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Abstract

In this paper, we consider a class of stochastic pantograph differential equa-
tions with Lévy jumps (SPDEwLJs). By using the Burkholder-Davis-Gundy
inequality and the Kunita’s inequality, we prove the existence and unique-
ness of solutions to SPDEwLJs whose coefficients satisfying the Lipschitz
conditions and the local Lipschitz conditions. Meantime, we establish the

p-th exponential estimations and almost surely asymptotic estimations of
solutions to SPDEwLJs.
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1. Introduction

It is well known that the following differential equation

2'(t) = ax(t)+bx(qt), t>0, g€ (0,1),
z(0) = o, (1)

is a linear pantograph equation with unbounded delay and it is a very special
delay differential equation. Since gt < t, equation (1) is a differential equa-
tion with the delay t —qt. We note that gt satisfies gt — oo ast — oo, but the
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delay t — gt is unbounded. Equation (1) arises in different fields of pure and
applied mathematics such as dynamical systems, probability, quantum me-
chanics and electrodynamics (see [1,2]) and its generalisations possess a wide
range of applications. In [3,4], the authors studied the existence, uniqueness
and asymptotic properties of solution to equation (1). Numerical analysis
for solution to equation (1) are studied by [5,6]. Meantime, many authors
extended the study on equation (1) to the case of non-linear pantograph dif-
ferential equation and obtained many results about existence, stability and
numerical analysis of solution to non-linear pantograph delay equation (see
[7-9]).

As differential equation, delay differential equation are often perturbed by
the external noise and it is described by stochastic delay differential equation
(SDDEs). During the past few decades, qualitative theory of SDDEs have
been studied intensively for many authors. One can see [10-20] and the refer-
ences therein. As a special case of SDDESs, stochastic pantograph differential
equations (SPDEs) has been received a great deal of attention. SPDEs can
be regarded as a pantograph differential equation perturped by Brownian
motion. For example, existence and stability of solution to SPDEs are given
in [21-23]. Various efficient computational methods are obtained and their
convergence and stability have been studied by many authors [24-29].

It is worth pointing out that the above works only focused on the case
of SDDEs driven by a Brownian motion. However, a Brownian motion can
not be used to describe the stochastic disturbances in some real systems
such as the fluctuations in the financial markets. There is evidence that the
dynamics of prices of financial instruments exhibit jumps which cannot be
adequately described solely by Brownian motion (see [30]). Also, there are
empirical studies, such as [31], which demonstrate the existence of jumps in
stock markets and the foreign exchange market. For this case, it is recognized
that stochastic differential equations (SDEs) with jump are quite suitable to
describe such stochastic abrupt phenomena. For example, SDEs with jump
are used to delineate large market fluctuations such as rallies or crashes in
financial market [32]. In recent years, SDEs with Poisson processes N(t) have
been studied by many authors (see [33-36]). However, if the perturbation is a
random process, then the number of the points where jumps occur is random,
moreover, the jump values taken at the jump points are also random. In this
case, it is not enough to describe the above perturbation by using Poisson
processes N(t). It is natural to consider the general jump processes arising
from Poisson random measures N;(t, A) generated by a Poisson point process
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p(t) (see Section 2 for more details). One should note that one important
and widely used class of Poisson random measures are the one associated to
a Lévy process. By Lévy-Ito decomposition, Lévy processes can be regarded
as processes with a Brownian motion and an independent Poisson random
measures. In this case, we call that Poisson random measures N;(t, A) is
a Lévy jump. SDEs driven by Levy jumps have become extremely popular
for modeling financial, physical and biological phenomena and many results
about such equations have been studied intensively for many authors. For
example, Tkeda [37], Applebaum [38] and Rong [39] are devoted to the study
of such equations both in theory and their applications; Bass [40] and Albev-
erio [41] focused on the study about existence and uniqueness of SDEs with
Poisson random measure; Oksendal [42] have studied the optimal control,
optimal stopping and impulse control for jump diffusion processes; Li [43]
discussed the almost sure stability of linear stochastic differential equations
with jumps; Applebaum [44] investigated almost sure exponential stability
and moment exponential stability of SDEs with Lévy noise; Applebaum [45]
showed that perturbed system with Brownian motion and Poisson random
measure is almost surely exponentially stable and estimated the correspond-
ing Lyapunov exponents; Zhu [46] studied the asymptotic stability in the
p-th moment and almost sure stability for SDEs with Lévy jump.
Motivated by the above works, this paper is concerned with stochastic
pantograph differential equations with Lévy jumps (SPDEwLJs)

dr(t) = a(qt))dt + g(t, 2(t), 2(qt))dw, + dQ(E), ¢ € [to. T,
Q) = / / ) Ny(ds, du), 2)
z(t) = ), t € [qto,to].

where 0 < ¢ < 1. To the best of our knowledge, there are no literatures
concerned with the p-th exponential estimations and almost surely asymp-
totic estimations of solution to equation (2). On one hand, we prove that
equation (2) has a unique solution z(t) in the sense of the L¥ norm. Our
approach is similar to the one in [11]. But we don’t use the fixed point
Theorem in [22]. Instead, we get the solution of equation (2) via successive
approximations. On the other hand, we study the p-th exponential estima-
tions and almost surely asymptotic estimations of solution to equation (2).
By the Burkholder-Davis-Gundy inequality, the Kunita’s inequality and Ito
formula, we show that the P-th moment of solution will grow at most expo-



nentially with exponent Ms. Moreover, we prove that the p-th exponential
estimations implies almost surely asymptotic estimations and give an upper
bound for the sample Lyapunov exponent. Meantime, it should be pointed
out that the proof for SPDEwLJs is certainly not a straightforward gener-
alization of that for SPDEs without Lévy jumps and some new techniques
are developed to cope with the difficulties due to Lévy jumps. Some known
results in Mao [11], Fan [22] are generalized to cover a class of more general
SPDEwLJs.

The rest of the paper is organized as follows. In Section 2, we introduce
some notations and hypotheses concerning equation (2); In Section 3, the ex-
istence and uniqueness of solution to equation (2) are investigated; In Section
4, we prove the pth moment of solution will grow at most exponentially with
exponent M, and show that the exponential estimations implies the almost
surely asymptotic estimations.

2. Preliminaries

Let (2, F,{Fi}i>0, P) be a complete probability space with a filtration
(Ft)e>0 satisfying the usual condition,(i.e., the filtration (F;) is continuous on
the right and (Fy) contains all P-null sets.) Here w(t) is an m-dimensional
Brownian motion defined on the probability space (2, F, P) adapted to the
filtration (F;)i>o. Let t > 0 and D([gt,t], R") denote the family of functions
¢ from [gt,t] — R™ that are right-continuous and have limits on the left.
D([qt,t], R") is equipped with the norm ||¢|| = sup |p(0)|, where |.| is the

qt<0<t

Euclidean norm in R"™. If A is a vector or matrbz, its transpose is denoted
by AT. If A is a matrix, its norm ||A|| is defined by ||A|| = sup{|Az]| :
|z| = 1}. For p > 2, L% ([qt, t]; R") denote the family of all (F;)-measurable,
D([qt,t], R™)-valued random variables ¢ = {p(0) : qt <0 <t} such that
Bl < oo.

Let (R™, B(R™)) be a measurable space and 7(du) a o- finite measure on
it. Let p = p(t),t > ty be a stationary F;-adapted and R"-valued Poisson
point process. Then, for A € B(R" — {0}), here 0 ¢ the closure of A, we
define the Poisson counting measure N, associated with p by

No((to, 1] x A) == #{to < s < t,p(s) € A} = 3 La(p(s)),

to<s<t



where # denotes the cardinality of set {.}. For simplicity, we denote
Nj(t, A) == Np((to,t] x A).

From [37], we can obtain that there exists a o- finite measure 7 such that
E[N5(t, A)] = w(A)(t — to)

and

cap[—m(A)(t —t)][m(A)(t — to)]"

P(Ny(t. A) = n) = .

This measure 7 is called the Lévy measure. Moreover, by Doob-Meyer’s de-
composition theorem, there exists a unique {F; }-adapted martingale N;(t, A)
and a unique {F;}-adapted natural increasing process Nj(t, A) such that

Ny(t, A) = Ny(t, A) + Ny(t, A), t>to.
Here Nj(t, A) is called the compensated Poisson random measure and
Np(t, A) = w(A)(t — to)

is called the compensator. For more details on the Poisson point process and
Lévy jumps, see [37, 38, 39].

For U € B(R" — {0}), the integral version of equation (2) is given by

(t) = o)+ / £(s,2(s), x(qs))ds + / o(s,2(s), 2(g5))duws + Q(t),

to

Q) = / / h(a(s), 2(qs), u)Ny(ds, du), 3)

with initial data {z(t) : q¢to < t < to} = ¢ € L ([ato,to]; R"). Here
0<g<landf:[ty,o0] x R* x R" — R", g : [tg,00] x R" x R" — R™™
and h : R" x R" x U — R" are both Borel-measurable functions. z(t) is a
n-dimensional state process, w; is a standard m-dimensional Brownian mo-
tion and Nj(dt,du) is the Poisson random measure given by N;(dt,du) =
Ny(dt,du) + 7(du)dt, here Ny(dt,du) is the compensated Poisson random
measure associated to N and 7(du) is the Lévy measure associated to Nj.



Let the following assumptions hold.

(H1) For each t € [tg, T] and p > 2, there exist two positive constants k;
and ko such that for all x1,y, x2,y2 € R",

|f<t7x17y1) - f(t7x27y2>|2 \ ’g(t7xlay1> - g(t7x27y2)|2
< ki(lzy — zo® + |y — va),

and
/ (s, g1, 0) — B, you ) Pr(du) < k(s — 2o + g1 — o).
U

(H2) For each t € [tg,T] and p > 2, there exist two positive constants
Ly and L, such that for all z,y € R",

[f(t 2P Vgt 2, y)* < Li(l+ |2 + [y[?),
and
[ Ibte v Padn) < a1+ 1a + o)
U
Now we present the definition of solution to equation (3).

Definition 2.1 A right continuous with left limits process x = {z(t), t €
lqto, T} (to < T < o0) is called a solution of equation (3) with initial data

() if
(1) x(t) is Fr-adapted and = = {z(t), t € [to, T|} is R™-valued,;
T .
(2) [y, l2(®)[Pds < o0, as. for any p > 2;

(3) z(t) satisfies equation (3).

A solution x(t) is said to be unique if any other solution y(¢) is indistin-
guishable from it, that is,

P{z(t) =y(t), t € [qto, T]} = 1.



3. The existence and uniqueness theorem

In this section, we prove the existence and uniqueness of a solution to
equation (3).

Define 2°(t) = p(ty), for t € [to,T]. For each n = 1,2,---, set z"(t) =
©o(t), t € [qto,to]. We introduce the sequence of successive approximations
defined as follows:

() = plto) + / £(s,271(s), 2" (gs))ds

+ [ gl s s,
+/t/Uh(x”_l(s),w”_l(qs),u)Np(ds,du), t € lto, T). (4)

Theorem 3.1 Let p > 2 and conditions (H1)-(H2) hold, then there exists
a unique solution x(t) to equation (3) and the solution z(t) € MP([to, T]; R").

To prove Theorem 3.1, we give the following lemmas 3.1 and 3.2.

Lemma 3.1 Under conditions (H1)-(H2), there exists a positive constant
c such that

E sup [z"()]" <¢, (5)

where ¢ = (¢ + r(T = to) Bl | P)ecr ™)

Proof: For simplicity, we denote
fr= Flan (@), ), g = g(ta"(t),a"(at), by = h(a"(t), 2" (at), u).
For every integer R > 1, define the stopping time
tr=T Ninf{t € [to,T] : [z"'(t)| V 2" (qt)] = R}.

Using the basic inequality |a + b+ c+d[P < 4P [|a[P + 0P + |c[P + |d[?], it is
easy to see from (4) that

E sup |z"(s ATg)|?
to<s<t



s

< Bl + 47 sup | f:lda\p>+4p E(sup | [ gt duol?)

NTR
to<s<t to

+4P7 B ( sup |/ /thTlR 5(do, du)|P). (6)

t0<5<t

Let us estimate the terms introduced above. By the Holder inequality and
(H2), we get

E(sup | [ fok dof?) < (¢ — to) / Blfnol pds

to<s<t to to

t
< (T —to)! / E[L\(1+ |2" (s A7g)* + 2" (g5 A 7g)[*)]2ds

to

t
< (T —to)"' L3357 / E(1+ 2" (s ATR)I” + |2"" (g5 A 7R)[")ds

to

¢
< cl(T—t0)+201/ E( sup |x”_1(0/\TR)|”)ds, (7)

to to<o<s

p
where ¢; = (T — t)P"'L23%~!. Now, using the Burkholder-Davis-Gundy
inequality and the Holder inequality, we have a positive real number ¢, such
that the following inequality holds:

* P
B(suw | [ gl dunl) < GE / o35, )’

to<s<t to
< (T —t) 'E / |Gonrr " .
Similar to (7), we obtain
E(sup | [ gonrpdwel’) < eo(T —to)

to<s<t to

t
+202/ E( sup |2" Yo ATg)[P)ds, (8)
to

to<o<s

where ¢y = chlg(B(T — 250))%’1.~ Next, we estimate the last term of (6). By
the definition of N;(dt,du) = Ny(dt,du) + m(du)dt and the basic inequality
la + b|P < 2P~ 1(\a|p + [b?), we have

(| [ [ et o
t0<s<t



= E(sup | / / hit Np(do, du) + / / hik mw(du)do|?)
t()<s<t

< 27'E( sup |/ /hZATlRN (do, du)|P)

to<s<t

+2PLE( sup |/ /hZATl (du)do|P). 9)

to<s<t

For the second term of (9), by the Hdélder inequality, we have

(sup | / | e mtawdal)
t0<s<t

< E sup {] do / / het m(du)Pdo}
to<s<t to

< (t—to)P” IE/ /hgml (du)|Pds

S (T_to)p_lE/ / 12)/|h;’b/\7_1R|2 du }dS

< (T =t) r(U)] E/ [La(1+ |2 (s ATR)|* + & (gs A ) [P)] 2 ds

to

t

< el —t)+ 20 [ E(suwp "o Al (10)
to tOSO’SS

where ¢3 = (T — to)p_1L2§ (m(U))23%2~". Now let us estimate the first term in
(9). By the Kunita’s first inequality (see Applebaum [38] and Kunita [47]),
we have a positive real number D, such that

E sup \/ /thTlRN (do, du)l?

to<s<t
< Dp{E//|h’;/\T1R|2 (du)ds]? +E/ /|hZATlR|p7r (du)ds]}. (11)

In the same way as (10) was done, it follows from (11) that

E sup |/ /hZATlRN (do, du)?

to<s<t

t
< DB LI — )b +L2]E/(1+yx"1(sATR)|p

to

9



+z"(gs A TR)|P)ds

t
< ey(T —tp) —1—204/ E( sup |z" Yo ATg)|P)ds, (12)
to

to<o<s
where ¢4 = Dp[3§*1L2g (T —t)2~" + Ly]. Inserting (10) and (12) into (9), we
obtain

(o | [ it Nt auyp)

t0<s<t

< o5(T —ty) + 205/ E( sup |2" Yo ATg)[P)ds, (13)

to tp<o<s
where ¢; = 27 (¢c3 + ¢4). Combing (7), (8) and (13) together, we have
t
E sup |z"(s A1g)|P < 06+c7/ E( sup |z" o ATg)[P)ds, (14)
to<s<t to to<o<s

where cg = 4p_1[EHg0Hp + (Cl +co+ C5)<T — to)], Ccr = 24p_1(61 +co+ 05). For
any r > 1, it follows from (14) that

maxE sup |z™(s A 1r)|?
max E( sup [2"(s A7)l

t

< ¢g+cr max £ sup |x”_1(0 A Tr)[Pds
to 1SPST 45<a<s

t
< c6—|—c7/(E|]<pHp+ maXE sup |z"(o ATR)|P)ds
to -

t0<0'<8

From the Gronwall inequality, we derive that

max E( sup |2"(s ATr)[P) < [c6 + cr(T — to) El|g||P]ec”T—10),

lsnsr go<s<t

Since r is arbitrary, we must have

E(sup [¢"(s ATR)[P) < (cg+ cr(T — to) Ellp|[?)eT 1),

to<s<t

Letting R — oo, we then obtain

E(sup [2"(s)") < (co+ cr(T — to) Elfgp][P)e” ™10,

to<s<t

10



which shows that the desired result holds with ¢ = (cg+c7(T—to) E||g|[P)ecr(T—t0).

Lemma 3.2 Let conditions (H1),(H2) hold, then {2"(t)},>1 defined by
(4) is a Cauchy sequence in D([ty, T], R™).

Proof: For n > 1 and ¢ € [to, T], it follows from (4) that

t
" (t) — 2™ (t) :/ fg’"_lds+/ L dw, + / /h"” LN, (ds, du),
to

where

fort o= fs,a(s)a"(gs)) — f( "H(s), 2" (gs))
gt = g(s,a"(s),2"(gs)) — g(s,2" " (s), 2" (g9))
how™ = h(2"(s),2"(gs),u) — h(z" ()1’”‘1(618)&)-

Thus taking expectation on |z"(¢) — 2™(t)[P, we have

E( sup [z""(s) — 2" (s)[")
to<s<t
t

< 37ME(sup | f""fldU\pHE( sup | [ g5 dw, ")

to<s<t to<s<t Jitg
( sup |/ /h"” LNy (do, du)[P)). (15)
t0<8<t

By the Holder inequality and (H1), we obtain that

E(sup | [ fy"dol?)

to<s<t to

t
< (t—ty)'E / o pds
to

< (T —to) k225 1R / (2" (s) — " (s)|P + |2"(gs) — 2" (gs)|]ds

to

p P t

< (T—to)p_lkf22/ E sup |2"(0) — 2" (o) [Pds. (16)
to 0<o<s

Now, using the Burkholder-Davis-Gundy inequality and Holder inequality,

we get

s

E( sup |

to<s<t to

95" dw,|?)

11



< ¢FE / 19" 2ds) % < e, (t — to)? 1E/ | Pds
< (T —to) i hf2t / E sup [i"(0) — " o)Pds.  (17)
to to<o<s

Similar to (9), by the Kunita’s first inequality, Hdlder inequality, we have

( sup \/ /h”” "N, (do, du)P)
t0<s<t

< B(sw | / / B Ky (do, du) + / / B (du)do?)
t0<s<t to JU

< gF sup |z"(o ~L(o)|Pds, (18)

B to<o<s

where cg = 237?_114;2g [Dp(T —t0)2 1+ (m(U))2 (T —t)P~'] + 2P Dyky. Inserting
(16)-(18) into (15), it follows that
¢
E( sup |2"(s) — 2"(s)|P) < 09/ E( sup |2"(c) — 2" (o)[P)ds, (19)
to<s<t to to<o<s
where ¢y = 37’_1161%2%[(T —t0)2 ey + (T — o) 1] + 37 1cg. Setting i, (t) =
E sup |z"TY(s) — 2™(s)|P, we have

to<s<t
t t S1
09/ ©n-1(51)ds; SCg/ d81/ On—2(52)dsy
to 0 to

t S1 Sp—1
cg/ dsl/ dss - - / ©o(Sn)dsy. (20)
to to to

Using the Burkholder-Davis-Gundy inequality inequality, Holder inequality
and (H2), we have

IN

©n(t)

IN

IN

po(t) = E sup |z'(s) —2°(s)|” < M. (21)

to<s<t

Substituting (21) into (20) and integrating the right hand side, we obtain
that

B sup 27 (s) — a"(s)p) < LLLoll Zto)"

to<s<t n!

(22)

12



For (22), taking t = T,

B sup () — on(e)p) < LT f))"

to<t<T n!
Then using the Chebyshev inequality, one gets
1

P( sup [a""H (1) —a"(t)] > o7)
to<t<T
11 ! 11
< P mrlgsl > ——) + P( su gV dw,| > = —
< <|/ o] > o)+ P(sup | [ et > S50
n,n—1 11
( sup | h Nj(ds,du)| > =—)
t0<t<T 32
¢
< 3p2”p(t—t0)p_1E / FrrLPds + 3727 E sup | [ grnduw, P
to<t<T  J1,
+3P2"PE sup |/ /h"" "N, (ds, du)|P. (23)
to<t<T

By a straightforward computation, there exists a positive constant C' such
that

1

P( sup [¢"¥1(8) ~ 2(8)] > )
to<t<T
T
CM(co(T —tg))"
< C’/ E sup |2"(s) — 2" 1(s)|Pdt < (<ol 0)) (24)
to  to<s<t n!
For any t¢ € [ty,T], (24) implies that
1
Sl oP( sup [a"TH(t) —a"(t)] > =) < o0.
to<t<T 2
By the Borel-Cantelli lemma, we have
1
P(limsup sup |2""'(t) —2"(t)| < 2—n) =1 (25)

n—oo  to<t<T

That is, there exists a set Q € F with P(2) = 1 and a positive integer
ng = ng(w) such that for almost all w € €2, we have

1
sup |z"TH(t) — 2" (t)] < o whenever n > ng(w).
to<t<T

13



This implies {2"(t) },—1 2. is a Cauchy sequence on [ty, T'| under sup |.|. How-
ever, the space D([ty, T], R™) is not a complete space under sup |.| and we can-
not get the limit of the sequence {z"(t)},>1. So, we need to introduce a met-
ric to make the space D([to, T], R") complete. For any x,y € D([ty, T], R"),
Billing [48] gives the following metric

)‘(t) B )‘(S) |}7

d(z,y) = inf{ sup |z, —yr\p| + sup |log
AEA 4o <t<T to<s<t<T

where A = {\ = \(¢) : A is strictly increasing, continuous on ¢ € [ty, T], such
that A\(tg) = to, A(T') = T'}. Thus, we have that (D([ty,T]), R™) is a complete
metric space. Taking A\(¢) = ¢, we can see {z"(t)},>1 is a cauchy sequence
under d(.,.). So the proof is complete.

Proof of Theorem 3.1 Uniqueness. Let z(t) and y(t) be two solu-
tions of equation (3). Then, by the Burkholder-Davis-Gundy inequality, the
Kunita’s first inequality and Holder inequality, we have

E sup |z(s) —y(s)]P < C’/ sup |z(u) — y(u)Pds.
to<s<t to to<u<s

Therefore, the Gronwall inequality implies,

E sup |xz(s) —y(s)|P =0, te€[to,T).

to<s<t

The above expression means that x(t) = y(t) for all ¢ € [ty,T]. Therefore,
for all t € [to, T, z(t) = y(t) a.s

Existence. We derive from Lemma 3.2 that {2"(t)},=12.. is a Cauchy
sequence in D([ty, T], R"). Hence there exists a unique z(t) € D([to,T], R")
such that d(z"(.),z(.)) — 0 as n — oo. For all t € [ty,T], taking limits on
both sides of (4) and letting n — oo, we can show that z(t) is a solution of
equation (3). On the other hand, similar to the proof of lemma 3.1, we can
easily obtain that

Elz(t)|P < C, forallty<t<T,

where C'is a constant. Therefore,

E/T|:c(t)]”dt < C(T—t) < o0

to

14



That is z(t) € MP([ty, T]; R"). So the proof of Theorem 3.1 is complete.

Next, we relax the Lipschitz condition (H1) and replace them by the fol-
lowing local Lipschitz condition.

(H3) For each t € [ty,T] and p > 2, there exists a positive constant k,
such that
|f(t w1, y0)—f (w2, 92) |2V g (8 20, 51)=0(E, @2, yo) P <k (|21—22]* Hy1—0a ),

(/mmbm7 s o w)Pe(du) < kel — 2al? Hyn — val).

for all zq,y1, z2,y2 € R™ with |z1| V |y1| V |22| V |y2] < n.
Then Theorem 3.1 can be generalized as Theorem 3.2.

Theorem 3.2 Let conditions (H2), (H3) hold, then equation (3) has a
unique solution z(t) on [tg, T.

Proof: For each n > 1, define the truncation function
(( ftzy), if [z]Vy<n,

o ), if fel ALyl >,

(

(

fn(t,x,y) = (26)

] | Y]
f(t, x, | |) if |z| <nand |yl > n,
Flt

y), if x| >nand ly| <mn,

|z
and gn(t,x,y),hn(w,y,u) similarly. Then f,, gn, h, satisfy conditions (H1)

and (H2). Let f(t) = fu(t, 2a(t), 2 (qt)), gn(t) = gn(t, 2n(t), 2n(qt)), hn(t, u) =
hy(zn(t), x,(qt), w). By Theorem 3.1, we have that equation

T (t /fn ds+/ gn(s)dws + // (s,u)Nj(ds, du)(27)

has a unique solution z,(t), moreover, z,(t) € MP([ty, T|; R"). Of course,
Zp41(t) is the unique solution of equation

T (t) = <p(t)—|—/t an(s)ds—l—/t gn+1(5)dws+/t /Uhnﬂ(s,u)Np(ds,du).
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and x,41(t) € MP([to,T]; R"). For any fixed n > 1, define the stopping time
Tn =T Ninf{t € [to,T] : |z, (t)| V |z, (qt)| > n}.

Taking the expectation on 7, (t) = |z,41(t) — z,(t)|?, we have

E sup |ry(s)[” < 37UE sup | [ [fa41(0)) = fulo)]dol?
to<s<t to<s<t Jtg

+E sup | [Gnt1(0) = gn(o)]dw,|?

to<s<t to

+E sup | / [ Ivis(,0) = oo )Nyt )
to<s<t

3N + T, + Is). (28)

By the Holder inequality and rearranging the terms on the right-hand side
by plus-and minus technique, we get

T < (t-ty)'E / Fara(s) — fuls)Pds

< (@t —to)'E / fasr(5) = Fua (5, 2(5), 2a(a9))
(5, 2a(s), 2nlq5)) — fuls)P)ds. (20)

Using the Burkholder-Davis-Gundy inequality inequality, the Kunita’s first
inequality and the Holder inequality again, it follows that

t
T, < o / (g (5) — gu(s)|2ds)
to
t
< ot =) E [ lgals) - gulo)ds
to

< gt —tg)3 2P IE/t [lgn11(5) = gni1(s, Tn(s), 2n(gs))|?

+|gn11(s, 2n(5), 2n(g5)) = gn(s)["lds. (30)

and

T, < (AT — )P ' w(U)EE / [ / i (5.10) — ho(s, )P () B



[NJiS)

4P 1D;O{E/t0/]hn+1 5.10) — B, u) P (du)ds]
/to / n1(s,w) = (s, w) [P (du)ds]}

IN

(AT — 1)) MWWEL%ﬁWm@W—MM%@%M$WF
21 (n(5), Tn(g5), ) — (s, 0) ()] s

L2 1D, E| /t /U st (5,11) — hoy1 (T (5), 2n(g5), 1)

4201 (2(8), n(qs), u) — hp(s,u)|*)7(du)ds]
+ﬂ”&£[iﬂmmmmo—mﬂm@x%@amw

b1 (5(5), Tn(05), ©) — (s, )P (du)ds. (31)
Combing (29)-(31) together, it follows that

E sup |ru(s)|?

< m@—mw*E/lm4ﬂ—nH@Lw>%@mw
+m4mm@%w Fuls)P)ds
L6 e, (T — 10)h /mm — Gt (5, 20(5), 20 (q5))”
g (0,2 (5) 2(05) = g )P
HOT = )P (U [ 1] @l (6,0) = B o), (gs), )
21 (5(5), 20(05), ) — ha(s, W) e(du)]Eds
6ﬂD@L/wau a1 (@(5), 7(a5), W)
21 (2(5), 20(05), ) — (s, )P w(du)ds]
127 D,8 [ [ hos(510) = s o) ) )
+hpi1 (20 (8), 2,(q8), u) — hyp(s,w)|P)m(du)ds. (32)

17



For tg <t < 7,, we have

fra (6 2 (t), 2n(qt)) = fult) = f(E 2a(t), 2n(qt)),
gn-i-l( ?'xn(t) ((] g ),iCn(qt)),
h1 (2n(t), 2n(qt), u) = ( U)Zh( () zn(qt), u). (33)

By (33), we get from (32),
E sup |ry(s)]?

to<s<t

< (G(T—to))plE/ | fas1(8) = far1(s,2n(s), 2u(gs))[Pds
L6 ey (T — 1)5 B / 1941(5) = Gnsa (5, 2u(5), 2a(gs)) Pdls

+(6(T — to))P 2n(U / /|hn+1 S, u)
~Pn 1 (wn(8), 2 (g5), ) P (du)] 2d
R N A hnH(xn(s),xn(qsxu>|2w<du>dsﬁ

t
_|_12P—1DPE/ / |ht1(8,0) = hog1 (2n(s), Tn(gs), w) [P (du)ds.
to JU

By the local Lipschitz condition (H3) and the basic inequality |a + b7 <
20=1(JalP + |b|P), we have

E swp |ra(s)lP < CE / ()P + [ralgs))IP)ds

to<s<t to

t
< 20/ E sup |r,(o0)|Pds,
¢

o to<o<s

where C' = (12(T — t9))?~ Y (k,m(du))? + 12°72D,[(k, (T — t0))% + k,]. Thus,
the Gronwall inequality implies that

E sup ‘$n+1(8) - In(S)lp - 07 tO S 13 S Tn-
to<s<t

Therefore we obtain that
Tn1(t) = xp(t), for t € [to, Tnl. (34)

18



It then deduced that 7, is increasing, that is as n — oo, 7, T 1" a.s. By the
linear growth condition (H2), for almost all w € €, there exists an integer
no = no(w) such that 7, = T as n > ng. Now define z(t) by z(t) = x,,(t)
for t € [to, T]. Next to verify that x(¢) is a solution of equation (3). By (34),
z(t AN 1n) = z,(t AT,), and by (27), it follows that

wiaT) = / " (s)ds + / M (5w,

tATn
/ / (s, u)Np(ds, du)

= / " f(s,z(s),z(q s))ds+/ " g(s,z(s), x(gs))dws

to

/ o / )N, (ds, du).

Letting n — oo, then yields

z(tANT) = / f(s,z(s),z(q s))ds+/ g(s,x(s), x(gs))dws

/ - / W)N(ds, du).

(1) / s ats)aas)ds + [ gls,2(5)lgs)idu

to

i / / B (s), 2(gs), u)Np(ds, du).

we can see that x(t) is the solution of equation (3) and z(t) € MP([to, T]; R").
The existence of solution to equation (3) is complete. By stopping our pro-
cess, uniqueness is obtained. The proof is complete.

That is

4. Asymptotic estimations for solutions

In this section, we will study the exponential estimate of solution to equa-
tion (3).
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According to the definition of Ny(dt, du) := Ny(dt, du) — 7(du)dt, we can
rewrite equation (2) as the following equation

de(t) = F(t,x(t),z(qt),u)dt + g(t,x(t), z(qt))dw,

+ /U Ba(t), 2(qt), ) Ny(dt, du), (35)

where F(t,z(t), z(qt),u) = f(t,z(t),z(qt)) + [, h(z(t), z(qt), u)m(du).

Let C*(R"x Ry, R, ) denote the family of all nonnegative functions V (z, t)
on R™ x R, which are continuously twice differentiable in x. For each V' &€

C?*(R™ x Ry, R,), define an operator LV from R" x R" x R, to R by

1
—|—§tmce[gT (t, 7, y)Vau(z,t)g(t, 7, v)]

+ / V(z+ h(z,y,u),t) — V(x,t) — Vi(x,t)h(z,y,u)|m(du), (36)
U

where
~ OV(x,1) 0V (x,1) oV (x,t
‘/;g(l',t) - 8t 9 ‘/x(xat) - ( 8x1 ) 9 8$n )7
2
Vio(, 1) = (M

83:18%» )n><n-

First, we establish the p-th exponential estimations of solution to equation

(3).

Theorem 4.1 Let {z(t),ty <t < T} be a solution of equation (3) whose
coefficients satisfy conditions (H1), (H2). Then, for any p > 2, there exist
two constants M;, M, such that

E sup |z(s)P < [2(1+ Bllgl[”) + Mi(T — to)]e= ). (37)

to<s<t

Proof: Let V(t,z(t)) = 14 |z(¢)|P, then Vi(¢,z(t)) = 0. Applying the Ito
formula to V (¢, z(t)), we obtain

V(t,z(t)) = V(to, z(to)) +/ LV (x(s),z(gs), s)ds

to

20



+/V@x@mwm><@m%

// ,x(gs),u), 5) =V (x(s), 8)|Ny(ds, du). (38)

Let fo = f(t,2(t),z(qt), g = g(t,x(t), 2(qt)), Mo = M(x(t), 2(qt), u), Fru =
fe+ fU him(du). By (38), we obtain that

Lt = Lt alto) +p [ ) a(s). Fru)ds
ryp [ 1eto P%ﬁd+“}”lﬁmWﬂm@%ww

+g/m ()P ((s), goduws)

+[ L«Lum@+mmw—u+uwwwﬂw@W*u@»mwwumw
+/t /U{(H |2(8) + hewl?) — (14 |2(s)|P)} Ny (ds, du).

Taking expectation on 1+ |z(¢)|? and using the basic inequality 2ab < a?+ b,
we have

E sup (1+ |x(s)[")

to<s<t

< 14 Bl + E/ 2 (s)[Pds + E/ (2 (s) P2 F.0[2ds

()" *]gs|*ds

+pE sup Izr( )P (2(0), godw,y)

to<s<t Jtg

+pE sup / /|x )P( how) Np(do, du)
to

to<s<t

+Etsigt/t /{!JJ )+ houl” = |z(0) P
—plz(0) P2 (2(0), how) } Np(do, du)

< 1+E||<p]|p+§E/ (8)Pds + Ty + To+ Ts + To+ Ts. (39)
to
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Let us estimate J;. By the Young inequality, we have
p.p— 9 t 9 t
5 o< bP=2p / w(s)Pds + 2 / IF|Pds. (40)
2 p to p to
Using the basic inequality and (H2), we obtain

t t
E/ |FsulPds < clo(T—t0)+2clo/ E sup |z(o)Pds].  (41)
to

to top<o<s

where ¢19 = 2?’_13%’1[121g + (Lyw(U))%]. Then, we get

—9 t
T < el —t0) + 252 4 20 / E sw |a(o)Pds.  (42)
to

0<0o<s

Similarly, we obtain that

-9 t
T < enlT o) + 252 4 2e] / E sw |a(o)Pds,  (43)
to

0<0<s

where ¢;; = (p~—1)L1g3§_1. Let us estimate J5. Since Nj(dt, du) = Ny(dt, du)+
m(du)dt and Nj(dt,du) is a martingale, it follows that

S = E/ /U{Ix<s>+hs,u|p—|x<s>|p—p|z<s>|p-2<w<s>,hs,u>}w<du>ds.<44>
We note that it has the form
E / / (F((3) 4 haw) — Fa(5)) — F/(2(3))hen}m(du)ds,

where f(z) = |z|P. Using the Taylor formula, there exists a positive constant
M, (p > 2) such that

f@(s) + hew) = f(2(s)) = f'(x(s)) hs
= [a(s) + hsul” = |2(s)I” = pla(s) P (2(s), hsu)
< Mplla(s) + hsul” | hsul® + [hsul”]. (45)
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Thus, using the basic inequality |a + b|P~2 < 2P73(|a|P~2 + |b|P~2), the Young
inequality and (H2), we obtain that

t
Js < ME / / [2(5) + ho[P 2 hsnl? + | ul?]7(du)ds
tg JU

p=2_ [
< Mp2p_3—E//|x(s)|p7r(du)ds
b
+M,[2P~ 3(1+ / /\hsuypw (du)d

M, 2P~ 3p / |z(s)|Pds

IN

M [ 3(1+2)+1]L2E/ (1+ |2(s)? + |2(gs)[P)ds

to

t
< Clg(T—tQ)—l—Clg/ E sup |z(o)Pds. (46)

to to<o<s

where c1p = M,[2773(1+ 127) +1]Ly and ¢13 = Mp2p*37%27r(U) +2M,[2P73(1+
%) + 1] L. For the estimation of J3, by the Burkholder-Davis-Gundy inequal-
ity, we have

T < 3pE / ()| 2]g, [*ds]
< 3pE[ sup |2(s)]"( / 2(s) [P gu[2ds)] .
to<s<t

For any €; > 0, the Young inequality implies that

Js < 3pletE sup |z(s) /|33 P2 gs] st)]%
to<s<t
3peq p 329 p=2, |2
< E sup |z(s)|P + —F |1‘(5)| |gs|"ds
2 to<s<t 2e4 to
3 T —t¢ p
< g qup fos)p+ L) (3r,)8
2 fo<s<t €1
3p—2) 2 oo (1
22D 2t [ B s felollas. (4
281 &1 to to<o<s



Let 1 = 6ip, it follows from (47) that

1 P
Js < —E sup |x(s)[P+6p(3L1)2(T — to)

4 jo<s<t

t
+cl4/ E sup |z(o)|Pds. (48)
to

to<o<s

where ¢14 = 9p(p — 2) + 12p(3Ly1)2. Finally, we will give the estimate of
Ji. By applying the Burkholder-Davis-Gundy inequality again, there exists
a positive constant ¢, such that

Ji < p@iw[’[]x@n%%mﬂﬁwwwMQ%
< p&El sup |x(s)|P( /t /U 12(8)|P 2| g, |27 (dur)ds)] 2.

to<s<t

Further, using the Young inequality again, we have for any e, > 0

i < vt swp [o(s)PE //MPWWUMM5

to<s<t

< P25 sup \x(s)iuﬁfz / / ()2 g () ds

to<s<t
< P2 sup oo + B2 /ﬁﬁwm
2 to<s<t 2¢5
9 t
+2E / / (B u|Pe(dut)ds]
vy o ~
< P&ez sup |x(5)]p+@L2(T—t0)
to<s<t €2
Cp(p — 2)m(U 2¢ t
+[M+&L2]/ E sup |z(o)|Pds. (49)
2¢e9 €9 o to<o<s
Let 5 = 2 =, we obtain that
1 t
Ji < S E sup [z(s)["+ 2275,29L2(T—t0)+015/ E sup |z(0)["ds, (50)
4 <<t ty to<o<s
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where ci5 = p(p — 2)&7m(U) 4 2pé. L. Combing J; — J5 and (39) together,
we have

E sup (1+]x(s)]") < 2(1+4 Elfel]) + My (T — to)

to<s<t

t
+M2/ E sup (1+ |z(0)|P)ds,
to

0<0o<s

where
M; = 2[eig+ i+ cia + 6p(3L1) " + 2P5327L2],

3
M, = 2(?]) — 2+ 2¢10 + 2¢11 + 13 + c1a + 15).

Therefore, we apply the Gronwall inequality to get
E sup (1+z(s)P) < [2(1+ E|lgl[") + Mi(T — to)]e> 1),
<s<

to<s<t

This completes the proof.

The next result shows that exponential estimations implies almost surely
asymptotic estimations, and we give an upper bound for the sample Lya-
punov exponent.

Theorem 4.2 Under conditions (H1), (H2), we have
1
lim sup ;log[x(t)] <1+ 78L; + (2447 (U) +82)La,  a.s. (51)

t—o00

That is, the sample Lyapunov exponent of the solution should not be greater
than 1+ 78L; + (2 + 4m(U) + 8¢3) Ls.

Proof: For each n =1,2, ..., it follows from Theorem 4.1 (taking p = 2)
that

E( sup  Jx(t)]}) < B,
to-+n—1<t<to+n

where 8 = 2(1 + E||¢|[*) + 2[39L; + (1 + 27(U) + 4¢3) Lo)(T — to) and v =
2[1 4+ 78Ly + (2 + 4w (U) + 8¢%)L,y]. Hence, for any € > 0, by the chebysher
inequality, it follows that

P{w: sup lz(t)> > 0TI} < Bemen,
to+n—1<t<to+n
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Since X022 ;fe™*" < oo, by Borel-Cantelli lemma, we deduce that, there exists
a integer ng such that

sup lz(t)]? < et a5 n > n.
to+n—1<t<to+n

Thus, for almost all w € Q, if to+n—1 <t <ty+n and n > ng, then

Hogla(1)| = Ltog(a(t)f?) < o (52)

B Z(to +n— 1) .
Taking lim sup in (52) leads to almost surely exponential estimate, that is,

1
lim sup ;log|x(t)| < WT_‘—E =1+78L; + (2+47(U) +85)La,  a.s.

t—o00

Required assertion (51) follows because € > 0 is arbitrary.
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