0) 0 - 0
12
t32 (1 — 5 — Sf) t38N]T4 (1 — sk — ST)
e "% 1 Gy(0 0 e %
bs + 154 +{0) bs + 754
0 Iot —1— Gy(0) 0
bs
trsNZ, (1 — m?
0 0 r5Vsi (1 = mj) —1— G4(0)

br

Tacking into account that G3(0) = 0, some elementary calculations give

A = (1 + G4(0)) (1 + G1(0) + Go(0) + Gl(O)G2(0)>

1—s*—gs
LTS5 TS (1 HE (14 G4(0)) + tss NT, mr (1 GO).
(b3+r54)s;(32 i ( + Gy ))+ 38 Mmz( + G ))
Denoting v = max{1+ G1(0), 1 4+ G4(0)}, and using the equilibrium relation
(tso Hf +t3s Njymi)(1 — st — s7) — (bg + 154) s = 0, we have

A > (1 + G4(O)> (1 + Gl(0)> (1 + G2(O)> —a

This shows that A > 0 since G1(0), G5(0), and G4(0) are positive. Therefore,
for w = 0, the only solution of the system (14) is the trivial one Z = 0
which implies that w # 0. Assume now that w # 0, and Rew > 0. Let
G(w) = min{|1 + G;(w)|,i =1,...,4}. It is easy to prove that in this case
|1+ G;(w)| > 1 for all 4, and therefore G(w) > 1. Taking norms on both sides
of (14), and using the fact that H is non-negative, we obtain the following
inequality:

Gw) | Z|<H|Z].
Using (15) and (16), we get
Glw) | Z|< pHE* = pE*

(16)

Which implies
P * *
Z| < ——FE"<pFE".
2= G(w) P

But this contradicts the minimality of p. Therefore Re(w) < 0. We have
then proved the following theorem.
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Theorem 4.3. If Ry > 1, then the positive endemic equilibrium E* of the
system (10) is locally asymptotically stable.

4.83. Global Stability of the Endemic Equilibrium

In this section we will establish the global stability of the unique endemic
equilibrium point when Ry > 1. We shall use the properties of K-monotone
systems for the analysis of our system (see [18]). We begin by recalling the
definition of K-monotone systems as well as a result concerning convergence
properties of strongly monotone systems. Let

&= f(z) (17)

where f is a continuously differentiable function defined on a convex, open
set U in R". Let ¢ = (q1,--qn), ¢ € {0,1}, 1 < ¢ < n, and K =
{r eR": (-1)%z; > 0,1 <i<n}. The solution ¢;(x) of (17) preserves the
partial ordering <x (for ¢ > 0) and system (17) is said to be of type K-
monotone if whenever z, y € U with x <g y then ¢:(x) <g ¢:(y) for all
t > 0 for which both ¢;(x) and ¢.(y) are defined. The following lemma gives
necessary and sufficient conditions for (17) to be a type K-monotone system
in the case that f € C*(U) for an open convex set U € R".

Lemma 4.1. (Smith [18], Lemma 2.1) If f € C*(U) where U is open and
convex in R" then ¢, preserves the partial ordering <g for t > 0 if only if

P,Df(x)P, has nonnegative off-diagonal elements for every x € U, where
P, = diag ((<1)", ., (—1)%).

For strongly monotone systems, we recall the following useful result:

Theorem 4.4. (Hirsh [11], theorem 10.3) Suppose X is an open subset of
a strongly ordered topological vector space, and f generates a strongly mono-
tone flow in X. Let W C X be an open set of points with compact orbit
closures, and assume that there is a unique equilibrium p in |J, oy w(T).
Then ¢i(x) — p for all x € W.

We shall use this global convergence result to prove the following result

Theorem 4.5. If Ry > 1, then the positive endemic equilibrium state E* of
the system (10) is globally asymptotically stable in the interior of the set D;.

19



Proof. We rewrite the system (10) using the variables (H;, s, s;, m;) instead
of (H;, se, $;,m;) used in the previous sections. We get the following system:

( dH; )
Tl tis(Ng — H;) N&; si — 12 Hy,

ds
;t = b3 — (tso H; + t3s Ny, m; + bs) s,
ds; = [(Hi, 85, 85,m3) = ().

=154 (1 — 55 — 5;) — b3 85,

dt
dm;
| at 75 NG; si ( m;) 7 ‘
(18)
With Jacobian
Df(z) =
—Tlg—t15N§iSi 0 t15N§Z~ (NH—HI) 0
—132 S —bg—t3o H;—t3s Ny my 0 —t38N s Ss
0 —T54 —b3 — T's4 0
0 0 tisNg (1 —m;)  —br—t75Ng;s;
If we choose the matrix P as
1 0 00
0O -1 0 0
P= 0O 0 10
0O 0 01

Then the matrix P D f(z) P is a Metzler matrix, i.e., it has nonnegative off-
diagonal elements for all € D;. Thus, system (18) is K-monotone in D,
(the interior of Dy ) with respect to the partial ordering defined by the orthant
K ={H; >0,s, <0,s; > 0,m; > 0}. Moreover it is strongly monotone with
respect to the orthant K because D f(x) is irreducible.

Thanks Hirsch’s theorem 4.4 and the fact that we have only one endemic
equilibrium E* in D, which is locally asymptotically stable when Ry > 1
we can conclude that E* is globally asymptotically stable in D, when Ry >
1. [

5. Biological control

The first way to eradicate the disease is to use a competitor resistant snail
species that is able to eliminate the population of the intermediate host
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snails. This means that system (4) admits Ey = <O, %> as a globally
C66
asymptotically stable equilibrium state. This equilibrium corresponds to

the absence of the intermediate host snails: Ng; = 0. According to the

computations done in Paragraph 2.1, the parameters must satisfy cgq a3z —

a

c36a6 < 0 and the other equilibrium E; = (—3, O) must be unstable which
C33

implies that we must have c33ag — cgqa3 > 0. Remark that when the two

above conditions are satisfied then the coexistence equilibrium E* does not
exist.

To summarize, the population of the intermediate host snails can be elimi-
nated if the parameters satisfy the following condition

o s {2, 1 (19)

a3 by — ds C36 (33

This situation is illustrated in Figure 1. The simulation has been done using
parameter values from [1].

However the above condition (19) is strong and may be hard to satisfy in
practice. Therefore a second method to eradicate the disease without com-
pletely eliminating the intermediate host snails is to choose a competitor
resistant snail species in such a way that Ry < 1. Recall that

2 _ Tsd N (brtistss Ng +riatsgtss Nyy)
O —_— .
bs b7 112 (b3 + 154)

In the expression of Ry, the only quantity that depends on the competitor
C3606 — Cop

resistant snail species is N§, since (by relation (5)) N§, = 2076 T8 and

. C36C64 — C33C66

the other terms do not depend on the competitor.

We can remark that the introduction of a competitor reduces the value of

Ry since the value of the steady state size of the intermediate host snail in
. L as . . .
the absence of the competitor (which is equal to —) is larger than its value

C33
in the presence of the competitor.
NOW, RO < 1 iff
C3606 — Cepl b3 by ris (b +r
3606 6603 _ Nz < 3 b7 712 (b3 54) i (20)
C36C64 — C33C66 754 (brtistsa Ny + riatsstzs Njy)
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The right-hand side expression of the above inequality (20) depends only
on the disease characteristics as well as on the human , mammal and inter-
mediate snail demographic parameters. It does not depend on the resistant
competitor snail species.

The competitor characteristics have then to satisfy the inequality (20) in
order to eradicate the disease. This means that the resistant competitor
snail species has to be able to reduce the steady state size of the intermediate
snail species under some quantity that depends on the disease characteristics
(r12, 754, 15, t32, t75), on the demographic parameters of the intermediate
snail, and on the human and mammal populations.

6. Summary and conclusions

In this paper, we have presented a stability analysis of a deterministic model
for the transmission dynamics of a schistosomiasis infection. Eight sub pop-
ulation sizes were considered: human host susceptible and infected, snail in-
termediate host susceptible, latent, and shedding, resistant competitor snail,
mammal host susceptible and infected. The snails competition is used to
control the transmission of the disease.

Mathematical properties of the model are analyzed and used to reduce the
dimension of the system under consideration.

The reproductive number Ry is then analytically and explicitly computed.
We proved that the disease-free steady state Fjy is globally asymptotically
stable if Ry < 1.

We have also established the existence and uniqueness of an endemic equi-
librium E* in the case where Ry > 1. Using some properties of monotone
systems we have proved the global asymptotic stability of the endemic equi-
librium when it exists i.e., when Ry > 1.

In a more realistic situation, the speed of a river should affect the transmission
dynamics of schistosomiasis. We are working on this perspective. A model
with spatial structure involving the present ODE system coupled with a
shallow water equations is being studied, see [8].
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Figure 1: Evolution of the latent S.(¢) and infected S;(t) snails when the elimination
condition (19) is satisfied.
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