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Abstract

The Sinc approximation is a function approximation formula that attains exponential convergence
for rapidly decaying functions defined on the whole real axis. Even for other functions, the Sinc
approximation works accurately when combined with a proper variable transformation. The con-
vergence rate has been analyzed for typical cases including finite, semi-infinite, and infinite inter-
vals. Recently, for verified numerical computations, a more explicit, “computable” error bound
has been given in the case of a finite interval. In this paper, such explicit error bounds are derived
for other cases.
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1. Introduction

The “Sinc approximation” is a function approximation formula that can be expressed as
N
F(x) = Z F(kh)S (k,h)(x), xeR, (1.1
f=—M

where S (k, h)(x) is the so-called Sinc function, defined by

i h—k
(e = et

and M, N, h are selected according to the given positive integer n. It is well known that the
approximation formula (L.I)) can converge exponentially when combined with an appropriate vari-
able transformation. Furthermore, it has been shown that the approximation formula (L)) is nearly
optimal for functions in some Hardy spaces [, 2]. Motivated by this fact, many researchers have
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studied applications of the Sinc approximation (see Stenger [3, 4], Lund—Bowers [3], Sugihara—
Matsuo [6], and references therein).

As stated above, to attain exponential convergence, an appropriate variable transformation
t = Y(x) is required. In this regard, depending on the target interval (a, b) and the function f,
Stenger [3] considered the following four typical cases:

1. (a, b) = (—o0, o0) and |f(¢#)| decays algebraically as t — +co,

2. (a, b) = (0, o) and |f(¢)| decays algebraically as t — oo,

3. (a, b) = (0, o) and |f(¢)| decays (already) exponentially as t — oo,
4. The interval (a, b) is finite.

In all four cases, Stenger gave the concrete transformations to be employed:

. X . . b—-a x\ b+a
Yee(x) = sinhx,  Yge(x) =€,  Yg(x) = arcsinh(e”),  Ygp(x) = T tanh(i) + 5

These are called conformal maps in the literature. After applying the variable transformation
t = Yg(x), we may set F(x) = f(:(x)) and use the Sinc approximation (LI). As a result, we
have the following approximation for f(7):

N
FO = Y FaukS kU0, (12)
k=—M

which is referred to as the “SE-Sinc approximation™ in this paper. Stenger [3] demonstrated the
exponential convergence of the approximation (I.2)) by giving error analyses in the following form:

< Cne Vun (1.3)

sup
t€(a, b)

N
FO = 3" fWreulkh)S (k. DY)
k=—M

where y and d are positive parameters of the analytic properties of f, and C is a constant indepen-
dent of n.

In recent decades, several authors [6,/7,/8] have pointed out that the performance of the Sinc ap-
proximation can be improved by replacing the original variable transformations with the following
ones:

¢DEl(t) = Y (g sinh t), ¢DE2(I) = Ysp (g sinh t), ¢DE3T(t) = et—exp(—t), wDE4(t) = Ygps (;tsinh?).

These are called the “Double-Exponential (DE) transformations,” and were originally introduced
by Takahasi—Mori [9] for numerical integration. In addition, in case 3, another DE transformation

wDES(I) = log(l + @2 sinhz)

has been proposed [10] so that the inverse function can be explicitly written by using elementary
functions (whereas ¥, (f) cannot). The combination of the DE transformation and (I.1J) is called
the “DE-Sinc approximation.” The error analyses for i = 1, 2, 3, 4 have been given [§] as

sup (1) = D fWor(kh)S (k, )b (1)] < € e/ oetanl, (1.4)

t€(a, b) =

2



and for ¥, (2), also given [8] as

sup 1(6) - D, FWous (kRS Gk )W ()] < € e 0Ewnii, (15)
1&(0), e k=—n

The main objective of this study is to refine these error analyses into more useful forms. It
should be emphasized that the error analyses (L3), (IL4), and (L.3) are not just asymptotic (=),
but are strict inequalities (<). Hence, if the constants C are given in a more explicit, computable
form, we can use the term on the right-hand side as a rigorous error bound, which is quite useful
for verified numerical computations. In fact, the explicit form of C was revealed in case 4 (the
interval is finite) [[11]. This study reveals the explicit form of C in cases 1-3 (the interval is not
finite).

As a second objective, this paper improves the DE transformation in case 3. Instead of ¢, (f)
Or Y3 (1), '
Yoes: (1) = log(1 + ensmht)

is employed in this paper, which was originally proposed for numerical integration [12]. The error
is also given as

n

sup |f() - Z S Woesi(kR)S (k, YWk, (1))| < C e/ loe2dnlin, (1.6)
1€(0, c0) Fat
with the explicit constant C. The convergence rate of (L)) is better than that of (L4) or (L3).
Furthermore, in the same manner as for numerical integration [12], it can be shown that i, is
the best possible variable transformation in case 3 (although this is not discussed in this paper).

The remainder of this paper is organized as follows. In Section 2] existing error analyses
and new explicit error bounds (the main result) are stated. Numerical examples are presented in
Section 3l Proofs of all the theorems stated in this paper are given in Sectiondl Section [5] draws
together our conclusions.

2. Existing error analyses and new error estimates with explicit constants

In this section, after reviewing existing results, new error bounds for the SE- and DE-Sinc
approximations are stated. Let us first introduce some notation. Let &, be a strip domain defined
by Z; = {{ € C : |Im{| < d} for d > 0. Furthermore, let 7, = {{ € Z,; : Re{ < 0} and
97 ={{ € Yy : Re{ 2 0}. In this section, d is assumed to be a positive constant with d < /2.
Let ¥(Z,) denote the image of &, given by the map ¢, i.e., y(Z,) = {z=w() : { € Z,;}. Let
I} = (—o0, ), I, = I; = (0, o), and let us define the following three functions:

1
E@y = gz
Za
Eyz;a,p) = (1 + 2)@h2
z \
Es(z;a.B) = (_1 N z) e

We write E;(z;7y,7) as Ei(z; y) for short.



2.1. Existing error analyses and new error estimates for the SE-Sinc approximation

Existing error analyses for the Sinc approximation combined with ¥, Yy, and g, are writ-
ten in the following form (Theorems 2.1l and 2.2)).

Theorem 2.1 (Stenger [3, Theorem 4.2.5]). Assume that f is analytic in Y, (2,), and that there
exist positive constants K, «, and 3 such that

|f (@) < K|E(z; @)| (2.1)
forall z € Y (Z)), and

|f (2] < KIE(z; B)I (2.2)
forall z € Y (D). Let u = min{a, B}, let h be defined as

h=]—, (2.3)

and let M and N be defined as

M=n, N=lan/B]l (f u=a),
N=n, M=I[pn/a]l (f u=p).

Then, there exists a constant Cy, independent of n, such that

2.4)

< C e V. (2.5)

sup
tely

N
FO = " F W k)S (k, Y3 1)
k=—M

Theorem 2.2 (Stenger [3, Theorem 4.2.5]). The following is true for i = 2, 3. Assume that f is
analytic in Y (2,), and that there exist positive constants K, a, and 3 such that

|f(@)| < KIEi(z; @, B) (2.6)

forall z € Yo(Dy). Let u = min{a, B}, let h be defined as in (2.3), and let M and N be defined as
in 2.4). Then, there exists a constant C;, independent of n, such that

< C;\ne Ve 2.7)

sup
tel;

N
FO= " fWreulkh)S k, DYWL
k=—M

This paper explicitly estimates the constant C; in (2.3) and (2.7) as follows.

Theorem 2.3. Let the assumptions in Theorem 2.1 be fulfilled. Furthermore, let v = max{a, (}.
Then, inequality @2.5) holds with

B 2v+1K

2
C = +13.
1 \/ﬂdﬂ{\/ndy(l—ez‘/@){cosd}" }
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Theorem 2.4. Let the assumptions in Theorem 2.2 be fulfilled. Then, inequality 2.77) holds with

2K 2
C2 = +153,
\dy { Jrdu(1 — e 2 Vi (cos dy@bi }
2K 21+(a+ﬁ)/2
C; = + 1.
Vrdp | \frdu(1 — e Vi) cos(d/2))+

2.2. Existing error analyses and new error estimates for the DE-Sinc approximation

Existing error analyses for the Sinc approximation with g, Ypp,, Yo, and Y, are written in
the following form (Theorems 2.5 and 2.6).

Theorem 2.5 (Tanaka et al. [8, Theorems 3.2, 3.3, 3.5]). The following is true for i = 1, 2, 3.
Assume that f is analytic in Y (9,), and that there exist positive constants K and u such that
|f(2)| < K|Ei(z; w)| for all 7 € Y (Dy). Then, there exists a constant C;, independent of n, such
that

sup | f(#) = Z S Wror(kh))S (ky D)W (1)| < C; e lostdniio

Z‘GI,' k=—n

where

_ log(4dn/p)

n

h (2.8)
Remark 1. Strictly speaking, in case 3, the range of d is not 0 < d < m/2 (assumed at the
beginning of this section), but 0 < d < Im ¢ ~ 1.4045, where {, = arcsinh(2 1 +§ log(1 - %)). This
is because the denominator of E3(z; @, ) is zero at z = Yp,:({p). To address this issue, this paper
employs the function z# ¢ in Theorem 2.9]instead of E5(z; ).

Theorem 2.6 (Tanaka et al. [§, Theorem 3.4]). Assume that f is analytic in Ye.(Zy), and that
there exist positive constants K and u such that |f(2)| < K|E3(z; )| for all z € W (Z,). Let h be
defined as h = log(ndn/u)/n. Then, there exists a constant C, independent of n, such that (1.3)
holds.

As for case 1 (Theorem[2.5lwith i = 1) and case 2 (Theorem 2.3 with i = 2), this paper not only
explicitly estimates the constants C;, but also generalizes the approximation formula from },_
to Y'»__,, as stated below.

—-n

Theorem 2.7. Assume that f is analytic in Y (Zy), and that there exist positive constants K,
@, and B such that 1) holds for all z € Y. (Z7), and 2.2) holds for all z € Y (Z]). Let
u = min{a, B}, let v = max{a, B}, let h be defined as in 2.8), and let M and N be defined as

{M =n, N=n-logB/a)/h] (f u=a), (2.9)

N=n, M=n-ogl/B)/h] (f pn=p).

5



Furthermore, let n be taken sufficiently large so that n > (ve)/(4d) holds. Then, it holds that

sup < Cl e—ndn/ log(4dn//1),

tel

N
FO= " fWorkh)S (k, (W5 (1)
k=—M

where C| is a constant independent of n, expressed as

c 2K 4 L
= € .
"7 ndu (1 — emwe2){cos(Z sind)) cos d K

Theorem 2.8. Assume that f is analytic in Yo, (Zy), and that there exist positive constants K, a,
and B such that 2.6) holds with i = 2 for all 7 € Y, (Py). Let u = min{a, B}, let v = max{a, B},
let h be defined as in (2.8)), and let M and N be defined as in (2.9). Furthermore, let n be taken
sufficiently large so that n > (ve)/(4d) holds. Then, it holds that

sup < C2 e—ndn/ log(4dn//1),

tel

N
FO = > FWorkh)S (k. DYW50)
k=—M

where C, is a constant independent of n, expressed as

2K 4

C - + JTV/4 .
2 ndu {n(l — e e /2){cos(] sind)}@P/2 cos d pe }

As for case 3 (Theorem 2.5 with i = 3 and Theorem 2.6)), this paper employs the improved
variable transformation ¥, as described in the introduction, and gives the error estimates in a
similar form to Theorems [2.7] and 2.8

Theorem 2.9. Assume that f is analytic in Y:.(Z,), and that there exist positive constants K and
(1 < 1) such that |f(z)| < K|z* €| holds for all 7 € Y. (Zy). Let h be defined as

log(2
p = logdn/u) (2.10)
n
Furthermore, let n be taken sufficiently large so that n > (ue)/(2d) holds. Then, inequality (1.6)
holds with
= K 4 +'u21—/1 e;1(;':+2)/2 )
ml#du | (1 = e7™e){cos(5 sin d)}*{cos d}++!

Remark 2. In Theorem the sum of the approximation formula is not Y% ,,, but 37_ .
This is because the inequality bounding the function f is not |f(z)| < K|z*e%|, but [f(z)| <
K|z* e7#*|, which assumes @ = B. This assumption, however, is made without loss of general-
ity, because by setting z = (a/f)w and g(w) = f((a/B)w) in the former inequality, we obtain
gw)| < K(a/B)*w e |.

Remark 3. Theorems[2.TH2.4lassume that f is analytic in a simply connected domain. In contrast,
Theorems 2.5H2.9] assume that f is analytic in an infinitely sheeted Riemann surface. These two
assumptions are different; see Tanaka et al. [8, Figures 1-9] for details.
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3. Numerical Examples

In this section, some numerical results are presented. All computation programs were written
in C with double-precision floating-point arithmetic. The programs and computation results are
available at https://github.com/okayamat/sinc-errorbound-infinite.

First, let us consider the following three examples.

Example 1 (Case 1: function decays algebraically as t — +c0). Consider the function

1
h@) = T3 72 \/1 + tanh®(arcsinh7),

which satisfies the assumptions in Theorem 2.3 with @ = 8 = 2, d = m/4, and K = 3/2, and also
those in Theorem 27| witha =8 =2,d = n/6, and K = 3/2.

Example 2 (Case 2: function decays algebraically as 1 — o0). Consider the function

L) = ] :-/;tz \/1 + tanh2(log 1),

which satisfies the assumptions in Theorem 2.4] (i = 2) with @ = 1/2, 8 = 3/2, d = n/4, and
K = 3/2, and also those in Theorem 2.8 witha = 1/2,8=3/2,d = /6, and K = 3/2.

Example 3 (Case 3: function decays exponentially as 1 — o0). Consider the function

fO=1"e,

which satisfies the assumptions in Theorem 2.4 (i = 3) with @ = /4, 8 = 3/4,d = 3.14/2, and
K = (1 + (m/2)*)™3, and also those in Theorem 2.3 (i = 3) with u = m/4, d = 1.40, and some
constant K > 0 (note that no explicit error bound is given). In addition, if we set g(u) = f53((rt/4)u),
g satisfies the assumptions in Theorem 2.9 with u = /4, d = 3/2, and K = (;t/4)™/*.

Numerical results are shown in Figures[IH3l In Figure[ll “Maximum Error” denotes the maxi-
mum value of the absolute error investigated at the following 403 points: ¢ = 0, #2750, £2745 |
+2705 420 4205 4250 Similarly, Figures 2] and [3] present the maximum errors at 201 points
(positive points of those stated above). In each graph, we can see that the error estimate by the
presented theorem (dotted line) clearly bounds the actual error (solid line). Furthermore, in Fig-
ure 3] we can confirm that the proposed DE-Sinc approximation using ¢, converges faster than
the old DE-Sinc approximation using ¥ (“old DE” in the graph). Another DE transformation
Yo 1s not employed, because ;. is not easily computed.

Next, let us consider the following example, which is an unfavorable case for the DE-Sinc
approximation.

Example 4 (Case 1: function decays algebraically as 1 — +o0). Consider the function
1
1) =
Ja® 1+ ¢

which satisfies the assumptions in Theorem witha = 8 = 2,d = n/3, and K = 2 cosh(),
whereas it does not satisfy the assumptions in Theorem [2.7] as we cannot find any d > 0 such that
f1 1s analytic in Y, (Z,) (we find @ = 8 = 2, though).

7
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Figure 3: Approximation errors of f3 and their estimates.
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Figure 4: Approximation errors of fi and their estimates.

According to Okayama et al. [[13], even in this case, the DE-Sinc approximation works almost
as well as the SE-Sinc approximation by choosing d = arcsin(ds;/7), where dg; denotes d in the
SE-Sinc approximation. Actually, as shown in Figure 4] the DE-Sinc approximation converges at
a similar rate to that of the SE-Sinc approximation. However, note that the error in the DE-Sinc
approximation cannot be estimated by Theorem [2.7] whereas Theorem 2.3 works well.

4. Proofs

4.1. In the case of the SE-Sinc approximation

First, the error of the SE-Sinc approximation (I.2)) is estimated. Let us look at a sketch of the
proof. Let F(x) = f(s(x)) (recall that we employ ¢ = g, (x) for the variable transformation),

and evaluate the following term:

N
FO = D FWralkh)S e, iYWy (1)
k=—M

8

N

= |F(x) - Z F(kh)S (k, h)(x)|,

k=—M



which is the error of the Sinc approximation (LI)). For the estimation, the following function space
plays an important role.

Definition 4.1. Let L, R, «, 3, 'y be positive constants, and let d be a constant with 0 < d < m/y.

Then, Liﬁ?,a,ﬂ,y(‘@d) denotes a family of functions F' that are analytic in ¥, and for all { € &, and

x € R, satisfy

L

IF(Ol < [1 4 e |@/Y|1 + ¥4 /7’ @
R

[F(x)| < 4.2)

(1 + e r)alv(1 + e )Blr’

IfF e Liﬁm M(@d), the error of the Sinc approximation is estimated as below. The proof is omitted

here because it is quite similar to that of the existing theorem for case 4 [11, Theorem 2.4].

Theorem 4.1. Let F € Li?aﬁ’y(.@d), let 4 = min{a, B}, let h be defined as in 2.3)), and let M and
N be defined as in Z4). Then, setting €2 = \ne” V" e have

N

2 2L
sup |F(x) — Y F(kh)S (k, h)(x)| < +R|eF
e k:ZM Vrdu | \frdu(l — e 2Ny (cos(yd /2)) @)y

In view of Theorem (4,11 the proof is completed by checking F € Liﬁ?,a,ﬁ,y(‘@d) for cases 1, 2,
and 3. Let us examine each case individually.

4.1.1. Proofin case 1 (Theorem[2.3))
The claim of Theorem 2.3 follows from the next lemma.

Lemma 4.2. Let the assumptions in Theorem[2. 3 be fulfilled. Then, the function F({) = f (W (0))

belongs to LSE,  (9,) with L = 2"K/{cosd}" /2, R = 2'K, and y = 2.
L,R,a.B,y

The proof is straightforward by the next result, because |F({)| < K|E| (Y ({); @)| and |[F(0)] <
K|E, (W (0); B)| coincide with the inequalities in the following lemma.

Lemma 4.3 (Okayama [12, in the proof of Lemma 5.1]). Assume that F is analytic in 9, with
0 < d < /2, and that there exist positive constants K, «, 8 such that

K
1+ e 2 [0/2[] + ¥ [/

IF(OI <

holds for all { € &7, and

K
IF(OI < 1+ e~2 |B2|1 + eX |B/2

holds for all { € 9. Then, F € LSE (Zy) with L = 27K/{cosd)* /2, R = 2K, and y = 2,

L,R,a.B,y
where u = min{a, 8} and v = max{a, 5}.



4.1.2. Proofin case 2 (Theorem 24 withi = 2)
The claim of Theorem 2.4l with i = 2 follows from the next lemma.

Lemma 4.4. Let the assumptions in Theorem 2.4 be fulfilled with i = 2. Then, the function F({) =
S Wsea(0)) belongs to Lii,a,ﬁ,y(‘@d) with L =K, R=K, andy = 2.

Proor. From inequality 2.6) with i = 2, (4.1)) and (4.2) immediately hold with L = R = K and
vy =2
4.1.3. Proofin case 3 (TheoremZ4withi = 3)

The claim of Theorem 2.4] follows from the next lemma.

Lemma 4.5. Let the assumptions in Theorem 2.4 be fulfilled with i = 3. Then, the function F({) =
F(Wrsss(0)) belongs to Liiﬂﬁ’y(.@d) with L = 2@P2K R = K, andy = 1.

For the proof, let us prepare some useful inequalities (Lemmas (4.6 and [4.7)).
Lemma 4.6 (Okayama [12, Lemma 5.4]). Forall { € Dy, and x € R, we have

el
1 +ef

arcsinh(e®)
1 + arcsinh(e?)
arcsinh(e®) . ¢
1 + arcsinh(e*) = 1 + e~

2

X

Lemma 4.7 (Okayama [12, Lemma 5.5]). Forall { € Dy, and x € R, we have

1 V2

< ,
led + V1 +eX| 11 +e]
1 1

< .
eX+Vl+ex l+e

By using the lemmas above, Lemmald.5]can be proved as follows.

Proor. From inequality ([2.6) with i = 3, it follows that

arcsinh(ef) |” 1 p
IF()l < K 7 — .
+ arcsinh(e¢)| |ef + V1 + e
From Lemmas 4.6l and 4.7, it holds that
@ B
2 2 1 o* 1 P
For < k|| [ Y2 2 e
I+e| |1+¢ef I+e| [1+¢ef

for all { € &,. For x € R, it holds that
1Y 1Y
F <K .
Fl < (1+e‘x) (1+ex)

10
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4.2. In the case of the DE-Sinc approximation

Next, the error of the DE-Sinc approximation is estimated. In this case, we again estimate the
error of the Sinc approximation (L.I) in view of the following term:

N

F(x)= Y Fkh)S (k, h)()|,

k=—M

N
FO= 3" fWoukh)S (k, )WL 0)]| =
k=—M

where we set F(x) = f(¥pr(x)). Because of differences in the variable transformation, instead of

Lil‘ie p, y(@d), we require the following function space.

Definition 4.2. Let L, R, «, 8 be positive constants, and let d be a constant with 0 < d < /2.
Then, LD LR 5(@d) denotes a family of functions F that are analytic in &, and for all { € &, and
x € R, satisfy

L

|F({)| < |1 + e—nsinh{ |a/2|1 + ensinh{ |B/2’ (43)
R

|F(X)| 5 (1 + e—nsinhx)a/2(1 + ensinhx)B/Z' (44)

If F e LP® LRa B(.@d) the errors of the Sinc approximation are estimated as below. The proofs are
omitted because they are quite similar to that of the existing theorem for case 4 [[11, Theorem 2.11].
Theorem 4.8. Let F € LEIIEM (D), let u = min{a, B}, let v = max{a, B}, let h be defined as
in @.8), and let M and N be deﬁned as in 2.9). Furthermore, let n be taken sufficiently large so
that n > (ve)/(4d) holds. Then, setting €Dt = e=dn/10e4dn) "o haye

N

F(x) - Z F(kh)S (k, h)(x)| <

k=M

4L

nv/4 DE
mdy | (1 — e™e/2){cos(5 sind)}@*F)/2 cos d

sup
xeR

+ uRe

In view of Theorem 4.8 our main task here is to check the assumption that F € L ';:M ﬁ(.@d) The
next lemma is useful for the proofs.

Lemma 4.9 (Okayama et al. [11, Lemma 4.22]). Let x, y € R with |y| < xt/2. Then, it holds that

1 1
<
i 1 4 emsinhGx+iy) | — (1 + ensinh(x) cosy) COS(% SiIly)’
1

‘ 1

1+e™ sinh(x+iy)

< . ; .
(1 + e~ msinh(x) cosy) COS(% SlIly)

4.2.1. Proofin case 1 (Theorem[2.7)
The claim of Theorem [2.7] follows from the next lemma.

Lemma 4.10. Let the assumptions in Theorem[2. 7\ be fulfilled. Then, the function F({) = f(Ype ()
belongs to LY, , [(Za) with L = 2'K/{cos( sind)}" 02 and R = K.
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The proof is straightforward by the next result, because |F({)| < K|E (Y ({); @)| and |F ()| <
K|E, (W (0); B)| coincide with the inequalities in the following lemma.

Lemma 4.11 (Okayama [12, in the proof of Lemma 5.9]). Assume that F is analytic in 9, with
0 < d < /2, and that there exist positive constants K, «, 8 such that

K
|1 + e—nsinh{ |a/2|1 + ensinh{ |a/2

IF(OI <

holds for all { € 7, and

K
|1 4+ e—wsinh{ |ﬂ/2|1 + emnsinh{ |B/2

IF(OI <

holds for all { € 9. Then, F € LLD’%’a’ﬁ(@d) with L = 2"K/{cos(3 sin d)} M2 and R = 2'K, where
u = min{a, B} and v = max{a, B}.

4.2.2. Proofin case 2 (Theorem[2.8)
The claim of Theorem 2.8 follows from the next lemma.

Lemma 4.12. Let the assumptions in Theorem2.8|be fulfilled. Then, the function F({) = f(Wpe())

belongs to LE’%’Q’B(.@d) with L = K and R = K.

Proor. From inequality (2.6) with i = 2, (4.3)) and (@.4) immediately hold with L = R = K.

4.2.3. Proof'in case 3 (Theorem[2.9)
In contrast to cases 1 and 2, the function F({) = f(¥pes:(£)) does not belong to LE’%’Q’B(.@d)
under the assumptions of Theorem [2.9] In this case, we split the error into two terms as

F(x) - Z F(kh)S (k, h)(x)

k=—n
o) —n—1 o)
< |F(x) - Z F()S (k, h)(x)| + Z F(kh)S (k, h)(x) + Z F(h)S (k, h)(x)) ,
k=—00 k=—c0 k=n+1

which are called the “discretization error” and the “truncation error,” respectively. Let us estimate
these two terms separately. For the discretization error, we require the following function space.

Definition 4.3. Let Z,(¢) be a rectangular domain defined for 0 < € < 1 by

Dae) ={C € C:|Rel| < 1/e, |Im{| < d(1 —€)}.
Then, H'(Z,) denotes the family of all functions F that are analytic in &, such that the norm
Ni1(F,d) is finite, where

Ni(F,d) = ling |[F(DIdZ].
€2 J0%,(e)
12



The discretization error for a function F belonging to H'(Z,) has been estimated as follows.

Theorem 4.13 (Stenger [3, Theorem 3.1.3]). Let F € H'(2,). Then,

Ni(F,d) o-d/h
nd(1 — -2l '

(o)

sup |F(x) = > F(k)S (k, h)(x)| <

xeR

k=—00
This paper shows that F € H'(Z,) under the assumptions of Theorem

Lemma 4.14. Let the assumptions in Theorem[2.9be fulfilled. Then, the function F({) = f(Wpe:(0))

belongs to H'(2,), and N\(F,d) is estimated as

4K

Ni(F,d) < . .
W(F.d) m!~#u cos* (5 sind) cos'*# d

For the proof, the following inequality is useful.

Lemma 4.15. For all real numbers x and y with |y| < /2, we have

|10g(1 +ensinh(x+iy))| < mcosh x

cos(siny)cosy 1 + e msinh(vcosy’

As the proof is relatively long, it is given at the end of this section. If we accept this lemma,
Lemmal4.14] can be proved as follows.

Proor. By assumption, clearly F is analytic in &,. In the following, we estimate N, (F, d). Using
Lemmas [4.9and [4.13] we have

[F(x + i)l = |fWoes:(x +1y))|

< K|10g(1 + ensinh(x+iy))|/1

1 I

1 +em sinh(x+iy)

K 1 mcosh x g 1 1 g
~ |cos($siny)cosy 1 +esinhcosy || cos(Fsiny) 1 + emsinh(x)cosy

B K cosh” x
- COSQ”(% sin y) COSH y (1 +e sinh(x) cosy)p(l +em sinh(x) cosy)p
K+ cosh x

< - . - .
cos?(5 siny) costy ~emusinh(ll)cosy
From this, for any € with 0 < € < 1, it holds that
d(1=€) Kt cosh x fd(l_f) dy

lim |F(x +1y)ldy < lim

X—>+00 —d(1-€) x—+oo @TH sinh(|x]) cos d(1—¢€)

_d(1-¢) COS?#(F siny) cos# y

Therefore, we have

N\(F,d) = lim f [Fx+iylde+ lim f IF(x +1y)| dx
y—= —oo y—== —00

- 2K+ “  coshx 4Kt 1
— . — N X = - .
cos?(3 sind) costd J_,, emsinhixcosd cos*(3sind)cos#d mucosd’

which is finite if 0 < d < ;/2. This completes the proof.
13



Combining the above results, we have the following estimate for the discretization error.

Lemma 4.16. Let the assumptions in Theorem 2.9 be fulfilled. Then, setting F(() = f(¥pe:(0)),

we have
- 4K
F(x) - Fkh)S (k, h < —md/h
ilelﬂg ) k:Z_:fo (kh)S (k, h)(0)) < m2Hdu(l — e=2md/h) cos™ (5 sind) cos!*# d

The truncation error is estimated as follows.

Lemma 4.17. Let the assumptions in Theorem be fulfilled. Then, setting F({) = f({ps:(0)),

we have
-n—1 [e] z
2K eI,
3RS (ki) + Y FUR)S (k, ()| S — s e BHer0l0)
Ut —1j enh(1-p)
k=—o00 k=n+1
Proor. Using |S (k, h)(x)| < 1, we have
—n—1 oo -n—1 [So]
Z F(kh)S (k, h)(x) + Z F(kh)S (k, h)(x)| < Z \F(kh)| + Z \F(kh)|.
k=—0c0 k=n+1 k=—oc0 k=n+1
Furthermore, from Lemmal4.15] it holds that
. 1 H m# cosh” x 1
F(x)| < K|log(1 + e™smx)p | —— : : —
| (.X)l - | Og( ¢ )| 1+ ensmhx (1 + e—nsmhx),u (1 + ensmhx),u

Therefore, the desired estimate is obtained as

—-n—1 00 o
K cosh”(kh)
F(kh)| + F(kh)| <2 : '
k=§_m| (k)| k=§n+1| (kh)| < k; L+ ooyl 1 orom@ny:

< 2K Z cosh¥(kh) e~ sinhkh)

k=n+1
2Kt [ .
< f cosh*(x) e ™sinhx
h nh
2Kt 0 :
S ————— f cosh(x) e s x qx
hcosh #(nh) Jun
2K tH e M sinh(nh) 2Kt e%y e—%y exp(nh)
= . S .
h cosh! ™ (nh) T h(e /2)!+ U

This completes the proof.

Using Lemmas and4.17] we obtain the desired estimate (Theorem [2.9)) as follows.
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Proor. Let F({) = f(Ypes:(0)). Lemmas .16l and 4.17] give the following inequality:

F(x) - Z F(kh)S (k, h)(x)
k=—n

4K e—nd/h 22—/1K e%p e—%p exp(nh)

< - . + . .
m>#du cos* (5 sind) cos'*d 1 — e 2md/h 7% At h erh(1=1

Furthermore, by substituting the formula in (2.10)), the first term can be estimated as

e—nd/h e—ndn/ log(2dn/u) —ndn/ log(2dn/u)

€
= <
1 - e—2nd/h 1 - e—np(Zdn/p)/ log(2dn/w) — 1 — e—mle/log(e) ’

and the second term can be estimated as

e—%# exp(nh) _ e—mdn _ (Zdn/,u)" e_%H(Zdn//l)(l—l/ log(2dn/u)) ﬁ e—ndn/log(Zdn//l)
hem1=w " (log(2dn/u)/n)(2dn/p)'-+ log(2dn/u) 2d
(e e OV i togaing
log(e) 2d ’

which completes the proof.
The remaining task is to prove Lemma For the purpose, the following lemma is needed.

Lemma 4.18. For all x € R, it holds that
Va2 + 2 > (1 +e ™) log(l + ¢e).

Proor. Set f(x) = e* Vx? + w2 —(1+¢*)log(1 +e*). The desired inequality is obtained by showing
that f(x) > 0 for x € R. We show this separately in two cases: (i) x < 4rt/3 and (ii) x > 4m/3.

(1) x < 4m/3. Set p(x) = Va2 + xw® — log(1 + e¥). If we can show that p(x) > 1, we obtain the
desired inequality, as f(x) = e* p(x) — log(1 + ¢e*) > e*—log(l + e*) > 0. Therefore, we show
p(x) > 1 below. We have

L e ————
Vaeem2 l+e
n? 1
p'(x) =

(2 + 7232 {2cosh(x/2)R

Furthermore, it holds for all x € R that

21
2 cosh(x/2) > 2 + XZ > 22+ )M,
TT

from which p”(x) > 0 holds for all x € R. Therefore, p’(x) is a monotonically increasing function.
Noting that p’(x) — 0 as x — oo, we see that p’(x) < 0. Therefore, p(x) is a monotonically

15



decreasing function. Thus, for x < 4xt/3, we have p(x) > p(4r/3) > 1. This completes the proof
for x < 4m/3.
(ii) x > 47/3. Set p(x) = Vx? + 32 —log(1 + e*). As it holds for all x € R that

X2

1
2cosh(x/2) > 2 + T > g(x2 + 32304,

we see that p(x) is a monotonically decreasing function in the same way as above. Furthermore,
because p(x) — 0 as x — oo, p(x) > 0 holds for all x € R. Therefore, we have

p(x) = V2 + 72 = Va2 + 32 + p(x)

n? - 32
> V2 +m2 - V2 + 3240 =
Va2 + 2+ Va2 + 32
3'132—32 3132—32 3132—32
> > =

Ve+m+ Ve+m Ve+2+ Vet 2V2x
The last inequality uses x > . From this inequality, setting g(x) = e*(7t> — 3%)/(2 V2x), we have
f(x) = e p(x) —log(l + €*) > g(x) — log(1 + &").

Therefore, the desired inequality is proved if we can show that g(x) > log(1 + e*) for x > 4m/3.
Here, we see that g(x) is a convex function for x > 0, because

e -3 - 1)

70 = 22x2
y e = 3){(x - 1)? + 1)
= 0.
7 24233 g

Therefore, considering a tangent line at x = 47t/3, we have
q(x) > q'(4m/3)(x — (47t/3)) + g(4m/3)
for x > 0. Furthermore, it holds for x > 4s/3 that
log(1 +¢e*) = x + log(1 + &™) < x + log(1 + e ™) = (x — (4m/3)) + (47/3) + log(1 + e~ */3).
Thus, from ¢’(4m/3) > 1 and g(4m/3) > (4m/3) + log(1 + e~#¥3), it holds for x > 4m/3 that
q'(4m/3)(x — (47/3)) + q(4m/3) > 1 - (x = (47/3)) + {(47/3) + log(1 + ™)},
which shows g(x) > log(1 + e*). This completes the proof for x > 4m/3.

Based on this lemma, we can prove Lemma4.15|as follows.
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Proor. Using | cosh(x +iy)| < cosh x, Lemma4.9] and

d . mcoshz
-1 1+ qsinh z ==
dZ Og( ¢ ) 1+ e—nsmhz

we have

|10g(1 + ensinh(x+iy))| — ' * J.l:COSh(t + ly) ‘ < fx J.l:|COSh(t+ 1)’)|

- 1 +e ™ sinh(z+iy) - |1 + e—nsinh(t+iy) |
* mcosh ¢

. (1 4 e~7sinh() cosy) COS(% Sil’ly)

1

- cos(3 siny)cosy

lOg(l + en sinh(x) cosy).

The desired inequality is obtained by showing that

. mtcosh x
log(1 + en sinh(x) cosy <
g( ) ST

s sinh(x) cos y’

which is equal to
(1+e")log(l +¢€) <1

V72 + (t/ cos y)?

where t = m sinh(x) cos y. This inequality can be shown as

-t 1 -t t
(1 +e")log(1 +¢") < (1+e")log(l +¢') <1

A2+ (1) cosy)? Va2 + 12 ,

where Lemma4.18 has been used in the last inequality. This completes the proof.

5. Concluding remarks

The errors of the SE-Sinc approximation over the infinite and semi-infinite intervals have been
analyzed in Theorems 2.1l and [2.2] where the constant C; is not given in an explicit form. This
paper revealed the explicit form of each C;, enabling us to obtain a rigorous, mathematically
correct error bound by computing the right-hand side of (2.3) or (2.7). These results are useful
for computations with guaranteed accuracy. Similarly, for the DE-Sinc approximation, this paper
presented Theorems [2.7H2.9] where the error bounds are given in a computable form. In case 3, in
particular, although existing studies employed ¥p,;(f) or ¥, (¢) as a variable transformation, we
used Y3, (1), which improves the convergence rate of the DE-Sinc approximation. Note that the
error bounds are valid if the assumptions are satisfied, otherwise we cannot use the error bounds
(see Figure 4] for example, where the assumptions of Theorem 2.7] are not satisfied).

Future work includes the following. First, in addition to the four cases listed in Section[T], other
cases and corresponding conformal maps have been considered by Stenger [14, Section 1.5.3].
Computable error bounds for these cases should be given. Furthermore, the DE-Sinc approxima-
tion for these cases should also be considered. Second, the SE-Sinc and DE-Sinc approximations
described in this paper assume that f(f) — 0 ast — a and t — b. However, there are more
general approximation formulas that can handle the case where the boundary values of f are non-
zero [14,15]. Computable error bounds for these cases are desirable.
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