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A NON-AUTONOMOUS SEIRS MODEL WITH GENERAL
INCIDENCE RATE

JOAQUIM P. MATEUS AND CESAR M. SILVA

ABSTRACT. For a non-autonomous SEIRS model with general incidence, that
admits [T. Kuniya and Y. Nakata, Permanence and extinction for a nonau-
tonomous SEIRS epidemic model, Appl. Math. Computing 218, 9321-9331
(2012)] as a very particular case, we obtain conditions for extinction and strong
persistence of the infectives. Our conditions are computed for several partic-
ular settings and extend the hypothesis of several proposed non-autonomous
models. Additionally we show that our conditions are robust in the sense
that they persist under small perturbations of the parameters in some suitable
family. We also present some simulations that illustrate our results.

1. INTRODUCTION

The study of epidemiological models has a long history that goes back to the
construction of the ODE compartmental model of Kermack and Mckendrick [5]
in 1927. Since then, several aspects of these models were considered, including
thresholds conditions for persistence and extinction of the disease, existence of
periodic orbits, stability and bifurcation analysis.

In this work we focus on SEIRS models. For this models, several incidence
functions were discussed for the contact between susceptibles and infectives and
it is known that epidemiological models with different incidence rates can exhibit
very distinct dynamical behaviors. In [3] Hethcote and den Driessche considered
an autonomous SEIRS model with general incidence. In this paper we will consider
a family of models with general incidence in the non-autonomous setting. Namely,
we will consider models of the form

S'=A(t) = B(t) o(S, N, I) — u(t)S + n(t)R
E'=B(t) o(S, N, I) = (u(t) + €(t) E

I'=e(t)E — (u(t) + ()] (1)
R =~(t)1 = (u(t) + ()R

N=S+E+I+R

where S, E, I, R denote respectively the susceptible, exposed (infected but not
infective), infective and recovered compartments and N is the total population,
A(t) denotes the birth rate, 8(t) (S, N, I) is the incidence into the exposed class
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of susceptible individuals, u(t) are the natural deaths, 7(t) represents the rate of
loss of immunity, €(¢) represents the infectivity rate and (t) is the rate of recovery.

Our general non-autonomous setting allows the discussion of the effect of sea-
sonal fluctuations but also of environmental and demographic effects that are non
periodic. For instance, for some diseases like cholera and yellow fever, the size of
the latency period may decrease with global warming [I3] and this type of effects
lead to non-periodic parameters.

A particular case of our setting is the case of mass-action incidence, (S, N, T) =
SI, that was considered in papers by Zhang and Teng [14] and by Kuniya and
Nakata [6l [7]. For mass action incidence, Teng and Zhang defined a condition for
strong persistence and a condition for extinction based on the sign of some con-
stants that, even in the autonomous setting, were not thresholds. To improve this
result in the periodic mass action setting [6], Kuniya and Nakata obtained explicit
conditions based in a general method developed by Wang and Zhao [15] and Re-
belo, Margheri and Bacaér [I2] and, in the general mass action non-autonomous
setting, Zhang and Teng’s result was improved in [7]. In this paper we follow the
approach in [7] to obtain explicit criteria for strong persistence and extinction in
the non-autonomous setting with general incidence and we consider particular situ-
ations, including autonomous and asymptotically autonomous models with general
incidence, periodic models with general incidence and non-autonomous model with
Michaelis-Menten incidence.

For non-autonomous models with no latency class [11l [16] similar results were
obtained. We emphasize that our situation is very different and in particular, unlike
the referred papers, in general we need three conditions to guarantee extinction and
other three to guarantee strong persistence.

Additionally to the obtention of strong persistence and extinction conditions, we
also show that these conditions are robust in a large family of parameter functions.
Namely, we show that if our conditions determine extinction (respectively strong
persistence) and we replace 3, 1, € and «y by different parameter functions sufficiently
close in the C° topology and also replace ¢ by some sufficiently close incidence
function we still have extinction (respectively strong persistence) for the new model.

The structure of this paper is the following: in section 2] we introduce some
notations, our setting and state some simple facts about our system, in section
we state our main theorems, in sectiondwe apply Theorem[to particular situations
including autonomous and asymptotically autonomous models, periodic models and
non-autonomous models with Michaelis-Menten incidence functions, in section
we present the proofs of our results and finally, in section [6] we make some final
comments about our results.

2. NOTATION AND PRELIMINARIES

We will assume that A, i, 5, 1, € and 7 are continuous bounded and nonnegative
functions on Ry, that ¢ is a continuous bounded and nonnegative function on (R{)?
and that there are w,,wp,wg > 0 such that

I, >0, Ay, >0 and S, >0 (2)

where we are using the notation

1 t+w 1 t+w
h,, = liminf — / h(s)ds and h]. =limsup — / h(s)ds,
t t

t—=+oo w t—+oo W
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that we will keep on using throughout the paper. For bounded h we will also use
the notation
hs = sup h(t).

>0
For each 6 and 6 with § > 6 > 0 define the set

Agng{(I,n,Z)E]RBS 0<zr<n<d A0<z<n<d}

We note that for every solution (S(t), E(t),I(t), R(t)) of our system the vector
(S(t), N(t),I(t)) with N(¢t) = S(t) + E(t) + I(t) + R(t) stays in the region Ag g
(we can take any constant K > D with D given by [l in Proposition []) for every

t € R¢ sufficiently large. We need some additional assumptions about our system.

Assume that:

H1) for each 0 < 2 < K and 0 < z < K, the function n — ¢(z,n, z) is non in-
creasing, for each 0 < z < n < K the function  — ¢(z,n, z) is non decreasing
and for each 0 < z < K the function  — ¢(z,z,2) is non decreasing and
90(07 n, Z) =0;

H2) for each 0 < x < n < K the limit

z—0t z

exists and the convergence is uniform in (z,n) verifying 0 <z <n < K;
H3) for each 0 <z <n < K, the function

plz,n, 2) it 0<:<K
2 > z

tim AEE) g

z—0 z

is continuous, bounded and non increasing;
H4) given 6 > 0 there is Ky > 0 such that

|QD((E1,7’L, Z) - QO(JIQ,’]’L, Z)l S K9|.’I]1 - :E2|27
for (z1,n1,2), (2,2, 2) € Ag i, and
lo(x1, 71, 2) — @(x2, 72, 2)| < Kp|21 — T2|2,
for (z1,21,2), (12,22, 2) € Ag k.
Note that, by HZ) and H3)) and for every 0 <2z <n < K and 0 < z < n < K, there
is M > 0 such that we have
o(x,n, z) < lim o(x,n,d)
z §— 0t )
Note also that, if for each 0 €]0, K] there is Ky > 0 such that

%(ZE,TL, Z) < Kypz,
for all (x,n,z) € Ag i, then HA) holds.
We emphasise that, as we will see, conditions HI|)-HA) are verified in the usual
examples.

We now state some simple facts about our system.

<M < +o0. (3)

Proposition 1. We have the following:
i) all solutions (S(t), E(t),1(t), R(t)) of ) with nonnegative initial conditions,
S5(0), E(0),1(0), R(0) > 0, are nonnegative for all t > 0;
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i) all solutions (S(t), E(t),I(t), R(t)) of @) with positive initial conditions, S(0),
E(0), 1(0), R(0) > 0, are positive for all t > 0;

iii) There is a constant D > 0 such that, if (S(t),E(t),1(t), R(t)) is a solution
of @) with nonnegative initial conditions, S(0), F(0),1(0), R(0) > 0, then
limsup N(t) = limsup (S(t) + E(t) + I(t) + R(t)) < D.

t—+4oo t—4o0

Proof. Propertiesll) and [l) are easy to prove. In fact, since ¢t — A(¢) and ¢ — pu(¢)
are bounded, adding the first four equations in ([IJ) we obtain for nonnegative initial
conditions,

N’ = A(t) — p(t)N.

By (@), there is T > 0 such that f:“}“
to > T we have

t tot 52 Jw
[ uras= | u(s) ds

w(s)ds > %u’uw# for t > T. Thus, given

w

t() t()
1 t—to
> _
= 2:“&1” #L wu J
1 t—to
> shi,en | 1
1 _ _
= 5#(4]” (t - to) — FHLWp

1 1
and, setting pu; = S, and po = 5 He, Wy, We conclude that there are p,pus > 0
and T > 0 sufficiently large such that, for all ¢ > ¢ty > T we have

t
[ urds = it~ t0) - g (4)
to
By (@) we have, for allt > T,
t t t
N(t) = e Jio M5 +/ o FLmE) 4 7 () du
to

t
< e~ ra(t=to)+na N +AS/ e~ (t—u)tpz g,

to

— e (t—to)+p2 No + Ag et (1 _ eﬁul(t*to))
H1

Therefore

A 2 A 2
limsup N (t) < limsup |e #(t—to)+uz Ny 4 5¢ (1 _ em(tto))} — as¢
t—>+to0 t—+00 M H1

and we obtain the result setting D = Aget2 /uy. O
Proposition[dlshows that, for every 6 > 0, K > D (with D given by () in Propo-

sition [T)) and every solution (S(t), E(t), I(t), R(t)) of our system, (S(¢), N(t), I(t))
stays in the region Ag i for t € IR(J)r sufficiently large.
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3. MAIN RESULTS

We need to consider the following auxiliar differential equation
2= A(t) — pt)z. (5)

The next result summarizes some properties of the given equation.

Proposition 2. We have the following:
i) Given to > 0, all solutions z(t) of equation ([B) with initial condition z(tg) > 0
are nonnegative for all t > 0;
it) Given tg > 0, all solutions z(t) of equation () with initial condition z(tg) > 0
are positive for all t > 0;
iii) Each fized solution z(t) of (B) with initial condition z(tg) > 0 is bounded and
globally uniformly attractive on [0, +o0o[;
iv) there is D > 0 and T > 0 such that if to > T, z(t) is a solution of (@) and
Z(t) is a solution of
2= A(t) — p(t)z + f(t) (6)
with [ bounded and Z(tg) = z(to) then
sup |2(t) — z(t)] < D sup | f(t)].
t>to t>to
v) There exists constants my,ma > 0 such that, for each solution of (@) with
z(0) = zo > 0, we have
my < liminf z(¢) < limsup z(t) < ma.
t—o0 t—o00
Proof. Given tg > 0, the solution of (Bl with initial condition z(tg) = 2o is given
by

t t t
a(t) = e o n)ds oy / o= L n) s p (1) gy
to
and thus, since A(t) > 0 for all t > 0, if 29 > 0 we obtain z(¢) > 0 for all ¢ > ¢y and
if 29 > 0 we obtain z(¢) > 0 for all ¢ > to. This establishes [l and [).
By @) (recalling ), there are uj, s > 0 sufficiently small and ¢, > 0 suffi-
ciently large such that, for all ¢ > ¢, we have

t t t
Z(t) —e fto u(s) ds 20 + / e~ S u(s)ds A(u) du
to

t
< o H(t=to)+u2 20 +AS/ e—mE—uw)tuz g, (7)

to

= e_Ml(t—to)-i-Hz 20+ Aget (1 _ e—ul(t—to))
H1

and we conclude that z(t) is bounded.
Let z; be a solution of (B) with z1(tg) = 2z0,1. By (@), there is tg > 0 and i > 0
such that, for ¢t > tg we have

2(t) — 21.(t)] = e Jro H s 5 20| < e mltto)tue o0 0|

and thus |z(t) — z1(¢)| = 0 as t = +oo and we obtain [i]).
Subtracting (@) and (@) and setting w(t) = Z(¢) — z(¢t) we obtain

W' = —p(tyw+ f(t)



6 JOAQUIM P. MATEUS AND CESAR M. SILVA

and thus, since w(ty) = Z(to) —2(to) = 0, we get again by () (and the computations
in (@), for to sufficiently large

|2(t) — z(¥)| = |w(t)| = /t o= Jun(s)ds |f(u)| du < sup | f(t)] /t e~k (t—w)+pe g,

to t>to
eH2 eMz2
=S sup f(1)] (1-e77) < S sup |£(1),
M1 >t H1 >t

for all ¢ > tg, and we obtain [[v]).
For all t > 0 sufficiently large there is A; > 0 such that

t t ot
2(t) = e Jiman O s 0y / e June)ds £ (y) du

t—wa

t
> / eTHsYA A(u) du
t

—wa
> Al e Hswa

AS e/"/Q

and thus iminf z(t) > Ay e™#5“A. By () we have limsup z(¢t) < . Therefore
t—+oo t—+oo M1
we obtain [@). O
For p > 0 and ¢ > 0, define the auxiliary functions
z(t), z(t), 0 1
astprt,) = O LD — (14 D) e ®
1
.0 =90 - (14 3) et
z(t), z(t), 6
botr1,2) = 8 DOy e, )

)
where z(t) is any solution of () such that z(0) > 0, and also consider the function

W(p,t) = pE(t) — I(t).
For each solution z(t) of (Bl) with z(0) > 0 and A > 0,p > 0 we define

t+A
R.(\,p) = Exp limsup/ lim bs(p, s, 2(s)) ds] , (10)
t—+oo J¢ d—0+
t+A
Ry(A,p) = Exp lltlglﬁgof/t S, ba(p,s,Z(S))dS] ; (11)
t4+A E(S)
RiOvp) = Bxp [timsup [ D ) 55 s (12)
t—+oo Jt p
R}(\,p) = Exp |liminf tH\ﬂ— ) —~(s)d (13)
(A p) = Exp minf [ = pls) =(s)ds|
and finally
G(p) = limsup lim gs(p,t,2(t)) (14)
t—+4o00 0—0F
and
H(p) = liminf h(p,t). (15)

t——+o0
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Note that, if the incidence function is differentiable, then the equations (I0), (1))
and (I4)) simplify. In fact, in this case, according to H4) we have ¢(x,n,0) = 0,

and thus (2(0).2(0.8)
. p(z(t), 2(¢), %)
1 —— = —(2(¢ t .
Jm, 5 5, (2(t),2(),0)
The next lemma shows that numbers Re (), p), R,(A,p), and G(p) above do not
depend on the particular solution z(t) of (&) with z(0) > 0.

Lemma 1. We have the following:
1. Let p > 0, € > 0 be sufficiently small and 0 < § < K. If

a,be )0, K[ and a—-b<e,
then
bs(p,t,a) — bs(p,t,b) < BsKgpe. (16)
2. The numbers R,(\,p) and Re(A\,p) and G(p) are independent of the partic-
ular solution z(t) with z(0) > 0 of ().

We will also use the next technical lemma in the proof of our main theorem.

Lemma 2. If there is a positive constant p > 0 such that G(p) < 0 or H(p) > 0
then there exists T > 0 such that either W(p,t) <0 for allt > T or W(p,t) > 0 for
all t > T. Additionally, if there are positive constants p, A > 0 such that G(p) < 0
or H(p) >0, Ry(A\,p) > 1 and Ry(A\,p) > 1, then there evists T > 0 such that
W(p,t) <0.

We say that the infectives go to extinction in in system (D) if
lim I(t)=0

t——+oo

and we say that the infectives are strongly persistent in system () if
liminf I(¢) > 0.
t——+oo

We now state our main theorem on the extinction and strong persistence of the
infectives in system (IJ).

Theorem 1. We have the following for system ().

1. If there are constants X > 0 and p > 0 such that R.(\,p) <1, RE(\,p) <1
and G(p) < 0 then the infectives I go to extinction.

2. If there are constants A > 0 and p > 0 such that R.(\,p) < 1, RX(A\,p) <1
and H(p) > 0 then the infectives I go to extinction.

3. If there are constants X > 0 and p > 0 such that Ry(\,p) > 1, Ry(\,p) > 1
and G(p) < 0 then the infectives I are strongly persistent.

4. If there are constants A > 0 and p > 0 such that Ry(\,p) > 1, Rj(\,p) > 1
and H(p) > 0 then the infectives I are strongly persistent.

5. In the assumptions of[ll any disease-free solution (S1(t),0,0, Ry(t)) is glob-
ally asymptotically stable.

We also want to discuss the robustness of the conditions Re(A, p) > 0, RE(A, p) >
0, Rp(A\,p) <0, Ry(A\,p) <0, H(p) > 0 and G(p) < 0, i.e., roughly speaking if
for sufficiently small perturbations of the parameters of our model in some ad-
missible family of functions the conditions above are preserved. We will consider
differentiable functions ¢.
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Consider the family of systems

S = A(t) — B-(t) ¢+ (S, N, I) — u(t)S + n- ()R

E' = B:(t) pr (S, N, I) — (u(t) + - (1)) E

I'=e(t)E — (u(t) + - ()1 : (17)
R =~ ()1 — (u(t) + n-(t)) R

N=S+E+I+R

where 7 € [—(, (] and we assume that, making 7 = 0, we have @y = ¢, S = 8, 7o =
7, €0 = € and 79 = 7y and that, for 7 = 0 the parameters satisfy our assumptions
(i.e. for 7 = 0 we have our original system (Il)). We also assume that for each
7 € [—(, (] the parameter functions 8., 1,, €; and ~, are continuous and bounded
in ]R(‘J", that ¢, is differentiable in Ag gk and that ¢-(z,n,0) = 0.

For g : Rf — R denote by | - |l the supremum norm (given by [|g[lec =
supyso lg(t)]) and for f : (R§)®> — R denote by || - [|a, . the C* norm of the
restriction f|a, ,:

IFl20x = max [£()]+ max |dof].

Denote by RZ(A,p), R7(Ap), (RE)" (A p), (R;)T (A,p), G(A) and HJ(N), re-
spectively the numbers (I0), (1), (@2), (@3) (@) and (I5) with respect to the 7
system in our family of models.

We have the following result on the robustness of conditions Re(A,p) > 0,
R:(\,p) >0, Ry(\,p) <0, R5(A\,p) <0, H(p) >0 and G(p) <0.

Theorem 2. Assume that ||Br — Blleos 77 — 1lloo, ll€r — €lloos |77 — Ylloo and
llor — @llag x converge to 0 as 7 — 0. Then there is L > 0 such that, for all
T € [-L, L], the numbers

|G"(p) = G(p)l, [H"(p) = H(p)|, [RI(A,p)— Re(A,p)l,

‘R;()\,p) - RP()‘vp)’ ) |(R2)T (Aap) - R: (Aup)| and ‘(R;)T (Aup) - R;()‘vp)’
converge to 0 as T — 0.

The following is an immediate corollary.

Corollary 1. There is L > 0 such that for all 7 € [—L, L] we have.

1. If there are constants X > 0 and p > 0 such that R.(\,p) <1, RE(\,p) <1
and G(p) < 0 then the infectives I go to extinction in system (7))

2. If there are constants A > 0 and p > 0 such that R.(\,p) < 1, Ri(A\,p) <1
and H(p) > 0 then the infectives I go to extinction in system (IT).

3. If there are constants A > 0 and p > 0 such that Ry(A\,p) > 1, Ry(\,p) > 1
and G(p) < 0 then the infectives I are strongly persistent in system (IT).

4. If there are constants A > 0 and p > 0 such that R,(\,p) > 1, Ry(A,p) > 1
and H(p) > 0 then the infectives I are strongly persistent in system (7).

5. In the assumptions of [0l any disease-free solution (S1(t),0,0, Ry(t)) is glob-
ally asymptotically stable in system ().
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4. EXAMPLES

Example 1 (Autonomous case). Letting A(t) = A >0, u(t) =pu>0,n(t) =n>0,
e(t)=€>0,7v(t) =~ >0and B(t) = B > 0in A and requiring that ¢ satisfies HI))
to Hjl) we obtain an autonomous SEIRS model verifying our assumptions. It is easy
to see that z(t) = A/p is a solution of () with positive initial condition in this case.

Letting
o (A A/, 6)
Lot = 51—1>%1+ 5 ’ (18)
we have
G(p) = BpLoau+v— (141/p)e,
1
H@)=7—(1+—>a
p
Re(Avp) = R;D()\ap) = EXp [(ﬁthp,A,,u. — MK 6) )\] )
and
R;(\,p) = Ry(\,p) =Expl(e/p—p—7) Al
Define
A €8 Ly A u
= b 19
(L+e)n+7) (19)

The following result is a consequence of Theorem [l in the autonomous case.

Corollary 2. We have the following for the autonomous system above.

1. If R* < 1 then the infectives go to extinction;
2. If R > 1 then the infectives are strongly persistente;
3. The disease free equilibrium (A/pu,0,0,0) is globally asymptotically stable.

Proof. Assuming that R4 < 1 we have
B
(+e)(n+7)
and thus for all p > 0 such that

Lpnu <1

P
- <P )
pty BLyAu
we have . .
- <pt+y & ——p—7v<0 & R(\p<l
p p
and also

BpLoay <p+e < BpLopn,—pn—e<0 &  R.(\p) <l
Since
€ € B+ A
G< >—ﬂL1A7—+’Y—(1+—)E—R —1)(u+e€) <0
) =Bl ) e= (B - D+ o)
and G is continuous we conclude that there is p > 0 satisfying R.(\,p) < 1,
R:(\,p) < 1 and G(p) < 0. Thus, by [l in Theorem [ the infectives go to

extinction and we obtain [I1.
Assuming now that R4 > 1 we have

€S
(n+e)(p+)

Lonu>1
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and thus, by the same reasoning, for all p > 0 such that
- pte
p+y BLoAy

we have R¥(A,p) > 1 and R.(\,p) > 1. Since

M+6 M+€ ( BchAu> A
G = pL — 7y — |1+ ——= ) e=(u+ 1-R%) <0
(BL@,A,,LL) B w)A7MﬁL@,A,u Y ,LL—FE (/J‘ 7) ( )

and G is continuous we conclude that there is p > 0 satisfying R.(\,p) < 1,
R:(M\,p) <1 and G(p) < 0. Thus, by Bl in Theorem [I] the infectives are strongly
persistent and we obtain 2.

By [l in Theorem [I] we obtain immediatly Bl. O

>p>

Several particular forms for ¢ for particular SEIRS or SEIR model have been
considered. For instance, in [8], for a SEIR autonomous model under different
assumption than ours, an incidence of the form o(S,N,I) = SI/(1 4 bN) with
b > 0 was considered. Also for a SEIR autonomous model [4] a general incidence
of the form o(S,N,I) = g(I)S satisfying g € C*, g(I) > 0, g(0) =0 and A =
was considered. In [I] an incidence of the form (S, N,I) = IS(1+al) with A = u
is considered. We can write our conditions for the previous incidence rates using
Corollary @. For ¢(S,N,I) = SI/(1+ bN) we get the threshold R* = e¢BA/[(u +
€)(p+7) (u+bA)], for (S, N,I) = g(I)S with g € C*, g(I) >0, g(0) =0 and A =
we obtain the threshold R* = eBg'(0)/[(u+e€)(u+7)] and for (S, N,I) = I1S(1+al)
we have the threshold R = ¢B/[(pn + €)(p +7)].

Example 2 (Asymptotically autonomous case). In this section we are going to
consider the asymptotically autonomous SEIRS model. That is, additionally to the
assumptions on Theorem[1, we are going to assume for system () that the time-
dependent parameters are asymptotically constant: u(t) — p, n(t) — n, €(t) — e,
v(t) = v and B(t) — B as t — +o00. Denoting by F(t,x,y, z,w) the right hand side
of @) and by Fy(z,y, z,w) the right hand side of the limiting system, we also need
to assume that
t_l)lg_noo F(t,z,y,z,w) = Fy(x,y, z,w),

with uniform convergence on every compact set of (]RBL)4 and we will also assume
that (x,y,z,w) — F(t,z,y,z,w) and (x,y,z,w) — Fy(x,y,z,w) are locally Lips-
chitz functions.

There is a general setting that will allow us to study this case. Namely, let
f RxR" = R and fo : R™ — R be continuous and locally Lipschitz in R™.
Assume also that the non-autonomous system

o' = f(t,x) (20)
is asymptotically autonomous with limit equation
' = fo(x), (21)

that is, assume that f(t,x) — fo(x) ast — +oo with uniform convergence in every
compact set of R™. The following theorem is a particular case of a result established
in [9] (for related results and applications see for example [2, [10] ).
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Theorem 3. Let ®(t,tg, o) and ¢(t,to,yo) be solutions of @U) and @) respec-
tively. Suppose that e € R™ is a locally stable equilibrium point of (21)) with attrac-
tive region

W(e) = {y €R"™: lim ot to,y) = 6}

and that We N W (e) # 0, where Wg denotes the omega limit of ®(t,t9, o). Then
. ligrn D(t, tg,x0) = €.
—+oo

Since (RT)* is the attractive region for any solution of system () with initial
condition in (R*)* and the omega limit of every orbit of the asymptotically au-
tonomous system with I(tg) > 0 is contained in (RT)*, we can use Theorem [3 to
obtain the following result.

Corollary 3. Let RA be the basic reproductive numbers of the limiting autonomous
system, defined by ([@9). Then we have the following for the asymptotically au-
tonomous systems above.

1. If R* < 1 then the infectives are extinct;
2. If R > 1 then the infectives are strongly persistente.

Example 3 (Periodic model with constant A, ). Next we assume that some model
coefficients are periodic functions with the same period, namely we assume that
there is w > 0 such that, for all t > 0, we have n(t) = n(t + w), €(t) = e(t + w),
v(t) = y(t + w) and B(t) = B(t + w). We also assume that p and A are constant
functions and that ¢ satisfies Hl) to HJ).

We have in his case

t+w _
R.(w,p) <1 & 1imsup/ B(s)Lyapuds < [pﬂL%Ayu — = €] w <0
t

t——+o0

t+w
R} (w,p) <1 & limsup/ es)/p—pu—7(s)ds<0 & (E/p—p—y)w<0,
t

t——+oo

G(p) = Jnax [BE)pLyoap+(1) = (1+1/pet)],

H(p) = min [y(¢) — (1+1/p)e(t)],
te[0,1]
Define
per __ Eﬂ L%’aAv#
(n+&)(u+7)
where f = %fow f(s)ds and Ly, is giwen by [A8). The following result is a
consequence of Theorem [l in this case.

Corollary 4. We have for the periodic system with constant p and A.
1. If G(e/(n+%) <0 or H((u+€/(BLpau)) >0 and RP" < 1 then the

infectives go to extinction;
2. If G ((n+€)/(BLypau)) <0 or H(e/(n+7)) >0 and RP*" > 1 then the
infectives are strongly persistent.
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Proof. By the same computations as in the proof of corollary [2] we conclude that
RPe" < 1 if and only if there is
€ n+€
pel= < — = )
ot Lo
such that R.(A,p) < 1and R%(A,p) < 1 and that there is A > 0 such that RP*"(A) >

1 if and only if there is p € I such that R,(A,p) > 1 and Ry;(\,p) > 1.
Moreover, by continuity of the functions G and H, if

€ €
G( )<0 or H<_ )>0
O ol BLpA

then there is p € I such that G(p) < 0 or H(p) > 0 and, by theorem [ we obtain[II.
By simmilar arguments we obtain 21. (I

In [12], a method to find threshold conditions in a general periodic epidemiolog-
ical model relying in the spectral radius of some operator was obtained. Thought
our conditions are not thresholds in the periodic case, they have the advantage that
can be easily computed.

To illustrate the above corollary we consider the following family of periodic
models

S" = p— B(1+bceos(2nt)) ST — S+ nR

E' = B(1 4+ bceos(2nt)) ST — (1 + €(1 + dcos(2nt)))E

I' =¢(1+ dcos(2mt))E — (1 + v(1 + k cos(2nt)))I (22)
R =~(1+ kcos(2mt))I — (u+n)R

N=S+E+I+R

where |b] < 1. In [6] it was showed that for p =2, e=1,7=10.02,7=0.1, 8 =6.2
and b = 0.6 and d = k = 0 the number RP®" is not a threshold. Our result is not
applicable in this case since in this case G (¢/(1 + 7)) = G(0.49505) = 1.91089 > 0.
More generally it is easy to check that, for the system (22)), letting 8 and b vary and
nw=2€e=1,v=0.02,n=0.1 and d = k = 0, we have that RP*" < 1 (respectively
RPE™ > 1) is equivalent to 8 < 6.06 (respectively 8 > 6.06), G(e/(u + 7)) < 0
is equivalent to B(1 + |b]) < 6.06, G ((+€)/(BLyp.a,u)) < 0 is equivalent to 8 >
9b|+6.06 and H (¢/(+)) > 0and H ((x+€)/(BLyp,A,u)) > 0 are impossible. In
the first plot in figure Il we plot the region of parameters (b, 8) where corollary [l is
applicable and where we have extinction (purple) and permanence (blue).

Using the parameters in [6] but letting « and k vary, we consider = 2, n = 0.1,
e=1,=6.06 and b = d =0, we conclude that G(e/(n + 7)) < 0 is equivalent to
(247) (3 —v|k|) > 6.06, G (11 + €)/(BLyp,a,u)) < 0is equivalent to v(1+|k[) < 0.02,
H(e/(+7)) > 0 is impossible and H ((i +€)/(BLp,a,u)) > 0 is equivalent to
~v(1 —|k|) > 3.02. Additionally RP*" < 1 is equivalent to v > 0.02 and RP*" > 1
is equivalent to v < 0.02. In the second plot in figure [Il we plot the region of
parameters (k,~y) where corollary M is applicable and where we have extinction
(purple) and permanence (blue).

Finally, letting € and d vary and setting 4 = 2, v = 0.02, n = 0.1, 8 = 6.06
and b = k = 0, we conclude that RP?" < 1 is equivalent to ¢ < 1, RP*" > 1 is
equivalent to € > 1, G(e¢/(p + 7)) < 0 is equivalent to 2(e — 1) + (2.02 + €)|d| < 0,
G ((n+€)/(BLp,a,u)) <0 is equivalent to |d] <1 — (2.024 €)(2+ €)/(e(8.06 +¢€)),
H (e/(p+ 7)) > 0is equivalent to 2.01e(1+41b]) < 0.02 and H ((1 + €)/(BLp.A,p)) >
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0 is equivalent to 0.02(2 + €) — (8.06 + €)e(1 + |b]) > 0. In the third plot in figure [
we plot the region of parameters (d, €) where corollary[dlis applicable and where we
have extinction (purple) and permanence (blue).

epsilon

beta
=
A

FIGURE 1. first: pu=2,e=1,7y=0.02,n=0.1 and d = k = 0;
second: p=2,e=1,7=0.1, 3=6.2and b = d = 0; third: u =2,
v=0.02,7=0.1,=62and b=k=0

Example 4 (Michaelis-Menten contact rates). We consider the particular form
for the incidence p(S,N,I) = C(N)3L. These rates are called Michaelis-Menten
contact rates were considered for instance in [I7] and have as particular cases the

standard incidence (C(N) = 1) and the simple incidence (C(N) = N). We will
assume that A and p are constant, that

n— C(n)/n is non increasing (23)

and that, for each 6 > 0,

1C(n1) = Clno)|| < Kpllny — nal| (24)
We have
t+ X
R.(\,p) <1 < limsup (s)C(A/p)p— pu—e(s)ds <0
t—+4oco Jt
A

= pC(A/u)limsup/ B(s)ds — (n+e)A <0

t—+oo Jt

& [PCAN/wBY —p—e]A<0

tA
R;(\p) <1l <« limsup/ e(s)/p—p—~(s)ds <0
t

t—+o0
< (d/p—p-1)Ar<0,
and analogously
R,(\p)>1 < [pC(A/p)By —p—el]A>0
and
Ri(\p)>1 <« (ex/pP—p—77)A>0.
Define
(1 +e)(n+) . (1 +ex)(m+7)

RY(X) =
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Corollary 5. We have the following for the Michaelis-Menten contact-rates with
constant A and p and satisfying 23) and 24]).
1 IFGE/(n+7)) < 0 or H((u+ )/ (COA/m)BT)) > 0 and RM(A) <1 for
some A > 0 then the infectives go to extinction;
2. If G(n+e)/(CAWBE) < 0 or H(eL/(1+77)) > 0 and RY(A) > 1 for
some A > 0 then the infectives are strongly persistent.

Proof. We begin by noting that there is p > 0 such that G(p) < 0 if and only if
there is p > 0 such that pG(p) < 0. Since pG(p) has two zeros, ap € R~ and
a1 € R*, and the coefficient of p? is positive, we conclude that there is p > 0 such
that G(p) < 0 if and only if there is p €]0, a1[ such that G(p) < 0.

By the simmilar computations to the ones in the proof of corollary 2l we conclude
that if there is A > 0 such that R (\) < 1 then there is

pere ()
w4y C(A/ By

such that R.(\,p) < 1 and R}(\,p) < 1. Thus, if G(ef /(1 + 7y )) < O there is
p > 0 such that ]0,a;[NI # 0. Therefore if G(ef /(u+ vy )) < 0 there is there is
p > 0 such that R.(\,p) <1, R¥(A,p) < 1 and G(p) < 0. Thus, by Theorem[I] the
infectives go to extinction. On the other hand, since H is continuous, if H((u +
€x)/(C(A/p)BY)) > 0 there is p € I such that R.(\,p) < 1, Ri(\,p) < 1 and
H(p) > 0. Therefore if H(( + €, )/(C(A/p)BY)) > 0 there is there is p > 0 such
that Re(A,p) <1, R¥(\,p) < 1 and H(p) > 0. Thus, by Theorem [I] the infectives
go to extinction and we obtain [II.

By the simmilar computations we get 2. ([

In particular, setting C(N) = N (mass-action incidence) we get

RMOy= —OBA L gy - SR
‘ (1 + ) +7) Y (4 €+ 1)
and setting C(N) =1 (standard incidence) we obtain
+B+ E_ﬁ_
RM()) = QPN and RM(\) = AP .
(+ ) +7) Y (1 +eX) (e +9)

To illustrate the above corollary we consider the following family of nonperiodic
models

S"=p—BA+b(1+e ) cos(2mt)) ST — uS +nR
E' =B(1+b(1+4e ) cos(2mt)) ST — (n+€)E
I'=€eE— (u+)I
R =~ —(p+n)R
N=S+E+I+R
It is easy to see that, in this case, ﬁf = f; = (B and thus
€8
(L+e)n+)
The following figures show situations where we have strong persistence and extinc-
tion for the above model with different values for S and band u =2, e =1, v = 0.02

and 7 = 0.1. For instance, for § = 10 and b = 0.3 we can see that R)(1) = 1.65 > 1
and G(3/10) = —0.41 < 0 and we conclude that we have strong persistence and for

RY () = RY () -
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B =5 and b = 0.2 we can see that RM(1) = 0.82 < 1 and G(0.495) = —0.03 < 0
and we conclude that we have extinction (see figure [2]).

04r
r 0.0001 - u‘

oal 0.00008 - ‘
I \‘
0.00006 - “

021
| ol |

0.1 I
0.00002 \

AR

L L L
0 20 40 60 80 100 0 20 40 60 80

FIGURE 2. left: 8 =10 and b = 0.3; right: =5 and b= 0.2.

5. PROOFS

5.1. Proof of Lemma [II Assume that p >0, >0and 0 <0 < K, a,b €], K]
and a — b < e. We have, by HH),

|p(a, a,6) — ¢(b,,0)| < Kola — blo.
Therefore, if a > b we have by HI))

5 2880 oy 000 < ) icpla bl = B(OKs(a — 1) < fskoe (25)
and if a < b, again by HIJ),
B(t) 7@(@1;17 O _ sy Lb’db’ O) <0< Bske. (26)
By (25) and (26]) we have

b5(pa i, a’) - b5(pa i, b) < ﬂsKgpﬁ
and we obtain (I4)).

On the other side, again by HHE]), assuming that p > 0, ¢ > 0, 0 < § < K,
a,b €]0, K[ and |a — b| < e we get

a,a,d b,b,6 a,a,d
5@% — BsKpe < ﬁ(ﬂ% < 5@% + BsKoe,
and thus
bs(p,t,a) — BsKope < bs(p,t,b) < bs(p,t,a) + BsKope. (27)
We will now show that R.(\,p) and R.(\,p) are independent of the particular
solution z(¢) of (@) with z(0) > 0. In fact, letting 21 be some solution of (&) with
z1(0) > 0, by @) in Proposition 2, we can choose 61 > 0 such that z(¢), z1(¢) > 6,
for all ¢t > T. On the other hand, by [l in Proposition 2] given ¢ > 0 there is a
T. > 0 such that |z(t) — 2z1(t)| < € for every t > T.. Letting a = z(t) and b = z(t)
and computing the integral from ¢ to ¢ + A in ([27) we get

T+ i+
lim b ds — lim b ds| < A\BsK
[ dm vtz ds— [ dim b 2(9) ds| < AdsKope.
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for every t > T.. We conclude that, for every ¢ > 0,

t+A
lim sup/ 5lim bs(p, s, 21(s))ds — ABsKg,pe
t

t—+4o00 —0+

A
§limsup/ lim bs(p, s, 2(s)) ds
¢ §—0t

t— oo

t+A
< lim sup/ Jlim bs(p, s,21(s)) ds + A\Bs Ky, pe,
t

t——4-o00 —0+

and thus R.()\, p) is independent of the chosen solution. Taking liminf instead of
lim sup, the same reasoning shows that R, (\, p) is also independent of the particular
solution. Similar computations imply that G(p) is also independent of the particular
chosen solution. This proves the lemma.

5.2. Proof of Lemmal2l Lets assume first that G(p) < 0 and let (S(¢), E(t), I(t), R(t))
be some solution of () with S(Tv), E(Tv),I(To), R(To) > 0 for some Ty > 0. Then
there is T3 > 0 such that gs(p,t, N(¢)) > 0 for all t > T7 (note that N(t) is a
solution of (@)). By contradiction, assume also that there is no T > T3 such that
W(p,t) <0 or W(p,t) >0 for all t > T. Therefore there is s > T} such that

Wi(p,s)=0 <« pE(s)=1(s)

and

aw
— 0.
o (Ps) >
Since s > T} we have 5lil%1+ 9s5(p, s, N(s)) < 0. By HIl), H3)) and (§) we obtain
—
aw
0<—r®s)
d
= PE@) = I(®)]le=s

= pE'(s) ~ I'(s)
= p[B(s) p(S(s), N(s), I(

)
N
Nt
|
—~
=
PN
)
N
+
[
PUN
)
N
Nt
&
—~
)
=
|
[
PUN
)
N
&
PN
)
N
+
—~
=
PN
)
N
+
)
N
)
N
=
~
—~
)
N

= [t BTN ) 4 59)] 166) = () + ) + () EC6)

< [pote) fim, ST 46y 5] 106) = ) +-t0) + L2 e
= [t im EETE0 ) ) (145 )| 10

< [pate) i, EEEENDD o) e (14 1) 109

= lim_gs(p,s, N(s))I(s) < 0
§—0+

witch contradicts the assumption. Thus there is To > T3 such that W(p,t) < 0 or
W(p,t) >0 for all t > T.

Assume now that H(p) > 0 and let (S(t), E(t), I(t), R(t)) be some solution of ()
with S(Tv), E(To), I(To), R(To) > 0 for some Ty > 0. Then there is T3 > 0 such
that h(p,t) > 0 for all ¢ > T3. By contradiction, assume also that there is no
Ty > T3 such that W(p,t) < 0 or W(p,t) > 0 for all ¢ > T,. Therefore there is
s > T3 such that

W(p,s)=0 <« pE(s)=1(s)
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and o
W(p, s) < 0.
Since s > T3 we have h(p, s) > 0. By HI), H3) and (8) we obtain
aw
0> —-(p:3)

d
= SpB(t) — 1)
= pE'(s) = I'(5)
= p[B(s) $(S(5), N(5), 1(5)) = (u(5) + () B(s)] = e(s) B (s) + (u(s) +7())1(5)

= {7(5) — €(s) (1 + %)] I(s)
= h(p, s)I(s) >0

witch is a contradiction. Thus there is Ty > T5 such that W (p,¢) < 0or W(p,t) > 0
for all ¢ > Ty. Assuming that G(p) < 0 or H(p) > 0, R,(\,p) > 1 and R;(\,p) > 1
for some p, A > 0, by the previous arguments, we have W(p,t) > 0 for all t > T or
W(p,t) <0 for all t > T. Suppose by contradiction that W (p,t) > 0 for all t > T5.
We have E(t) > I(t)/p for all ¢t > T5. Then, by the third equations in ({II) we have

S0 > €10 = (u(t) + 1)) = [elt) = ) =2 (OU(0)

and thus, for all t > Ty, we have
I(t) > I(Ty) efra “)p—mm =2 dr.

Since R; (A, p) > 1, by (I3) we conclude that there is n > 0 and 7' > 0 such that,
for all ¢ > T, we have

X 1

[ et = utr) = aydr >,
t p

Thus, for all ¢ > max{Ts, T}, we obtain I(t) > I(T?) e(=*=1)7, Thus I(t) — 40

and this contradicts the fact that I(t) must be bounded. Then we must have

W(p,t) <0 and lemma is proved.

5.3. Proof of Theorem [l Assume that there are constants A > 0 and p > 0
such that R.(A\,p) < 1, R*(\,p) < 1 and G(p) < 0 and let (S(¢), E(t), I(t), R(t))
be some solution of (@) with S(Ty), E(Ty), I(Ty), R(Ty) > 0 for some Ty > 0. By
contradiction, assume that lt1£1)1 Jigof I(t) > 0 and thus that there are T > Ty and

g0 > 0 and such that I(¢) >eq for all ¢t > T.
Since Re(A,p) < 1, by (I0) we conclude that there is T3 > T such that

t+A
[ i sl N ds < < <0,

for all t > Tj.
By i) in Proposition [}, we may assume that (S(t), N(¢),I(t)) € Ao for t > T7.
By Lemma 2] we have W(p,t) > 0 for all t > Ty or W(p,t) < 0 for all ¢t > T3.
Assume first that W (p,t) > 0 for all ¢ > T3. Since I(Tp) > 0, by[Ll) in Proposition[]
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we have that I(t) > 0 for all ¢ > Ty and, by the second equation in (), HII), H3)
and (@), there is To > T such that

/(1) = SRS, N(1),1(0) ~ (u(8) + () ()
— iy 2200 ) - i + o )

@(N(t), N(t),1(t))
I(t)
(

< Bt)Z PE(t) = (u(t) + (1)) E(?) (28)

< (t) tim PO, gy ) 1 et

= 51_i)%l+ b5 (p7 tu N(t))E(t)

for all t > T5 and 0 < ¢ < é;. Thus, integrating (28)) we obtain

B0 < (1) B | [ i bs(ps, N (5) |

T+ 52
= E(T>) Exp / lim bs(p, s, N(s))ds+
6—0+

T
t
lim b N(s))ds
# o bl NG9 ]
T2+)\|_t7>\T2J
< E(T) Exp / lim bs(p, s, N(s)) ds +
T, §—0t
t N(s),N
[ e iy SN,
To+ A 52 007 0

t—T
< B B |-l 5 + s
for all t > T». We conclude that 0 < limsup I(t) < plimsup E(t) = 0 assuming

t——+o0 t— oo
that W(p,t) > 0 for all ¢ > T3.
Assume now that W(p,t) < 0 for all ¢t > T;. By the third equation in () we
have
I'(t) < e@I(t)/p = (u(t) + v ()I(t) = (e(t)/p — p(t) =y ()I(E)  (29)
for all ¢ > Ty. Since R}(A,p) < 1, by (I2)) we conclude that there are constants
79 > 0 and T3 > T3 such that

t+A
[ o= nts) = (s)ds < = <. (30)
t
for all ¢ > T3. Thus, by 29) and (B0), we have
I(t) < I(Tg) fT3 s)/p—p(s)—(s)ds < I(T )e n2 |55 3J-i-AES7

for all t > T5. We conclude that I(t) — 0, assuming that W (p,t) < 0 for all ¢ > Tj.
Therefore we obtain[Il in the theorem.

Assume now that there are constants A > 0, p > 0 such that R(
Ry(A,p) > 1 and G(p) <Of0ra11t2Tandlet (S(¢¥), E(t),I(t), ()
fixed solution of () with S(To), E(To),I(To), R(To) > 0 for some Ty > 0.

€ some

Ap) >
) b
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Since R,(A,p) > 1, by ([II) and HZ) we conclude that there are constants 0 <
02 < K,n>0and Ty > 0 such that
A
N(s),N(s),d
[ e ZELIERD ) sy ds > >0, 1)
t
for all t > T) and 0 < § < d2 and that gs(p,t,N(t)) < O for all ¢t > T5 and
0 < ¢ < 63. By Proposition [I] we may also assume that (S(t), N(t), I(t)) € Ao,k
for all ¢t > Ty.
By (@) we can choose 1 > 0, 0 < €3 < 02, €3 > 0 and 0 < 1y < 7 such that, for
all t > Ty, we have

t+A
/ B(s)Mea — (u(s) + e(s))erds < —m (32)
t
t+A
[ 22 = ls) + n(s)zads < - (33)
t
mi
6‘1:7—81—[1+ﬁ5M)\+’75)\]82—83>O (34)
and "
=K, 1 M
K o.le1 + [1+ BsMA +ys)|ea + €3] < BN (35)
where M is given by (3).
We will show that
limsup I(t) > e3. (36)

t——+oo
Assume by contradiction that it is not true. Then there exists T5 > T4 such that,
for all t > T5, we have

I(t) < ey (37)
Suppose that F(t) > e; for all t > T5. Then, by the second equation in (), @),
HB)) and ([B2), we have for all t > T;

E(t) = E(T5) + . B(s)¢(S(s), N(s), I(s)) — (u(s) + €(s)) E(s) ds

p(S(5), N(s), I(s))
I(s)

= E(T5) + : B(s) I(s) = (u(s) + €(s)) E(s) ds

< E(T5)+ . B(s)Meg — (u(s) + €(s))e1 ds

Ts+| =55 A
— B(T5) + /T B(s)Men — (u(s) + e(s))er ds
. 5
b BEMer = (u(s) + e(s))er ds
< E(Tg,) - M \_t — TSJ + /BSMEQ)\

and thus E(t) — —oo witch contradicts[il) in Proposition[Il We conclude that there
exists Tg > T5 such that E(Ts) < 1. Suppose that there exists a T7 > Ty such
that E(T7) > €1 + BsMeaA. Then we conclude that there must exist Ty €]7Tg, T7|
such that E(Tg) = 1 and E(t) > e; for all ¢ €]Ts,T7]. Let n € Ny be such that
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T7 € [Ts+nA\, Ts+(n+1)A]. Then, by the second equation in (), @), 1) and B2
we have
€1+ BsMea < E(Tr)

T
=E(T5)+ | B(s)p(S(s), N(s),1(s)) — (u(s) + e(s))E(s) ds

Ty
17
< E(T3) + (s)Mea — (u(s) +€(s))er ds
Ts
T7
§61—771n+/ /BSMEQdS
Tg+nA

<e1+ BsMes
and this is a contradiction. We conclude that, for all ¢t > T7 we have
E(t) <ep+ BsMea. (38)

Suppose that R(t) > e3 for all ¢t > Ty. Then, by the fourth equation in (), (37)
and ([B3), we have for all t > Ty
¢

R@=MM+AW@M%ﬂ@HW%MWM

SRU&+/7@@-@@+MW%%

Ty
To+A[ 512 |
= R(Ty) + /T v(s)ea — (u(s) +n(s))es ds
+/ o (8)ez = (u(s) +n(s))es ds
To+A =52
< B(Ty) — |55 o

and thus R(t) — —oo witch contradicts[l)) in Proposition[Il We conclude that there
exists Thp > Ty such that R(T1g) < €3. Suppose that there exists a 711 > Ty such
that R(T11) > €3 + vse2A. Then we conclude that there must exist T12 €]T10,T11]
such that R(T12) = e3 and R(t) > e3 for all t €]Ty2,T11]. Let n € Ny be such that
Ty € [Th2 4+ n\, Ti2+ (n+1)A]. Then, by the fourth equation in (), (37) and 33)
we have

€3 + ’7582)\ < R(Tll)

Ti1
=R@m+éwv®H@—W@+MWM@%
<R@m+éjv®@—W@+mw%%

Th1
< €3 —n1n+/ Ys€ea ds
Ti2+nA

< ez +ysead
and this is a contradiction. We conclude that, for all ¢ > T} we have

R(t) < g3 + ysea. (39)
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By Lemma [ there exists Tis > Tig such that pE(t) < I(t), for all ¢ > Tis.
According to the second equation in () and H3)) and recalling that by (37) and the
assumptions we have I(t) < ey < 09, for all t > T3 we get,

E'(t) = B(1)p(S(t), N (1), I(t)) — (u(t) + €(t)) E(t)

) ( ’
= (25 I]V(t()“’ ) 14y — (u(t) + e(e)) B 1)
t ) ( b

> () ZEXTI0) 1) — () +-(a) )

By 7)), B8) and [B9), we have, for all t > Ti3,
N(t)—S(t)=E(t)+ I(t) + R(t)
<er+ BsMead + ez +e3+ 752 (41)
=e1 4+ [1+ BsMA+ ysAea + e3.

Un the other side, by @) in Proposition 2] there is Ty4 > Ti3 such that, for all
t > T4, we have N(t) > my /2. Therefore, for all t > Ty4, we have by (&Il) and (B4)

S(t) Z N(t) — &1 — [1 +[35M>\+’YS>\]62 — €3

> % —e1 = [1+ BsMA+ vysAea — e3
=6, >0.
Thus, by HEl), (#I) and B35) we have
p(S(t), N(),02) — (N (t), N(t),62)| < Ko, |S(t) = N(t)[d2
< Ko, [e1 + [1 + BsMA + ysA|ea + €3]d2
= Kk03.
Therefore, by (@0), (1), B5]), HA) and since pE(t) < I(t), we obtain, for all ¢t > T4,
p(N(t), N(t),02) — K2

1) > A1) L 1) = () + () B
= [0 2B 5] 10) - (o) + DB (02)
> [y 2O, sy — ) — )] B0

Therefore, integrating ([@2) an using (31I) and B5]), we have
@(N(S)a N(S)a 52)

E(t) > E(Thi) Exp [ B(s) p— u(s) — e(s) — Bswp ds}

T1a 02
T14+)\|_t73:14j
t
+/T e [3(5)%0(]\7(8),6]2\7(8),52)1) () — e(s) — ﬁsfﬂpds] |
t—Tiy

> E(Ty4) Exp [(77 — BsrpA) [

| = (us +es+ Bsﬁp))\]

t—T14
A

> E(Tha) Exp [77/2L J = (ns +es+ 55’“@1’”]
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and we conclude that F(t) — +oo. This is a contradiction with the boundedness
of E established in Proposition[Il We conclude that limsup I(t) > e2 holds.

t——+o0
Next we prove that

.. >
ltlin-i}gof I(t) > ¢, (43)
where £ > 0 is some constant to be determined.
Similarly to B2)-(B%), letting A3 = kA > 0 with k& € IN be sufficiently large and
recalling (2l), we conclude that there is Th5 > T4, €1 > 0, g2 > 0, £3 > 0 sufficiently
small such that for all ¢ > T}5 we have

N(t) = 5(t) + E(t) + R(t) + I(t) < 2mao, (44)
t+ s
/t B(t)Mes — (u(s) + €(s))e1 ds < —2maq, (45)
t+As
/t v(s)ea — (1(8) + 0(s))es ds < —2ma, (46)
[ ey ENDND D, ) sy > b (47)
t 2

01 = %—61—[1+ﬁSM)\+’Ys)\]€2—83>0.

2
k=Kple1+[14+ BsM\+ysA\ea +e3] < min{ 1 (1s +7s) } (48)

28spA” Bsp

According to ([B0]) there are only two possibilities: there exists T' > 0 such that
I(t) > eq for all t > T or I(t) oscillates about e5.

In the first case we set £ = e9 and we obtain (43).

Otherwise we must have the second case. Let Ti7; > Ti¢ > Ti5 be constants
such that W(p,t) < 0, for all t > Ti5 (we may assume this by Lemma [2)) and
that I(The) = I(Ti7) = €2 and I(t) < ey for all ¢t € [Tys,T17]. Suppose first that
T17 — Tig < C + 2)3 where C satisfies

2
c> 3us + +2€5)A3 +1In— |, 49
= lis + s (/LS s 65) 3 an ( )

From the third equation in (I]) we have
I'(t) = —(us +vs) (). (50)
Therefore, we obtain for all ¢ € [Tg, T17],
I(t) > I(Tyg) e Tmo 577595 > o) o= (kst9)(C4203)
On the other hand, if T17 — Ti¢ > C + 2A3 then, from (B0) we obtain

I(t) > e e*(,U‘SJF’YS)(CJrQAS)’

for all t € [Tis, Tie + C + 2X3]. Set £ = gpe~(rs+15)(C+223) - We will show that
I(t) > ¢ for all t € [Ty + C + 2A3,T17] and this establishes the result.
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Suppose that E(t) > e; for all t € [Tyg, T16+ A3). Then, from the second equation

in (@), @), (@4) and @3] we have

E(Ti6 + A3)
Ti6+X3
— B(Tio) + /T B(s) 9(S(5), N(s), I(5)) — (1) + () E(t) ds
;}164-)\3
< E(The) —I—/T B(s)Meg — (u(s) +v(s))e1 ds

< 2mo — 2mo =0,

witch is a contradiction with [i) in Proposition [l Therefore, there exists a Tig €
[T16, T16 + A3 such that F(T1s) < £1. Then, as in the proof of ([B8]) and using (45,
we can show that E(t) < ey + BsMeaAs, for all t > Tig. Also proceeding as in the
proof of ([B9) and using ([@0) we may assume that R(t) < e3+7yge2A3 for all ¢ > Ts.

By (B0) we have
I(t) > I(Tyg) e~ Jryg mstrsds _ I(Ty6) e~ (s t75)(t=T16) > o) o= (HsH75)As (51)

for all t € [Tlg + A3, Th6 + 2)\3]

Assume that there exists a T1g9 > 0 such that Thg € [T16+C+2A3, T17], [(T19) =4
and I(t) > ¢ for all t € [Th6,T19] (otherwise the result is established). By (&I
and (BI) we have, for all ¢t € [Th + A3, Ti6 + 2X3),

p(S(1), N(t),02)

E(1) > () B2

I(t) — (us +es)E(t)

(52)
> B(t) (@(N(t)aéiv(t)a@) _ K) gy~ (Hst7s)As —(us + €s)E(t),
where & is given by B3). By (B2)), {7) and {S)), we get
E(Ti6 + 2)3)
Ti6+2A3
> e—(us-i-es))\sE(Tw +)3) +/ B(s) <<P(N(5)7N(5)752) _ Ii) £9X
Ti6+A3 02
« e~ (s +78)As o—(ns+es)(Tie+2Xs—5) o
Tie+2A
N e—(us-i-’ys))\s/ 6 3ﬁ(3) (SD(N(S),N(S),52) _ K) ey (HsHes)a g
Ti6+A3 02 (53)
Tio+2A:
> e—(2us+75+es)>\352/ o B(s) p(NV(5), N(s), 02) — Bskds
Ti6+A3 02
> e~ Gustrstes) g, (kn/p — Bsks)
= e~ (ustrstes)hs, (n/p — Bsk\) k
> e~ (Custrstes)rs eank/(2p).
On the other side, by (42)) we obtain
N(t),N(t),6
20> [t LX), gy ity — )] BO. (59)

0o
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- Tyo—T
and thus, by (3), @7), [ 8) and (54), letting n =2 + [ ~=8 |

gq e (s H75)(C+223)
= I(T19)
> pE(Thy)

/T19 B(S)SD(N(S),N(S),éz)

> pE(T16 + 2X3)Exp 5
T164+2A3 2

> pE(Ti6 + 2X3)Exp

/T16+'n)\3 8(s) ©(N(s), N(s),d2)

Ti6+2A3 o2

. /T19 B(S)SD(N(s),N(S),(Sz)

Ti6+nA3 02

p = B(s)kp — u(s) — €(s) dS]
> pe-Gustys+2e)ha, T8 ((n=2)(nk—Bsnpra) o—Bsrpra
2p

> pe-Gustys+2e)a T8 (n-2)k/2 o~ Bswpa
2
> Ze~ Bustys+2es)As eonk o~ BskpA3

>

N =N —

67(3u5+’ys+2€s)>\3 eonk o~ 2us+rs)A3

and this implies that

2
C< [(3MS + s + 265))\3 + In 77_]{3 ,

ps +s

contradicting ([@9). This shows ([@3) and provesBl in the theorem.
We recall that, by (@), there are p1, s > 0 sufficiently small and 7' > 0 suffi-
ciently large such that, for all ¢ >ty > T we have

~ [ sy ds < gt = 1) +

to

Assume that R.(\,p) < 1, R¥(A\,p) < 1 and G(p) < 0 and let (S1(¢),0,0, R1(¢))
be a disease-free solution of () with Si(t9) = S10 and Ri(to) = Ri,0 and let
(S(t), E(t),[(t), R(t)) with S(to) = So, E(to) = Eo, I(to) = IO and R(to) = RO be
some solution of ().

Since we are in the conditions of [Il), for each € > 0 there is 7. > 0 such that
I(t) < e for each ¢ > T.. Therefore, using the second equation in (), we get, for
t > 1T,

E'(t) = B(t) 0 I(t) = (u(t) + () E(2)
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and thus, for ¢t >ty > max{T,T.}, we have
t t ot
E(t)<e Jig nis) ds Ey + / BsMee™ Jun(s)ds gy,
to

t
< e—Ml(t—to)-i-Mz Ep +BSM5/ e—Hl(t_u)""Hz du

to
/BSM e:u'2

H1

— o~ H1(t—to)+p2 Eo + (1 _ e*#l(t*to))g

and, since € > 0 is arbitrary, we conclude that

limsup E(t) = 0. (55)

t— o0

By the fourth equation in (] and setting w = R(t) — Ry (¢), we have, for ¢ > T

w'(t) =y (I (t) — (p(t) + n(t))w(t)
< yse = (u(t) +n(t))w(t)

and thus, for t > tg > max{T,T.}, we have

t t .
w(t) < e~ S p(s)+n(s) (Ro — Ror) +/ yge e~ S i) ds gy,

to

t
< e*#l(t*to)nﬂu(RO — Ry 1) +”YSE/ e~ (t—w+tpz g,
to
r-)/S e:u'2

— e*#l(t*to)+#2(R0 — Ry 1) +
’ H1

(1- ef‘“(t*t“))a

and, since € > 0 is arbitrary, we conclude that limsup R(t) — R1(t) < 0. Repeating

t——+oo
he computations with w(t) replaced by wi(t) = Ri(t) — R(t) we conclude that
limsup Ry (t) — R(t) < 0. Thus

t— oo

limsup |R(t) — R1(t)| = limsup |w(t)] = 0. (56)

t——+o0 t——+o0

Let N=S+ E+ 1+ Rand Ny =51 + Ry and set u(t) = N(¢t) — N1(¢). By @),
for t > T, we have u/(t) = —u(t)u(t) and thus, for ¢ > ¢ty > max{7T,T.} we have

ut) = e i MO AN — Ny 1) < ettt (N — N ).

Therefore
liriligop IS(t) — Si(t)]
= lmsup [N(£) = E(t) = I(t) = B(t) = (N (t) = Fa(8))] (57)
< limsup ([N (t) = M(®)] + B@) + 1) + |B(@#) = Ba(0)]) = 0.

By (B3), (B6l) and (&), we have Bl in the theorem.
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5.4. Proof of Theorem [2l Let b} denote the function in (@) with ¢ replaced by
¢-. Let § > 0. We have that there is L > 0 such that for 7 € [-L, L] we have by
assumption sup,sq |8-(t) — B(t)| < ¢ and thus §,(t) < Bs + 9§ for all ¢ > 0. Write
B = f5+6. By @) and (@) we have

|bg(p, i, Z(t)) - b(;(p, i, Z(t))|
o) rEOEDD), iy () - (9 DD, iy e
@T(Z(t)v Z(t)v d) — (p(Z(t), Z(t)v 5) ’

0

+18:(1) - (e pPE 20D
(

@T(z(t)v Z(t)v 5) — <P(Z
)

<B:(t)p

+ller — €|l

t), 2(1),9) ‘

< Bp

+ Mp||Br = Blloo + ller — €lloo

(58)
Since for 7 € [—L, L], ¢, is differentiable and ¢, (z,y,0) = ¢(z,y,0) = 0, we get
lpr (2(2), 2(t), 8) — p(2(), 2(2), 6)]
= |03¢r(2(t), 2(t),0)6 + R (8) — Osp(2(1), 2(t), 0)| 6 + R(3)] (59)
< 037 (2(1), 2(1), 0) — D30(2(1), 2(t), 0)[ 6 + [RT(8)[ + [R(0)]

where R(§)/§ — 0 and R7(6)/§ — 0 as § — 0, where 05 denotes the partial
derivative with respect to the third coordinate. By (B9)) we obtain

|or(2(), 2(t), 0) — w(2(t), 2(t), 0)]

0
< 105or (2(0), 2(0),0) ~ s (a(0), 20),0) + T2 4 DL o)
< llpr = plag . + 2O EO

Thus, by (B8) and (60) we get
|bg(p,5,2’($)) —b(;(p,S7Z(S))|

~(z(t), z(t),8) — w(z(t), z(t),
< Bp|? (2(t),2(t) )5 p(z(t), 2(t) )‘+Mp||ﬂ7—ﬂ||oo+||ef—elloo
R™(§ R(6
< By (Ior — pllso + T+ D) a3, = o+ ler = el
Therefore
lim |b% —b
i 575, 5, 2(5)) — ba(, 5, 2(5)|
< Bpller = @llagx + MpllBr = Blloo + [l€7 — €lloo-
Thus

t+A
/ lim b3 (p,s,z(s)) — lim bs(p, s, z(s))ds
t 6—0t

§—0t

t+A
< / lim |b%(p, s,2(s)) — bs(p, s, 2(s))| ds < O(7),
t 5—0Tt
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where
(1) = ABpller — @llagx + MpA|Br = Blloo + Aller — €lloo-
Thus
InR.(A,p) — O(7) <InRI(\,p) <InRc(A\,p) + O(7)
and then

Re(A.p)e” " < RI(A.p) < Re(A,p) 7
and sending 7 — 0 we get
lim RZ (A, p) = Re(A, p).
T—0

Similarly we obtain also lir% (R (\,p) = (RY(\,p), lir% Ry(A\p) = Ry(A,p),
T— T—

lim (R;)T (A, p) = (R;)(A,p), lim G" (p) = G(p) and lim H" (p) = H(p).

7—0 7—0 7—0

6. DISCUSSION

In this paper we considered a non-autonomous family of SEIRS models with gen-
eral incidence and obtained conditions for strong persistence and extinction of the
infectives. We obtained corollaries for autonomous and asymptotically autonomous
systems, where the conditions became thresholds, and we obtained also corollaries
for the general incidence periodic setting and for non-autonomous Michaelis-Menten
incidence functions. To illustrate our results we considered some concrete family
of periodic models and we obtained regions of strong persistence and extinction for
several pairs of parameters.

Naturally we would like to obtain explicit thresholds for the general non-autonomous
family. The regions obtained in figure [[l suggest that big oscillations in the param-
eters lead to situations where our conditions do not apply. This is a consequence
of the use of limsup and liminf in conditions (I0) to [IE). We believe that to
overcome this problem we must have expressions that include some features more
closely linked to the shape of the incidence functions.

Finally, we saw that our conditions for strong persistence and extinction are
robust in some general family of C' parameter functions. Naturally, if we restrict
our family to the autonomous setting, this has to do with the fact that the thresholds
are given by ([9) and it is immediate that small perturbations of the parameters
in ([9) yield a number close to the original one.

To obtain Theorem 2l we felt the need to assume that the birth and death rates
remain the same for all the family. This motivates the following question: do we
have the same result if we only assume that the birth and death rates are close in
the C° topology?

REFERENCES

(1] B. Buonomo and D. Lacitignola, On the dynamics of an SEIR epidemic model with a convex
incidence rate, Ricerche mat. 57, 261281 (2008)

[2] C. Castillo-Chavez, H.R. Thieme, Asymptotically autonomous epidemic models, in: O. Arino,
D. E. Axelrod, M. Kimmel, M. Langlais (Eds.), Mathematical Population Dynamics: Analisys
and Heterogenity, Wuerz, Winnipeg, Canada, 1995, p. 33.

[3] P. den Driessche, H. Hethcote, J. Math. Biol. 29, 271-287 (1991)

[4] P. van den Driessche, M. Li and J. Muldowney, Global Stability of SEIRS Models in Epi-
demiology, Canadian Applied Mathematics Quarterly 7, 409-425 (1999)

[5] W. O. Kermack and A. G. McKendrick, A contribution to the mathematical theory of epi-
demics, Proc. R. Soc. Lond. A 115, 700-721 (1927)



28

JOAQUIM P. MATEUS AND CESAR M. SILVA

[6] T. Kuniya and Y. Nakata, Global Dynamics of a class of SEIRS epidemic models in a periodic

environement, J. Math. Anal. Appl. 363, 230-237 (2010)

[7] T. Kuniya and Y. Nakata, Permanence and extinction for a nonautonomous SEIRS epidemic

model, Appl. Math. Computing 218, 9321-9331 (2012)

[8] X. Li, L. Zhou, Global Stabiliy of an SEIR Epidemic model with vertical transmission and

saturating contact rate, Chaos, Solitons and Fractals 40, 874-884 (2009)

[9] L. Markus, Asymptotically autonomous differential systems, Contributions to the theory of

Nonlinear Oscillations 111 (S. Lefschetz, ed.), Ann. Math. Stud., 36, Princeton University
Press, Princeton, NJ, 17-29 (1956)

[10] K. Mischaikow, H. Smith and H. R. Thieme, Asymptotically autonomous semiflows: chain

recurrence and Lyapunov functions, Trans. Amer. Math. Soc., 347, 1669-1685 (1995)

[11] E. Pereira, C. M. Silva and J. A. L. Silva, A Generalized Non-Autonomous SIRVS Model,

Math. Meth. Appl. Sci. 36, 275-289 (2013)

[12] C. Rebelo, A. Margheri and N. Bacaér, Peristence in seasonally forced epidemiological models,

J. Math. Biol. 54, 933-949 (2012)

[13] R. Shope, Environemental Health Perspectives 96, 171-174 (1991)
[14] T. Zhang and Z. Teng, On a nonautonomous SEIRS model in epidemiology, Bull. Math. Biol.

69, 2537-2559 (2007)

[15] W. Wang and X.-Q. Zhao, Threshold dynamics for compartmental epidemic models in peri-

odic environments, J. Dyn. Diff. Equat., 20, 699-717 (2008)

[16] T. Zhang, Z. Teng and S. Gao, Threshold conditions for a nonautonomous epidemic model

with vaccination, Applicable Analysis, 87, 181-199 (2008)

[17] H. Zhang, L. Yingqi, W. Xu, Global stability of an SEIS epidemic model with general satu-

ration incidence, Appl. Math., Art. ID 710643 (2013)

J. MATEUS, INSTITUTO POLITECNICO DA GUARDA, 6300-559 GUARDA, PORTUGAL
E-mail address: jmateus@ipg.pt

C. SiLVA, DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE DA BEIRA INTERIOR, 6201-001

COVILHA, PORTUGAL

E-mail address: csilva@mat.ubi.pt
URL: www.mat.ubi.pt/"csilva



	1. Introduction
	2. Notation and Preliminaries
	3. Main results
	4. Examples
	5. Proofs
	5.1. Proof of Lemma 1
	5.2. Proof of Lemma 2.
	5.3. Proof of Theorem 1.
	5.4. Proof of Theorem 2.

	6. Discussion
	References

