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Abstract

This paper discusses exponential stability of solutions for highly nonlinear hybrid pantograph stochastic
differential equations(PSDEs). Two criteria are proposed to guarantee exponential stability of the so-
lution. The first criterion is a Khasminskii-type condition involving general Lyapunov functions. The
second is developed on coefficients of the equation in virtue of M-matrix techniques. Based on the second
criterion, robust stability of a perturbed hybrid PSDE is also investigated. The theory shows how much
an exponentially stable hybrid PSDE can tolerate to remain stable.
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exponential stability, generalized Ito formula, robust stability.

1. Introduction

Stochastic differential delay equations (SDDEs) are widely used to model those systems dependent
on the present and past states(see, e.g. [1]-[8]). When these systems experience abrupt changes in their
structures and parameters, continuous-time Markov chains are introduced to form SDDEs with Markovian

switching, also known as hybrid SDDEs.

One of the important issues in the study of hybrid SDDEs is the automatic control, with current
emphasis placed on asymptotic stability and boundedness arising from automatic control. There is an
intensive literature in this area and we mention, for example, [9]-[13]. In particular, [9] and [11] are two
of most cited papers while [12] is the first book in this area. In most of the above mentioned references,
coeflicients of those systems are assumed to satisfy local Lipschitz condition and linear growth condition.
However, the linear growth condition is usually violated in many practical applications. There have
been some papers discussing existence, uniqueness and stability of solutions of highly nonlinear SDDEs,
for example, [14]-[17]. Recently, [18] discussed asymptotic stability and boundedness of solutions to
nonlinear hybrid SDDEs with constant delays or differentiable bounded variable delays. Also in [19],
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robust exponential stability and boundedness of highly nonlinear hybrid SDDEs with constant delays

were investigated.

Hybrid pantograph stochastic differential equations(PSDEs) are special SDDEs that have unbounded
delays (see e.g.[20],]21]). PSDEs have been frequently applied in many practical areas, such as mechanic,
biology, engineering and finance. The existence-uniqueness theorem of the solution for a linear PSDE
was established in [20]. On stability of a PSDE, [1] investigated the growth and decay rates of special
scalar PSDEs, where equations had linear drifts with unbounded delays and diffusions without delays.
[18] proposed a Khasminskii-type condition for a nonlinear hybrid PSDE, under which the polynomial
stability of the solution could be derived. [22] extended the condition of [18] to the case that different types
of functions or polynomials with different orders occured in the Lyapunov operator. [23] investigated the
exponential stability of a class of hybrid PSDE, where the coefficients were dominated by polynomials
with high orders. Almost sure exponential stability of both exact and numerical solutions could be derived
under such conditions. But we argue that the criteria proposed in [23] were independent on the transition
matrix, so that the system would be stable at any mode. This paper will apply the technique in [19] to get
exponential stability of a PSDE under suitable conditions. Compared to [23], in our result, the transition
matrix of Markovian switching will play an important rule in the criterion. Also M-matrix techniques
will be used to form an efficient criterion. We will show exponential stability in the pth moment and

almost sure exponential stability under the same condition.

When studying asymptotic properties, robust analyses on stability and boundedness have received
a great deal of attention. On SDDEs, [24] and [25] discussed robust stability of linear delay equations.
[26] studied robust stochastic stability of a linear system. In [27], robust stability of uncertain linear or
semilinear SDDEs had been discussed. The robust stability of a stochastic delay interval system with
Markovian switching was studied in [11]. Recently in [19], the robust stability and boundedness of hybrid
SDDEs with constant delay and high nonlinearity had been well treated. In this paper, after giving an
efficient criterion to evaluate the exponential stability of PSDEs, robust analysis on exponential stability
will also be discussed. Applying the theory, we can discuss how much the perturbation can be in order

for a perturbed system remaining stable.

This article is arranged as follows. A general criterion including Lyapunov functions is proposed
in section 2, under which the PSDE system will be asymptotically bounded or exponentially stable. In
section 3, an efficient criterion with the aid of M-matrices will be discussed. Robust analyses on bound-
edness and exponential stability are developed in section 4. Some examples are discussed to illustrate

the theory in section 5 and conclusions are made in section 6.

2. General results

Throughout this paper, we use following notations. Let (€2, F, {F;}+>0, P) be a complete probability
space with the filtration {F;}:>o satisfying the usual conditions (i.e. it is increasing and right continuous
with Fy containing all P-null sets). Let B(t) = (Bi(t), -, Bm(t))T be an m-dimensional Brownian

motion defined on the probability space. Let |-| be the Euclidean norm in R™. If A is a vector or matrix,



its transpose is denoted by AT. If A is a matrix, its trace norm is denoted by |A| = /trace(AT A). Let
R+ = [0, OO)
Let r(t),t > 0, be a right-continuous Markov chain on the probability space taking values in a finite

state space S = {1,2,--- , N} with generator I' = (v;;) nxn given by

YijA+o(A) if i

Plr(t+A) = jlr(t) =i} = Lt o(A) if i
Yii o 1=y

with A > 0. 7;; > 0 is the transition rate from ¢ to j if 4 # j, while 7;; = — > ;5. Assume that the
i
Markov chain 7(-) is independent of the Brownian motion B(+).

Denote by C(R™ xR ;R ) the family of continuous functions from R™ xR to R, also by C%!(R"™ x
Ry x S;R4) the family of continuous functions V(z,t,7) from R™ x Ry x S to Ry, such that for each

1€ 8, V(x,t,i) is continuously twice differentiable in « and once in ¢.

Consider a hybrid pantograph stochastic differential equation
dx(t) = f(a(t), z(0t),t,r(t))dt + g(x(t), z(0t),t,r(t))dB(t), (1)
with 0 < 6 < 1. Due to its special feature, we only need to know the initial data
2(0) =z9 € R" and r(0)=1iy€ S (2)

in order to solve the equation.

The well-known conditions imposed for the existence and uniqueness of the global solution are the
local Lipschitz condition and the linear growth condition (see e.g. [4]-[8]). Let us state the local Lipschitz

condition.

Assumption 2.1. For each integer h > 1, there exists a constant K > 0 such that

|f($7y7t7i) - f(ff7g,t72)| N |g($7y7t72) _g(‘%ag7t7i)| < Kh(|x - ‘i.| + |y - g|)
holds for those x,y,z,y € R™ with |z| V |Z| V |y| V |§] < h and any (t,i) € Ry x S.

However we will replace the linear growth condition by a more general condition, a Khasminskii-
Type condition as applied in [18],[19],[22],[23], to guarantee the existence of a unique global solution.
Also this condition will lead to exponential stability of the solution. Before stating the general condition,
we give one more notation. Given V(z,t,r(t)) € C*1(R" x Ry x S,R,), we define the function LV :

R” xR®” xRy xS =+ R by

LV(.’K,y,tyi) :Vt(ﬂut,i)+Vm(x,t,i)f($,y,t,i)
(3)

N
+%traee[gT(x7yat7i)VzI(x7t7i)g(m7y7tvi)] + Z ’YZ]V(.’E,t,])7
j=1

. . . 2 .
where ‘/t(ﬁ,t,l) = W7 V:E(xvt77’) = (ava(?lt,l)f" 78‘/8(;:71))’11 and VIQ; = (%)nxn Let us

emphasize that LV is defined on R™ x R™ x Ry x S while V on R” x Ry x S.



Assumption 2.2. There exist three functions V(z,t,7(t)) € C*1(R® x Ry x S,Ry), Uy (z,t), Us(x,t) €
C(R™ x Ry,Ry), and positive constants ¢1,ca, a;,i =1,-++ 5 such that

lim (inf Uy(,t)) = oo,

|z| =00 " t>0
ClUl(x7t> < V(l’,t,l) < C2U1($7t)7 fOT‘ any (.Z‘,t,’t) € R™ x R-f— X Sa (4)
LV (z,y,t,i) < on—axUs(x, t)+asf exp(—(1-0)t)Ur(y, 0t) —calUz(x, 1) +as6 exp(—(1-0)t)Ua(y, 0t), (5)

where ¢1 > ¢y, 0 > g, iy > Q.

In above assumption, there are two auxiliary functions U; (z,t), Us(z,t) used to dominate LV. We
can see that if Us(x,t) has a lower order of infinity than U (x,t) as |z| — oo, LV will have the same order
as V. The main objective of this paper is to investigate the setting that LV may have higher order than
V or Uy, due to high nonlinearity of the equation. So in this paper, we will focus on the situation that
Us(z,t) has a higher order of infinity than U;(z,t), for example Uy (z,t) = |z|> and Ua(z,t) = |z|*. Also
the factor exp(—(1 — 6)t) is important for exponential stability of the solution under further conditions
as depicted in Theorem 2.4. Just as discussed in [18], if there is no exp(—(1 — )t), we can only get the
polynomial stability of the system. Also it can be argued that if U, is set as Uy = Uy + Us, equations (4)

and (5) can be rewritten as ¢, Uy (x,t) < V(z,t,i) < coUs(z,t) and
LV (2,y,t,4) < ar — (a2 A ag)Us(z, 1) + (ag V as)d exp(—(1 — 0)1)Ua(y, 0t),

which is a strong form of Assumption 2.2 in [18]. The reason why we separate U, into U; and U, is
for clarity of upcoming discussion in section 3, where U;(x,t) and Us(z,t) are chosen as |z|? and |z|9,

respectively.

Theorem 2.3. Under Assumption 2.1 and 2.2, following statements are true.

(1) For any initial data (2), there exists a unique global solution x(t) to the system (1) on [0, 00).

(2) Fort >0,
/ ' BUa(s),8)ds £ —2 T (a(0),0) + — (6)
0 2 ’ Sag-as ’ g —as
(3) The solution is asymptotically bounded in the sense of
. a1
limsup EU; (z(t),t) < —, (7
t—oo egCy
where ¢ is defined by
e :=min(l, (a2 — asz)/c2). (8)

Proof. (1) The existence and uniqueness of the solution can be got easily by the same method used in
Theorem 3.1 of [18] or in Theorem 2.5 of [19]. Here we omit its proof in order to concentrate exponential

stability of the solution.

(2) Let ko > 0 be large enough for |xg| < ko. For each integer k > ko, define the stopping time

7o = inf{t]|z(t)| <k} k=1,2,- )



where throughout this paper we set inf § = co(as usual ) denotes the empty set). By the generalized 1t6

formula (see e.g. [12]), we obtain that for ¢ > 0,

BE(V(@(t A i)t A r(t A7) = V(a(0),0,7(0 +E/ " 2(05), 5,7(5))ds.

Applying condition (4), (5) and exp(—(1 — 0)t) < 1, it can be got that

aBEU(z(t ATy), t ATk))
< Ui (2(0),0) + ant — anE [} Uy (x(s), 8)ds + az0E [ Uy (x(8s), 0s)ds (10)
—auE fOATk Us(x(s),s)ds + as0F fOATk Us(z(0s), 0s)ds.

Obviously, we have
t/\Tk e(t/\Tk) tATE
a30E/ s),0s)ds = agE/ Ui(x(s),s)ds < ong/ Ui(x(s), s)ds,
0 0

and similarly

tATE tATE
a59E/ Us(x(0s),0s)ds < a5E/ Us(z(s), s)ds.
0 0

Consequently, from ay > a3 and oy > as, (10) gives c1 E(Uy (z(t A 7g), t ATk)) < U (2(0),0) + ayt. Let
k — oo and then get 1 E(Up(x(t),t)) < coU1(2(0),0) + a1t. Meanwhile, we also have

0 < ex B(UL((t A ), A 7)) < cals (2(0), 0) + ant — (g — a5)E/O " Un(a(s), 5)ds,

which can be arranged to

E/tATkUg(x(s),s)ds< 21, (2(0),0) + (11)

T a4 — as a4 — Q5 '
Now (6) is derived by letting kK — oo and using Fubini’s theorem.

(3) Let 7 the same stopping time defined in (9). Applying the generalized 1td formula on function
exp(et)V (x(t),t,7(t)), we obtain that for ¢t > 0,

a1 E(exp(e(t A1) Ur(x(t A1)yt AT))
< Ui(2(0),0 +Efm7k sexp(ss)V(x(s),s)derEfot/\ﬂ"’ exp(es)LV (x(s), x(0s), s, r(s))ds.

It can be calculated that

E /0 e exp(es)V (a(s), s)ds < el /0 exp(es)Us (2(s), s)ds,
and
EfMT" es)LV (z(s),z(0s), s,7(s))ds
B [ exp(e [a1 ~ aals(2(s).5) + asdexp(~(1 — 8))Us ((6). b5)
—oaUs(x(s), s) + asfexp(—(1 — 8)s)Us(x(0s), 98)] ds
= aE fg *exp(es)ds — aoF ft/\T’“ exp(es)Uy(z(s), s)ds + az0F fth exp ((e — 1+ 6)s) Uy (x(0s), 0s)ds
—ayE fo " exp(es)Uz(z(s), s)ds + as0F ftAT’“ exp ((e — 1+ 6)s)Ua(z(9s), 0s)ds

IA

(13)

tATE

But oy E [;""" exp(es)ds < (a1/e) exp(et), and

e—1+86

tATE O(tATK)
adﬁE/ exp ((e — 1+ 0)s) Uy (z(0s), Os)ds = agE/ ex 7

u) Uy (z(u), u)du.



ByO0O<6<1lande<1, wecanget (¢ —1+46)/0 < ¢ easily, so that

tATE tATE
Oégth/ exp ((e — 1+ 6)s) Uy (z(8s), 0s)ds < agE/ exp(es)Up (z(s), s)ds
0 0

and similarly,

tATE tATE
a59E/ exp ((e — 1+ 0)s)Us(z(6s), 0s)ds < a5E/ exp(es)Usz(z(s), s)ds.
0 0

Substituting above inequalities into equations (12) and (13), We will have

c1E(exp(e(t A 1)) Ur(z(t ATk), t A TE))

< Ui(2(0),0) + 2 exp(et) — (ag —eco — az)E f(ka exp(es)Uy (z(s), s)ds

—(ag —a5)E fot/m“ exp(es)Us(z(s), s)ds.

From ay > a5 and € < (ag — a3)/ca, we deduce

E(exp(e(t Ai))Ur(x(t A7), t ATE)) < Z—iUl(a:(O),O) + ﬂexp(st).

c1€

Letting & — 0o, we have

exp(et) EUL (z(t), 1) < %Ul (z(0),0) + % exp(et),

or equivalently,

EUL (2(t),1) < 22U ((0), 0) exp(—et) + —,
C1 Cc1€
which yields
lim sup EU; (2(t),t) < a

t—o0 C1€

as required.

(14)

(15)

O

This theorem gives asymptotic boundedness in terms of U; and Us. If we know, for example,

Ui(x,t) > |x|P, the solution of equation (1) will be asymptotically bounded in the p-th moment. To get

exponential stability of the system, we need one additional condition, oy = 0, as illustrated in following

theorem.

Theorem 2.4. Let Assumption 2.1 and 2.2 hold with oy = 0 in (5), the solution is also exponential

stability as
1
lim sup n log EUy (x(t),t) < —e,

t—o00

and

1
lim sup n log Uy (z(t),t) < —e,

t—o0

where € is defined as in (8). Meanwhile, the solution satisfies

/OO EUs(x(s), s)ds < oc.
0

(17)

(18)

(19)

Proof. If a; = 0, equation (16) turns to be EU;(x(¢),t) < (ca/c1)U1r(2(0),0) exp(—et), which just means

the statement (17).



From (11) with a; = 0, we see Ef(f/wk Us(x(s), 8)ds < —2—U;(x(0),0). Taking k — oo and then

Qg4 —0s

t — 00, Fubini’s theorem gives

/OO EUs(x(s), s)ds < —2—U,((0),0) < oo.
0 Q4 — Q5

To show almost sure exponential stability, we apply the generalized It6 formula on exp(et)V (z(t), ¢, r(¢))

to get

exp(et)V(z(t),t,r(t)) = V(x(O),O,T(O))—&—/(J exp(es)[eV (x(s),s,r(s))+LV (z(s), z(0s), s,r(s))|ds+ M(t),

(20)
where M (t) is a local martingale with the initial value M (0) = 0.
As a1 =0, applying the same argument on deriving (14) and the definition of ¢, we also have
Jo exp(es)[eV (x(s), 5,7(s)) + LV (x(s), 2(85), 5,7(s)) s
< —(ag —ecy —a3) fot exp(es)Uy (z(s), s)ds — (aqg — i) fot exp(es)Us(z(s), s)ds
< 0
Then applying condition (4) to equation (20), we get
c1exp(et)Ur(z(t),t) < Uy (x(0),t) + M(t). (21)

Applying the nonnegative semi-martingale convergence theorem(see for example, [12]), we obtain
that limsup ¢q exp(et)Us(z(t),t) < 00,a.s. from the inequality (21). So there exists a finite positive
t—o0

random variable 7 such that sup c¢;exp(et)U;(x(t),t) < n,a.s., which just implies (18) as required. [
0<t<o0o

Just as discussed after Theorem 2.3, if Uy (z,t) > |z|P, (17) and (18) show the exponential stability
in the sense of the p-th moment and almost sure. While if Us(x,t) > ||, the solution will be H-stable,

because [, E|z(t)]|?dt < oo is valid from (19).

3. Further Criteria in Terms of M-matrices

In this section, we will establish further criteria on exponential stability of equation (1) in terms
of M-matrices. We will choose V(x,t,7) = 0;|z|P for suitable 6; > 0, Uy(z) = |z|? and Uz(x) = |z|9
in Assumption 2.2. With these special functions, we can see direct requirements on the structure of
coefficients f, g in equation (1) in order to guarantee exponential stability of its solution. The technique
used here comes from [19], where M-matrices are used to check exponential stability of SDDEs with
constant delays. We are lucky to see that similar criteria can be used to guarantee the exponential

stability of PSDEs.

For the convenience of the reader, let us cite some useful results on M-matrices. For more detailed
information please see e.g.[12]. First we give some notations. If B is a vector or matrix, B > 0 means
that all elements of B are positive. If B; and By are two vectors of matrices with same dimensions, we

write By > Bs if and only if By — By > 0. We adopt the traditional notation by letting

ZNxN ={A = (aij)Nxn :aij <0,i# j}.



Definition 3.1. A square matric A = (a;;)Nxn i called a nonsingular M-matriz if A can be expressed
in the form A = sI — B with s > p(B) while all elements of B are nonnegative, where I is the identity

matriz and p(B) the spectral radius of B.

There are many conditions which are equivalent to the statement that A is a nonsingular M-matrix
and we cite some of them for the use of this paper(see e.g.[12]).
Lemma 3.2. If A€ ZN*N | then following statements are equivalent:

(1) A is a nonsingular M-matriz.

(2) A is semi-positive; that is, there exists x > 0 in RN such that Az > 0.

(3) A=Y exists and its elements are all nonnegative.

(4) All the leading principal minors of A are positive; that is

air o Gk
>0, for every k=1,2,---  N.

g1 v Qkk
Now we state the hypothesis on coefficients f, g, in term of an M-matrix.

Assumption 3.3. Given ¢ > p > 2, assume that for any i € S, there exists non-negative constants

Bi1, Biz, Bia, Bis and a real number Bis, such that

ol f(@,y.t,4) + Bt g(w, y, t,4) 2

< Bir + Biola|* + Bisfexp (= 2(1 = 0)t)|y|* — Biala|TPF2 + Bisfexp (— TEE2(1 — O)t) [y|97P+2,
(22)

for all (z,y,t) € R”* x R" x Ry, and
A= —diag(pBiz,- - ,pBn2) =T (23)

is a nonsingular M-matriz.

We remark that there is a similar condition as (22) in [19]:
N, Pl , - -
o f(2,y, 1) + == lg (@, y, 6. 0)[* < B+ Bialal® + Buslyl® = Bal T + Bisy| T,

which leads to exponential stability of a SDDE with constant delay. If we impose this assumption on a
PSDE, we can only get polynomial stability of its solution, just as discussed in [18]. We will see that two
terms involving exponential decay are necessary to get the exponential stability of a PSDE.
By properties of M-matrices as in 3.2, we have a vector with all positive entries defined by the
nonsingular M-matrix A:
(01, ,0n)" = AT >0, (24)

where T = (1,---,1)7T.

Theorem 3.4. Let Assumption 2.1 and 3.8 hold. 0;,i € S is defined from (24). Set ¢; = néig%
3

¢ = max0;. 9 = maxpb;S;1, d3 = max pb; L3, d4 = min pb;Bia, d5 = maxpb;B;5, and § = (1 — d3)/2.
i€s i€S i€S i€s i€s



Assume that

53 S 1 and 54 Z (55. (25)

Then for any given initial data (2), there is a unique global solution x(t) to the hybrid PSDE (1) on

[0,00). Moreover, the solution is asymptotically bounded in the pth moment, that is, the solution satisfies

aq

lim sup E|z(t)|P < , (26)
t—00 gcy
and ,
C2 alt
Elx(s)]|4ds < z(0)|P + , 27
| Platepras < o) + (21)
where e = min (1, (as — as)/cs).
In above results, a1 ~ as are defined as
2 _p-2.p -2 2 — — 2
a1 = 2556 = 1 P2 (54 640), a5 = 265, = 64 — 65072, and a5 = 6,1 L T2 (29
p b p

Proof. The proof is an application of Theorem 2.3. We will use Uy (z,t) = |z|P and Uz(x,t) = |z|? in
equation (5). The function V' : R" x Ry x § — Ry is defined by V(z,t,7(t)) = 0,.¢)|z[P. We recall that
. N
from the definition of 6, A# = 1, or equivalently, for any i € S, pBi20; + > vi;0; = —1.
=1
We see for any i € S, c1|z|P < V(z,t,4) < co|x|P. Now we compute LV (z,y,t,4). For any i € S,
LV(x’ y’ t7 i)

N
= il f(x,y, 1) + B0 P42 g(a, y, 1,0 + SpBila P2 g2 + Y s lal”
j=1

N
< plilaP2 et f(a,y,t,0) + Bt lg(x, y, b, 07 + 2, vig0slzl” (29)
=

N
< pOiBu|zlP72 + (B2 + 3 vij05)|a|P + pifisf exp (— 2(1 — 0)t) |z [P~ |y[?
i=1

—pB; Bia|x|? + pb;Bi56 exp ( - %(1 - G)t) |z|P=2|y|1—PT2.
By the fundamental inequality a®b'~ < aa + (1 — a)b, for a,b > 0, and « € [0, 1], we have

2 -2 2
exp (— 5(1 —0)t) 2P 2y|? < I’Tw + exp(—(1 — 0)t)|ylP,

and
_q-pt?2

—2) 1q— p—2 qg—p+2
exp ( (1= 0)t)|z|P~2|y|17P+* < . |z|? + . exp(—(1 = 0)t)|y| .

Also for any i € .5,

P2 = 5(p—2)

P 2 2 p-2 P
pOiBalz|P? < S1|xP2 = (677 67) 7 (8lxP) T < 5577512 + [P

Substituting above inequalities into (29), we obtain
LV (2,y,t,i) < on — aofz]” + asfexp(—(1 = 0)t)|y|” — aslz|? + as6 exp(—(1 - 6)1)|y|?,

with the definition of @y ~ a5 given in (28).
Also from 0 < 0 < 1, 63 <1 and d4 > 5, we can see that

1 p+2 6—p p+2
—q3 = —[—— — (—%X - £ — >
ag — ag p[ 5 ( 5 +(p—2)0)d3] > % (1—63)>0



and

-2
0447045:(54*55)+p

It is now clear that Assumption 3.3 and condition (25) produce a special case as in Assumption 2.2
with Uy (z,t) = |z|P, Ua(z,t) = |z|? and all coefficients defined as in the premise of this theorem. And

then (26) and (27) can be obtained from (6) and (7) in Theorem 2.3, respectively. O

The following theorem gives a criterion on both exponential stability and H..-stability.

Theorem 3.5. Let Assumptions 2.1 and 3.3 hold with 8;1 = 0 for all i € S. For any given initial data

(2), the unique global solution x(t) has the properties that

1
limsup - log(E|z(t)|F) < —¢ (30)
t—o0 t
and
. 1 €
tim sup + log(|#(?)]) < —Z, 0.5 (31)
t—oo p

where € is defined as in Theorem 3.4. Moreover, x(t) is Hu-stable:

/OO E|z(t)]|dt < oc. (32)
0

Proof. If for all ¢ € S, B;1 = 0, a; should be 0. The results in Theorem 2.4 are valid for Uy (z,t) =
|x|P, Us(z,t) = |x|? and € = (ag — a3)/ca, where co, ap and a3 are defined as in Theorem 3.4. And then

(30)-(32) come from (17)-(19), respectively. O

4. Robust Exponential Stability Analysis of PSDEs

In this section, we discuss two robust exponential stability problems in PSDEs. The first problem

is based on following n-dimensional nonlinear hybrid differential equation
dz(t) = f(z(t),t,r(t))dt, (33)

where f: R™ x R x S — R satisfies the local Lipschitz condition and similar condition as in Assumption

3.3. Let us make it clear.

Assumption 4.1. Let ¢ > p > 2 and assume that for each i € S, there are nonnegative numbers Bi1, Bis

and a real number Bio such that for all (z,t) € R™ x R,
ol f(z,t,0) < B + Bialz|® — Bialz]|* P2, (34)
and A := —diag(ppia, - -- ,pBn2) — T is a nonsingular M-matriz.

Under above assumption, equation (33) is asymptotically bounded in the p-th moment according to

Theorem 3.4. Now if there is a stochastic delay perturbation in the diffusion part as
dz(t) = f(x(t),t,7(t))dt + G(x(6t),t,7(t))dB(t), (35)

will the system remain stable under suitable conditions on G? In order that equation (35) has a solution,

we assume that G satisfies the local Lipschitz condition. Furthermore, we need another condition on G.
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Assumption 4.2. Let ¢ > p > 2 be the same as in Assumption 4.1 and assume that for each i € S,

there are nonnegative functions Bi3(t), Bis(t) and number Big > 0, such that for any (y,t),
|G(y,t,9)|* < Bis + Bis(t)|y]* + Bis () |y|T P2 (36)

Now we want to discuss the requirements on Bis, Big(t) and Bis(t) such that the perturbed system
is asymptotically bounded or exponentially stable. Answers are just applications of Theorem 3.4 and 3.5

as stated in following two theorems.

Theorem 4.3. Let Assumption 4.1 and 4.2 hold. Define

(él,"' 7§N)T:A_1T>> 0. (37)
If for any i € S,
Balt) < ~—= o exp (= (1= 0)1) (39)
and
Bw(t) S @fiw(ﬂljlnéJBJ4> exp ( — %(1 — G)t), (39)

then the perturbed system (35) is asymptotically bounded in the pth moment.

Proof. Combining (34) and (36) together, we can easily obtain
p—1 2 p—1ls 3 p—1g 3 la— p—1g -
el f+ T|g|2 < (51‘1 + Tﬂm) + Baola|® + Tﬁm(t)IyIQ — Bialz|T7P? 4+ Tﬁis(t)lyl" e,
Then by (38) and (39), it is just

p—1 = p—1_ = 0
alf+ T|g|2 < (@‘1 + TBiG) + Biolz|* + 0 exp (= =(1—0)t)|y?

SRS

~ _ 0 . A= q—p+2 _
_R. q—p+2 3. _ _ q—p+2
Bialx| +7 (nljln(%ﬂﬂ) exp ( . (1 9)t) | :

Now it is easy to check that condition (25) in Theorem 3.4 is satisfied with d3 = 1,04 = J5 =

min @-@4. The perturbed system (35) is proved to be asymptotically bounded in the pth moment as
J

required. O

Just as differences between Theorem 3.4 and 3.5, we also have the similar result.

Theorem 4.4. Let conditions (34) and (36) hold, with 0; defined in (37). If Assumption 4.1 and 4.2
hold with B;1 = Big = 0 for alli € S, the perturbed system (35) is not only exponentially stable in the pth
moment, but also almost sure exponentially stable. Moreover, the solution of the perturbed system is Ho

stable in the sense

oo
/0 E|z(t)|4dt < 0.
In the second problem, we consider the case that a general SDE
dx(t) = f(x(t), t,r(t))dt + g(z(t),t,r(t))dB(t) (40)
has a delay perturbation in the drift part, which takes the form of
dx(t) = [f(x(t),t,r(t)) + F(z(t), x(6t),t,r(t))]dt + g(x(t),t,r(t))dB(¢). (41)
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As a standing hypothesis, we assume that both f, g and F satisfy the local Lipschitz condition. Also
in order that the original system (40) is bounded or stable, we should impose some conditions on f and

g. For the ease of further discussion, we impose two assumptions on f,g and F.

Assumption 4.5. Let ¢ > p > 2. Assume that for each i € S, there exists nonnegative numbers @1, Bi4,

a real number Big and a positive number Big, such that for all (x,t),
N o p—1 . - 5 ~ 5 _
ol fx,t,0) + ?|g($7t»2)|2 < B+ (Biz — Biz)|z|* — Biala|T™PT? (42)
and A = —diag(pﬁlg, e ,pBNg) — T is a nonsingular M-matriz.

Obviously, the original system (40) is asymptotically bounded, or exponentially stable as Bil =0,7 €
S under Assumption 4.5.

Assumption 4.6. Assume that for each i € S, there are nonnegative functions 1;3(t), ni5(t) and non-

negative numbers n;1, N2, Nia, such that for any (x,y,t, 1),
[F (2, y,t,0)* < min +miz|z* 4+ mia(D)]y]? + mia|2] 77742 + s (8) ly| 777+, (43)

Theorem 4.7. Let Assumption 4.5 and 4.6 hold. Define

(01, ,00)T = AT >0. (44)
If for every i € S,
niz < By (45)
mo(®) < 222 p (- %(1 o)), (46)
174 < 285264, (47)
and
mio(t) < 2026 (s 0s(Bia = 20 exp (- L2 op), (48)

then the perturbed system (41) is asymptotically bounded in the pth moment.

Proof. We only need to show that under conditions (45)-(48), the coefficients f, g, F' satisfy the require-

ment in Theorem 3.4.

Firstly, we can compute that

2T F(z,y,t,0) < |o]|F(2,y,t,1)| < Z2[a]* + (z,y,t,4)]?
< M (B'LZ iz ) 2 ms(t) 2 77»4 q— p+2 nis(t) |, 14— p+2.
— 202 + 2 + 280 |.§C| =+ |y‘ =+ |1‘| + Y |y|

Applying (45)-(48), coefficients in perturbed system (41) satisfy

ol (f + F) + 25 g|?
A i A B; i i3 (t i i5(t)
(B + 20) + (B2 — B2 + 282 ) ol + 28Oy — (B — et ) als P2 + 25U jyjar2
< ap + ai|z|* +asbexp (— %(1 — o)t )|y|2 — ig|x|17PTE 4 aisanP (- %2(1 — 0)t) |y|a—r+2

IN

where

i1 5 1 - Ni4 1 (
i = P2, Qi3 = 4 — — =, A5 = = 0 )
514-2&2 Biz, a;3 9i = Bia 2 5 = i, Hlelg o

Now we can see that all requirements in Theorem 3.4 are obtained, so that the solution of perturbed

system (41) is asymptotically bounded in the pth moment. O
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Moreover, we can also get following result on robust exponential stability by virtue of Theorem 3.5.

Theorem 4.8. Let conditions (45)-(48) hold with 0; defined in (44). If Assumption 4.5 and 4.6 hold
with Bil =mn; = 0 for all i € S, the perturbed system (41) is not only exponentially stable in the pth
moment, but also almost sure exponentially stable. Moreover, the solution of the perturbed system is Ho

stable: [ Elx(t)|7dt < cc.

5. Examples

In this section, we will give two examples to illustrate our theory. The first example is to check the
stability of a given PSDE, while the second one will cover robust analysis. In two examples, B(t) is fixed
as a scalar Brownian motion, which is independent on the Markov chain appeared in two systems. We

only give the one dimensional hybrid PSDEs in order to avoid complicate calculations.

Example 1. Consider following hybrid PSDE
da(t) = f(ax(t),t,r(t))dt + g(x(0.1t), ¢,r(t))dB(t), (49)

where r(t) is a right-continuous Markov chain taking value in S = {1,2} with the generator I' =

. The coefficients are f(x,t,1) = —z—223, g(y,t,1) = 0.5y% exp(—0.45t), f(x,t,2) = x—23,
4 —4

and ¢(y,t,2) = 0.1y exp(—0.45¢).
Set p = 2,g = 4. It is easy to see xf(x,t,1) + %gz(y,t, 1) = —2% —22* + %y‘l exp(—0.9t), and
af(@,t,2) + 59%(y, 1, 2) = 2% — 2* + 55592 exp(—0.9¢).
The quantities appeared in (22) are 817 = 0,812 = —1, 13 = 0,614 = 2, 815 = 1.25; B21 = 0, Baz =
1, Ba3 = 1/20, 824 = 1, and a5 = 0.
3 -1 1 0.5

We see that the matrix A in (23) is A = with the inverse A~1 = , which
-4 2 2 15

shows that A is a nonsingular M-matrix.

By the definition in (24), 6; = 1.5,03 = 3.5. Direct calculation gives the quantities involved in
Theorem 3.4: ¢; = 1.5,¢c0 = 3.5,61 = 0,03 = 0.35 < 1,44 = 6,05 = 3.75, as = 1 and a3 = 0.35. So
from the result in Theorem 3.5, the solution of system (49) is exponentially stable in the second moment
with the moment Lyapunov index e = min(1, (1 — 0.35)/3.5) = 0.1857. Also the solution is almost sure
exponentially stable li?isup 1log(|z(t)]) < —0.0929 and Hy stable [;° Elx(t)|*dt < oco.

Example 2. Consider a hybrid differential equation

dz(t) = f(z(t),t,r(t))dt, (50)

where r(¢) is a right-continuous Markov chain taking values in S = {1, 2} with generator I' =

and f(z,t,1) = —x — 427, f(x,t,2) = x — 27. As a special equation of (1) without delay and diffusion
terms, it can be easily checked by Theorem 3.5 that (50) is exponentially stable in the second and third

moments.
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Now if the system has a perturbation in the diffusion term as

du(t) = f(x(t),t,r(t))dt + g(a(t), 2(0.1t), t, r(£))dB(2), (51)

where g(z,y,t,1) = ajyexp(—bt) and g(x,y,t,2) = azzy? exp(—bt). We now want to discuss how much
the unknown quantities a1, ae and b can be such that the perturbed system (51) is also exponentially

stable in the second or third moment.
Case 1: p=2,q=238

Let p=2,q = 8. It can be estimated that
L, 2 8,1 2o
xf(x,t, 1)+ 59 (z,y,t,1) = —a* —4a° + 301y exp(—2bt),

and
xf(x,t,Z)—&—%g (2,9,t,2) = 2% — 2% + & x Y eXp( 2bt)
<az? -8+ a2t + %2 exp(—4bt)y® < 1222 — —xg + 2 exp(—4bt)y®
where the inequality x* < 2/32% + 1/32% has been used.
-1 0.6970 0.1818

3
The matrix A will be 4 = with its inverse A~! = . Ais a
—6 23/6 1.0909 0.5455

nonsingular M-matrix.

Now careful calculation leads to following conditions on ai,as and b which will guarantee the mo-
ment and almost sure exponential stability of the solution to perturbed system (51): a2 exp(—2bt) <
0.1138 exp(—0.9¢) and a3 exp(—4bt) < 0.1917 exp(—0.9t). So it will be clear that b > 0.225, |a;| < 0.3373
and |az| < 0.6617 are enough for the perturbed system to be exponentially stable in the second moment.

Case 2: p=3,¢q=9

In this case, we could estimate x f(z,t,1) + ¢%(z,y,t,1) = —2? — 42% + a3y? exp(—2bt), and

4 4
of(x,t,2) + g% (z,y,t,2) = 2° — 28 + ada?y® exp(—20t) < §x2 — ¢ + —= exp(—4bt)
. . 4 -1\ . 1 05
The matrix A will be A = with the inverse A~ =
-6 2 3 2

Following the same argument, we will have a2 exp(—2bt) < 0.02222 exp(—0.6t) and a3 exp(—4bt) <
0.1667 exp(—0.8889¢), giving |a;| < 0.1491, |az| < 0.6389 and b > 0.3. Under these conditions on ay, as
and b, the perturbed system will be exponentially stable in the third moment.

6. Conclusion

In this article, we have discussed asymptotic boundedness and exponential stability of hybrid PSDEs
with higher nonlinearity. We have established two criteria, one on general Lyaponov functions and the
other on coefficients of the equation. In virtue of M-matrices, the criterion can be verified easily. Also

our theory is used to investigate robust boundedness and exponential stability of perturbed systems.
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