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SOME BEST APPROXIMATION FORMULAS AND
INEQUALITIES FOR WALLIS RATIO

FENG QI AND CRISTINEL MORTICI

ABSTRACT. In the paper, the authors establish some best approximation for-
mulas and inequalities for Wallis ratio. These formulas and inequalities im-
prove an approximation formula and a double inequality for Wallis ratio re-
cently presented in “S. Guo, J.-G. Xu, and F. Qi, Some exact constants for
the approximation of the quantity in the Wallis’ formula, J. Inequal. Appl.
2013, 2013:67, 7 pages; Available online at http://dx.doi.org/10.1186/
1029-242X-2013-67".

1. INTRODUCTION

Wallis ratio is defined as

_(2n-1! 1 T(n+g)
W= TG T R T )

where T is the classical Euler gamma function which may be defined by
I(z) = / w e du, R(z)>0. (1.1)
0

The study and applications of W,, have a long history, a large amount of literature,
and a lot of new results. For detailed information, please refer to the papers [1, 4,
18, 21], related texts in the survey articles [17, 19, 20] and references cited therein.
Recently, Guo, Xu, and Qi proved in [5] that the double inequality
1\"vVn—-1 4 1\"vn—-1
i — L<Wn§—1—— A (1.2)
T 2n n 3 n
for n > 2 is valid and sharp in the sense that the constants \/< and 3 in (1.2) are
best possible. They also proposed in [5] the approximation formula

anxnzz\/g(l—i) L_l, n — 0. (1.3)
T

2n n

The sharpness of the double inequality (1.2) was proved in [5] basing on the
variation of a function which decreases on [2, 00) from % to \/g . As a consequence,
the right-hand side of (1.2) becomes weak for large values of n. Moreover, if we

are interested to estimating W,, when n approaches infinity, then the constant \/E

should be chosen and inequalities using \/g are welcome.

The aim of this paper is to improve the double inequality (1.2) and the approx-
imation formula (1.3).
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2. A LEMMA

For improving the double inequality (1.2) and the approximation formula (1.3),
we need the following lemma.

Lemma 2.1 ([12, Lemma 1.1]). If the sequence {w, : n € N} converges to 0 and

lim n*(w, —wni1) =L ER (2.1)
n—oo
for k> 1, then
1
lim n*~lw, = ——. 2.2
e = 22)

Remark 2.1. Lemma 2.1 was first established in [15] and has been effectively applied
in many papers such as [2, 3, 6, 7, 8, 9, 10, 11, 13, 14, 16].
3. A BEST APPROXIMATION FORMULA

With the help of Lemma 2.1, we first provide a best approximation formula of
Wallis ratio W,,.

Theorem 3.1. The approximation formula

e 1\" 1
n ~ — 1—— —, 1
W, \/;( Qn) Tn n — oo (3.1)

is the best approximation of the form

W, \/7< > ”n+a, n — oo, (3.2)

where a is a real parameter.

Proof. Define z,(a) by

W, \/7< ) n+aexpzn(a), n>1.
n

It is not difficult to see that z,(a) — 0 as n — oo, A direct computation gives

a 1 1 1\ 1 1
zn(a)—szrl(a):—ﬁ—l— (§a+2a + 12) +O(F)

and

nll)l{.lo{n [zn(a) = znt1(a } =—-3

Making use of Lemma 2.1, we immediately see that the sequence {z,(a) : n € N}
converges fastest only when a = 0. The proof of Theorem 3.1 is complete. O

Remark 3.1. The approximation formula (3.1) is an improvement of (1.3), since
the approximation formula (1.3) is the special case a = —1 in (3.2).
4. AN ASYMPTOTIC SERIES ASSOCIATED TO (3.1)

In this section, by discovering an asymptotic series and a single-sided inequality
for Wallis ratio, we further generalize the approximation formula (3.1) and improve
the left-hand side of the double inequality (1.2).

Theorem 4.1. As n — oo, we have

W, c(i- 1\ L, I I S
n ~ — R — —ex . .
- on) Vi P\ 2402 T 1803 T 160n% T 9601
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Proof. Recall from [15] that, to an approximation formula f(n) ~ g(n), the follow-
ing asymptotic series is associated

F(n) ~ g(n) exp (Z n—’“)

k=1

where ay for k > 2 is a solution of the following infinite triangular system

0 (kI1>a2+---+(—1) (’;‘;) =~ (4.1)

and xj are coeflicients of the expansion
T =
g(n) n+1
Replacing f(n) and g(n) by W,, and \/_ ( — % ﬁ respectively yields

)"
fm)gn+1) <~ (=DF 1 113
lng(n)f(n—i-l)_k:Q( 1)k|:(k+1) ket k+1+2k]nk'

Hence, the system (4.1) becomes
E—1 kE—1 1+ (—=1)k 1 1
_ cee - (=1)F = _ —
“ < 1 )Q“ +(=1 <k—2>‘”c L Y S T

which has a solution

»I

P T SR B
PO Ty BT M 1600 0 960
The proof of Theorem 4.1 is complete. O

Theorem 4.2. For every integer n > 1, we have

g 1\" 1 1 1 1 1
Wo> S (1- =) = L A2
” \/?( Zn) NG eXp(24n2 TR TTI 960n5) (42)

Proof. 1t suffices to prove

1 1 (2n — 1N e
an—nln(l—%> —glnn—an+ln\/g+h(n)<O,

o) = N N SR
YT 902 T 4R T 16021 | 96055

Because «, converges to 0, it is sufficient to show that the sequence {«,, : n € N}
is strictly increasing. It is not difficult to obtain @, 11 — au, = s(n), where

s(@) = (a + 1)111(1 - 2$1+2> —a:ln<1 - %)

1 1 2z +1
- 5111(14—; —ln2x+2 + h(z+1) — h(z),
S”(.’L‘) — C(‘T — 1)
3227 (x + 1)"(2x + 1)2(22 — 1)
>0,

where

and
C(z) = 4913 + 33387z + 9817722 + 1647992 4 174543x"
+1211732° + 551972° + 1592027 + 26402° + 1922°.
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Accordingly, the function s(z) is strictly convex on [1,00). Combing this with the
fact that limy oo s(z) = 0 reveals that the function s(z) on [1,00), and so the
sequence {s(n) : n € N}, is positive. The proof of Theorem 4.2 is complete. O

5. A NEW APPROXIMATION FORMULA AND A DOUBLE INEQUALITY

Finally we will find a new approximation formula and a double inequality for
Wallis ratio W,,.

Theorem 5.1. As n — oo, we have

W= - mW% 5-1)

Proof. Motivated by (3.1), we now ask for the best approximation of the form

n-l—cl
s el IR

where b and ¢ are real parameters. For this, let

TR TR B

Then an easy calculation leads to

1 1 1 1\1
ﬂn(b,c)—ﬁn+1(b,c):i(c—b)n2 <b2_bc—zc—|— 12)

1 1, 3 3 3 3 1)1 1
Ce— b+ Zhe— 2p2 — b3 b2 -— = —
+<4C g’ t1" 3 3 16> +O<n5>
This implies that
. c—b
nh_{rgo{nqﬁn(bv C) - Bn-i—l (b,C)]} = 9
and 3 —1
. 2 PR
Jim {n?[8,(0,0) = B (b.D)]} = 5~

By Lemma 2.1, it follows that the sequence {8,(b,c) : n € N} converges fastest
only when b =c = % The proof of Theorem 5.1 is complete. (|

Remark 5.1. We note that the approximation formula (5.1) is the most accurate
possible among a class of approximation formulas mentioned above. The numerical
computation in Table 1 shows the superiority of (5.1) over (1.3).

TABLE 1. Numerical computation

50 |8.0124 x 10~% | 4.4198 x 10~?
100 | 2.8269 x 10~* | 3.9124 x 10~10
250 | 7.1425 x 107° | 1.5850 x 10~ 1!
1000 | 8.9225 x 107° | 1.2388 x 1013

Theorem 5.2. For every integer n > 1, we have
e 1 n+1/3 1
2(n+1/3) vn

il greel(me) o

< W,

™
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Proof. Tt is sufficient to prove

1 1 1 (2n — 1N e

and )
=b — > 0.
on =00t s
Because b, and ¢, converge to 0, it suffices to show that b, is strictly increasing
and ¢, is strictly decreasing. For this, we discuss the differences b, 1 — b, = p(n)

and ¢p4+1 — ¢, = q(n), where

o e N e ey
_%ln(1+$) —1r12zJr1

2 + 2
and
(&) = pl) + ——— 1
) = X — .
ax7=p 14d(z + 1)3  1442°
Since
Az —1
pl/(x) — 5 (‘r ) > O
2023z + 1)(3z + 4)(x + 1)2(22 + 1)2(6x — 1)2(6x + 5)2
and
B(x —1)
"
= - O
) = G T B T D 2e + 262 — 2@ )G 152
where
A(zx) = 351068 + 15161312 + 268409122 + 24953402°
+ 12859562* 4 348624x° + 38880x°
and

B(z) = 6780036 + 50421819z 4 16659655022 4 32241560123
+ 4053073062 + 3464392952° + 2044495252° + 826299002"
+220947302° + 3618864x° + 30520820 + 7776211,

it follows that p(z) is strictly convex and ¢(x) is strictly concave on [1,00). As a
result, considering the fact that lim, . p(x) = lim, o g(x) = 0, we derive that
p(z) > 0 and ¢g(z) < 0 on [1,00). Consequently, the sequences {p(n) : n € N} and
{¢q(n) : n € N} are positive. The proof of Theorem 5.2 is complete. (]
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