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LIMIT CYCLES OF CUBIC POLYNOMIAL DIFFERENTIAL
SYSTEMS WITH RATIONAL FIRST INTEGRALS OF
DEGREE 2

JAUME LLIBRE !, BRUNO D. LOPES %2 AND JAIME R. DE MORAES 2

ABSTRACT. The main goal of this paper is to study the maximum num-
ber of limit cycles that bifurcate from the period annulus of the cubic
centers that have a rational first integral of degree 2 when they are per-
turbed inside the class of all cubic polynomial differential systems using
the averaging theory. The computations of this work have been made
with Mathematica and Maple.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

One of the main problems in the qualitative theory of real planar differ-
ential systems is the determination of their limit cycles. There are several
methods for computing the number of limit cycles bifurcating from the peri-
odic orbits of a center [1, 2]. Most of the methods are based on the Poincaré
return map, the Poincaré-Melnikov integrals (see for instance [8, 9]), the
Abelian integrals, and the averaging theory of first order. In fact in the
plane the last three methods are essentially equivalent. The first two meth-
ods only give the number of the periodic orbits of the unperturbed system
that become limit cycles when the system is perturbed. The averaging
method and method presented in [5] using the inverse integrating factor
also give the shape of the bifurcated limit cycles. For a general overview of
some of these mentioned tools see the book [7].

The study of the number of limit cycles of a polynomial differential system
is mainly motivated by the 16-th Hilbert problem, which together with the
Riemann conjecture are the two problems of the famous list of 23 problems
of Hilbert which remains open. See for more details [10] and [16].

The problem of studying the bifurcation of limit cycles from the periodic
orbits of a center of a polynomial differential system of degree 2 when this
system is perturbed inside the class of all polynomial differential systems
of degree 2 has been studied intensively during these last 20 years, see for
instance the books [4] and [18], and the hundreds of references quoted there,
and in particular the references [6, 13, 19]. There are few works trying to
study this problem for cubic polynomial differential systems. Our objetive
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will be to study this problem for the cubic polynomial differential systems
having a rational first integral of degree 2.

The classification of all cubic polynomial differential systems having a
center at the origin and a rational first integral of degree 2 can be found in
[14]. Now we summarize this classification in six families of cubic polynomial
differential systems that we denote by Py for £k =1,2,...,6.

The class P; is represented by system
i = 2y(a®+ B+ 2ax +2?),
§ = =202+ B+ ar® — ay® — zy?),
with 3 < 0 and a? 4+ 5 # 0.

The class P, is obtained translating the other center of P; to origin. It is
described by system

i = 207 %y(B% — 2afz + a*(B + x?)),
y = —2(a’z—ax® —a2By? + (B +1?)).
The class P5 is given by system
i = z(1+a*+2z+ 2% —y?),
g = y(-l-a® =2y +a”—y?),

with « # 0.
The class P, is represented by system
&=y’ +a), §=a’+p),
with a8 < 0.
The class P is provided by system
i = 2(f+ &+ 2B +yd)z + (VP + 12—y,
g o= y(=F —d® = 2dy + (v* + D)2’ —3?),
with d=0or d=1. If d =0 then v # 0 and if d = 1 then S(8y — 1) # 0.

Finally the class Ps is obtained taking 5 = 0 in P;. Thus, we get the

System

i = 2y(z+a)?

y = —2(z+a)(az—y?),
with a # 0.

In [12] the authors studied the cubic polynomial differential systems hav-
ing a rational first integral of degree 2 whose phase portraits correspond to
the phase portraits Py, P3 and P4 of Figure 1. These systems were denoted
in [12] by (A), (B) and (C). They also proved that all the centers of these
systems are reversible and isochronous, see [12, p. 314]. Their main re-
sult provides upper bounds M for the maximum number of limit cycles of

systems P;, P3 and P, when they are perturbed inside the class of all poly-
nomial differential systems of degree 3 using the Abelian integrals, see the
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column “Upper bound” in Table 1. Here we study the maximum number of
limit cycles N that bifurcate from the period annulus of the cubic reversible
centers P, P», P, and Pg when they are perturbed inside the class of all cu-
bic polynomial differential systems using the averaging theory of first order
and the maximum number of infinitesimal limit cycles Z for the centers P3
and Ps5 by using the averaging theory of fifth order.

A natural question is: How many periodic solutions surrounding the origin
persists as limit cycles when we perturb the systems Py—Pg inside the class
of all cubic polynomial differential systems?

More specifically consider the following systems

(1) T = 2y(a® + B+ 2ax + %) + ep(z, y),
gy = =2((0®+ Bz + ax? — ay® — zy?) + eq(x,y),
@) #o= 207%y(% —20pz+ a?(B + 2%)) +ep(x,y),
y = —2(c?r—az?—a By’ +z(B+y?)) +eq(z,y),
& = x((1+0?) +2z+a2* —y?) +ep(z,y),

g = y(—(1+a?) —2y+2? —y?) +eqlz,y),
(4) i=y@®+a)+ep(z,y), §=z@y*+p8)+eq(z,y),

i = z(B?+d*+2(B+d)x+ (v 4+ 1)a? — y?) + ep(z, y),

y = y(=p*—d>—2dy+ (v + 1)z* — y*) + eq(z,y),
(©) Bo= 2y(z + ) + ep(z,y),
g = =2+ a)(ax—y?) +eq(z,y),
where
p(x,y) = aix+ay+ azr® 4+ agzy + asy® + agr® + azr’y + agry® + agy®,
q(z,y) = bix+by+ bsx® + baxy + b5y2 + bgz® + b7x2y + bgmy2 + bgy3,

of course, the parameters of the unperturbed system (1)-(6) (i.e. of the
systems P; — Ps) must satisfy conditions stated in systems P; — Py.

We compute the number A (see Table 1) for the classes P, P, Py and
Ps. The Section 5 we explain why we cannot compute the number N for
the classes P3 and Ps. In Section 6 we calculate the maximum number of
infinitesimal limit cycles Z for the classes P3 and P; when we perturb the
classes inside the class of all cubic polynomial differential systems up to
fifth order by using the averaging theory of fifth order. In Section 7 we give
an example of a subfamily of the class P5 that has at most 3 limit cycles
by using the averaging theory of seventh order. In Appendix A we give
explicitly two expressions used to find 3 limit cycles for the class Ps.

In what follows we present our main results.
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FIGURE 1. Phase portraits in the Poincaré disc of the cubic poly-
nomial vector fields with a center at the origin and a rational first
integral of degree 2.

Phase portraits | M | N T
P 4 |3 -
P, 4 [3ifla®+8|>1|-
P 5|7 2
Py 4 |3 -
P - |7 2
By -3 —

TABLE 1. The second column presents the upper bounds M pro-
vided in [12], and the third column presents the maximum number
reached A of limit cycles bifurcating from the periodic orbits sur-
rounding the systems Py when they are perturbed inside the class
of all cubic polynomial differential systems using the averaging the-
ory of first order. The fourth column presents the maximum num-
ber reached Z of infinitesimal limit cycles bifurcating from origin
for systems Py using the averaging theory of fifth order.

Theorem 1. When we perturb systems Py, Py and Pg inside the class of
all polynomial differential systems of degree three, the mazimum number of
limit cycles that bifurcate using the averaging theory of first order is N' =3
and it is reached.
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Theorem 1 is proved in Section 3.

Theorem 2. When we perturb system Py inside the class of all polynomial
differential systems of degree three, the mazximum number of limit cycles that
bifurcate using the averaging theory of first order is N' = 3 when o® + 3 ¢
(—=1,0) U (0,1) and it is reached.

Theorem 2 is proved in Section 4.

Theorem 3. When we perturb system Ps and Ps inside the class of all
polynomaial differential systems of degree three, the mazximum number of in-
finitesimal limit cycles that bifurcate using the averaging theory of fifth order
is 2, and it is reached.

Theorem 3 is proved in Section 6.
The proofs of Theorem 1, 2 and 3 have been used in an essential way
algebraic manipulators Mathematica and Maple.

In Section 2 we summarizes some preliminary results that we shall need
for proving our theorems.

2. PRELIMINARIES

The following theorem is a version of the averaging theory for arbitrary
order which provides periodic solutions of a periodic continuous differential
system. See [15] for a proof.

Consider the differential equation
(7) & =Y F(tz)+ MRt 3, 0),

where F; : R x D — R", for i = 1,2,....,k and R : R x D x (—¢&gp,g9) — R"
are continuous functions and T—periodic in the variable ¢, with D is an open
subset of R™.

We introduce some notations. Let L be a positive integer, let © =
(z1,..,xn) € D, t € R and y; = (yj1,...,yjn) € R" for j = 1,...,L. Given
F : R x D — R" a sufficiently smooth function, for each (t,z) € R x D
we denote by 0" F(t, ) a symmetric L—multilinear map which is applied to
a “product” of L vectors of R", which we denote as @le Y; € R™. The
L—multilinear map is defined by

n

L
oLF(t,x
8LF(t7m)®yj = Z P} ) . 4o Yliyy - YLig-

Tisyenny OF;
Jj=1 i1in=1 ‘L

Now we define the Averaged Function f; : D — R™ of order i as

0 () = 22

il



6 J. LLIBRE, B.D. LOPES AND J.R. MORAES

where y; : R x D — R" are given by

yilt,2) = il /0 (Fi(s, (5, 2))

i l
1 I b
+ZZ; b1 Thy1215 il Fi—z(saap(saz))q%‘(svz) 7| ds.
=1 S j=

and S; is the set of all [—tuples of non—negative integers (b1, ba, ..., b;) satis-
fying by + 2by + ... + by =l and L = b1 + by + ... + b;. For our purpose we
give explicitly the functions y;, for ¢ = 1, ..., 5. Thus we have

yi(t,z) = /0 Fi(s,z)ds,
ya(t,z) = /0 <2F2(8, z) + 288};1(3, 2)y1(s, z)> ds,
ys(t,z) = /0 <6F3(s, z) + 688};2(3, 2)y1(t, 2)

O*Fy 2, o OF
#3522 435 2ms.2) ) .
t OF:
yi(t,2) = / (24F4(s, z) + 248—3(57 2)y1 (s, 2)
0 X
82F2 2 aFQ
1255 (5, 2)ya(s, 2)7 +1252(s, 2)2(s, 2)
2F1
125 (5, 2)yn (s, 2) © ya(s, 2)
PR 3, O
+4W(S> Z)y1(37 Z) + 4%(31 Z)y3(3’ Z)) dS,
t OF O?F:
ys(t,z) = / <120F5(s, z) + 12074(37 2)y1(s, 2) + 60 23 (5, 2) (s, 2)”
0 T 6113
8F3 82F2
+6087(S’ 2)ya(s, z) + GOW(S, 2)y1(s,2) © ya(s, 2)
83F2 3 8F2
2055, 2)y1(s, 2)” + 20—5=(s, 2)3(s, 2)
O*F
+208721(37 Z)yl (87 Z) © y3(87 Z)
O*Fy 2 0°Fy 2
+15W(37 Z)y2(37 Z) +30 Ox3 (37 Z)y1(37 Z) © y2(s’ Z)
'R 1, OF
#5552, 55 s 2) ) .

In Appendix A we give explicitly the expressions of yg and y; which we
use to find 3 limit cycles for the class Ps.
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Theorem 4. Consider the initial value problem (7) and the averaged func-
tion (8), and assume the following conditions.

(i) For each t € R, Fi(t,) € C*¥%, fori = 1,2,....,k; OF7'F; is locally
Lipschitz in the second variable fori =1,2,...,k; and R is continuous
and locally Lipschitz in the second variable.

(ii) Assume that f; =0 fori=1,....,r—1 and f, # 0 withr € {1,2,....k}.
Moreover, suppose that for some a € D with fr(a) = 0, there exists
a neighborhood V. C D of a such that f.(z) # 0 for all z € V' \ {a}
and that dp(fr(z),V,a) # 0.

Then for |e| > 0 sufficiently small, there exists a T-periodic solution x(-,¢)
of equation (7) such that x(0,e) — a as € — 0.

Consider a planar differential system

(9) i =Pz,y), §=0Q(@y)),
where P, @ : R? — R are continuous functions. Suppose that system (9) has
a continuous family of ovals
{Fh} C {(Cl?,y) : H(I‘,y) = h7 hl <h< h?}
where H is a first integral of (9). Consider the following perturbations of
system (9)
(10) i = P(x,y) +ep(z,y), §=0Q(z,y)+eq(z,y),
where p,q : R?> — R are continuous functions.

The following theorem (see Theorem 5.2 of [3] for a proof) provides a
way for transforming the perturbed system (10) in the standard form of the
averaging theory given in Theorem 4.

Theorem 5. Consider system (9) and its first integral H. Assume that
xQ(x,y) — yP(x,y) # 0 for all (z,y) in the period annulus formed by the
ovals {T'y}. Let p: (v/hi,vh2) x [0,27) — [0,00) be a continuous function
such that

(11) H(p(R, @) cos g, p(R, @) sinp) = R?,

for all R € (v/h1,Vh2) and all p € [0,27). Then the differential equation

which describes the dependence between the square root of the energy R = v/h
and the angle ¢ for system (10) is

dR _ _p(=* +y*)(@Qp = Pg)
dep 2R(Qx — Py)
where pu = p(z,y) is the integrating factor of system (9) associated to the
first integral H, x = p(R, ) cosp and y = p(R, @) sin .

(12) +0(e?),

We recall that p is the integrating factor associated to the first integral H
of system (9) if the equalities

OH 0H
Mp—aiy and MQ——%7
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hold.

The real functions (fo, f1,..., fn) defined on I is an Extended Chebyshev
system or ET-system on I, if and only if any nontrivial linear combina-
tion of these functions has at most n zeros counting their multiplicities
and this number is reached. The functions (fo, f1,-.., fn) is an Ezxtended
Complete Chebyshev system or an ECT-system on [ if and only if for
any k € {0,1,...,n}, (fo, f1,..., fx) form an ET-system. For proving that
(fo, f1, -5 fr) is an ECT-system on I is sufficient and necessary to prove
that W (fo,..., fx)(s) # 0 on I for k € {0,1,...,n}. Let W(fo,..., fr)(s) be
the Wronskian of the functions (fy, ..., fx) with respect to s. We recall that
the definition of the Wronskian is

fls) B o)
W (fo, s fr)(8) = fo;(S) f1:(8) fk:(S)
196 19 - 190)
See [11] for more details on ECT-system.

In sequel we prove Theorem 1.

For commodity in the proofs of Theorems 1 and 2 we denote & = P(z,y)
and y = Q(x,y) in the systems which represents the classes Py, for k = 1,2,4
and 6.

3. PROOF OF THEOREM 1
3.1. Proof for the class P,. We have that
1
(a2 + 20 + B + 22)*

wz,y) =

is the integrating factor associated to the first integral

2% + y?
H(z,y) = —————
@) = R B
of the system Pp, because they satisfy pP = H, and uQQ = —H,. By

solving implicitly the equation H(pcos 6, psin) = R? we obtain the positive
function p: (0,1) — R given by

R <\/4 (a2 + B) —2BR?* (2cos?6 — 1) — 28R + 20¢Rcos¢9)
P=- R?(2cos?0 — 1)+ R?—2 '

So after the change of variable described in Theorem 5, system (1) be-
comes

QO, 7ﬁ7ab) ) 2
(13) P ZQl o) & T OE:
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where a = (ay, ..., a9), b = (b1, ...,bg) and

Aq

Ay

As

—ay (o® + ﬁ)2 cos? 0 — (o + ﬁ)Q (az + by) sinf cos 0

—by (o + 5)2 sin’ 6,

Va2 — BR2cos?0 + 3 ((—042 ) cos> 0 (a2a3 + 3aa + azp)

— (o® + B) sin® O cos 0 (a®as + a®by — aay + 4aby + a5 + Bbs)

— (a® + B) sin cos® 0 (a®as + by + 3aas + 4aby + asf + Bbs)
— (a2 + B) sin® 0 (a2b5 — aas + Bb5)) ,

— (a2 + 6)2 sin* § (a2b9 — aas + ,Bbg) — (aQ + ﬁ) sin® 0 cos® 0 (a4a8
+atb; — oag + 4a3as + 503by — 4a%a; + 2a2agfB + 20 Bby
+4a?by — aasB + daasf + 5afby — a1 B + agB® + b7 — 48bs)

+ (—a2 — 5) cos* 6 (a4a6 + 40’as + 2a2a68 + 4aasB — 5a1 8
—i—a652) — (a2 + ﬂ) sin 6 cos® 0 (a4a7 + a*bg + 40as + 5a3bs
+202a78 + 202 Bbg + 402by + 4aasf + 5aBbs — 5asf + ar >
+8%bs — 48b1) — (a® + B) sin® @ cos O (a’ag + a'bs — a’as + 5a’bs
—40*ay + 20%agB + 20 Bbs — casB + 5afbs — axf + agB® + B2bs)
Va2 — BR2cos?0 + f8 (aag (a? + 5)2 sin” 0 + (a®

+3) sin* f cos 6 (a3a8 — 6a3by + 5a’as + aagB — 6aBbg + a55)

+ cos® (—5a5a6 — 4atas + 8alay — 10a3a6/3 + 12ca1 8 — 5aa652
+4a352) +sin? G cos® @ (a5a6 — 5a’ag — 6a°b; + batas — 4a’tas
—9atby + 403a; + 203a68 — 100 agf — 1203 Bby + 4a3by
+602a3 — 6a%6bs + aagB? — baagS? — 6a8%by + 1208by + a3 5>
+4as3? + 362()4) +sin® @ cos? 0 (a5a7 —5a’ag — 6a°bg + Hatay
—9atbs + 4a3as + 203a78 — 10a3ag 8 — 1203 Bbg + 602aq3
—602Bbs + aarf? — baags? — 6a5%bs + as8? + 35%bs)

+sinf cos* 6 (—5a5a7 — 60°bg — datas — 9atbs + 8alas
—10a3a7ﬁ — 12a35b6 + 403h — 6a25b3 + 12aasf — 5aa7ﬁ2
—608%bg + 12a8by + dasf* + 36%b3))

agy (a2 + 6)2 (6a2 + ﬁ) sin® § cos 6 + (042 + 5) sin @ cos? 0 (6a4a8
—15abg + 902as + Ta?agf — 12a%Bby + aasB + agf* + 352199)

+ sin® 6 cos* # (6a6a6 —9a%ag — 15a%b7 + 90’as + 4a’as — 5a’by
—4a’tay + 130 agB — 14atasB — 270 Bb7 + 10a*by 4+ 10a3as3
+20a3a58 4+ 1003 6by — 1202018 + 8a’agB? — oagB? — 9a25%b;
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+12a%8by + aaszf? + 16aas % + 15a6%b, — 4a1 82 + ag3° + 4ag >
+333b7 — GBng) +cos® (—9a6a6 + 40’as + 6ata; — 14atag
+2003a33 — a?agB? + 16aasf? — 10a1 8% + 4a6[33)

+sin® 0 cos® 0 (6a6a7 —9a%ag — 15a%bg + 90’ay — 5a’bs — 4atas
+130tar 8 — 14atagB — 270 Bbg + 100 + 1003 Bbs — 120a28
+8c2a7 8% — a’agB? — 902 B%bg + aasS? + 15a8%b5 — 4as28? + a7 83
+4agB® + 3ﬁ3bs) + sinf cos’ 0 (—9a6a7 —150%6 + 40’aqs — 5a°bs
+6atay — 14atar B — 2704 Bbg 4+ 100*b; + 200 asf + 1003 Bbs
—aa7 % — 902 8%bg + 1202 b1 + 16aas % + 15a%b3 — 10as 52
+4a78° + 33%bg — 65°b1) ,

As = a2 —BR%2cos?0+f3 (3aag (oz2 + B) (5a2 + B) sin® 6 cos? 6
+ sin? f cos® 0 (15a5a6 — 5a’ag — 20a°by + 5a4a3 + 10a4a5
+5atby — 10a3a; 4+ 18aag + 10a3agB — 8aBbr + 4a°by
—6a2asf + 1202a58 + 1802 Bby — 6aay f + 3aagB? + 150ag3?
+12a,8%b7 — 12a8by — 3asB? — 6as B — 362b4) + cos’ 0 (—5a5a6
+10aaz — 6aa; + 10a3asB + 120%a3f — 18aay B + 15aag3
—6a3B?) + sin® 0 cos 0 (15a°a7 — 5a’ag — 20a°bs + 5a’tas + 5atbs
—10a3ay + 18a3a78 + 10a3ay 8 — 8a>Bbs — 602aysB + 1802 Bbs
—6aasf + 3aar % + 15aa93° + 12a8%bs — 3a48% — 3,8265)
+sin 6 cos® 6 (—5a5a7 — 200°bg 4+ 10atays + 5atbs — 6a3ay
+10a3a78 — 803 Bbg + 4a3by + 1202a4 8 + 1802 Bbs — 18as3
+15aa78% + 12a8%bg — 12a8by — 6asB* — 33%b3)
+sin? 0 cos® 0 (15a5a8 — 200°bg + batas + 18a3agf — 8> Bby
—6a2as + 3aag? + 1203%bg — 3a5ﬁ2)) ,

A7 = ag ((12 + B) (20&4 — 30?8 — 362) sin® 0 cos® 0 + sin? 0 cos® 0 (20a6a6
+5a%ag — 150807 — 5a’as + 4a’as + 9a°by — 4atar + 170 ag
+32atag + 150 8b; — 4atby — 22a3a38 — 12a3as6 + 100 Bby
+602a18 — 60%a6% + 21a%ag 8% + 27028207 — 1602 B8by — 9avas 52
—24aas 3% — 15a3%bs + 6a1 8 — 3ag° — 6asB> — 38°by + 45%b,)

+ cos® (5a6a6 +4a’as — 8atar + 32atagB — 12a3a38 — 10a%a1 8
+21a2ag3? — 24aasB? + 10a1 8% — 6a653) + sin®# cos® @ (20a6a7
+50%ag — 15a%bg — 5aday + 9a°bs — datas + 170 a8 + 32atay8
+15a%Bbg — 22a3a48 + 1003 8bs + 6a%asB — 602a7 8% + 2102 aq 3
+27a%B%bs — 9aas 8% — 15a3%b5 + 6a23* — 3az3® — 6ag B — 33°bs)
+sin 6 cos” 0 (5alaz — 15a%bg + 4a°ay + 9a°bs — 8atas + 32a’ar
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+1504Bbg — 4a*by — 12a3a48 + 1003 8bs — 100%as8 + 210az7 52
+2702B%bg — 1602 8by — 24032 — 15a8%b3 + 10a28% — 6a733
—33%bg + 46%b1) + sin® 0 cos* 6 (20a°as — 15a°by — 5a’as
+17atagB + 1502 Bby — 2203 a5 8 — 602agB? + 2702 3%bg — Yaas 5>
—3ag8® — 353°by) ,

Va2 — BR2cos?0 + f3 (cvag (15044 —10a%8 — 9B2) sin® @ cos* 6
+sin® 0 cos” 0 (15a°ag + 9a’ag — 6a°b; — 9a*as — 4a’as + 5a*by
+4a3a; — 10a3ag8 + 10a3agf + 2003 Bby — 4a3by — 60as3
—16a2a56 — 10a2ﬁb4 + 8aaq 8 — 9aa6ﬁ2 — 1504@862 — 6aﬁ2b7
+4aBby + 3asf? + dasB? + 52b4) + cos” 0 (9a5a6 — 4atag
—}—10@3@65 — 16a2a3ﬂ + 12aa18 — 15aa652 + 4a352)

+sin® 6 cos® 6 (15a5a7 +9a°ag — 6a°bg — 9a4a4 + 5a4b5 +4a3ay
—10a3a78 + 10a3agB + 2003 Bbg — 6a%a48 — 10a%8bs + 8aas
—9aarB? — 15aa9B* — 6aB%bs + 3asf* + 5°bs)

+sinfcos® O (9a5a7 — 6a°bg — datay + 5atbs + 1003a7 6
+2002Bbg — 40°by — 16a%a48 — 1002 Bbs + 1208 — 150a7 32
—6a3%bg + 4a by + 4as8® + 5%b3) + sin’ 0 cos® 0 (15a°ag

—6a°bg — 9atas — 10a3as B + 2003 Bby — 6a2as 8 — aas3?
—6a,3%bg + 3as %)) ,

ag (6a6 —25a%8 — 1202532 + 363) sin® 0 cos® 6 + sin? 6 cos® 0 (6a6a6
+5a%ag — alb; — 5alas — 4a°as + a®by + 4atay — 250t a8
—10atagB + 15aBby — a*by + 6a3a3f — 4a3as B — 100> Bby
+402a18 — 1202a68% — 27aagB? — 1502 8%b7 + 6a%Bbs + 11aas 5>
+16aasB? + 5aB%by — 4a18? + 3agB® + 4as B> + B3br — 52bs)
+cos'?0 (5a6a6 — 40°ag + 3ata; — 10atagB — 4a3asB + 10a%a1 8
—2702ag3? + 16aasB? — 5a1 3% + 4a653) + sin® @ cos” 0 (6a6a7
+5a8a9 — albg — 5a’ay + by + 4atas — 25a4a7ﬂ — 10a4a95
+15a%8bg + 603asB — 1003 Bbs + 402as8 — 1202a7 8% — 270 ag3?
—150°B%bs + 1laas8* + 5a%bs — 4asB? + 3ar78° + dag8® + 3°bs)
+sin 6 cos’ 0 (5a6a7 — oS — 4a°aq + b3 + 3atas — 10atar3
+1504Bbg — by — 403asB — 1003 Bbs + 10a2as8 — 2702 a7 3
—15028%bg + 602 8by + 160casf? + 5af%bs — 5asf? + 4a7 83 + Bbg
—5261) + sin* @ cos® 0 (Gaﬁag — a%y — 5a°as — 25atagB + 150 Bby
+6a3a5ﬁ — 12a2a862 — 15@2521)9 + 1104@552 + 3a8ﬁ3 + ﬁ3b9) ,
Va2 — BR2cos?0 + f3 (cvag ((14 —10a%8 + 552) sin® 0 cos® @
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+ sin® 0 cos” 0 (a5a6 + adag — ataz — atas + a’ar — 1003 ag3
—10a3agB + 602asB + 602asf — 3aa1 B + baagf? + baagf? — asB?
—a562) + cos' 6 (a5a6 —atas + o®a; — 100368 + 6a%asf
—3aa18 + 5aa652 — a3B2) +sin® 0 cos® 0 (a5a7 + a’ag — atay
+adas — 1063a78 — 10a3agf + 6a2asff — 3aas B + Saar B2 + Saag 52
—a4ﬁ2) + sinf cos'® 0 (a5a7 — atas + alag — 10a3a7ﬁ + 6a2a4ﬁ

—3aas + baar % — a4B2) +sin* @ cos” 6 (a5a8 — atas — 10a3as3

+6a%as + baas? — asf?)) ,

Ay = —agf (5a4 —10a%8 + 52) sin® 0 cos” 0 — Bsin® O cos'® @ (5a4a6
+5a4a8 — 4a3a3 — 4043a5 + 3a’a; — 10042@66 — 10a2a8ﬁ + 4daagf
+daasB — a1 + agf? + agBQ) — Beos'?0 (5a4a6 — 403as + 3a’a;
—100agf + 4aas — a1 8 + a652) — Bsin® 6 cos” 0 (5a4a7 + 5atag
—403ay + 3a%as — 10a%a78 — 10a%ayB + daasf — a3 + a7/5?
—i—agBZ) — Bsinfcos't o (5a4a7 —40lay + 3a%as — 1062a78 + 4aaq B
—asf + a7ﬂ2) — Bsin* O cos® 6 (5a4a8 — 40’a5 — 100ag B + 4aas
+a852)

Q1 = 2(Rcosf —1)(Rcosf+1) (aRcosG\/oﬂ—ﬂR2c0s,20+ﬁ+a2

—BR?%cos? 6 + ) <2aR cos0v/a? — BR2 cos? 6 + 3 + R? (a2
—B)cos? 0 + o + 5)2 .

Integrating the right part of differential equation (13) we get the averaging
function f : (0,1) — R given by

a?ag — 302ag — by + 3a2by + a1 + agfS — 3agf
FE) = o [(

4(a?+B)
—Bb7 + 38bg + bg):| n (064(16 + oz4a8 - a3a3 — a3a5 -+ 042(11
1(aZ+B) ! 4(a + B)?
n 20%a63 + 202agl — aasfl — aasf — a1 + agfB* + agf?)
4(a?+ 6)2

1
+§f2(as — bg) + f3(as — ag — b7 + by),
where
fo=R, fi=R® fo=RV1-R? and f3=+/1—R?/R.

We have to study the number of simple zeros of averaging function f.
For this we shall calculate the Wronskians W ( fo, ..., fx), for £ =0, ...,3 and
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prove that they do not vanish for R € (0,1). In fact,

6
W)= B0 W(fo, 1) = 2B, W(fo. fi, f2) = —(1_2;)3/27
12R? (R4 +4 (\/ﬁ ) R?—8/1— 2 +8)

W(fo, ..., f3) = (R2 —1)*

Obviously the first three Wronskians do not vanish. The W(fo, ..., f3) is
equal to zero if and only if

R'—8R*+4y/1—-R*(R*-2) +8=0.

Passing the term 4v/1 — R2(R? — 2) to the right hand side of the previous
equality and taking the square in both sides we obtain R® = 0 which is it
impossible because R € (0,1). Thus the Wronskians W ( fo, .., fr) # 0 for
k =0,..,3. Hence, since (fo, ..., f3) is an ECT-system the averaging function
f has at most 3 simple zeros and they are reached. By Theorem 4, these
zeros provide 3 limit cycles for system (1).

3.2. Proof for the class P;. Suppose that o < 0 and § > 0. The positive
function p that satisfies H(pcosf, psinf) = R?is p : (0,1/—a/B) — R given
by

BR
VB cos20 —sin? 6 (o + BR2)

p:

The integrating factor

(o) =~
M, y) = —"—">—",73
(8+92)°
corresponds to the first integral
2 2
ay — Bx
H(x,y) = ————>~
=" 5@+

because they satisfy pP = H, and puQ = —H,. We transform system (4)
using Theorem 5 in the following averaging standard form

7
(14) Z B R 0,
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where a = (ay, ..., a9), b = (b1, ...,bg) and

By = a’bysin® 0 — a?B(a; + 2by) sin 0 cos? 6 + o sin®  cos O(aby — azf)
+a3?(2a1 + by) sin? @ cos® § — 52 sin @ cos® A(azf — aby),
—2asin® 6 cos® O(aby — azf) — a1 33 cos’ @

By = \/—a sin? @ + B cos? § — SR2 sin” O (—a26b5 sin® #

—B%sin? f cos® O(—aaz — aby + asf) — B2 sin b cos? O(asB — abs3)
+afsin® 0 cos® O(—abs + asf + Bbs) + B sin® 0 cos O(as — aby)
—ag3> cos® 9) ,

By = B?sin®fcos’0 (—a2b6 + aarB + afbs — daby + 2a28 — a9B2)
—a?Bsin’® 0(Bbg — 3by) + 2 sin? 0 cos? O(aag + abr + 2a1 — agf
+b2) — aff?sin® @ cos? O(aby + 2a;1 — agf — Bby + 4bs)

—afsin® 0 cosd (aﬁbg — 3ab; + 2a28 — a952) — 3 sin 6 cos® 0(—abg
+a7f — by) — agB* cos® 6,

By = \/—a sin? @ + [ cos? § — BR2sin? 0 ( 5% sin® O cos® O(—2ab3 + asfs
+8bs) + 52 sin 0 cos 0(as 8 — 2abs) — 2a6%bs sin® 0 + 53 (a3
+b4)sin? @ cos® § + $3b3sinf cos? 0 ),

Bs; = —f3sin*6cos® 0(2aby + a1 — agff — by + 2b2)

—3%sin® H cos O (2a6b8 — 3ab; + axf — a952)
+33sin3 0 cos® O(—2abg + a7 + Bbg — 2b1) — 8% sin® (28bg — 3by)
+8%(ag + by) sin? 0 cos* 6 + b sin 6 cos® 6,

Bsg = \/—a sin? @ + [ cos? § — BR2sin? 6 (—531)3 sin® 0 cos? @
—33by sin* O cos O — B3bs5 sin® 0) ,
B; = —B%gsin®6fcos® 0 — Bbrsin? 6 cos? @ — 5 sin® 6 cos O(Bbg — by)
—3%sin® 0(Bbg — b2),
Qs = (6 cos? 0 — asin® 9)2 (ﬂ cos?f — sin? @ (a + 5R2))2 .
Integrating the right part of differential equation (14) we get the function
f:(0,4/—a/B) given by
3aag — 3aby — ay + agf — Bbg — b
A Y ]

+fy (aag — ab?ﬁj/;tsﬁ - Bb9)7

VB(—abr + by — ba)
2(—a)3/2

(ag — br)

—f2 NG

where

fo=R h=F. fi=-RV-a— R and fy= YOV 0= IR

R
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We have
232 RS
W(fo) =R, W(fo,f1)=2R> W(fo, f1,f2) = (Co— AR
W oo ) 128°R?(802 4 8aBR? + 4/—ar/—a — BR2(2a + BR?) + B?RY)
07 A ) 3 - -

(a+ BR?)3

Clearly the first three Wronskians do not vanish. The last Wronskian is
equal to zero if and only if

8a? + 8aBR? + V*R* + 4v/—a/—a — BR2(2a + BR?) = 0.

Passing the term 4v/—a+\/—a — BR2(2a + BR?) to the right hand side of
the previous equality and taking the square in both sides we get f*R® =

0. This is impossible because R € (0,1/—a/3). Thus the Wronskians
W(fo, . fx), k =0,...,3 do not vanish for R € (0,/—a«a/3). Therefore, since
that (fo,..., f3) is an ECT—-system the averaging function f has at most 3
simple zeros and they are reached. By Theorem 4, these zeros provide 3
limit cycles for system (4). If @« > 0 and 8 < 0 then we take p = —p and
the result obtained is analogous.

3.3. Proof for the class Ps;. Again the integrating factor

1
wx,y) = m
corresponds to the first integral
24,2
e +y
H(z,y) = m

because uP = H, and uQ = —H,. Again by solving implicitly the equation
H(pcosf, pcosf) = R? we get the positive function p: (0,1) — R given by

2R (\/oz2 + aRcos 9)
P= " R2(2cos20 — 1)+ R2—2°

We transform system (6) using Theorem 5 in the following averaging
standard form

dR _ N(p a,f,a,b)

el 2
ip S Oy(Rpap) O

(15)
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where a = (ay, ..., a9), b = (b1, ...,bg) and
2
N = R (aR cosf + Vv a2) (aa1R6 cos® 0 — a?asR% cos® 0 + alag RS cos® 0

—a\/c?ang cos’ O+ 2 (a2)3/2 agR® cos” 0 + aasR® sin 6 cos” 0
—a?a4R%sin 0 cos” 0 + a®a7 RO sin 0 cos’ 6 — 3aa; R cos® 0

+2a%asR* cos® 6 + aay R sin? 0 cos® 0 — a?a3 RC sin® 6 cos® 6
—a?a5R%sin® 0 cos® 0 + a2agR% sin? 0 cos® 0 + a3ag R sin® 6 cos® 0
—a@a4R5 sinfcos® 6 + 2 (a2)3/2 a7R® sin 6 cos® 0

—@bﬂ%‘s sin 0 cos® 6 + oz\/o?bgRg‘ sin 0 cos® 0

— (a2)3/2 bgR® sin 6 cos® 0 + 204\/@(131%3 cos®f — 2 (a2)3/2 agR> cos® 0
+aasR%sin® 0 cos® 6 — a?ayR% sin® 6 cos® 0 + aa7 R® sin® 0 cos® 0
+a’agR% sin® 0 cos® 6 + \/?ale sin® 6 cos® 0 — 204\/?@3}25 sin? 0 cos® 0
—a\/a72a5R5 sin? @ cos® 0 + 3 (a2)3/2 agR® sin? 6 cos® 0

+2 (a2)3/2 agR? sin? 6 cos® 6 — \/@bQRS sin? 0 cos® 0

+a\/a72b4R5 sin? 6 cos® O — (a2)3/2 b7 R® sin? 6 cos® 0

—3aay R sin 0 cos® 0 + 2a2ay R* sin 0 cos® @ — aby R* sin 6 cos® 0
+2a2b3R* sin 6 cos® 0 — 3abg R* sin 6 cos® 6 — a®a5 R% sin® 6 cos® 0
+a3ag RS sin? 0 cos* 6 + \/?agRE’ sin® 0 cos* 6 — 204\/?@4]%5 sin® 0 cos* 6
+3 (a2)3/2 a7R% sin® 6 cos* 6 + 2 (a2)3/2 agR? sin® 0 cos* 0

+a\/§b5R5 sin® 0 cos* 9 — (a2)3/2 bs R® sin® 0 cos* 0 + 3cva; R? cos 6
—a?asR? cos? 0 — adagR? cos* 0 — 2aa; R* sin® 6 cos* 6

+20%a5 R sin? 0 cos® 0 + 30’ ag R sin? 6 cos® 0 — aby R* sin 6 cos* 6
+202byR*sin® 0 cos* 6 — 3a3b7R4 sin® 6 cos* 6 + 204\/072&4}23 sin 0 cos* 0
-2 (a2)3/2 arR3sinf cos* 0 + 2@()1]{3 sin 6 cos* 0

-3 (a2)3/2 beR> sin 0 cos* 0 + aagRC sin® 0 cos® 0

—Qa@ag,R‘r’ sin* @ cos® 0 + 3 (a2)3/2 agR® sin* 6 cos® 0

— (a2) 3/2 by R® sin® 6 cos® 0 — 2cas R* sin® 6 cos® 0

+3a3a7R4 sin® @ cos® 0 + 2a2b5R4 sin® 0 cos® 0 — 3a2bg R* sin® 6 cos® 0
—2vVa2a, R? sin? 6 cos® 0 + 20V a2as R sin’ 6 cos® 6

—1—204\/07%5]%3 sin® 6 cos® 6 + (a2)3/2 agR? sin? 0 cos® 0

-2 (a2)3/2 agR> sin? 6 cos® 0 + 2\/cﬁb2R3 sin? 6 cos® 0

-3 (a2)3/2 b7 R? sin? 6 cos® 6 — a\/?agR cos® 0 4+ 3aas R? sin 6 cos® 0

—a?ayR?sin 6 cos® 6 — a3a7R2 sin @ cos® 6 + 2ab; R? sin 0 cos® 0
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—2a%b3R? sin 6 cos® 6 — a3bgR? sin 6 cos® 6 + 3 (042)3/2 ag R’ sin® 0 cos? 0
+3a3asR* sin? 0 cos®  — 3a3bgR* sin® 0 cos® 0 — 2\/0?(12}23 sin® 0 cos® 0
+2a\/a72a4R3 sin® 0 cos? 6 + (a2)3/2 a7 R3sin® 0 cos? 0

-2 (a2)3/2 agR>sin® 0 cos? 6 — 3 (a2)3/2 bsR? sin® 6 cos® 6

+aa R?sin® 0 cos® 6 + a?asR? sin? 6 cos® 0 — aas R? sin® 6 cos? 6
—a3a8R2 sin? 6 cos? 0 + 2aby R? sin 6 cos® 6 — 2a2by R? sin’ 0 cos®
—a367R2 sin® 6 cos® 6 — aaq cos® 6 — a\/a72a4R sin @ cos® 6

—\/@blR sin @ cos® 0 — a\/@bgR sin 0 cos? 6 + 3a2agR* sin® 0 cos 0
+2a\/072a5R3 sin* @ cos 6 + (a2) 3/2 agR? sin*# cos

-3 (a2)3/2 bgR3 sin? 6 cos 0 + aas R? sin® 0 cos 0 + aay R? sin® 6 cos 6
—a3agR? sin® 0 cos 0 — 2a%bs R% sin® 0 cos 0 — a®bg R? sin® 0 cos 6
—&-\/ai?alR sin® @ cos — a\/@%R sin® 0 cos — \/ijbQR sin® 6 cos 0
*Oé\/O[ﬁb;lR sin? 0 cos @ — aas sin 0 cos O — aby sin 0 cos O

+ (a2)3/2 agR? sin® 0 + a’as R? sin? 0 — by R? sin 6 + \/072(12}% sin® 0
—a\/a72b5R sin® 6 — absy sin? 0) ,

4
2a(Rcosf —1)(Rcosf + 1) (VQ2RCOS(9 + a> .

Integrating the right part of differential equation (15) we obtain the av-
eraging function f : (0,1) — R defined by

a2ag — 3alag —a2brbg + 302 + a1 + by
fR) = fo [( e ; )
o 4o
(a2a6 + a2a8 — aasz — aag + al) 1
+h 102 + §f2(a8 — bo)
—ag — b b
4 fy (ag — asg 7+ by)

where

2 )

fo=R, fi=R} fo=RV1-R? and (V1-R?2-1)/R.

‘We have that

W(fo) =R, W(fo,f1)=2R} W(fo,f1,f3)=—

2R®
(1— R2)**
(R* — 8R?+8+4V1— R? (R? - 2))
(B2 = 1)° '

W(fo, .., f3) = —12R?
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The first three Wronskians do not vanish for R € (0,1). The last Wron-
skian is equal to zero if and only if

R*—8R*+8+4y1—-R2(R*-2) =

Passing the term 4v/1 — R2 (R2 — 2) to the right hand side and taking the
square in both sides we get R® = 0. This is impossible because R € (0,1).
Thus the Wronskians W ( fo, .., fx), k = 0, ...,3 do not vanish for R € (0,1).
Therefore, since that (fo, ..., f3) is an ECT-system the averaging function f
has at most 3 simple zeros and they are reached. By Theorem 4, these zeros
provide 3 limit cycles for system (6).

4. PROOF OF THEOREM 2
At first we suppose that o243 < 0. As before we get the positive function
p:(0,y/—a2?/B) — R given by
B*R (a* + B)
af82Rcos ) — \/04262 (B (a2 + B)sin®f — a2 cos? 0 (a? + BR? + B3))

p:

by solving the implicit equation H(pcosf,psinf) = R2. The integrating
factor

O/l

(a2 (B +22) — 2aBz + £2)?

corresponds to the first integral

M(xay) =

a2By? — ata?

B (a? (B +2%) — 20bxz + ?)

because they satisfy uP = H, and u@Q = —H,. By using Theorem 5, system
2 becomes

H(.ﬁ,y) =

907 7/3aab) ) 2

where a = (ay,...,a9), b = (b1, ..., bg) and

C1 = (a®+8)sin®0cos’ 6 (a®ar — 2a18 — Bbs) + a6 (a?
+5)2 sin @ cos’ 6 (a2a2 — ﬁbl) —afp33 (a2 + 6)2 sin? 0 cos* 0 (2a2a1
+a%by — a1 8 — 268b2) + a®B2 (a? — 28) (a® + B8)” sin® B cos® 6 (aas
—Bb1) + *B* (a® + B)* sin® 0 cos? 0 (a®as + 2a%by — Bby)
+atB* (o + B)*sin” Ocos B (aag — Bby) — o' (20° — B) (?
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+8)? sin’ 0 cos® B (aag — Bby) — a' By (a® + B) sin® 6,
\/aQBQ (B(a?+ B)sin? 0 — a2 cos? 6 (a2 + BR? + B)) (o*B* (o
+3)sin’ 6 (oz2b5 + aag + Bbg,) +abp? (a2 + ﬁ) cos’ 0 (a2a3 + 3aay
+azB) — a?B* (a® + B) sin® O cos O (ataz + a’asB — a?Bbs — aar B
—2a8by — B%bs) + a*B? (o + B) sin? O cos” 0 (a'az + a’as
+3aa; + o?asB — a?Bby — daai 8 — 2a8by — azf? — 52b4)
+atp? (a2 + 5) sin 6 cos® @ (a4a4 + 303as 4+ o?ayB — o Bbs
—2a8b — Bb3) — &*B° (o + B) sin® O cos? O (a'aq + a'bs
+4a’as + a?asB — o® by — aasB — 2a by — B2bs — 57bs)
+a?5? (a2 + 5) sin* 0 cos® 0 (a6a5 —atasf — a*Bby — 40’a1 8
—203Bby — a2a3f? — oasf? + aa1 B2 + 2082y + 53174)
+a?p3? (a2 + ,6’) sin® 6 cos* 0 (a6a4 +3a°as — ot Bbs — o Bbs
—403as8 — 203 8b; — aPasB? — &?B%bs + 2a8%b1 + B3b3)) ,
aﬁﬁg’ (a2 + B) (2a1a4 — a6ﬁa4 — 2a33a3 — 2a6ﬁ2a2 — 3a16a2
—2a38%a — a653) cos® 0 + ap? (on + ﬂ) (2a2a6 — a7Bab
—2a430° — 2a78%a* — 3asBa* — Bbiat + B2bgat — 2a48%a°
+6%b30% — a7 820 + B2b1a® + 28%bga® + B3bsa
+64b6) sin@ cos” 0 + o*33 (042 + B) (2a1a6 — agBa® — agBab
—2a36a’ — 2a5Ba° — agB?at — 2a36%a* — 6a1Bat — Bbrat
+8%b7a* + agB2a® — 2a58%a° + B%bsa® + aB3a? — agBPa’
+5a1 8202 + B2b2a® 4 283b702 + 3azfia + B3bac + agf?
+B4b7) sin? @ cos® 0 + o233 (a2 + ﬁ) (2@2048 — a7Ba® — agBal
—2a430" — a78%a% — 2a93%a8 — 6azBa’ — Bb1a’ + B2bga®
+82b3a’ + as 820 + B2b30° + B2bsa’ + a7 B3at — agBPat
+5a28%a* + 28210t + BPbga’ + 283bsat + 3a4820> + B3b50°
+a78%a? — BPba® — Brbga® + Brbga® — Brbsa — 651)6) sin® @ cos® 0
—ao?pt (a2 + B) (a8a8 + 2a5a” + 3a1a8 — agBa’ + agBab + byl
—Bbra8 — Bbga® — 3azfa’ — asfa’ — Bbia’ — 2a68%at — agfia’
—6a1 B’ — 2Bbya* — B2brat — 28%bga* — 2a56%a — 3a55%a°
—agB’a® — agB’a® + 2a1 20* + by’ + BPbra’ — BPboa” + azBia
+83bsa + 54b7) sin*# cos* 6 — % 4* (a2 + B) (a9a8 + 3agab — a7Bab
+agBa’ — Bbgal — 3asBa’ — Bbsa® — 2a78%at — agBiat — 6azBat
—Bbiat + BPhgat — BPbsat — 2a48%a® + B30’ — arfia® — agia’
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+2a23%a* 4 3102 + 283bga” + B3bga? + asBPa + Bbza + Bbsa
+8%b + 5468) sin® 0 cos® 0 + o?8° (a2 + ﬁ) (a8a6 + bya® + 3asa’
+aja? + 2agBat + boa* — Bbra* + Bbyat — agBa’ + 2a56a°
—Bbsa® + agfBa? — 2a1 80> — Bbya? — 2B%br0% — B2bga® — asBia
—asf%a — B%bya — B3b7 — 6369) sin® 0 cos? 0 + o%3° (Oz2 + ﬁ) (a9a6
+asat + 2a95a4 — ﬁbgo/1 — a4ﬁa3 — Bbg,a?’ + agﬁ2a2 - 2a2ﬁa2
—28%bga® — asfPa — BPbsa — B3bg) sin” f cos @

—a?p8 (a2 + 6)2 (b9a2 + asa + Bbg) sin® 4,

\/oz252 (B (a2 + B)sin®f — a2 cos? 0 (a? + BR? + B)) (aagﬁ5 (a2
—1—5)2 sin”  — aB* (a2 + ﬁ) sin® @ cos 0 (a3a5 — a?agf — aasf — CLgBQ)
—afB*sin® § cos®  (alag + a’as + 3a’tay — a’arB + atagB — a’asB
72a2a752 — a2agﬁ2 — aa4ﬁ2 — a7ﬁ3 — CL9,83) + a353 cos’ 0 (a5a3
+3ata; — atagB — a1 8 — 2a%agf? — aagB? — a6B3)

+a383sin 6 cos® 0 (a5a4 + 3atas — atar B — a?asff — 202a7 32
—aasff? — a763) + a3 sin® 0 cos® 0 (a7a3 + a’as + 3a%a;

—a6a65 — a6a8,6’ — a5a3B — 4a4a15 — a4a652 — 2a4a852 — a3a3/32
—atasB? + o’a1 B + a’agB® — o’agB + aazB + agB?)

+a B3 sin? 0 cos® 0 (a7a5 —abagB — a3 — a’asB — 3atal B
+atagB? — a4a852 — aBasB? + a1 82 + 2a%a6 8 + Pag B + aasf?
+aas B + agB* + asB*) + af’ sin® § cos? 0 (aas + 3alas — alarB
faﬁagﬁ — a5a4ﬁ — 4a4a2ﬁ — a4a752 — 2a4a952 — a3a4ﬁ2 + a2agﬁ2
+a?a78% — aag B + aaq 83 + a7ﬁ4)) ,

atps (a2 + B) sin® 0 cos? 0 (a2a8 + 2aas + agﬁ) + atagp® (a2

+ﬂ)2 sin” 0 cos @ + o % sin® 0 cos® 6 (a6a2 —ab%a78 — alag
—20°a4f3 — 4atasf — a4a752 —20tag8? + 3a%as 8% + a7 3°
—aagB® + 2aaq 83 + a754) + a%p% cos® 6 (a4a1 — atagf — 20338
730¢2a15 — 2a2a6ﬁ2 — 20za3ﬁ2 — a6ﬁ3) — a4ﬁ5 sin® 6 cos® 0 (a6a9
+atay — atarB + atagB — 203a4 8 — 3a%asf — 202a7 8% — alay B>
—20a43? — a7 8% — agﬁ?’) + abB%sin 6 cos” 0 (oz4a2 —atar
—2a3a4ﬁ — 30z2a2B — 2a2a7ﬁ2 — 2aa452 — a7/83)

—a*Bsin® 0 cos* 6 (a6a8 +2a°a;5 + otay — atagB + atagf
—203a38 — 3aa18 — 2a%a6 % — aagB? — 2aasf? — 2aas 5>
—agB® — ag,B3) + a*B%sin? 0 cos® 6 (a6a1 —abag — alagp

—20%a3f3 — 2a°a58 — 4ata1 8 — atagS? — 2atag % — 203552
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+302a18% + a?agB® — o?agf® + 2aas B + a6ﬁ4) ,
Qs = 2 (a2 + ,6’)2 (a2 cos? § — Bsin® 9)3 S (S — affR cos 0) ,

with

S = \/a282 (5 (a2 + B)sin 0 — a2 cos? B (a2 + BR? + ).

Integrating the right part of differential equation (16) we obtain the av-
eraging function f : (0,/—a?/8) — R given by
3a4ag — 3a4bg + a2a1 + a2a6/3 + 3042@85 — a2ﬁb7
da(—B)32 (a2 + B)
—3aBbg + by + CL6B2 — ,32b7>
da(=PB)3/2 (o + B)
(a6a8 + a’ay + ata; — atagB + 2atagB — alazf
105 (=B)? (02 + B)°
N adasf — a?a1 B — 202a6B? + olagB? — aasf? — agﬁ?’)
103(=B)*/? (0> + B)°
B (a? +8)* (as — by)
2(-B)*2

f(R) = 5fo[(

+8°f1 [

(a2a8 — by + agf — Bb7)
A-ppr

P + f3

where

fOZRa aleR?’a f2:R\/a2+BR27
fs = (a = (02 +8)*/a? + BR?).

The Wronskians W( fo, ..., fx), for k =0, .., 3 are given by

232 R

W(fo) = R, W(fo,f1)=2R> W(fo,fi,fo) =,
(a2 + BR2)%/?

1232 R?
W(fo,..., f3) = —5—7/2 ((a2 +8)* Va2 + BR2 (8a* + 8a*BR?
(o? + BR?)
+B2RY) —4a(a® + BR?)(20” + BR?)) .
Obviously the first three Wronskians do not vanish because R € (0, /—a?/5).
The last Wronskian is equal to zero if and only if

(0% + B)° Va2 + BR2(8a*+80%BR*+B*RY) —da(a®+BR?) (202 +BR?) = 0.

Passing the term [(a? + B)2 Va2 + BR2(8a* +8a2BR? + B2 R*) to the right
hand side of the previous equality and taking the square in both sides we
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get
(—a? — BR?) (64a'® + 1280 BR? + 25605 + 8022 B2 R*
+512a282R? + 38401252 + 16a° 33 R® + 3200° B3 R* + 76801052 R?
+25601°33 + a8 R® + 640 8RS + 48008 BAR* + 51208 B4 R? + 64085*
—640® + 40°B5R® 4 96a°8° R® + 320a°8° R* + 128a°8° R? — 128455 R?
+60*B5R® + 640 BOR® + 800 B°R* — 800 B2 R* + 40287 R® + 16023 RS
—16a°B°R°% + B°R®) = 0.
The factor (—oz2 — BRQ) does not vanish. Taking the variable change h =
R?, in the second factor in the left hand side of the previous equation we
obtain the polynomial of degree 4
p(h) = 640 + 12801 3h + 2560148 + 80at?52h% + 512012 5%h
+384a'25% + 16028313 + 32001 83h2 + 76801083 + 25601033
+64a88%h3 + 48008 84h? + 51208 + BB B4R + 640554
—64a® 4+ 4a°B7h* + 9605 8°h3 + 3205 8°h2 + 12805 35h
—128a58h + 602 85h* 4 640 B°h3 + 80a*BOK? — 80a B%h2
+40?87ht + 160287 — 1602 83R3 + BER:.
For get its zeros we apply the result given in [17]. We rewrite this polynomial
as follows

p(h) = s4 + ssh + sah® + s1h® + soh®.

We look to the expressions

Dy = 33% — 85052,

Dy = 163(2)3234 — 185%3% — 6303%34 + 14505815283 — 45053 — 33:1)’33 + s?s%,

Dy = 2568832 — 1928(2)81838?1 — 1288%8%33 + 1443%323%34 — 273%5},l
—1—144303%323?1 — 6303%3334 - 8080818%8384 + 188081828% + 16305354
—4505353 — 273%8?1 + 1853595354 — 45755 — 4575554 + 525553,

Ey = 83333 —4sps182 + s:i‘.

Thus we get

Dy = 128a"3%(a” + B —1)(e® + B + 1)((o” + 8)* + 1)((o® + B)* - 6),

D3 = 16384028 (a® + 8 — 1) (a® + B+ 12 ((® + B)* + 1)?(17(a® + B)*
—4),

Dy = 671088640282 (a® + 8 —1)3 (0> + A1 ® + B+ 1)3((a® + B)* +1)3,

Er = —1024a°8%(a® + B —1)(a® + B+ 1)((0” + B)* + 1)(3(a® + B)" — 4).

We recall that 8 <0, a2+ 3 <0 and R € (0,1/—a?/3). Thus,

(i) If D4y = 0, then Dy = 0 and D3 = 0. This implies that the polyno-
mial p has 1 real root of multiplicity 4 (see [17]). However Dy = 0 if
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and only if a® + 3+ 1 = 0. We have that
p(0) = 64a®(a® + B — 1)(a® + B+ 1)((a® + B)* + 1).
Since a? + B +1 =0, p(0) = 0. Therefore h = 0 is the real root of p
of multiplicity 4. This is impossible because R € (0, /—a?/03).
(ii) If Dy > 0, then a® + 3+ 1 < 0. Thus Dy < 0 and the polynomial p
does not have real roots (see [17]).
(iii) If D4 < 0, i.e., =1 < a® + B < 0, then the polynomial p has 2 real
roots but this can not happens because a? + 3 ¢ (—1,0).
Hence the Wronskian W ( fo, .., f3) does not vanish for R € (0, /—a?/3).
Therefore, since that (fo, ..., f3) is an ECT-system the averaging function f

has at most 3 simple zeros and they are reached. By Theorem 4, these zeros
provide 3 limit cycles for system (2).

If we suppose that a?+3 > 0 then we repeat the calculus with the positive
function

B2R(a? + B)
Va232(B(a2 + B)sin® 0 — a2 cos? 6(a2 + BR2 + B)) + af2Rcos

and we ensure that system (2) has at most 3 limit cycles and they are reached
since a® + 3 ¢ (0,1). So Theorem 2 is proved.

ﬁ:

5. COMMENTS ABOUT THE CLASSES P3 AND P;

The computation of the number N for the classes P3 and Ps remains
open. For the class Ps, after translating the center of the system to the
origin of coordinates, the new differential system has the first integral

H(z,y) a’z? — 2a’zy + o?y? + 22 + 22y + v
€T =
T a2 (ot —2a%z — 202y + a? + 22 + 22y + y?)’

and the corresponding integrating factor is
1
(—e2+z+y)* +a2)?
Repeating the same process than in the proofs of Theorems 1 and 2, we find
a positive function p given by

B 4R?a*(sin @ + cos @) — 2RV/'S
"~ 2sinfcosO((4R2 +1)a? — 1) + (4R% — 1)a?2 — 1’

wz,y) =

p
where

S =a*((2—4R*a? — 2sinfcos 0(4R%a% + o — 1) + a* + 1),
and we obtain a system in the standard form of the averaging theorem

dR_ = Di(gpaaaﬁvaab) 3 2
(17) dp _6; Qs(Rop.orB) +0E),
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where the denominator Q5 is given by

Qs = oa*((a®—1)sin20 —a® — 1)3(sin20((4R? + 1)a® — 1) + (4R?* — 1)a?
—1)((a® = 1)sin20((4R* — 1)a® — 1) + o*(4R*(a® — 1) + a* + 2)
—4R(sinf
+cosBy/at(a2(—4R? + a2 + 2) —sin20(4R2a2 +a* — 1) + 1)
+1)%(sin 20(4R*a* 4+ o* — 1) + 2Rsin )
+cosf)y/a4(a2(—4R2? + a% 4 2) — sin20(4R%a2 + o4 — 1) 4+ 1)
+(2Ra — a* —1)(2Ra + a* + 1).

Due to the expression of the denominator ()5 we cannot compute the
integral for applying the averaging theory of first order for equation (17).
The same problem with the integral happens with the class P;. However we

obtain the number of infinitesimal limit cycles that bifurcate from origin for
these classes by using the averaging of fifth order.

6. PROOF OF THEOREM 3

6.1. Proof for the Class Ps. In order to simplify the computations we
denote 1+ a? by a in the system corresponding to the class P3. Translating
the center (—a/2, —a/2) of the class Ps3 to the origin of coordinates we obtain
the polynomial differential system

X = P(X,Y):%(a—ZX) (X(a—X —2)—aY +Y?),

Y o— QX,Y) = —%(a o) (alY —X) £ XY (Y +2).

We perturb the previous system up to fifth order as follows

5
X = PX,Y)+&) p(X,)Y),
=1

5
Y = Q(X, Y) +5iZQi(X7 Y)7

=1
where
p(X,)Y) = a1 X +aY +a3X?+as XY 4 a5Y? + a6 X3 + a7 XY
+ag XY? 4+ agY?,
a(X,Y) = o X+ Y + a3 X2+ XY +as5Y? + agX? + a7 XY

+asXY? + agY?.
The polynomials ps, p3, ps and ps are given changing the character a by
b, ¢, d and e in p; respectively and the polynomials ¢o,q3,q4 and ¢5 are
obtained changing the character o by 3, v, § and ¢ respectively.

We take the variable changes X = ex and Y = ey just to study the
bifurcations surround the origin and we pass the system obtained in the
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variables x and y to the real Jordan Form. Due the size of the system
obtained in the real Jordan form we do not give it explicitly here. After we
pass the system to the polar coordinates taking x = rcosf and y = rsin6
and we take the quotient 7/ 0 and we obtain the differential equation in the
standard form of the averaging of fifth order

dr >
@ = Z_; Kisi-

The coefficients K; are very large and we do not explicitly it here. Calcu-
lating the functions f; as in Theorem 4 we obtain

= mr(a; + ag)
Take as = —ai1. So we have f; = 0 and we obtain following the process in
Theorem 4
e (b1 + B2)
(a—1)a?
Take by = —(32. Thus fo = 0 and we get
-1 2 -1 3
fz = m(a Ja'r(c1 + ) + m(a )r (3a3a6 + 2a3a7 + a3a7
((a=1)a?)*?  da((a—1)a2)*?

+adag + 2a3ag + 3adag + 4a’as + 4a’as + 4aay + 4a’ay + 4a’as

+4a2a5 — 4a2a7 — 4a20zg + 8aa + 8aas — 8aay — 8acy — 16

—160,2) .
Solving in the variable a4 the equation obtained equalling to zero the
_ 3
factor that multiplies 7r(a71)r3/2 and taking ¢; = —v2 we have f3 = 0.

4a((a—1)a?)
Following the process we obtain

fi=Air + Agr®,

where
7r(dy + d2)

V(a—1)a?

The coefficient As is too large thus we do not explicitly it here but it is given
in the variables

A =

a,ay, az,as, as, ag, Ay, as, b2a b37 b47 b57 b67 b77 b87 ag, a3, 0y, s, A7, 8, Ay,
1617/837 ﬂ47/85)ﬁ77 687189‘

The coefficients A; and As are linearly independent because the parameter
dy that appears in A; does not appear in As. Taking dy = —ds and solving
As = 0 in the variable 83 we have that fy = 0. Following the process we
obtain

fs = Cir + Csr3 + Csr®,
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where
(e + ¢9)

V(a—1)a?

Again we do not have explicitly C3 but it is given in the variables

Ch =

a, a1, a9, as, as, ag, a7, asg, ag, ba, bs, by, bs, bg, b7, bs, by, ca, c3, c4, cs5, Cg, C7,
c8, 1, a3, (g, 5, A, A7, A8, 9, B1, B2, Ba, Bs, Be, B, B8, Boy 11,72, 13, V4
V5,7, 78, Y9-
The coefficient C5 is given by
m((a — 2)ag — a(2a6 + a7 + ag + 2a9 — ag) + 2(a7 + ag — ag))
2a3+/(a — 1)a? '
The coefficients C1,Cy and C5 are mutually linearly independents. In fact,

the parameter ¢9 that appears in C7 does not appear in C'3 and C5 and the
parameter aq that appears in C3 does not appear in C7 and Cs.

Therefore the limit cycles appear in the third, fourth and fifth order. The
functions f3 and f; have at most 1 simple zero and the function f5 has at
most 2 simple zeros and they are reached. This means that the perturbation

of the class P5 has at most 2 limit cycles by using the averaging theory of
fifth order.

6.2. Proof for the Class P; with d = 0. Take d = 0 in the class Ps.
The two centers obtained are symmetric with x—axis. So without loss of
generality we consider the center (—3, —(3v). Translating this center to the
origin we obtain the system

X = PX,Y)=(B-X)(-X (A(X —28)+ X) —2B7Y +Y?),
Y = QX.Y)=(Y ~8y) ((v* +1) X(X —28) +267Y — Y?)
We perturb the previous system upto fifth order as follows

5
X = PX,Y)+&) p(X,)Y),
=1

5
Y = Q(X7 Y) +5iZQi(X7 Y)7

=1
where
n(X,Y) = a1 X +aY +a3X?+ XY +a5Y? + agX> + ar XY
+ag XY? + agY?,
a(X,Y) = a1 X +aV +a3X? + aa XY + a5V? + a6 X3 + a7 XY
+ag XY? 4+ agY?.

The polynomials po, p3, p4 and p5 are given changing the character a by
b, ¢, d and e in p; respectively and the polynomials ¢s,q3,q4 and g5 are
obtained changing the character a by 3, v, § and ¢ respectively.



CUBIC POLYNOMIAL DIFFERENTIAL SYSTEMS 27

Now to study the bifurcations surround the origin we take the variable
changes X = ex and Y = ey and we pass the system obtained in the variables
x and y to the real Jordan Form. Due the size of the system obtained in the
real Jordan form we do not give it explicitly here. After we pass the system
to the polar coordinates taking x = rcosf and y = rsinf and we take the
quotient 7/ 6 and we obtain the differential equation in the standard form of
the averaging of fifth order

dr >

The coefficients K; are very large and we do not explicitly it here. Calcu-
lating the functions f; as in Theorem 4 we obtain
mr(a; + ag)

252y
Take as = —a;. So we have f; = 0 and we obtain following the process in
Theorem 4

fi=-

~ar(by + Ba)
fa = T o9p2,

20%y
Take B2 = —b1. Thus fo =0 and we get

3
mr
—— (2a1 — 2a27® — 2a387* — 2a437° — 2a5B7" — 2a587* — 3agB°y?

8843

—2a75%7" — agB*y* — agB*y* — 3agfy* — 2a56%y° — a7y’

mr(cy + e
—3a98%7? — 20587 — 204 87* — 20387 — 20587 — 2017) — (2,6’277)
Solving in the variable a4 the equation obtained equalling to zero the
factor that multiplies % and taking ¢y = —vy9 we have f3 = 0. Following
the process we obtain

fz3 =

f4 = Al’f' + A3T37
where
7r(dy + 02)
2%y
The coeflicient Ag is too large thus we do not explicitly it here but it is given
in the variables

A= -

/Ba v, a1, a3, as, s, as, az, ay, ar, a3, &4, «s5,q7,Qas, g, b37 b57 b67 bSa b?) b47
B, B1, B2, B3, Ba, Bs, Brs Bs, Po-

The coefficients A; and Ag are linearly independent because the parameter
dy that appears in A; does not appear in Az. Taking di = —d2 and solving
A3 = 0 in the variable 33 we have that fy = 0. Following the process we
obtain

fs = Cir + Csr3 + Csr®,
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where
mr(er + ¢2)
282y
Again we do not have explicitly Cs but it is given in the variables

Cy = —

B,7,a1,a3,as, ag, as, ar, az, a1, a3, g, 5, 7, 08, g, ba, B1, B2, b3, b,
ba, B4, Bs, be, bs, b7, B7, Bs, Bo, c2, 3, C4, C5,C6, C7,C8,V1,7V2, V3, Vs V55 V75
8> 79-

The coefficient Cs is given by

T (’y (—a6 + a7 + agy? + ag — ag(y? + 1)) + 206 + 2a9(7? + 1)2)
166472 ’
The coefficients C7,Cs and C3 are mutually linearly independents. In fact,

the parameter ¢9 that appears in C7 does not appear in C3 and C5 and the
parameter aq that appears in C3 does not appear in C7 and Cs.

Thus, the limit cycles appear in the third, fourth and fifth order. The
functions f3 and f; have at most 2 simple zeros and the function f5 has at
most 3 simple zeros and they are reached. This means that the perturbation
of the class P5 for d = 0 has at most 2 limit cycles by using the averaging
theory of fifth order.

We can repeat the process for d = 1 with the same tools and conclude
that the class P5 has at most 2 limit cycles and they are reached.

7. EXAMPLE WITH 3 CYCLES FOR THE CLASS Ps

Now we present an example with 3 limit cycles for the class Ps. This
example was obtained for d = 0. As in the previous subsection we perturb
the system up to seventh order as follows

7
X = PX,Y)+&) p(X,)Y),
i=1

7
Y = Q(X, Y) +€iZQi(X7 Y)7

=1
where
n(X,Y) = a1 X +aY +a3X?+ XY +a5Y? + agX> 4+ ar XY
+ag XY? + agY?,
a(X,Y) = a1 X + a2V +a3X? + aa XY + asV? + a6 X3 4+ a7 XY

+as XY? + agY?3.

The polynomials po, p3, p4, P5, P and p7, are given changing the character
a by b,c,d,e, i and j in p; respectively and the polynomials ¢, g3, 94, ¢5, g6
and q7 are obtained changing the character «, 3,7, d, ¢, ¢ and ¢ respectively.
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We vanish some coefficients of the polynomials p; and ¢; for ¢ = 1,...,7. We
vanish the coefficients

as, as, ag, as, ag, by, bs, by, bs, be, bz, bs, c2, ¢4, cs5, cq, €7, C9, d1, d2, d3, dy, ds,
d7,ds, dg, €3, €4, €5, €6, €7, €8, €9, 12, 13, 14, 15, 16, 17, 18, 19, J2, J3, J4, J5, 165 J75
Js» Jo, a1, Qi2, i3, (g, s, A, s, B1, Ba, Bs, B, B, B8 Y1, 7V35 V4 V55 Y65 V75
Y8, 01,03, 04, 05, 07, 08, 09, O1, P3, P4, D5, P6, P7, P85 P9, L1, L3, L4, L5, L7, L8, LY,
P15 93, P4, P5, P65, P75 P8, £9-

As before, taking X = exr and Y = ey, passing the system for the real
Jordan Form and after for the polar coordinates we obtain

dr !
@ = Z; Kiai-

Calculating the functions f; as in Theorem 4 we have

_ _Tmar
Take a; = 0. Thus f; = 0 and following the process we have
. 7['527“

Take Bs = 0. So fo =0 and we get
w1 (—2a27® — 2a437° — 3?7 — 3ag2y* — a7 2y — 3ag8*?)

_mr(er +12)
2%y
Take
—2a — 2y — 3ag 82 — a7 — 3ag? — 3ag 32>
a4 = ) 1 = —72.
208~
Thus f3 = 0 and we obtain
fa=Dir+ D37“3
where
09
Dy, = ——
1 2,8277
1
Ds = —Wﬂ' (2a3 (v* +7) + a2B? ((=2+v* = 79* — 1) (3a6 + a7)

~3ay (7 +1)° (207 +1)) + 8% (9035 (4 + 1) + 6aof” (17
+1) (a7 +3ag (2 + 1)) + 8 (8 (12 +1) ((ar + 309 (1 +1))?
+24897%) + 16837) + 16b27°%)) .
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Taking 6o = 0 and solving D3 in the variable 83 we have that fy = 0. In
sequel we obtain
f5 =Fr+ E37’3 + E5T’5

where
m(e1 + ¢2) 7 (a — a7 + ag + agy?)

28%y 7 1654y ’
Due the size of coefficient F3 we do not give it explicitly here but it is given
in the variables

Ei=—

Es=—

Bv Y, a2, ag, &7, g, b27 597 2,8, 79-
Taking ey = —¢9, g = 0‘1:7‘126 and solving F3 = 0 in the variable by we have
f5 = 0. Following the process we have

fe = Fir + F3T3 + F5’r‘5

where

T (il + LQ)

T

Again we do not give the coefficients F3 and Fs here but Fj is given in the
variables

F=-

67 v, a2, ar, Qg, b27 697 d67 Y2, €8, 79

and Fj is given in the variables
Bv v, a2, a6, 7, b9a ﬁQ-

Taking ¢; = —t9 and solving F3 = 0 and F5 = 0 respectively in the variables
dg and bg we have fg = 0. Finally we have

fr = Gir + Gor* + G3r® + Gsr®
where
a = (a2 (v* 4 5) ¢2 — 162y(2a7¢2 + 312))

2 19235+3

The remain coefficients are too large and we do not give they here. However
the coefficient G is given in the variables

/8777 az, ar, ag, ¢27 L271897 ©2,72,C8,79,

the coefficient G4 is given in the variables

5777 a2, ¢27 L2, 7,

the coefficient G3 is given in the variables

,8,’)@@2,047,0/6, 597727087797 €2, ¢27

and the coefficient G5 is given in the variables

,8,7,@2,047,@6,B9,72,08,’Yg.

We can note that the coefficients G1, G2, G and G5 are linearly indepen-
dents. So the function f; has at most 3 simple zeros and they are reached.
These zeros correspond to limit cycles for the class Ps.
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APPENDIX A. COMPUTATIONS OF THE FUNCTIONS yg AND y7

Now we give explicitly the functions yg and y; stated in Theorem 4 which
has been used to obtain an example with 3 limit cycles for the class P5 in
Section 7.

The functions yg and y7 are given respectively by

t Fx ’F.
ye(t,z) = / (720F6(s 2) +720%—(s 2)yi(s, z) —|—360% 24 (s,2)y1(s, 2)?
0

2

OFy 0°F.
+360—— 5 (s 2)ya(s, z) + 360 3(s,z)y1(s,z) © y2(s, 2)

0x2
3

0°F3 OF
+120—— 9 (s, 2)y1(s, 2)% + 1206—;(5, 2)ys(s, z)
2

0 Fy
+120———=- 52 (s,z)yl(s,z) © y3(s, 2)

JrQOW(s,z)yz(s,z) + 180 9
O*F OF.
+30 2(8,2)y1(8,2)4+30872(872)y4(872)
3

L (5:2)n(5,2) © wa(s,2) + 605 L (5, 2Jyn(5,2)7 © (s 2)

(Sa Z)yl (Sa 2)2 © yQ(S’ Z)

dxt

2
+30 922
OF PR
6055, 2)u1 (5, 2)° © 92(5,2) + 9055 (s, 2)aas, 2)° © (5, 2)

5

8 F1 5 a F‘1
+6W(s7z)y1(s7z) + 60 922 (5,2)y2(s,2) ® ys(s, 2)

16950 (s 2y, z)) s,

ox

t
yr(t,z) = /<504OF7(8,Z)+5040%§5(3,z)y1(3,z)
0

O*F: OF:
—|—252075(8, 2)y1 (s, 2)? + 2520—5(5, 2)ya(s, 2)

Ox? ox
O*F. OF.
+2520 52 4(3 2)y1(s,2) © ya(s, z) + 840 5 34 (s,2)y1(s,2)*

0F, 0% Fy
+840° (s, 2 )y, 2) + 8402 5, 20y (5,2) © (s, 2)
2 3

O°F: 0°F
+6308T23(8’ 2)ya(s, 2)? + 1260 8:1033 (5, 2)y1(s, 2)*> © ya(s, 2)

—|—210W(5,2)y1(5,2) —{—210%(5,2)3;4(5,2)
O°F.
+2105 5 (s, 2)u1 (s, 2) © (s, 2)
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I3F.
4207 (5, 2)y1 (s, 2)° © 43 (5, 2)
Oy
+420 a (sz)yl(svz)g ®y2(872)
3 5

O° F: O° F:
630 (5, 2)y2(5, 2)2 O y1(s, 2) + 4252 (5, 2)y (5, 2)°
ox3 ox
2

0°F, OF:
+420—= (s, 2)y2(s,2) © ys(s, z) + 427;(3, 2)ys(s, z)

92
O3F NF

+6305 (5. 2)ya (5, 2)? © (s, 2) + T (5, 2 (s,2)°
OF

+105—2 =(8,2)y1(s, 2)1 @ ya(s, 2)

O*F
F140 1 (5, 2)y1 (s, 2)° © ya(s, )

dxd
4
dxt

O'F
6307 (5, 2)y1(s,2)” © (s, 2)°
3

0’
+105——- o3 (S,Z)y1(8,2)2®y4(8,2)

O*F
+428721(3, 2)y1(s,z) © ys(s, z)
3

0°F
+420W31(87 2)y1(s,2) © y2(s,2) © ys(s, 2)
3

110528 (5, 2)ya(5,2)° + 10521
o3 D2

2
(

(87 Z)y2(87 Z) © y4(37 Z)

Fy

0
105 s o202 4 T (5 2Jon(s,2) ) s
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