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MSC: In this article, we present various new results on Cauchy tensors and Hankel tensors. We first
90C30 introduce the concept of generalized Cauchy tensors which extends Cauchy tensors in the
15A06 current literature, and provide several conditions characterizing positive semi-definiteness of
Keywords: generalized Cauchy tensors with nonzero entries. Furthermore, we prove that all even order
Generalized Cauchy tensor generalized Cauchy tensors with positive entries are completely positive tensors, which means
SOS tensor every such that generalized Cauchy tensor can be decomposed as the sum of nonnegative
Hankel tensor rank-1 tensors. We also establish that all the H-eigenvalues of nonnegative Cauchy tensors
Positive semi-definiteness are nonnegative. Secondly, we present new mathematical properties of Hankel tensors. We
H-eigenvalue prove that an even order Hankel tensor is Vandermonde positive semi-definite if and only if

its associated plane tensor is positive semi-definite. We also show that, if the Vandermonde
rank of a Hankel tensor A is less than the dimension of the underlying space, then positive
semi-definiteness of A is equivalent to the fact that A is a complete Hankel tensor, and so, is
further equivalent to the SOS property of A. Thirdly, we introduce a new class of structured
tensors called Cauchy-Hankel tensors, which is a special case of Cauchy tensors and Hankel
tensors simultaneously. Sufficient and necessary conditions are established for an even order
Cauchy-Hankel tensor to be positive definite.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let R" be the n dimensional real Euclidean space. Denote the sets of all natural numbers by N. Suppose m,n € N, m,n > 2 and
denote [n] = {1, 2, ..., n}. It should be noted in advance, we always consider real order m dimension n tensors in this paper.

Tensors (or sometimes called hypermatrices) are the multi-array extensions of matrices. It was recently demonstrated in [13]
that most of the problems associated with tensors are, in general, NP-hard. So, it motivates researchers to study tensors with
special structure i.e. structured tensors. In the last two or three years, a lot of research papers on structured tensors appeared
[3,4,8,9,12,20,28,29,33,37-39,41]. These include M-tensors, circulant tensors, completely positive tensors, Hankel tensors, Hilbert
tensors, P-tensors, B-tensors and Cauchy tensors. Many interesting properties and meaningful results of structured tensors have
been discovered. For instance, spectral properties of structure tensors, positive definiteness and semi-definiteness of structured
tensors were established. Furthermore, some practical applications of structured tensors were studied such as application in
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stochastic process and data fitting [4,9]. Very recently, authors of [20] studied SOS-Hankel tensors and applied them to the
positive semi-definite tensor completion problem.

Among the various structured tensors we mentioned above, there are two particular interesting classes: Cauchy tensors and
Hankel tensors. The symmetric Cauchy tensors were defined and analyzed in [3]. In the following discussion, we simply refer it
as Cauchy tensors instead of symmetric Cauchy tensors. One of the nice properties of a Cauchy tensor is that its positive semi-
definiteness (or positive definiteness) can be easily verified by the sign of the associated generating vectors. In fact, it was proved
in [3] that an even order Cauchy tensor is positive semi-definite if and only if each of entries of its generating vector is positive,
and an even order Cauchy tensor is positive definite if and only if each entries of its generating vector is positive and mutually
distinct.

Hankel tensors arise from signal processing and data fitting [1,9,25]. As far as we know, the definition of Hankel tensor was
first introduced in [25]. Recently, some easily verifiable structured tensors related to Hankel tensors were also introduced in
[28]. These structured tensors include strong Hankel tensors, complete Hankel tensors and the associated plane tensors that
correspond to underlying Hankel tensors. It was proved that if a Hankel tensor is copositive or an even order Hankel tensor is
positive semi-definite, then the associated plane tensor is copositive or positive semi-definite respectively [28]. Furthermore,
results on positive semi-definiteness of even order strong and complete Hankel tensors were given. However, the relationship
between strong Hankel tensors and complete Hankel tensors was not provided in [28]. Later, in [20], it was shown that complete
Hankel tensors are strong Hankel tensors; while the converse is, in general, not true.

In this paper, we will provide further new results for Cauchy tensors and Hankel tensors which complements the existing
literature. The remainder of this paper is organized as follows. In Section 2, we will first recall some basic notions of tensors are
given such as H-eigenvalues, Z-eigenvalues and positive semi-definite tensors. We will also introduce the notion of Vandermonde
positive semi-definite tensors, which is a special class of positive semi-definite tensors.

In Section 3, we will first introduce the generalized Cauchy tensors which is an extension of the Cauchy tensors in the liter-
ature. Then, we provide complete characterization for positive semi-definite generalized Cauchy tensors with nonzero entries.
We also present sufficient and necessary conditions guaranteeing an even order generalized Cauchy tensor with nonzero entries
to be completely decomposable. After that, it is proven that all even order generalized Cauchy tensors with positive entries are
SOS (sum-of-square) tensors if and only if they are completely positive tensors, which means every generalized Cauchy tensor
with positive entries can be written as a sum of nonnegative rank-1 tensors. Furthermore, we prove that the Hadamard product
of two positive semi-definite Cauchy tensors are still positive semi-definite tensors. And the nonnegativity for H-eigenvalues of
nonnegative Cauchy tensors are testified.

In Section 4, we provide further new properties of Hankel tensors. We prove that the associated plane tensor of an even
order Hankel tensor is positive semi-definite if and only if the Hankel tensor is Vandermonde positive semi-definite. Using this
conclusion, we give an example to show that, for higher dimensional Hankel tensors, the associated plane tensor is positive
semi-definite but the Hankel tensor failed. We also show that, if the Vandermonde rank of a Hankel tensor A is less than the
dimension of the underlying space, then positive semi-definiteness of A is equivalent to the fact that A is a complete Hankel
tensor, and so, is further equivalent to the SOS property of A.

In Section 5, we introduce Cauchy-Hankel tensors, which are natural extensions of Cauchy-Hankel matrices. The class of
Cauchy-Hankel tensors is a subset of Cauchy tensors [3] and Hankel tensors [9,20,28] simultaneously. We provide a checkable
sufficient and necessary condition for an even order Cauchy-Hankel tensor to be positive definite. We also show that an even or-
der Cauchy-Hankel tensor is positive semi-definite if and only if the associated homogeneous polynomial is strict monotonically
increasing on the nonnegative orthant R’} . Some final remarks are provided in Section 6.

Before we end the introduction section, let us make some comments on the symbols that will be used throughout this paper.
Vectors are denoted by italic lowercase letters i.e. x,y, ..., and matrices are denoted by capital letters A, B, .... Suppose e € R"
be all one vectors and let e; denotes the ith unite coordinate vector in R". We use bold letters 0 € R" to denote zero vector.
Tensors are written as calligraphic capitals such as A, T, .... Let Z denote the real identity tensor. For x = (X1, Xy, ..., xp) .y =
(V1.¥2.....yn)T € R", thenx >y (x < y) means x; > y; (x; <y;) for all i € [n]. xl™] is defined by (x™, X xmT,

2. Preliminaries

A real tensor with order m and dimension n is defined by A = (a;,;,. i, ), ij € [n], j € [m]. If the entries q; ;,_ ;, are invariant
under any permutation of the subscripts, then tensor A is called symmetric tensor. Let X = (X1, X3, ..., X)T € R™. The two forms
below will be used in the following analysis frequently:

n
n

Z Qiiy..inXiy - - - Xiy ;

in,i3,...,im=1 i=1

Axmfl

n
.AXm = Z ail,»zujmxhx,»z .. AX,'m.
1,9 im=1
Denote R, = {x € R"[x > 0}. If Ax™ > 0 for all x € R", then A is called copositive. An even order m dimension n tensor A is
called positive semi-definite if for any vector x € R", it satisfies .Ax™ > 0. Tensor A is called positive definite if Ax™ > 0 for all
nonzero vectors x € R", From the definition, it is easy to see that, for a positive semi-definite tensor, its order m must be an even
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number. Therefore, in the following analysis, we always assume the order of the tensor is even when we consider a positive
semi-definite tensor.

We call u € R" a Vandermonde vector if u = (1, i, u2, ..., W™ 1T € R" for some u € R. If Au™ > 0 for all Vandermonde
vectors u € R", then we say that tensor A is Vandermonde positive semi-definite. [t's obvious that positive semi-definite tensors
are always Vandermonde positive semi-definite, but not vice versa.

Next, we recall the definitions of eigenvalues of tensors.

Definition 2.1. Let A be a symmetric tensor with order m and dimension n. We say A € R is a Z-eigenvalue of A and x € R™"\ {0}
is an Z-eigenvector corresponding to A if (x, A) satisfies

Axm=1 = )x,
xTx=1.
Moreover, we say X € R is an H-eigenvalue of .4 and x € R™"\ {0} is an H-eigenvector corresponding to A if (x, A) satisfies
AXm—l — }\x[m—l]’
where x(M=11 = (x1=1, . xm-H)T e R,

The definitions of Z-eigenvalue and H-eigenvalue were introduced by Qi in [27]. Independently, Lim [24] also gave the defini-
tions via a variational approach and established an interesting Perron-Frobenius theorem for tensors with nonnegative entries.
From [27] and [5], both Z-eigenvalues and H-eigenvalues for an even order symmetric tensor always exist. Moreover, from the
definitions, we can see that finding an H-eigenvalue of a symmetric tensor is equivalent to solving a homogeneous polynomial
equation while calculating a Z-eigenvalue is equivalent to solving nonhomogeneous polynomial equations. In general, the behav-
iors of Z-eigenvalues and H-eigenvalues can be quite different. For example, a diagonal symmetric tensor .4 has exactly n many
H-eigenvalues and may have more than n Z-eigenvalues (for more details see [27]). Recently, a lot of researchers have devoted
themselves to the study of eigenvalue problems of symmetric tensors and have found important applications in diverse areas
including spectral hypergraph theory [7,23], dynamical control [31], medical image science [22,32] and signal processing [17].

3. SOS properties and complete positivity of even order generalized Cauchy tensors

Symmetric Cauchy tensors was first studied in [3]. Some checkable sufficient and necessary conditions for an even order
symmetric Cauchy tensor to be positive semi-definite or positive definite were provided in [3], which extends the matrix cases
established in [10].

Definition 3.1 [3]. Letc = (¢1,¢p,...,cn)T € R™ Let a real tensor C = (Ciyiy...iy ) be defined by

1 . .
Cii j = c|m],i; € [n]. 3.1
I e A LI U (3.1)

Then, we say that C is a symmetric Cauchy tensor with order m and dimension n. The corresponding vector ¢ € R" is called the
generating vector of C.

Now, given two vectors ¢ = (c1,C,....cn)T, d =(dy.d;,....dy)T € R Consider the generalized Cauchy tensor C =
(Ciyiy...iy ) With order m dimension n, where
d; di, ... d;,

Citiy.im = Cn"‘crz‘*‘—‘f'crm’ lj e [n], jelm].
For the sake of simplicity, we call vectors c, d the generating vectors of the generalized Cauchy tensor C. In the special case
when d; = 1, i € [n], a generalized Cauchy tensor reduces to a Cauchy tensor defined in Definition 3.1. In the case when m = 2,
a generalized Cauchy tensor collapses to a symmetric generalized Cauchy matrix [26]. We also note that every rank-one tensor
with the form u™ for some u € R" is, in particular, a generalized Cauchy tensor.

Define Cauchy tensor C = (Ci, iy,...im ) Where

1

G j=————— i:=1,....n, j=1,...,m.
iy,0ip,...0m Ci1 +Ci2+"'+cim Jj

It is easy to see for any x € R", we have

cxXm = cy™,
where y € R" with y; = d;x; fori =1, ..., n. By Theorems 2.1 and 2.3 of 3], one may easily conclude that the generalized Cauchy
tensor C is positive semi-definite if and only if d; =0,¢; #20 or d; # 0, ¢; > 0, i € [n] and C is positive definite if and only if
C1,Cy, ..., Cy are positive real number and mutually distinct,and d; #0,i=1,...,n.

In this section, we mainly characterize SOS (sum-of-squares) properties and completely positiveness of even order general-
ized Cauchy tensors with nonzero entries. Before giving the main results, we briefly recall the definitions of SOS tensors and
completely positive tensors.
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SOS tensors are first defined in [14]. The definition of SOS tensors relies on the celebrated concept of SOS polynomials, which
is a fundamental concept in polynomial optimization theory [14,15,18,19,34|. Assume A is an order m dimension n symmetric
tensor. Let m = 2k be an even number. If

fx) = AX™ x e R"

can be decomposed to the sum of squares of polynomials of degree k, then fis called a sum-of-squares (SOS) polynomial, and
the corresponding symmetric tensor A is called an SOS tensor [ 14]. From the definition, any SOS tensor is positive semi-definite.
On the other hand, the converse is not true, in general [14,15]. The importance of studying SOS tensors is that the problem for
determining an even order symmetric tensor is an SOS tensor or not is equivalent to solving a semi-infinite linear programming
problem, which can be done in polynomial time; while determining the positive semi-definiteness of a symmetric tensor is, in
general, NP-hard. Interestingly, it was recently shown in [14] that for a so-called Z-tensor .A where the off-diagonal elements are
all non-positive, A is positive semi-definite if and only if it is a SOS tensor.

Tensor A is called a completely decomposable tensor if there are vectors x; € R", j e [r] such that A can be written as sums
of rank-one tensors generated by the vector x;, that is,

A= Zx']“

Jelr]

Ifx; € R forallj e [r], then Ais called a completely positive tensor [33]. It was shown that a strongly symmetric, hierarchically
dominated nonnegative tensor is a completely positive tensor [33]. It can be directly verified that all even order completely
positive tensors are SOS tensors, and so, are also positive semi-definite tensors. We note that verifying a tensor .4 is a completely
decomposable or not, and finding its explicit rank one decomposition are highly nontrivial. This topic has attracted a lot of
researchers and many important work has been established along this direction. For detailed discussions, see [6,16,33] and the
reference therein.

We now characterize the SOS property and complete decomposability for even order generalized Cauchy tensors with nonzero
entries.

Theorem 3.1. Let C be a generalized Cauchy tensor with even order m and dimension n. Let ¢ = (cy,...,cy)T € R" and d =
(dq,..., dn)T e R™ be the generating vectors of C. Assume d; # 0, i € [n]. Then, the following statements are equivalent:

the generalized Cauchy tensor C is a completely decomposable tensor;

the generalized Cauchy tensor C is an SOS tensor;

the generalized Cauchy tensor C is positive semi-definite;
¢;>0,ie[n].

Proof. Since m is even, by the definitions of completely decomposable tensor, SOS tensor and positive semi-definite tensor, we
can easily obtain (i) = (ii) and (ii) = (iii).
[(iii) = (iv)] LetC be an even order generalized Cauchy tensor which is positive semi-definite. Then

m

ceM =L >0.
mc;

Soc; > 0forallie[n].
[(iv) = (i)] Suppose that ¢; > 0, i € [n]. Then, for any x € R",

" di di, ... d;
fo=cxm= Y Rl x X,
i1,ip,im=1 Ciy Gy + o+ Ciy
n 1
Ci, +Ci ++-4Cipy — 1
= Z (/ tTh m di] diz . d,‘mX,‘IXiz Xy dt)
inigein=1 \’0

n

1
/ Z €+ iy i -1 di1 di2 . d,’mXi] Xi, - .- Xj, dt

m
i1,02,0im=1
m

1/ n :
= / Zt“f‘ﬁdixi dt. (3.2)
0 \i=1
By the definition of Riemann integral, we have

llmZ (X ¢ )C’ mdx)

k— oo
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Let Cj, be the symmetric tensor such that

Cx™ = i (Z?ﬂ%)cf%dm)m

2271

=1
k )Cl m d
j=1 i=1

k

=2 (wx)", (33)

j=1

) a-ad e—mid
u1=<(") : W : ")eR”,j:l,...,k. (3.4)

km km

.

where

Let CDy,, n denote the set consisting of all completely decomposable tensor with order m and dimension n. From [20, Theorem 1],
CDpy, n is a closed convex cone when m is even. It then follows that C = lim,_, ., C; is also a completely decomposable tensor. O

Next, we provide a sufficient and necessary condition for the complete positivity of a generalized Cauchy tensor with nonzero
entries, in terms of its generating vectors.

Theorem 3.2. Let C be a generalized Cauchy tensor defined as in Theorem 3.1 with generating vectors ¢ = (cq,...,cn)T € R and
=(dq.....dy)T € R". Assume d; # 0, i e [n]. Then C is a completely positive tensor if and only if c; > 0 and d; > 0,1 € [n].
Proof. For necessary condition, suppose thatC is a completely positive tensor. Then, for any vector x € R}, we must have Cx™ > 0.

So, Cel" = i#: > 0. This implies that ¢; > 0, i € [n]. To finish the proof, we only need to show d; > 0, i € [n]. To see this, we proceed

by the method of contradiction and suppose that

I:={ie{l,....,n}:d; <0} #0.

Denote r to be the cardinality of I_. Without loss of generality, we assume that I_ = {1,...,r}. Then, d; <0 and d;,1 > 0, and
hence, the (r+1,1,..., 1)th entry of C satisfies
d 1dm 1
Cri11.1 = . <0.

Crp1+ (M —=1)¢

Note that each entry of a completely positive tensor must be a nonnegative number. This makes contradiction, and hence, the
necessary condition follows.
To prove the sufficient condition, from (3.2) and (3.3), we know that

Asc;>0andd; > 0,i € [n], (3.4) implies that u/ € R™, j € [k]. So each C, is a completely positive tensor. Let CPp, , denote the
set consisting of all completely positive tensors with order m and dimension n. From [33], CPp, » is a closed convex cone for any
m, n € N. It then follows that C = lim,_, ., Cj, is also a completely positive tensor. [J

Let A = (aj, i,) and B = (b;
order m dimension n tensor

Ao B = (a;_i,bi i)

iy..im) D€ two real tensors with order m and dimension n. Then their Hadamard product is a real

From Proposition 1 of [33], we know that the Hadamard product of two completely positive tensors is also a completely positive
tensor. So, we have the following conclusion.

Corollary 3.1. Let C; and C, be two positive semi-definite Cauchy tensors. Then the Hadamard product Cq o Cy is also positive semi-
definite.

Next, we have the following theorem on H-eigenvalues of nonnegative Cauchy tensors. By [40], we know that each nonneg-
ative symmetric tensor has at least one H-eigenvalue, which is the largest modulus of its eigenvalues. Here, for nonnegative
Cauchy tensors, all the H-eigenvalues must be nonnegative.

Theorem 3.3. Let C be a nonnegative Cauchy tensor with order m dimension n. Let ¢ = (¢1,Cp, - .., cn)T be the generating vector of
tensor C. Then all H-eigenvalues of Cauchy tensor C are nonnegative.
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Proof. In the case where m is even, since C is nonnegative and the definition of a Cauchy tensor, we have ¢; > 0,i=1,...,n.

From Theorem 2.1 of [3], we know that C is positive semi-definite. Then, Theorem 5 of [27] gives us that all H-eigenvalues of C
are nonnegative.

We now consider the case where m is odd. Let A be an arbitrary H-eigenvalue of C with an H-eigenvector x # 0. By the
definition of H-eigenvalue, it holds that

Xl = (exm™
n
Xi, Xiy - - Xip,

1
(/0 R O o dt)

n

Il
™

I
S—
2
|
-
k)
I
o
K
+
i
o
3
iR
=
S
=
&
S
Q
~

m—1

1 -1
= / ottt
0

This implies that A > 0 since m is odd. Thus, the desired result holds. O

Now, we give an example to verify the result of Theorem 3.3. Here, we only show the nonnegativity of H-eigenvalues for an
odd order nonnegative Cauchy tensor since all even order nonnegative Cauchy tensors are always positive semi-definite [3].

Example 3.1. Let C = (¢;,;,i,) be a nonnegative Cauchy tensor with generating vector ¢ = (1, 1, 2). Then, it has entries such that

1 1
Cin = G2 = 3 (333 = 5 Crz=0xn =0n = 3 C113 = C131 = C311 = g

1 1
Ci22 = C221 =012 = 5, (133 = (331 = (313 = 5 C223 = (232 = (322 = e

1

€233 = (332 = (323 = =, (123 = (132 = (312 = (321 = (231 = (213 = Ve

Ul = W =

By Definition 2.1, to get all H-eigenvalues of C is equivalent to solving the following system:

1 2 1 1 1 1
SX2+ SX1Xo + S X1X3 + oX3 4+ 2X3 4+ SxoX3 = A2

3 3 2 3 5 2

1, 2 1 1, 1, 1 X

— z — _ — — 3.5
3%+ 30X+ 50X+ X+ X5+ S Ax3 (3.5)

1
X3+ =X1Xy = AX3

1, 2 2 1, 1
=X3 + =X1X3 + =X2X3 + —X5 + 5

62"5 5 427 4
Since Cauchy tensor C is nonnegative, it always has H-eigenvalue i.e. the above system at least has a solution A € R. Next, we will

prove that A may not be negative. Without loss of generality, choose one equation from (3.5) such that

1 2 1 1 1 1
§x% + XX+ 5XiXs + §x§ + §x§ + 5XaX3 = X2 (3.6)

It is east to see that the left of the equality in (3.6) is quadratic form and the corresponded symmetric matrix is

BDl= W= W=
Bl= W= W=
Gl = = N =

By direct computation, we obtain that the matrix is positive semi-definite, which implies that

1 2 1 1 1 1
§x$ +3X% + 5X1X5 + §x§ + §x§ + 5 XX = 0, Vx e R3.

Thus, all H-eigenvalues of Cauchy tensor C are nonnegative. [J
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4. Further properties on Hankel tensors

Hankel tensors arise from signal processing and some other applications [1,9,25,28]. Recall that an order m dimension n tensor
A = (aj,i,..i,) is called a Hankel tensor if there is a vector v = (vp, V1, . .., V(n_1)m)T such that

Aisiy..ipy = Viy+igttip—ms Viy, iy, ..., im € [n]. (4.1)

Such a vector v is called the generating vector of Hankel tensor A.
For any k € N, let s(k, m, n) be the number of distinct sets of indices (i1, iz, ..., im), ij € [n],j € [m] such that iy 4+ iy + - - +im —

m = k. For example, s(0,m,n) =1,s(1,m,n) =m,s(2,m,n) = W Suppose P = (p,-l,zz‘__,-(nfl)m) is an order (n — 1)m dimen-
sion 2 tensor defined by

s(k,m,n)v,

pi1 i lg-ym — W ’

where k =ij +iy 4 +i(p_1)m — (n — 1)m. Then tensor P is called the associated plane tensor of Hankel tensor A. Whenn = 2,
it is obvious that P = A.

In [28], it was proved that, if a Hankel tensor is copositive, then its associated plane tensor P is copositive and the associated
plane tensor is positive semi-definite if the Hankel tensor is positive semi-definite. Since the associated plane tensor P has
dimension 2, we can use the Z-eigenvalue method in [30] to check its positive semi-definiteness (alternatively, noting that any
2-dimensional symmetric tensor is positive semi-definite if and only if it is a sums-of-squares tensor, we can also verify the
positive semi-definiteness of the associated plane tensor by solving a semi-definite programming problem). Thus, the positive
semi-definiteness of the associated plane tensor is a checkable necessary condition for the positive semi-definiteness of even
order Hankel tensors (see more discussion in [28]). This naturally raises the following questions: Can these necessary conditions
be also sufficient? If not, are there any concrete counter-examples?

We first present a result stating that the positive semi-definiteness of the associated plane tensor is equivalent to the Vander-
monde positive semi-definiteness of the original Hankel tensor.

Theorem 4.1. Let A be a Hankel tensor defined as in (4.1) with an even order m. Then, the associated plane tensor P is positive
semi-definite if and only if A is Vandermonde positive semi-definite.

Proof. For necessary condition, letu = (1, w, 2, ..., u™ 1T e R" be an arbitrary Vandermonde vector. If i = 0, then we have
Au™ = Z Qi iy..ip Uiy Uiy, - - - U, = Vo. (42)
1,1, imeln]

By our assumption, for y = (1,0)T € R?, it follows that

Py(n_l)m = Z pi1i2.4,i(,,,1)myi1yiz o '-yi(n—l)m =V = 0

i1,0g,eni(no1)me€[2]
Combining this with (4.2), we obtain
Au™ > 0. (4.3)
If u # 0, there exist y1, y, € R\{0} such that u = i’,—f Lety = (y1.y2)T € R%. Then, we have
pyn-bm — Z Piviy ip_ymYirYi2 - Yigpoiym

i1.ig, o in_1ym€[2]

4

 ehm ("X%m (n—1)ym\ sk, m,n)v

=Y k 4((,171)",) 1%
k=0 k

_ ygn—l)mAum

> 0.

By (4.3) and the fact that m is even, for all Vandermonde vectors u € R", it follows that
Au™ > 0,

which implies Hankel tensor .4 is Vandermonde positive semi-definite.
For sufficiency, let y = (y7,y2)T € R2. We now verify that Py(=1Dm > 0, To see this, we first consider the case where y; # 0.
In this case, letu = (1, w, u2, ..., u™HT € R", where u = ;,’—f From the analysis above, we have

py@-bm — ym=bm gym > (4.4)

since m is even and A is Vandermonde positive semi-definite.
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On the other hand, ify = (y7.y,)T € R withy; =0, thenwelety. = (€.y,)T e RZandu = (1, 0. 2, ..., uHT ¢ R" where
=% €>0.By(44), we have
Py=bm — e=Dm gym >
Combining this with the fact that € — Pyé"fl)m is a continuous mapping, it follows that

pyn-DHm _ lim py=bm > g,
PN

This then implies that plane tensor P is positive semi-definite and the desired result holds. O

Below, we provide an example illustrating that a Hankel tensor which is Vandermonde positive semi-definite need not to be
positive semi-definite. This example together with Theorem 4.1, also implies that the positive semi-definiteness of the associate
plane tensor is not sufficient for positive semi-definiteness of the Hankel tensor.

Example 4.1. Let A be a Hankel tensor with order m = 4 and dimension n = 3. Let the generating vector of A be vy =1,v; =

1,15, =1andv3 =v4=---=vg =0.So, forany u = (1, ., u?)T e R3,
Au* = Z i, iyigiy Uiy Ui, Ujy Ui,
ih.i.05.04€[3]
k=8
=Y s(k.4.3)yuk
k=0

Vo + 4U1/L + ]01)2/1,2
1—4pu+10u%>0

for all ;© € R. By Theorem 4.1, we know that the associated plane tensor P is positive semi-definite. We now verify that A is not
positive semi-definite. To see this, let x = (1,1, —1)T, then,

A= D Vg% X X Xi,
iy.bp.iz.dae(3]

VoX] 4 4v1X3%y 4 12 (6X3X% + 4x3x3)
= x} —4x3x; 4 (6x3x3 + 4x3x3)
—1-446-4=-1<0,

which implies that Hankel tensor A is not positive semi-definite. [J

The following example shows that the the copositivity of the associated plane tensor is also not sufficient for the copositivity
of the Hankel tensor, in general.

Example 4.2. Let A be a Hankel tensor with order m = 4 and dimension n = 3. Let the generating vector of A be vg =1,v; =
~lLy=3.13=v4=--=vg=0.Letx = (1, 1,0)7. Then, we have
1

AX4=—Z<O,

which implies that Hankel tensor .4 is not copositive. On the other hand, it holds that
Aut=1-4u+5u%2>0

for any Vandermonde vector u = (1, ., u%2)T € R3. By Theorem 4.1, the associated plane tensor P is positive semi-definite. Thus,
P is copositive. 0

A special class of Hankel tensor is the complete Hankel tensors. To recall the definition of a complete Hankel tensor, we note
that, for a Hankel tensor A with order m dimension n, if

A=) o (up)™, (4.5)
k=1

where o € R, o # 0, wy = (1, pay. 12, ... )T € R™ k=1.2,....r, for some ju; # p; for i # j, then, we say A has a Van-
dermonde decomposition. The corresponding vector uy, k=1, ..., r are called Vandermonde vectors and the minimum value
of r is called Vandermonde rank of 4 [28]. From Theorem 3 of [28], we know that A is a Hankel tensor if and only if it has a
Vandermonde decomposition (4.5). If o, > O for k € [r] in (4.5), then A is called a complete Hankel tensor.

In [28], it is proved that an even order complete Hankel tensor is positive semi-definite. Moreover, examples were also pre-
sented to show that the converse is, in general, not true. Here, in the following theorem, we show that if the Vandermonde rank
of a Hankel tensor A is less than the dimension of the underlying space, then positive semi-definiteness of A is equivalent to the
fact that A is a complete Hankel tensor, and so, is further equivalent to the SOS property of A.
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Theorem 4.2. Let A be a Hankel tensor with an even order m. Assume that the Hankel tensor A has Vandermonde decomposition (4.5)
with the Vandermonde rank r satisfies r < n. Then, the following statements are equivalent:

(i) A'is a positive semi-definite tensor;
(ii) Ais a complete Hankel tensor.
(iii) A is an SOS tensor;

Proof. We first note that the implications [(ii)] = [(iii)] and [(iii)] = [(i)] are direct consequences from the definitions. Thus,
to see the conclusion, we only need to prove [(i)] = [(ii)]. To do this, we proceed by the method of contradiction and assume
that there exists at least one coefficient «; in (4.5) which is negative. Without loss of generality, we assume that «; < 0. For any
X = (X1.X2,....xn)T € R", then we have

.
AX™ =" o (ugx)™
k=1
= a; (W)™ + W)™ 4+ o (ulx)™. (4.6)

Consider the following two homogeneous linear equation systems

Ax=0,Bx=0,
where
T o pd o pg! 1w 42 it
1wy pd - py! 1 ps 2 . opi!
A= , B=
L T L

By conditions r < n, it is easy to get
Rank(A) =r <n,Rank(B) =r —1 < n,

which imply that there is vector xy € R", Xy # 0 such that
Axg # 0,Bxp = 0.

Here, Rank(A) denotes the rank of matrix A. So, it holds that
ulxo #0,ulxg=0,ie{2,3,....r}.

Combining this with (4.6), we have

M=o (ulx)™ <0

since m is even. However, this contradicts to the fact that A is positive semi-definite. Thus, all coefficients in (4.5) are positive
and A is a complete Hankel tensor. O

An interesting consequence of Theorem 4.2 is as follows: a necessary condition for a PNS (positive semi-definite but not sum-
of-squares) Hankel tensor A is that the Vandermonde rank r of the Hankel tensor A is strictly larger than the dimension n of the
underlying space. We note that searching for a PNS Hankel tensor is a non-trivial task and is related to Hilbert’s 17th question.
Recently, some extensive study for PNS Hankel tensor has been initialed in [21].

Next, we provide some necessary conditions for the positive semi-definiteness of a Hankel tensor A in terms of the sign
properties of the coefficients of its Vandermonde decomposition.

Proposition 4.1. Let A be a Hankel tensor with the Vandermonde decomposition (4.5). Suppose that A is positive semi-definite. Then,
(i) the coefficients of the Vandermonde decomposition satisfy
a4+ >0;

(ii) if r > n, then the total number of positive coefficients of the Vandermonde decomposition is greater than or equal to n;
(iii) if r < n, then all coefficients of the Vandermonde decomposition are positive.

Proof.
(i) Since A is positive semi-definite, so we have

.
Ael' = "ai(ufen)™ =y +az+ -+ > 0.

i=1
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(ii) Denote the total number of positive coefficients in (4.5) by t. Without loss of generality, let
o > 0,ie [t];C(j <0,je{t+1,t+2,...,r},

We proceed by the method of contradiction and suppose that t < n. If t = 0, we can easily get a contradiction because A is
positive semi-definite. If 0 < t < n, consider the following two linear equation systems

Ax=0 (4.7)
and
Bx =0, (4.8)
where
L 7 R Vi T o pdo !
T oy pd - b 1wy pd - py!
A= . B=
T g o-opft! T ow ud o !

Noting that Rank(A) =t < n and Rank(B) = n, basic linear algebra theory implies that the system (4.7) has nonzero solu-
tions and system (4.8) has only zero solution. Thus, there exists x € R", X # 0 such that

ufx=0,ie[t]and (ul, %, ....ul%)" £0.

Note that the order m is an even number (as A is positive semi-definite). This implies that
r
AR™ = 3 (i)™ < 0.
Jj=t+1

This contradicts with the fact that A is positive semi-definite. Then we get t > n.
(iii) If r < n, then the conclusion is a direct result of Theorem 4.2. O

The following example shows that r < nin Theorem 4.2 is necessary and the results (i), (ii) of Proposition 4.1 are not sufficient.
Example 4.3. Let A be 4th order 2 dimension Hankel tensor with Vandermonde decomposition such that
A= (1,11,) = X* +y* = 24, (4.9)
wherex = (1,0),y = (1, 1),z = (1, —1) are Vandermonde vectors in R2. We first prove that the Vandermonde rank of A isr = 3.
(I) Suppose A =au* o € R, o # 0, u = (1, ) € R2. Then, by (4.9), we obtain
ann = =10y =ap =2, a2 =apu® =0,

which are contradictive equations. So, the Vandermonde rank of A satisfies r > 2.
(I) Suppose A = auf + apuj, where uy = (1, 1), uz = (1, 2) € R?, juq # o, and aq, oy are nonzero real numbers. Then,
by (4.9), we have the following system

o1 +oy =1, (1)
ajpr +opur =2, (2)
o s +au3 =0, (3)
a3 +onul =2, (4)

o} + ooy =0.  (5)
We first prove that (1 # 1, 5 # 1. By contradiction, if ;t; = 1, then by (2) (4), we have
oo (ui —1) =0,

which implies that ;15 = 0 or ;45 = —1 (i can not be 1 since wq # wy). If y =1, uy = 0, we get a contradiction from
(2)and (3); if w1 = 1, wy = —1, we get another contradiction from (1) and (3). Thus, w1 # 1. Similarly, we can prove that

Mo # 1.
On the other hand, by (2)-(5), it holds that

oty (g — 1) = o2 (1 — pd) (4.10)
and

ot (pd = 1) = aud(1 - pd). (411)
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By (4.10), (4.11), it follows that (1 = 145, which is a contradiction. Thus, the Vandermonde rank of the Hankel tensor A is
r=3.

For this Hankel tensor 4, it is easy to check that conditions (i), (ii) in Proposition 4.1 hold. But A is not positive semi-definite
since that

Ax§ =15 <0,%0 = (1,-1) e R,

5. Properties of Cauchy-Hankel tensors

In the literature, there is an important class of structured matrices called Cauchy-Hankel matrices which is closely related
with Cauchy matrices and Hankel matrices simultaneously [11,35,36]. A matrix A is called a Cauchy-Hankel matrices if it can be
formulated as

«1 n
A = (7) B
g+h(+J)/ij=
where g and h are real constants such that h # 0 and % is not an integer [2].

As a natural extension of Cauchy-Hankel matrix, a tensor A = (aj,j,;,,) With order m and dimension n is called a Cauchy-
Hankel tensor if

1
g+h(iy+ix+ - +im)’
where g, h # 0 € R and % is not an integer.

It is obvious that a Cauchy-Hankel tensor is a symmetric tensor. From Definition 3.1, we know that a Cauchy-Hankel tensor
defined by (5.1) is a Cauchy tensor [3] with generating vector

g
m

Qiiy.iyy =

ije[n],je[m], (5.1)

T
c=<§+h,§+2h,.,. +nh> e R",
m m

and it is a Hankel tensor [25,28] at the same time with
_ 1
T g+hk+m)’

Theorem 5.1. Let A be a Cauchy-Hankel tensor defined as in (5.1) with even order m. Then, A is positive definite if and only if

Vg ke{0,1,2,...,(n—1)m}.

g+ mh > 0,g+nmh > 0.

Proof. For necessary condition, since A is positive definite, so we have

1

1
m T —— m:*
Ael' = > 0, Aej Z+mmh > 0,

g+ mh

and the desired results hold.
For sufficiency, since

g+mh > 0,g+nmh > 0,
it follows that
g+smh>0,VY¥se{l,2,...,n}.
Combining Theorem 2.3 of [3] and the fact that
g+imh # g+ jmh, Vi, je[n],i# ],
we know that A is positive definite and the desired result follows. O
Next, we define the homogeneous polynomial f{x) as below
f(x) = AX™ = Z Aiyiy i Xiy Xiy - - - Xiyy»
in.iz...imeln]

for x = (X1,%2,....xp)T € R". Let x,y € X C R If flx) = fly) for any x > y(x <y respectively), then we say f{x) is monotonically
increasing (monotonically decreasing respectively) in X. If f{x) > f{y) for any x > y, x # y(x <y, x # y respectively), then we say
f(x) is strict monotonically increasing (strict monotonically decreasing respectively) in X.

When A is a Cauchy tensor with even order, it has been proved that f{x) is strict monotonically increasing in R, if the Cauchy
tensor A is positive definite; while the converse need not to be true [3]. For even order Cauchy-Hankel tensors, we have the
following conclusion, which is stronger than the corresponded conclusion listed in [3].
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Theorem 5.2. Let A be a Cauchy-Hankel tensor defined as in (5.1) with an even order m. Then, A is positive definite if and only if
f(x) = AxX™ is strict monotonically increasing in R',.

Proof. For the only if part, suppose x, y € R, x > y and x # y, which means that there exists at least one subscript i satisfying x;
> y;. Then, we have

f&) = fly) = AX™ — Ay™
_ Z Xi Xiy - Xip, = Yi, Vi, -+ Vi
g+h(iy+ip+ - +in)

inioimeln]
Xty Z X Xiy - Xiyy = YirYiy - - Yin
g+imh Cg+h(ii+i+-+im)

by i

Since A is positive definite, by Theorem 5.1, we obtain
g+ kmh > 0,Vk € [n].
So, we obtain

Xy
g+imh

and

Z Xilxi2~-~xim fyi]yiz...y,-m -0
iyt i ST h(iy + iz + -+ im)
Thus, we have

fx) - f@y) >0,

which implies that f(x) is strict monotonically increasing in R’..
For the if part, note that e; € R”, and e; > 0, ¢; # 0,1 = 1, n. It then follows that

1
and
m_ 1

By Theorem 5.1, we know that Cauchy-Hankel tensor A is positive definite and the desired results hold. O

Theorem 5.1 and Theorem 5.2 provide a convenient checkable condition to verify the positive definiteness of the Cauchy-
Hankel tensor, and the strict monotonicity of the multivariate polynomial corresponding to the tensor. Here, we present several
examples to show the efficiency of the theory conclusions.

Example 5.1. Suppose A = (aj,;,i,i,) is a Cauchy-Hankel tensor such that

1
iiiais = - - - —.i; €[3],j €[4].
Ui, iyisiy 9—2(h +ha+13+12) 1 €[3],je[4]

Here, it takes g=9,h = -2 and m = 4, n = 3. Since g+ mh > 0, g+ mnh < 0, tensor A is not positive definite and strict mono-
tonically increasing in R'}.. In fact, it holds that

1
Aes = -5 Aes < A0%,
Example 5.2. Let A = (a;,j,i,i,i5i;) De a tensor such that

1 .
- - T - T — >, 1
100 — 3(iy +1iy + i3 +ig +i5 + ig) J

Qi iyisiy =

€ [4],j € [6].
By Theorem 5.1, Theorem 5.2 and the fact that
g+mh=100-6-3=72>0,g+mnh=100-6-4-3 =18 > 0,

A is positive definite and .Ax™ is strict monotonically increasing.
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6. Final remarks

In this article, we present various new results on Cauchy tensors and Hankel tensors which complements the existing litera-
ture. Firstly, we show that generalized positive semi-definite Cauchy tensors with nonzero entries are SOS tensors. Furthermore,
sufficient and necessary conditions are given to guarantee an even order generalized Cauchy tensor is a completely positive ten-
sor. The nonnegativity of H-eigenvalues of nonnegative Cauchy tensors are also established. For Hankel tensors, we prove that it
is Vandermonde positive semi-definite if and only if the associated plane tensor is positive semi-definite. We also show that, if
the Vandermonde rank of a Hankel tensor A is less than the dimension of the underlying space, then positive semi-definiteness
of A is equivalent to the fact that A is a complete Hankel tensor, and so, is further equivalent to the SOS property of A. Finally,
properties of Cauchy-Hankel tensors are also given.
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