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1. Introduction

Oscillations of an infinite system of points joined by spring masses, where the interaction is an exponential function of
the distance between two consecutive particles, are described by the so-called Toda equations [14,15]. An explicit solution of
the Toda lattice equations in one time variable can be deduced by using orthogonal polynomials associated to an exponential
modification of a positive measure (see, for instance, [7,10]). Lax pairs [8] of matrices associated with the coefficients of the
three term recurrence relation for orthonormal and non-orthonormal polynomials can be deduced. Moreover, orthogonal
polynomials associated with symmetric measures are related with the so-called Langmuir lattice, Volterra lattice or finite
difference Korteweg-de Vries equation.

Several modifications (or perturbations) of Toda equations have been studied during years. In particular, extensions of
Toda equations with two-dimensional discrete variables and one temporal variable were considered in [11], and later the
relations with 2D Lotka-Volterra equation were considered in [5]. In [2] the authors consider discrete and continuous de-
formations of a measure, also the multivariate orthogonal polynomials and study the resulting integrable systems. In fact,
they consider continuous Toda deformations of the measure by using d-dimensional vectors and covectors of several time
variables, and relate them with Christoffel perturbations of the measure. A similar work of these authors about multispectral
Toda hierarchy can be found in [3], where they deal with two continuous time parameter sequences.
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Recently, Aptekarev et al. [1] have presented multidimensional analogues of continuous and discrete-time Toda lattices,
where they have considered integrable systems with two or more space coordinates, and relate them with multiple orthog-
onal polynomials.

For more information and references about Toda lattice we refer to [1-3]. These references contain complete introduction
about this topic, and a complete set of references related with Toda equations and Lax pairs can be found therein.

In this paper, we consider a continuous Toda lattice in only one time variable t and two space variables describing a
mesh of interacting points over the plane. We prove that this kind of extension for Toda equations can be related with
bivariate orthogonal polynomials associated with an exponential modification of a positive measure by using their matrix
three term relations. In fact, using the vector representation for bivariate polynomials, the so-called orthogonal polynomial
systems, we deduce matrix Toda-type equations for the matrix coefficients of the three term relations for bivariate polyno-
mials. In addition, we deduce a Lax-type pair related with the obtained 2D Toda equations. Moreover, the case when the
bivariate measure is centrally symmetric is considered, and Langmuir equations are deduced.

Since the coefficients of the three term relations are matrices of increasing size, our Toda-type equations are also given
in terms of matrices of increasing size. Moreover, the product of matrices is non-commutative, then it is necessary to take
into account the size of the involving matrices. Therefore, the matrix manipulation is not a trivial extension of the univariate
case.

This paper is structured as follows. Section 2 is devoted to recall the basic facts about the continuous classical Toda
equations and their relations with the coefficients of the three term recurrence relation for standard orthogonal polynomials
associated with an exponential modification of a positive measure. Moreover, we review Lax and Lax-Nakamura pairs for
continuous Toda equations.

Some basic theory about bivariate orthogonal polynomials is described in Section 3. Given a positive measure defined
over a domain in R2, we define an Orthogonal Polynomial System as an orthogonal polynomial sequence organized as vectors
of increasing size n+ 1 such that their entries are independent bivariate polynomials of total degree n. This section ends
with the description of the matrix three term relations for bivariate orthogonal polynomials, the key feature of the rest of
the paper.

In the next section we establish the continuous bivariate Toda equations depending on a single time-variable, and we
study their relations with standard bivariate orthogonal polynomials. In particular, we deduce the matrix 2D Toda equations
from an exponential modification of the original measure. In the centrally symmetric case, by using similar tools, we obtain
an analogue of the Langmuir lattice. Toda equations for orthonormal polynomials are deduced as well.

We devote Section 5 to the matrix analogue of the Lax pair associated with the bivariate Toda lattice. Using a block ma-
trix formulation, a Lax-Nakamura-type pair, that is, a Lax pair for non-orthonormal polynomials is deduced for the bivariate
polynomials and for the centrally symmetric case. In the orthonormal case, due of the non-commutativity of the product of
matrices, we deduce a perturbed matrix Lax-type pair.

In the last section we describe in detail the particular case when the bivariate positive measure is given by the tensor
product of two univariate positive measures. We also show how the bivariate Toda equations recover classical Toda equations
for the univariate measures.

2. Toda lattices and orthogonal polynomials in one variable

As it is well known, continuous Toda lattices and orthogonal polynomials can be related. Toda lattice equations describe
the oscillations of an infinite system of particles x,, n > 0, joined by spring masses, where the interaction is described by
the exponential of the distance between two masses as follows:

)'('n = eXn-17Xn _ pXn—Xn41 , o n>1,

where we use the standard notation y(t) = dy(t)/dt.
Following for instance Suris [13], the above equation can be transformed into a system of differential equations by tak-
ing
dn(t) = Xn, Ca(t) = X177, n>1,
and then, setting cy(t) = d_;(t) =0, we obtain, for n > 0,

dn(t) = ca(t) — a1 (8), (1)

Cn(t) = cn(t) [dn-1(t) — dn(0)]. (2)
The coefficients of the three term recurrence relations for a special family of orthogonal polynomials constitute an explicit
solution for the system (1) and (2) (see, for instance, [7,10]). In fact,

Theorem 1 [7,10]. Let du(x) be a real positive measure with finite moments, and let {Pn(x)}, » ¢ be the monic orthogonal poly-
nomial sequence (MOPS, in short) associated with du(x). Let cy, dy be the coefficients of the three term recurrence relation, that
is,

P (%) = (x—dn) Pi(X) — o B (%), n=0, (3)
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where P_1(x) =0, Py(x) =1, and
_fRXPn(X)sz(X) n>0
C kRG0?duto T

Suppose that the moments
fx” et du(x)
R

exist for n > 0, and let {Pn(x, t)}, » o be the MOPS associated with dji(x,t) = e~*'du(x). Let cu(t), dn(t) be the coefficients of
the three term recurrence relation

Praa(x.t) = (X = dn(t)) Pu(x. 1) — o () Bia (x. 1), n=0, (4)

where P_1(x,t) =0, Py(x,t) = 1.
Then, the coefficients cu(t), dn(t) satisfy the system (1) and (2), with initial conditions c,(0) = ¢n, dn(0) = dn. Moreover, the
correspondence is unique.

Je i) dju(x)

d Gp=—"2—""_"""7_  n>
" T P (0)2dp(x)

If we suppose that the positive measure du(x) is symmetric, then d, = 0, for n > 0, and the modified measure is given
by dji(x,t) = e ¥t du(x). Then, three term recurrence relation (4) becomes

Py (x,t) =xPi(x,t) — o (t) Pi1 (X, ), n=0.
In this case, the coefficients c,(t) satisfy the Langmuir lattice (see [10])

Cn(t) = Ca()[Cn-1(t) = Cny1 (O] (5)
2.1. Toda lattices and orthonormal polynomials

Let {Qu(x, t)}, = o denote the sequence of orthonormal polynomials with respect to the measure dji(x,t) = e~*'du(x). It is
well known that

Qux.£) = Pa(x, ) I (£)~12, with  hn(t) = / Po(x, )% e dju(%).
R
From (3), three term recurrence relation for orthonormal polynomials is given by

XQu(x, 1) = an(t) Quia (X, ) + dn () Qu(X, ) + a1 () Qu_1(x, 1), n >0,

with Q_;(x,t) =0, Qo(x,t) = ho(t)~1/2, and an(t) = cppq (£) 12,
Setting a_; (t) = 0, Toda equations (1) and (2) become

dn(t) = @2, (t) — (1), (6)

an(® = 5 14 0) v 0] ™)

for n > 0. We refer to the lattice given by (6) and (7) as Toda lattice for univariate orthonormal polynomials.
When the positive measure is symmetric, then Langmuir lattice (5) transforms into

an(t)
2

an(t) = a%q t) - a%ﬂ )], n=0. (8)

2.2. Lax pairs for orthonormal polynomials

Usually, Toda equations for orthonormal polynomials are represented by means of a Lax pair. Here, we describe this
construction.
Let us define the infinite tridiagonal matrices

do do 0 dp
do d] aq —0o 0 a
aq dz 1 —aq 0
E == N B == E 9
an-1 an—1
Qn—1 dy —0p—1 0
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where we have omitted the time variable t for simplification. Then, Toda equations (6) and (7) can be written in a matrix
form as

L=[L,Bl=LB-BL. (9)

The pair of matrices {£, B} is called Lax pair and the representation (9) is called Lax representation for the Toda lattice
(6) and (7) (see [10]).
For the symmetric case, we consider the infinite pentadiagonal matrix

0 0 aopaq
0 0 0 ajap
—dpaq 0 0 0
B— L —aja; 0 0 RN MY ,
2
0
—ap_1a, O 0

and using that d,(t) = 0 for n > 0, one can obtain a Lax representation associated with (8) in the form

L=LBs—Bs L=][L,Bs]
2.3. Lax-Nakamura pairs for monic orthogonal polynomials

Usually Lax pairs are deduced for the sequence of orthonormal polynomials, as above. However, following Nakamura [9],
a Lax pair for monic orthogonal polynomials can be established using Eqgs. (1) and (2). Define the infinite matrices

d 1

° 0
aq d 1

1 1 ‘ s 0

Cy dz ‘. —Cy 0
E = ) B =
1 .
—C 0
cn  dp "

Observe that B is the opposite of the lower triangular part of £. Then, we can see that Egs. (1) and (2) can be represented
as the Lax pair {£, B}, i.e.,

L=[L,Bl=LB-BL.

For the symmetric case, since d,(t) = 0,n > 0, therefore (5) can be represented again as a Lax-Nakamura pair defining

0
0 0
—C1Cy 0 0
—CC3 0 ‘.
Bs = . . s
. . 0
—CnCny1 O

and, as before, we obtain £ = [£, Bs] = £ Bs — Bs L.
3. Orthogonal polynomials in two variables

Along this paper, we need some definitions and general properties about bivariate orthogonal polynomials. For an ex-
haustive description of this and other related subjects see, for instance, [4,12].

Let IT denote the linear space of real polynomials in two variables, and let I1, denote the subspace of polynomials of
total degree not greater than n.
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Let My, (R) and M, (IT) denote the linear spaces of h x k matrices with real or polynomial entries, respectively.
When h = k, the second index will be omitted.

Given a matrix A, we denote by AT its transpose, and by det(A) its determinant if A is a square matrix. As usual, we say
that A is non-singular if det(A) # 0. Furthermore, we introduce I; as the identity matrix of dimension h.

Definition 1. A polynomial system (PS) is a vector sequence {Pp},-¢ such that
Pn=Pa(X,¥) = (Pro(*.¥). P11 Y). . . Pon (X ¥))T € Mniay,a (TTa),
where {P, o(x,¥), Pi_11(X,¥), ..., Py n(x,y)} are polynomials of total degree n independent modulo IT,_j.
The simplest example for PS is the so-called canonical basis, defined as
{Xp= " x" 1y, x"2y2, .., y)T, n>0}.
Observe that
XXn = Ln1Xnp1, Y Xy = Lp2Xnsa,
where L, ;, i=1,2, are (n+ 1) x (n+ 2) matrices defined as (see [4], p. 76)
1 Olo0 0|1 O
Lp1= : and Ly, = : . (10)
O 10 0|0 1

Observe that L, ;, i =1, 2 are full rank matrices, and an,'Lgi =T
Moreover, we can express a vector polynomial P, in terms of the canonical basis as follows:

Pn=GZXn+GZ,1Xn—1 +"'+GSX07

where G, for i=0,1,...,n, are (n+ 1) x (i+ 1) constant matrices.

The square matrix G} is called the leading coefficient of P, and it is a non-singular matrix since the entries of P, are
independent polynomials. In this way, we say that P, is monic if G} =I,,4, that is, every polynomial entry in P, has a
unique term of higher degree

Pixk(x,y) = x" K yk 1 lower degree terms, 0 <k <n.

A monic PS {Pn};50 is a PS such that P, is monic, for n > 0.
Let © c R? be a domain having a nonempty interior, and let du(x, y) be a measure defined on the domain € such that
all moments

/ x"ykdp(x,y) < +oo (11)
Q
exist for h, k > 0. Let ( -, -) denote the inner product defined on IT by means of

(p.q) =/Qp(x,y)q(x,y)du(x,y).

Let A = (a; (x,y))?’j":1 € Mp,(IT) and B = (b,-,j(x,y))g“j’:1 € My, (IT) be two polynomial matrices, that is, a; j(x, ¥), b; j(x,
y) e I1. The action of the above inner product over polynomial matrices is defined as the h x [ matrix [4],

hl
Ly

J=1

(A, B) = /Q Ay By duxy) = ( /Q iy (. Y)d(x.y) )

where C=A-B= (Ci_]-(x,y))ff'].lzl € My (IT).
We say that a polynomial p € I, is orthogonal with respect to ( -, -) if
(p,q) =0, Vqell, degq<degp.
Then, we can define
Va={pelln:(p.q)=0,YqeTll}.
Observe that V), is a linear space of dimension n + 1.
Definition 2 [4]. We say that a PS {Py},>¢ is an orthogonal polynomial system (OPS) with respect to the inner product ( -, -)
if
(PMPZ;I) =0, n#m,
(Pp, Py =H,, n=0,1,2,...,

where H; € M;,1(R) is a symmetric and positive-definite matrix.
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In the particular case where Hy is a diagonal matrix, we say that the OPS {Ps},~o is a mutually orthogonal polynomial
system. Moreover, if Hy =1I,,1. we call {Pn};>0 an orthonormal polynomial system. In addition, there exists a unique monic
orthogonal polynomial system associated with du(x, y).

Now, we must describe the three term relations for monic orthogonal polynomials in two variables [4, p. 75].

Theorem 2. Let {P,},-o be the monic orthogonal polynomial system associated with a measure du(x, y). Then, for n > 0, there
exist full rank matrices D, ;, C, ; of respective sizes (n+1) x (n+1) and (n+1) x n, i =1, 2, such that

XPp = Ly1Pny1 + D1 Po+ Gu1 Paq, (12)
YPy = Ly2Puy1 +Dy2 Py + Coa Poy, (13)
where P_y =0 and C_; ; = 0. Moreover,
Dn,l Hn = (XPn,PD, Cn,] Hn—] =HnL£,1’1’
Dn,z Hn = (yPn,IPﬂ), Cn,2 Hn71 = Hn L£_1<2~

Observe that we can add relations (12) and (13), and we get

(X+.V)Pn :LnPnH +DnPn +CnPn71,
where

Ly = Lyt + Loz € Muityxmi2) (R),
Dy =Dy1+Dpz € Mapityxmen) R),
G=G1+GC € M(n+1)xn(R)~

A bivariate measure du(x, y) defined on Q c R? is centrally symmetric ([4, p. 76]) if
xy)eQ = (=X -y) e,

and all moments of odd order vanish, i.e.,
/ x"ykdu(x,y) =0, h, k>0, h+k=odd integer. (14)
Q

As in the univariate case, the properties of symmetry from the inner product can be related with the coefficient matrices of
the three term relations. In [4, p. 77], it is shown that a measure du(x, y) is centrally symmetric if and only if the matrices
D,;=0forn>0andi=1,2.

4. 2D Toda lattices and bivariate orthogonal polynomials

Consider the bivariate Toda lattice given by the oscillations of a mesh of particles on R? given by the coordinates
{ (X, y) : h, k> 0}.

For n > 0, we define the (n+ 1) x (n+ 1) matrices

Xo Xo -+ Xo Yo Y1 - Wn
X1 X s X Yo Vi - Yn
Xa® =] . ] e = :
Xn Xn Xn Yo M4l Yn
and
Xo0o0 Xoi - Xon

X0 X110 Xin
Xn(t) = an(t) + Xn,Z(t) = . . .
Xno  Xn1 0 Xnn

where xp, =x,+y. 0 <h k<n
Suppose that the interaction between the masses is given by the exponential matrix of A, ;, that is, equation

Koy =e Ly et Ly g —Lyge ' L e,
describes the oscillations in the X-axis, and equation
Hpp=e MLy ef Ly g —Lyge i Lre',
describes the oscillations in the Y-axis. Summing both equations, we can describe the total oscillations as

Xn =X+ /"}n,z =e W L£7] g1 Ly_1-Ly e~ Y LZ etn,
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For n > 0 and i =1, 2, we define the matrices depending on t given by the expressions
Dn,i(t) = Xn.i
Goi(t) = e L], e,

of dimensions (n+1) x (n+1) and (n+ 1) x n, respectively. If X, and X;, commute, then

Dy i(t) = Cu(t) Ly_1 — Ly Cay1 (1), (15)

Cn,i(t) = Cn,i(t) Dn—l (t) _Dn(t)cn,i(t), (16)
for i=1,2, where Dn(t) = Dp1(t) + Dy (t) and Cu(t) = G, 1 (t) + Gy 2(t). Moreover,

Dn (t) = Cn (t) Ln,1 - Ln Cn+1 (t), (17)

Ca(t) = Ca(t) Dy_1(t) — Dy (t) Gu (). (18)

We say that (15) and (16), for i = 1,2, or (17) and (18), is a 2D Toda lattice.

Now, we want to relate the above 2D Toda lattice with bivariate orthogonal polynomials. Let du(x, y) be a positive
measure defined on a domain € ¢ R?, and suppose that all moments (11) exist. Let {Pn},-0 be the monic OPS associated
with du(x, y).

Define the modified measure

di(t) = dt(x,y. t) = e~ *tdp(x, y),

and suppose that all moments

f xMyk e~ dp(x, y) < +oo
Q

exist for h, k > 0, that is, we suppose that the new measure depends on the time variable t as well as the two variables
x and y. Then, there exists a monic orthogonal polynomial system {Ps(t)};s0 = {Pn(x.y.t)}n=0 associated with dfi. Clearly,
every polynomial in such a system is a polynomial in two variables x and y whose coefficients depend on t. Obviously,
P,(0) =Py, and

Pﬂ(t) = apn(t) = (PH.O(Xsyvt)an—1,](xryv t)v . 'vPO,n(xvys t))T € M(n+1)><l(l_[n—1)~

Since P,_j ;(x,y,t) is a monic polynomial, then Pn,k‘k(x, yt)yell,_q.
In addition, the symmetric positive-definite matrix

Ha(t) = (Pa(t), PL(1)),

also depends on t, and H,(0) = Hy,, for n > 0.
The system {Py(t)},-0 satisfies three term relations as (12) and (13), but now, the matrix coefficients depend on t. In this
way, for n > 0, there exist matrices D, (t), G, ;(t) of respective sizes (n+1) x (n+1) and (n+1) xn, i =1, 2, such that

XPp(t) = Ly1 Py (£) + D1 (8) Pr(t) + Goq (t) Prq (£), (19)
YPr(t) = Ly2Pniq1 (t) + Dn2(t) Pr(t) + Coa (t) Prq (£), (20)

where P_;(t) =0 and C_4 ;(t) = 0. Moreover,
D1 (t) Ho(t) = (XPy(t), Py (1)),  Dna(t) Hu(t) = (yPa(t), PL (L)), (21)
Gui(®OHna () =Ha(@© Ly _y 1. Ca2(t) Haoa (£) = Ha(0) Ly 5, (22)

and D, ;(0) =D,;, C,;(0) =C,;, i=1,2. We remark that L, ; are given in (10) and they are independent of t. We also
define

Dn(t) = Dn,l (t) +Dn.2 (t)a
Gi(t) = Gu1(t) + G2 (D).

Now we present our first result.
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Lemma 3. For n > 0,
Hn(t) = =D (t) Ha (). (23)
Proof. Since
Ha(©) = [ PO B0 dpux.),
we get

H(t) = fﬂ Ba(t) BT (t)e “W0dpu(x, y) + fQ Ba(t) BT (E)e 9 d i (x, y)

- f (X +Y)Pa(t) BT (£)e F 0 (x, )
Q

—Dn 1 (t) Hn(£) — Dy 2(t) Hy (1),
using (21), and the fact that degP,(t) <n. O

On the coefficients of the three term relations (19) and (20) we have the following.

Theorem 4. For n > 1 and i =1, 2, it is satisfied

C,i(t) = Co () D1 (£) — Dy (t) Coi (0). (24)
Moreover,
Ca(t) = Ga(t) Dp_q (t) — Di(t) G (t). (25)

Proof. Taking derivatives in (22), we get
H(6) Ly = Coi(t) Huoa (£) + G (6) Hua (),

n-1,i
and using (23), we obtain
—Dn(t) Ha(t) L}y ; = Coi(t) ooy (£) — Coi(¢) Dy (£) Hoy (£).
Since H,,_1(t) is a non-singular matrix, therefore

Cai(t) = Gyi(t) Dn_q (t) — Dn(t) He(t) LT, HL, (D),

n-1,i" 'n—

and using again (22), we obtain (24). Summing above equation for i = 1,2, we deduce (25). O

Theorem 5. For n > 1, and i = 1, 2, the following holds:

Dy i(t) = Cu(t) Ly_15 — Ly i Coy1 (£). (26)
In addition,
Dn (t) = Cn (t) Ln,1 - Ln Cn+1 (t) (27)

Proof. Eq. (21) can be written as follows:
D (O Hu(t) = [ xa(®) B0 7" du(x.).
Q
By taking derivative with respect to t we get

Dn1Hp+Dp1 Hy = / x]ﬁ”n]}”ge‘("+y”du(x,y)+/ XxPy PTe= It dy(x, y)
Q Q

—/ X(X+y) Py Ple= ™t dy(x, y), (28)
Q
where we have omitted the time variable t for simplicity.

We study the first and third integral in (28), since the second integral is the transpose of the first one. Using (19), we
get

/ xPy Pre= ™t dy(x, y) =/ Py PL_e” M du(x,y) -CL ;.
Q Q

On the other hand, since [, P, PT e~**tdp(x,y) = 0 by orthogonality, then

0= f Ba BT e dp(x,y) + f PaBT_ e~ O dpi(x, y)
Q Q

- [9 x4+ ) BaPT_ e D dp(x, y),
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and therefore
/ PPy e " du(x,y) = Cor Hoor + Gz Hua.
Q
For the third integral in (28), using again (19), we obtain

/Q X’ Py Phe”*dp(x, y) = /g (xPy) (xPp) e ®dp(x,y)
= Lot Hog1 LYy + Doy Ha DLy + Gy Hoo CF

n,1

and

/Q Xy P Ple=*tdp(x,y) = Lyt Hyp1 LY 5 + Dyt Ho DL 5 + Gt Hyo1 C .
In this way, (28) becomes

Dn1 Hy + Dot Hy = Co2 Hy1 €l + Cot Haot €y — Lyt Hosa Lh y = Doy Hy DYy — Loy Hy LT 5 — Dy Hy D 5.
On the other hand, exploiting (21), and using (19), we get

Diy Hy = (xPy, PT) = /Q X P PLe 0t (x, y)

- / Py (xPn)Te"®Vtdpu(x, y) = Hy D} ;.
Q
and then, by (23),
Dn.l Hn = —Dn,l Dn,l Hn - Dn,l Dn,2 Hn = —Dn.l Hn D;] - Dn,l Hn D;}
Therefore, using again (22), we obtain

Dn1Hn = CooHo1Chy +GCo1Ho1 €y — Lot Hygt LTy — Lyt Hon LT
=CuaLln11Hn+ G Lo Ho — Lo1 Gopr1 Ho — Lot Goy1 2 Hn.

Multiplying by H;!, the result (26) follows for i = 1. The case i = 2 can be shown similarly. Summing Eq. (26) for i =1, 2,
we obtain (27). O

Theorems 4 and 5 show that the matrix coefficients of the three term relation of a bivariate monic orthogonal polyno-
mials satisfy the 2D Toda lattice (15) and (16) for i = 1, 2, and the 2D Toda lattice (17) and (18).

4.1. Centrally symmetric measures

Let us consider a bivariate centrally symmetric positive measure du(x, y) defined by (14). Since D,, ;(t) = 0, forn > 0,
and i =1, 2, relations (19) and (20) become

XPp (t) = Ln,l Pnﬂ (t) + Cn,l (t) Py_q (t)s
y]Pn (t) = Ln,2 Pnﬂ (t) + Cn,2 (t) Pp_1 (t)s

where P_q(t) =0 and C_q ;(t) = 0. Similarly as before we define the modified measure
di(t) = di(x.y.t) = e M du(x.y),

and we suppose that all of the moments
/Qxhyk e~ P dyy (X, y) < +oo

exist for h, k > 0. We can prove the following.

Lemma 6. For a centrally symmetric bivariate measure,
Hn(t) = —En(t) Ha(t). n =0, (29)
where Ep(t) = Ly Cyyq (£) + Go () L.

Proof. Since H,(t) =/ Py () PT (e~ ®%tdyu(x, y), and degPq(t) < n, we get
Q

Ha(t) = — /Q(Xz +2xy + Y2)Ba () P (e ®V’tdp(x, y),
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using (19) and (20), we get
Hu(t) = —[Ln1Gri1.1(6) + Cra (OLn-1.1 + Ln1Cag1.2() + Co1 (O)Ln1.2
+Ln2Cai1.1 () + Coa(O)Ln1.1 4 Ln2Cay1.2(6) + Cra(E)Ln—1.2] Hn(t)
= —[LnCas1 () + Gr(6)Ln-1]Hn (8).

The next theorem relates centrally symmetric positive measures with 2D Toda systems.
Theorem 7. For a bivariate centrally symmetric positive measure, it follows that:
Ga() = GO Cro1 (O L2 = La G (O Gu(0), = 1, (30)
taking Cy(t) = 0.
Proof. Taking derivatives in (22), we get
Hu(©) Ly = Coi(t) Hooy (£) + i (6) Haa (8),
and using (29), we obtain
—En(t) Ho(t) LY ; = G () Hy1 (£) — Gy () En_1 (£) Ho1 (8).
H,_1(t) is a non-singular matrix, therefore
Gui(t) = Gui(6) En-1(8) = En(6) Ha (6) Li_y H,, (©),
using again (22) and the definition of E,(t), we get
Gri(t) = Gui(t) En_q (t) — En(t) Goii(t)
= Co.i(O)[Ln-1Gr (t) + Co1 (D) Ln—2] = [LnCria (£) + Ca (£)Ln—1]Cor i (0.
Hence,
Ga(t) = Gu(OLn-1Ca(t) + Cot (OLn-2] = [LnCas1 (£) + Ca(OLn-1 ]G (£)
= Ca ()1 () Ln—2 — LnCa1 (DG (8),
and the result is proved. O

The lattice given by Eq. (30) is referred as a 2D Langmuir lattice.
4.2. 2D Toda lattices and bivariate orthonormal polynomials

In this section, we want to write the 2D Toda equations (15) and (16) for orthonormal bivariate polynomials. Since
Hn () = (Pa (). P (D)),

is a (n+ 1) symmetric and positive definite matrix, there exists another symmetric and positive definite matrix Hy (t)%, the
so-called square root of the matrix Hy(t)[6, p. 405], such that

Ha(t) = Ha(t)? Ha(t)?.

Moreover, we define Hy (t)*% = (Hp (t)%)*K and it can be checked that (Hj (t)% )1 = (Hy (t)”)%.
Let {Qn(t)}ns0 = {Qn(x.¥.t)}ns0 be the OPS defined by

Qu(t) = Hy ()% Pa(t). (31)

Then, (Qn(t), QI (t)) = Hp (t)‘% (Pn(t), PL(£))Hp (t)‘% =In,1, and therefore {Qn};>0 is an orthonormal polynomial system.
Multiplying (19) and (20) by H, (t)*%, it can be proved that {Qn},s¢ satisfy the three term relations

XQn(t) = An1(t) Qui1 (t) + Ba1 (£) Qu(t) + Af_; 1 (t) Qur (1),
YQu(t) = An2(t) Quyr (t) + B (t) Qu(t) +Al_1 () Qu_y (1),
where

Ani(t) = Ha(6) 2 Ly Hp1 (6)7 = Hy(6)2 CL, (6 Hy ()72, (32)

Bai(t) = Ha(t)™% Dni(t) Ha(t)?, (33)
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are matrices of respective sizes (n+1) x (n+2) and (n+1) x (n+1), i =1, 2. Adding the above matrices for i = 1, 2, also

we get

An(t) = Hn(t)7% Ly Hy 1 (£)7 = Ha(£) 2 CL,{ (£) Hay1 (£) 72, (34)

Ba(t) = Ha(t)~2 Dn(t) Ha(t)?, (35)

Since the product of matrices is not commutative, then, in general B, ;(t) # D, ;(t). On the other hand,

. .1 _1
Ani=H?Cl  .H?

n+1,i " 'n4+1

Bn.i = Hn_% Dn,iHn% + Hn_% Dn,iHn% + Hn_% Dn.iHn%s

H 2

3 T
+anc n+1°

n+1,i

1 . 1

2 T 2
+ Hn Cn+1,iHn+1
and

1 L1
+H2CT . H

2
n+1""n4+1°

. .1 _1 1 . _1
Ay=HCT  H 2 +H2CI  H 2

n+1""n+1 n+1"'n41
Bn = H, 7 Do Hy +Hy? Dy HY + Hy ? Dy Hy, (37)
where we omitted the time variable for brevity. On the other hand,
BY(t) = Ha(t)? D} (t) Ha(t) ™3 = Ha(t)? Ha(6)™" (XPu(t), BT (£))T Ha(t)
= Hn(t)"% (Pa(t), (xPn(6))T) Hn(£) "% = (Qu(t), (XQu(£))") = Bni(t),

showing that B, ;(t) is a symmetric matrix, and also By(t).
Now we deal with Eq. (26). Using (32) and (34), we deduce

H(£)% Dy (¢) Ha ()% = Ha ()2 Go(t) L1, Hn (€)% — Hy ()% Ly i G (£) Ha(£) 2
= Ha(t) "2 Gu(t) Ho1 ()2 Hy_1 (£) 7% Ly_1 1 Ha(£) 2

—Hu (€)% Ly Hpy1 ()% Hog (6)77 Gy () Ha(£)
= Al (O) An1i(6) — Ani (D) AT (D).
In the same way, we can use (33) and (35) into (24), and we find that
Ha(£)7% Goi(t) Hyo1 (£) = AT () Bo_y (t) — Ba(t) AT, ().
We resume our results in the following propositions.

Proposition 1. Forn > 0, and i =1, 2, we get

Hy?CyiH? | = Al | By 1;— By Al | .. (38)

n-1,i
. 1
Hu(0)7% Do Hi = ALy An 1 — Ani AL, (39)
Summing above equations for i =1, 2, we get

S 1
H,?CGH? , = Al B, —ByAl ;. (40)

Hy? DoHi = AT Ay — AAL, (41)
where we have omitted the variable t.
Using (36) and (37) in (40) and (41) we get
Proposition 2. For n > 1,

‘T T T .1 1 _1 1
Al = Al By —BuAl_ +H,? CH?  +H, G H;

n-1 — “'n n—-1°

By = AT Ay — AnAl + E; 2 Dy HE + Hy? Dy Hy, (43)

where we have omitted the variable t.



C.E Bracciali, TE. Pérez/Applied Mathematics and Computation 309 (2017) 142-155 153
4.3. 2D Langmuir lattices and centrally symmetric bivariate orthonormal polynomials

We study now the orthonormal polynomials (31) for centrally symmetric measures, that is, D, () =0,n > 0,i=1,2.If
we consider the 2D Langmuir lattice given by (30), and we use definition (34), it follows:

1. 1
H 2 G H? =ATAl (A1 —Ani Agﬂ Al, n=0, (44)

n+1

and substituting (36), we get

CoHi +H 2 G B, n=0, (45)

n+1

. .1
Al =ATAl [ An 1 —An1 AL AL +H 7

n+1

where, again we have omitted t.

5. Block Lax representation for bivariate orthogonal polynomials

In this section we want to give a block matrix perspective of the 2D Toda equations (17) and (18) and the 2D Langmuir
equation (30). In particular, we deduce a block Lax-Nakamura pair for bivariate monic orthogonal polynomials.

Furthermore, we give a block Lax-type pair for bivariate orthonormal polynomials using Eqs. (42) and (43) and for cen-
trally symmetric case using Eq. (45).

We define the following infinite block matrices:

Do Lo —%1 0
G D L 5 o
G D G
L= Loy . B= . :
C.  Da _c,

where we have omitted the time variable t for brevity.
Proposition 3. The 2D Toda equations (17) and (18) can be given as the block Lax—Nakamura pair representation
L£=[L,Bl=LB-BL. (46)

For the centrally symmetric case, since D,(t) = 0, we define the infinite block matrix

0
0 0
GG 0 0
. GG 0
0
—CyCy1 O

In this case, the 2D Langmuir lattice (30) can be express as a block Lax-Nakamura representation as follows:
L=[L, Bs]=LBs — BsL.

Now we want to deduce a block Lax-type pair for bivariate orthonormal polynomials, that is, we want to express relations
(42) and (43) as a Lax-type representation.
Define the following infinite diagonal block matrices:

b = diag{H}, n=0,1,...},
1t = diag{H;?, n=0,1,...},
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Bo Ao 0 Ao
Al By A Al 0 A
Al B, . AT 0
L= A, , B= A, :
Al B, . -AT 0
0 A Do (T
Al 0 A G D O
1 A%- 0 G D,
k=3 An = G ’
Al 0 G, Dn

then, we can represent Eqs. (42) and (43) by the following block Lax-type representation:
L=[L—K,Bl+H P TH} + H P THE.

Now we can deduce a block Lax-type pair for centrally symmetric bivariate orthonormal polynomials. In this case,
By(t) = 0 and Dy(t) = 0, and we define

0 0 Ao
0 0 0 ArA,
~ATA] 0 0 0
By — —-ATAT 0 0 o ApoiAn
. . 0
~AT_ AT 0 0

Then, Eq. (45) can be represented by the following Lax-type representation:
L=[L,B]+H PTHI +H TTH.
6. A particular case: tensor product of univariate polynomials

It is well known that we can define orthogonal polynomials in two variables as the product of orthogonal polynomials
in one variable, the so-called tensor product.

Let du;(x), for i =1, 2, be two real measures with finite moments, and let {pu}, -~ ¢ and {qn}, = ¢ be the monic orthogonal
polynomial sequences associated with du;(x), respectively. Then, for n > 0, both sequences satisfy the following three term
recurrence relations:

XPn(®) = Pra1 () + a0 pa () + ¢ i1 (0, p(®) =0, po(®) =1,
Xqn(0) = Guy1 () + 4P @2 () + P a1 (®), @1 =0, o) =1.

As above, for i = 1,2, we suppose that all the moments
/x” et du;(x),
R

exist for n > 0, and let {p(x, t)}, = 0 and {gn(, t)}, = o be the MOPSs associated with e=*'du;(x), respectively. Now, let
C,g') (1), d,(,’)(t) be the coefficients of the three term recurrence relations

XPn(X, ) = Ppp1 (X, 0) +d5V () pa(x,£) + ¢ (£) pr_1 (%, 1), (47)

Xqn(%, ) = Gui1 (6, £) +d2 (0) qa (%, £) + 2 () gn1 (%, 1), (48)
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with p_1(x,t) =0, po(x,t) =1, g_1(x,t) =0, qo(x,t) = 1. Following Theorem 1, th_e coefficients c,(.‘i) (t), d,(l") (t) fori=1,2,
satisfy the univariate Toda system (1) and (2), with initial conditions c,(;)(O) = Cp, d,ﬁl) (0) =dp.
Define the bivariate polynomials

Pn—k,k(X7 Y, t) = pn—k(xv t) qk (yv t)7
for k=0,1,...,n and n > 0, and define the PS {Py},-0. as in Definition 1,
Pn = ]P)Tl(t) = ]P)Tl(xsys t) = (Pn,o(xsys t)’ Pn—1,1 (x’ys t)s sy PO,n(Xsys t))T

Then {P,(t)}n=0 is a monic OPS associated with the modified measure
di(x, y, t) = e~ g (x) wy (y) dxdy = e wq (x) e Y w, (y) dx dy.

Using the three term recurrence relation for the univariate orthogonal polynomials, we can give the explicit expression for
the matrix coefficients of the three term relations for the bivariate orthogonal polynomials. In fact, the monic OPS {Py(t)},-0
satisfy the three term relations (12) and (13) with

Dy (t) = diag{d'", (t), k=0.1,....n},
Dy (t) = diag{d® (t), k=0.1.....n},
Coa () = LT_; ; diag{c!", (), k=0,1,....,n -1},
Cra(t) = LT, diag{cP (), k=0,1,....,n—1}.

Applying Theorems 4 and 5, the matrix coefficients of the three term relations satisfy the 2D Toda lattice (15) and
(16). Using the explicit expressions for the matrices, we have to observe that (16) can be write for the entries of C, 1 (t),
obtaining

& () = O (0 +dg? O] - [di” (©) +dg? (O] (©).
G (O = G2 OG0 +di (0] - 142 (6) + d? (O], O,

¢(6) = ¢V (©Ld§" () +d?) (O] = [d§" (0) + di? (©)]et" ().
that is,

ey =cPO[d" ) -d®] n=12....
In the same way, Eq. (15) means that

d" () = (t) — ), n=1.2.....

This recovers the Toda lattice in one variable for the MOPS {pn(t)}; = o-
Analogously, using i = 2 in (15) and (16), we recover Toda system for the second MOPS {gn(t)}; > o

ER(t) =@ (t) (@2, (t) —dP (b)),

A () = P (©) — ¢, (©).
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