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Abstract

The Hermite-Birkhoff interpolation problem of a function given on arbitrarily distributed points on the sphere and
other manifolds is considered. Each proposed interpolant is expressed as a linear combination of basis functions, the
combination coefficients being incomplete Taylor expansions of the interpolated function at the interpolation points.
The basis functions depend on the geodesic distance, are orthonormal with respect to the point-evaluation functionals,
and have all derivatives equal zero up to a certain order at the interpolation points. A remarkable feature of such
interpolants, which belong to the class of partition of unity methods, is that their construction does not require solving
linear systems. Numerical tests are given to show the interpolation performance.
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1. Introduction

In previous papers we concerned with Hermite-Birkhoff interpolation of a function given on arbitrarily distributed
points on Euclidean spaces [4] (see also e.g. [18,[19]), and with Lagrange and Hermite-Birkhoff interpolation of
a function given on arbitrarily distributed points on Banach spaces [3, 3]. In particular, in [4] we considered data
on a general domain Q < R+ 4 > 1, without using any topological information about Q. Nevertheless many
applications provide us with additional information on the underlying domain. For example, problems coming from
geology, geophysics, metereology, oceanography, satellite-based techniques, etc., often relate to the entire earth or a
large part of it, so that the unit sphere would be an appropriate model and the additional information would lead to a
better approximant. The considered data typically represent some physical phenomena, such as temperature, rainfall,
pressure, and gravitational forces, measured at various points on the surface of the earth, possibly at different times.

The sphere is a particularly interesting example of a connected compact smooth manifold, even because consid-
erations developed about interpolation on the sphere can be extended to other manifolds. We think convenient to
discuss, as long as possible, a general framework, though in practice the most interesting manifolds are smooth two-
dimensional manifolds, i.e. surfaces in R3. In fact, a problem that occurs frequently in science and engineering is
to recover from a surface in three dimensions a real valued function that interpolates to a given set of data (see e.g.
(37, 156]).

The generalized Hermite interpolations (or Hermite-Birkhoft interpolation, see e.g. [27], Chapter 19) on scattered
data by means of basis functions depending on the distance have been developed since 1992, when appeared the
pioneering paper by Wu [55]. Since then, the interest in this topic seems to have increased significantly (see e.g. the
pertinent chapters in [26, 27, I53]). A number of authors have also considered the Hermite interpolation setting on
scattered data on the sphere (see e.g. [30,149, 25,!44,138]) or even general Riemannian manifolds [23,43].
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The point of view we follow in this work is deeply different from that in the just quoted papers. The matter is that
we do not consider a radial basis function method but a cardinal (radial) basis function method. In this way, to get
the Hermite-Birkhoff interpolant we have not to solve a system of linear equations. In fact, the interpolant is directly
expressed as a linear combination of basis functions, which depend on the geodesic distance, are orthonormal with
respect to the point-evaluation functionals, and have all derivatives equal zero up to a certain order at the interpolation
points. The coefficients of the linear combination are incomplete Taylor expansions of the interpolated function at
the interpolation points. On the other hand, our interpolation method is strictly linked up with papers which discuss
Lagrange interpolation by partition of unity methods, namely Shepard-like methods, on the sphere (see, in particular,
[9, 110,111,112, 120, 21]). Our method also shows an interesting analogy with articles by Franssens [29, 28].

This paper is organized as follows. In Section 2 explicit expressions of Hermite-Birkhoff interpolants on manifolds
are given. Since these definitions are based on a suitable class of cardinal basis functions, Section 3 describes a general
way to construct such basis functions, which depend on geodesic distances on Riemannian manifolds. Moreover,
upper bounds for errors in terms of the fill distance are showed. In Section 4 some basic considerations are pointed
out on geometric objects and analytic tools to deal with. Beside sketching the general background, the main goal of
these considerations is to motivate the strategies to be adopted in numerical computation. Sections 5 and 6 discuss
the application of the proposed interpolants to numerical recovering of functions only known on scattered data on the
sphere and other Riemannian manifolds. The reported numerical tests are restricted to surfaces, which are the most
interesting and handy cases, but the adopted point of view is more general. Considering the sphere the well-known
expression of the geodesic distance is available, but for other manifolds it is necessary to consider approximations of
their geodesic distances.

2. Hermite-Birkhoff Interpolation on Manifolds

Now, we define Hermite-Birkhoff interpolation on Riemannian manifolds, in particular on the higher-dimensional
sphere. The manifolds we consider are supposed to enjoy suitable properties, as specified in the following (see
Sections 4-6 for geometric details).

Definition 2.1. Let us consider a m-dimensional Riemannian manifold M < RI*!, d > 2, an open set U = {u =

(ur,...,ugp1) € RIFYY = M, a function ¢ : U — R? which maps U homeomorphically to the open set V = {v =
(Vis.oosvm) € R} := @(U) so that v = ¢(u) := v(u) andu = ¢~ (v) := u(v). Let X = {z1,...,2,} < U be a set
of distinct points, possibly scattered, with associated finite sets Ay, ..., A, C Ng’. The Hermite-Birkhoff interpolation

problem from U to R consists in finding a function H : U — R which satisfies the interpolation conditions

OBIH(z;
DPH(z) = T oh (;)ﬁm =fg.  BeA, i=1,....n, (1
oo

where B = (B1,...,Bm), |Bl = B1 + -+ + B, and the fizg € R are given values to be interpolated. It is assumed that
H e CX(U), where k = max{|B| : B € A;, for some i, 1 < i< n}.

In the following, we will also think that the fiz are values assumed by an underlying function f : U — R, f e ck),
so that the conditions (I take the form

DPH(z;) = DPf(zn), BedA, i=1,...,n ()

In general, the values of f and of some its derivatives are known only at the points of X.
A constructive solution to the interpolation problem (1)) can be given by introducing a suitable class of cardinal
basis functions, which can be defined as follows.

Definition 2.2. Given a set of distinct points X = {z;, 1 < i < n}, arbitrarily distributed in the open set U c M,
the functions gj : U — R, 1 < j < n, are cardinal basis functions with respect to X if they satisfy for all u € U the
conditions

g eCiU),  giu) =0, E giw) =1,  gi(z) =0
oy
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where 6 ; is the Kronecker delta, and also satisfy the additional property
DPgi(z) =0, BeA, || #0, i=1,...,n 3)

It is clear that an interpolant based on these weights must be considered as a partition of unity method.
It can be easily checked that the following result holds.

Property 2.3. The interpolation conditions @) are satisfied by the interpolant

n

H(u) = Z T (u; .2 ) gi(u), 4)

i=1

where

DBf(z,) B Dﬁf(zl) B B
T (u; fozi, ) i= B ,( —v(z)" = (v =vi(@)™ e (v = (@)™
: ﬁZA Bil B - BZA Bil-Bal ¢ ¢

is formally an incomplete Taylor expansion of f at z;, in the sense that it only includes the partial derivatives whose
orders belong to A;. The interpolant (&) can also be expressed in the form

= 21> DPflz) g, (5)
i=1peA;
e b)) P %
v—v(z) vi = vi(z))" e (v — vm(z)™"
gip(u) := mé’i(“) = Bl Bl giu), ©)

withBe A, 1 <i<n
The formula () highlights that the interpolant is essentially constructed by using the g5 as basis functions.

The interpolant (@) enjoys the usual properties of cardinal basis interpolants.

Property 2.4. There hold the following inequalities:

a) |Hw)| < max T (u f,2, A
b) [ f(w) Z gi(10) £ () = T (us £z, &) | < max £ (u) = T (us £z, A
where the i-th term in the sum may be interpreted as the local error at the point z;.

3. Cardinal Basis Functions on Manifolds

A classical way to construct cardinal basis functions defined on R?*! is Cheney’s method (see [15] and [16], pp.
67-68), which can be used for manifolds as well, if we adopt a suitable distance.

Theorem 3.1. Let us consider U < M as in DefinitionRlland leta : U x U — R(J)r be a continuous and bounded
function, such that a(u,z;) > 0 forallu € U, u # z;, and «(z;,z;) = 0 for all z; € X. Moreover; let each a(u, z;) be
k-times continuously differentiable on U such that

[Dﬁa(u,z[)],,:a =0, i=1,...,n, 0<|B <k



The corresponding cardinal basis functions

a(u,z;)
i=1,ji
gi(u) = ——12 . i=1,....n %)
DT etz
k=1 j=1,j#k
are continuous and satisfy
DPgi(z;) =0, 0< |8l <k, ij=1,....n 8)
Proof: This result is essentially the d—dimensional case of the main theorem in [4]. )
The g; in (@) can also be represented in the barycentric form
1/a(u, z; .
gi(u) = n/i( ) , gi(zi) =1, i=1,...,n,
Z 1/a(u, zx)
k=1

which is more convenient from a computational point of view [2].
A natural choice is defining « using the distance between points. Since we are considering points on the manifold
M, we take the geodesic distance d, (see Definitiond.4lbelow) and define « in the general form

a(u,w) = Hdg(u,w)), )
which obviously must satisfy the assumptions of Theorem[3.1} In particular, in (@) we may consider the choice
a(u,w) = (dg(u,w))¥, ueRY, u>k uwel, (10)

which ensures both the vanishing of the derivatives at the nodes and the regularity assumptions, and among the
possible choices is the most direct. Other interesting choices are (see e.g. [9]):

oy = RO sl
T (do(u, W)~
as(x,y) = exp(6dy(u, w)*), 6=0, u=>k,

vy>0,u=k,

both of them being rapidly decreasing.
As a result of the choice (I0), we obtain the cardinal basis functions

)™
= =" =1,...,0, 11
S @) Lt (v

but, for computational reasons, in many cases it may be preferable to use a localized version of the cardinal basis
functions (1), that is,

gi(u)

. 7iu) (dg(u, 21)) "

gl(u) = S —u’ (12)
D1 T(u) (dg(u, 2))
where 7; : U — Rar, 7; € CX(U), such that
0, f 1 dy(u,z;) <6,
i) = >0, foru:dy(u,z) < (13)
=0, foru:dy(u,z) =6,

and 6 > 0 is a suitably chosen value. Hence, each function g; vanishes outside the neighborhood of z; such that

dg(u,z;) = 6, u € U. It can be easily proved that the functions g;, i = 1,...,n, are cardinal and enjoy the vanishing
property on derivatives (B). The localization can be obtained by taking, for instance,
d,(u,z;)\ k+1
T[(u)z(lfg) , uelU, i=1,...,n.
0 +



A simpler, but a little naive, choice is

i) = 1, foru : dy(u,zi) <6,
0, foru : dgo(u,z;) = 6.

For the Hermite-BirkhofT interpolant with cardinal basis functions (12))

n

A(u) = T(u: f.20 ) &ilu), (14)

i=1

we can give more significant error estimates than for the basic case (). Let g € N be defined such that each Taylor-
type expansion T'(u; f, z;, A;) is a complete Taylor expansion up to order g, plus other terms of higher degree. For any
f:U — Rwith f € C4(U) and for any u € U, we have, since the cardinal basis functions g; are a partition of unity,

n

Z F) @) = Y T(ws o2 A0) &ilw)| =

i=1

() = H(u)| =

n

L) = T £.20A0)] 2i(w)

i=1

n

< 2 ‘f(l/t) — T(u;f, Ziy A,‘)‘ g,‘(u), (]5)

i=1

each g; being non-zero only inside the ball of radius ¢ centered at z;. Now, since each T (u; f,z;, A;) is a Taylor
expansion complete up to order g, we can use the estimate

£ () = T(us fozi &) < Cilly = w(z) [, (16)

where C; € R™ is a suitable constant and | - | is the Euclidean norm. Since ||v — v(z;)| is less than or equal to the
geodesic distance d,(u, z;), it follows

If(u) — T(us frzi, A)] < CidgH (u, z). (17
Inserting (I7) in (I3) and exploiting again the partition of unity property, since |d,(u, z;)| < 8, we get
g gag 2 g
) — Aw)] < 3 Gt 2)3i(w) < 971 Y Ciil) < €O,
i=1 i=1

with C = max; C;. Moreover, if we set the localization radius 6 = Khy x, where hy x is the so-called fill distance, that
1s,

hyx := sup inf dy(u, z;). (18)
uel s€X
and K > 1, we obtain the estimate
|f(u) — H(u)| < CKhYY. (19)

4. Some Facts from Geometry

Considering the Hermite-Birkhoff interpolation problem on the sphere S¢ and Riemannian manifolds in RY*!,
some basic considerations are to be pointed out on the geometric objects and analytic tools to deal with. In fact,
besides giving the general background, they affect deeply numerical computation strategies.

Let us consider first the interpolation problem on the sphere. It is well known that the spherical earth model is
navigated using flat maps, collected in an atlas, and no single flat map can represent the entire earth. Similarly, the
sphere SY = R?*! can be described using an atlas of charts, each chart mapping part of the sphere to a subset of
R?. Precisely, for every u € S? there exist an open set U — S¢ with u € U and a mapping ¢ : U — R that maps
U homeomorphically to the open set V := ¢(U). The pair (U, ¢) is a chart of U and a collection A = {(Uy, ¢}

5



of charts, which covers the sphere, is an atlas. Charts in an atlas may overlap and a single point of the sphere may
be represented in different charts. Given two overlaping charts (U,, ¢,) and (U ' (pﬁ), a transition function, that is,
a coordinate transformation, can be defined which goes from ¢, (U, n Ug) < RY to the sphere and then back to
©s(Us n Ug) < RY. A chart (U, ¢) is of class C* if ¢=! € C¥(p(U)), whereas a C*-atlas consists of C*-charts and
C*-transition functions.

Through the chart (U, ¢) the neighborhood U inherits the coordinates given on the Euclidean space R? and the
homeomorphism ¢ leads us to describe U as a locally Euclidean space. In fact, considering ¢! : V — U we have

that the coordinates u, ..., uy1 of a point u € U can be given by d + 1 parametric equations
up = ur(Vi,oo s Va)s s tgr1 = tgr1(Vi, ..., va), (20)
where the parameters vy, . . ., v identify the point v = ¢(u) € V < RY. Then, the map ¢! can be written in terms of

its components as ¢~ (vy,...,vy) = (ul(vl, s Vd)s ey Ugp1 (VI - ,vd)).

An atlas is not unique as the sphere can be covered in multiple ways using different combinations of charts.
To describe a possible atlas for the sphere S¢, we consider for any u* € S¢ the open neighborhood of u* in §¢
givenby U, = {u € S : (u,u*) > 0}, where (-,-) is the usual inner product in R?*!. Choosing the coordinate
system in R4+ so that the vector u* has, to say, components (0,0, ..., 1) we have that the neighborhood U;r* can be
homeomorphically projected on an open set in RY. Similarly, we may consider the neighborhood Uy = {ues?:
(u,u*) < 0}. Since S can be thought as the union of a suitable number of charts, we get an atlas and the considered
parametrization holds. In particular, considering the two-dimensional sphere S? an atlas of six charts is obtained
which covers the entire sphere. Otherwise for the sphere S?, as well as for S, it may be sometimes convenient to use
spherical coordinates (see e.g. [23,!43]). Choosing one or another atlas has significant effects, especially for actual
applications and their numerical treatment.

Referring to a real function ¢ defined on the sphere S¢, we say that i is k-times differentiable on S, or ¢ € C¥(S9),
if y o p=! € C¥(p(U)) for every chart (U, ¢) of S?. The function ¢ : SY — R inherits the local coordinates v1, ..., v,
of the chart U, since y(u) = o o' (v).

The considerations on the sphere, just seen, can be extended to other manifolds. It is useful to recall a formal
definition of a topological manifold (see e.g. [53,7]).

Definition 4.1. A set M < RY*! is called a topological manifold of dimension m, if it is a Hausdorff space with a
countable basis of open sets such that for every u € M there exist an open set U < M with u € U and a mapping
¢ : U — R™ that maps U homeomorphically to the open set V := ¢(U) < R™. The pair (U, ¢) is called a coordinate
neighborhood of u or a chart and for every u € U the vector (u) = (vi(u),...,vu(u)) € R™ represents the local
coordinates of u in V. A chart is of class C* if ="' € C*(p(U)). A collection A = {(Uy, ¢s)} of C*—charts is called a
C*—atlas of M if the sets U, cover M and, moreover, for any U,, Ug with U, " Ug # (& the transition maps @ o o !
and @, ogogl are in C* on ¢, (Uy 0 Up) and (U, 0 Ug), respectively. Finally, a manifold M is called a C*—manifold

if it possesses a C*—atlas.

The smoothness of a function f : M — R is defined by the smoothness of f o ¢~ with a chart (U, ¢), as it is
pointed out in the following:

Definition 4.2. We say that f : M — R is k-times differentiable on M or f € C*(M) provided that for every chart
(U, ¢) of M the composition

foe ltp(U) >R

is k-times differentiable.

It is important to realize that the definition of differentiability of a real-valued function on a C*-manifold does not
depend on the choice of the chart.

To introduce on a C*-manifold M < RY*!, k > I, the notions of length and distance, each tangent space must
be equipped with an inner product, so that it varies smoothly from point to point. The tangent space 7, M for a point
u € M is the space formed by the tangent vectors to all the curves in M passing through u. Here, a vector 7 is a



tangent vector in u € M if there exists a differentiable curve () on M, depending on a parameter ¢ with —e <t < &
for some & > 0, such that y(0) = u and y'(0) = 7, where

Y (0) := iso oy(t)

dt =0

It turns out that T,,(M) is a m—dimensional vector suspace of R?*! and that a basis is given by
dp~! op~!
e . 21
L (W), F—(plw) e

It is interesting to note that the tangent space can be thought as the best linear approximation to M in u.
More explicity, let us consider a chart (U, ¢) of a manifold M with parametric equations

uy = Ml(Vl,-.-,Vm),-.-,ud+1 = Md+1(V1,-.-,Vm),

and a curve y : [—€, +€] — Mon U whose equations in ¢(U) are

Vi =vi(0),. .o,V = ().

Substituting the latter equations into those of the chart, we get the equations of the curve y(¢) on U as a function of 7,
that is, y(f) = u(v(#)). Then, differentiating we obtain the tangent vector to the curve at the point u = y(0)

ou dv; &u dvm

, e
Y(0) = ovy dt + 6vm dr

(22)
t=0

and the basis vectors are

s_:t] (8u1 8ud+1) - ou _ (% 8ud+1)’

o o I S I

namely @21)).

To operationalize the Hermite-Birkhoff interpolation technique we start considering the geometric problem involv-
ing the computation of lengths of curves lying on a surface M — R3. The key idea is essentially based on replacing
an infinitesimal element of a smooth curve by the corresponding element of its tangent plane. As a significant ex-
ample, which concerns the sphere and other major surfaces, let us consider a surface M, a curve y on it and a point
u = (u;(vi,v2), uz(vi,va),uz(vi,v2)) ony. Taking the arclength s of the curve as a parameter, the vector du/ds is of
unit length and we have from @22) for m = 2

ou du u ou Ju
ds* = dvi + dvid dvi
: (6\/1 6\/1) ((3111 az) " V”(az az) "2
where (-, -) is the scalar product. Making use of the notations
ou Ou ou Ou ou Ou
811 = ((3_\/1’(3_\11)’ 812 = 821 = (a—vl,a—vz), 822 = ((3_\/2’(3_\12)’

we obtain the first fundamental quadratic form of the surface
ds® = g”dv% + 2g1pdvidv, + gzzdvg.

The components g;;, (i, j = 1,2), of the metric form the entries of a 2 x 2 symmetric matrix, namely ds? is a positive
quadratic form related to this matrix. The first fundamental quadratic form of a surface provides the expression for the
length ds of an infinitesimal arc and the length of a finite curve lying on the surface is obtained from it by integration.
More precisely, if a curve on the surface is given by the equation y(r) = u(v(t)), 1, < t < , its length is

f2 dV1 dV] dV2 dv2 291/2
L)’;ll,lz)=f [gn( ) +2glz__+822<_) ] dt
( t di i di di

To handle this idea in a more general situation, we recall the concept of Riemannian manifold.
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Definition 4.3. A C*-manifold is called a C*—Riemannian manifold if for every u € M there exists a positive definite
inner product g, : T,(M) x T, (M) — R such that for every chart (U, ¢) the m* functions

671 afl
450 = 8u( TG () Felu)). = 1o, 23

are in CK(V) with V. = ¢(U). The family of gfj(u) assuming compatibility among different charts, is called a
Riemannian metric on M, the gf].(u) are the component of the metric and form the entries of a m x m symmetric
matrix. The first fundamental quadratic form associated to the metric is

ds® = Z gfj(u)dv;dvj.

ij=1

All differentiable manifolds (of constant dimension) can be given the structure of a Riemannian manifolds. The

Euclidean space itself carries a natural structure of Riemannian manifold, where the tangent spaces are naturally

identified with the Euclidean space itself and the scalar product of the space is the standard scalar product. Precisely,

with du/dv; identified with the i-th standard basis vector ¢; = (0, ..., 1,...,0), the (canonical) Euclidean metric over

an open subset U — RY*! is defined by gfj"i‘“ = (ei,ej) = ¢;;. Many familiar curves and surfaces, including for

example all d—spheres, are specified as subspaces of a Euclidean space and inherit a metric from their imbedding.
Finally, we use the Riemannian metric to define the length of a curve on M.

Definition 4.4. Suppose that M is a connected C*—Riemannian manifold. Let u,w € M be two distinct points and
lety : [a,b] — M be a piecewise C' curve that connects these points, i.e., y(a) = u,y(b) = w. Then the length of y
is expressible in one of the equivalent forms

b dv; dvix1/2
#{Z%@ij)m 4)

@ i

where the first integrand represents the length of an infinitesimal arc in the Riemannian metric and || - || denotes the
norm induced by the inner product on the tangent space. Supposing M to be compact, we set dq(u,w) to be the
infimum over the length of all such curves connecting u and w. The shortest of such curves is called the shortest path
foru andw, and d,(u,w) is their geodesic or Riemannian distance.

If M = R™ and if g, is the canonical inner product on R™ then our definition of the length of a curve in the Riemannian
metric coincides with the classical definition. In this case, dy (1, w) = |u — wl|, i.e. the shortest curve between two
points in R is the straight line between them. On the sphere, our definition of geodesic coincides with the old one,
since both denote the length of the shorter portion of the great circle connecting the two points.

5. Numerical Results on the Sphere

In this section we discuss numerical calculation of Hermite-Birkhoff interpolation on the sphere. Referring to the
framework in Sections 2 and 3, we develop our considerations on S¢, d > 2, as long as possible.

5.1. Computation of the Geodesic Distance on the Sphere

The d—dimensional sphere represents a case where the concept of atlas is essential. As described in Section 4,
suitable charts are given for S by the function t,of (1, ..ostge1) = (Vis-o ey Viel,Vigls- - -, Vq), Which projects the
subset of S¢ with u; > 0 in the subspace R?, and by the similar function ¢; with u; < 0, beingi = 1,...,d + 1. The
family of all these charts forms an atlas.



Referring to Definition B.4] the geodesic distance of any two points u and w of the unit sphere S¢, that is, the
sphere of unit radius and centered at the origin, is

dg(u,w) = arccos(u, w).

The geodesic distance d,(u, w) is always expressible in terms of the Euclidean distance dg(u, w) in R?*!. In fact, we

have

d b
dg(u,w) = 2arcsin @,

and, conversely,

d )
deg(u,w) = 4/2 —2(u,w) = 2sin (1. w)

It follows from the asymptotic expansion of arcsin x, x € R,

1
dg(u,w) = dg(u,w) + ﬂd%(u, w) + O(dy(u,w)),
that is, the difference between dg(u, w) and dg(u, w) may be very small if u and w are sufficiently close. Therefore,
using our local interpolation method, the Euclidean distance may be considered as a good approximation of the
geodesic distance.
In general, taking a radial function ¢(dg(u, w)) we obtain a zonal basis function y(dy(u, w)) with u,w € S? by

setting
pde(u,w)) = ¢(1/2 = 2(u,w)) = ¢( \/2 — 2c05(dg (u, W) = t(dg(ut, w)).

In particular, referring to the construction of cardinal basis functions in Section 3, we remark that the expressions of
a in terms of Euclidean and geodesic distances are closely related, because from (9) we have for suitable functions

and n
M) = n(dg(u,w)), u,we U (25)

a(u,w) = 9(dg(u,w)) = 19(2 arcsin

Hence, known expressions of « in terms of the Euclidean distance can be used as well to get expressions of « in terms
of the geodesic distance (see e.g. [31]).

5.2. Computation of the Interpolant on the Sphere

Implementing the interpolation formula H : U < S¢ — R in (@), a problem is to optimize the nearest neighbour
searching procedure for spherical data, that is finding in a convenient way the set of points of X closest to any
point u € U. It is possible to use a cell-technique, which consists in a space decomposition into hypercubic cells
by overlaying a spatial grid on the sphere. The procedure, which is based on the optimized Renka’s algorithm for
trivariate interpolation [48, 13, [14], has been successfully tested for S [20]. Referring only to S?, another procedure,
as well successfully tested, makes a decomposition of U < M in strips or spherical zones [6, [10].

Generally speaking, it is convenient to use the localized version (I2) of the cardinal basis functions, so that more
distant points have less influence. Alternatively, one could consider exponential-type weights, as in (I1), which
are strongly decaying as distance increases (see e.g. [8], p. 46). The drawback is that at least one parameter is
necessary for the localization and this implies the requirement of determining its optimal value. The choice of an
appropriate value for the localization parameter § in (I3) determines the efficiency of the local scheme and is a
nontrivial problem. In practice, the localization can be obtained using for interpolation only the nodes that belong to
a convenient neighborhood of the point u# considered, i.e. the nodes z; whose distance from u is smaller than 6.

To test the performance of our interpolation method, we must consider in general a uniform distribution of nodes
on the sphere. To generate uniformly (or quasi-uniformly) distributed random (or pseudo-random) points on the high-
dimensional unit sphere one can use, in principle, anyone of the suitable algorithms proposed in the literature, but they
are not quite equivalent and only some of them work for d > 3. The most efficient and fast algorithm is based on the
fact that the normal distribution function for a point u € R¢*+! has a density that depends only on the distance of the
point from the origin, so that the points of S have the uniform distribution (see e. g. [33,40,142,151),152]). Since our
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interpolation algorithm works locally and on suitable charts, we experimented another way to find interpolation points
on the unit sphere S> — R? (and in the following on manifolds), considering » Halton points [54] on the spherical cap
of S? for z > 0.5. Interpolation errors are instead evaluated on a nearly uniform distribution of 7,,; = 50 spiral points
belonging to the considered chart (see e.g. [50,[10]). An example of interpolation and evaluation points defined on
the chart of S? is shown in Figure[Il

Figure 1: Example of interpolation (blue dot) and evaluation (red star) points on the sphere.

Therefore, to investigate accuracy of the Hermite-Birkhoff interpolant, we compute the Maximum Absolute Error
(MAE) and the Root Mean Square Error (RMSE) given by

1 Neval

MAE = max |f(u;)) — H(u;)], =~ RMSE = D1 () — A (26)

I1<i<nga Reyal i—1

In order to get an idea of the distribution of points in the set X < U (see Definition[2.T)) and, in particular, of their
uniformity and density, we consider two common indicators, that is, the separation distance

1 .
qux = 5 T&I? dy(zi,25), 27

and the fill distance (I8]). These parameters are crucial in order to investigate the accuracy of interpolation methods.

Considering a function f to be recovered, it is possible, from a theoretical point of view, to take in account several
combinations of function values and derivatives of f and, moreover, this combinations may change from point to
point of the set X. In fact, the interpolant H(u) in ) is such as to offer a complete flexibility. On the other hand,
in practice, the most interesting situation is when the values of f and its first (and possibly second) derivatives are
known at each point of X. Hence, our numerical tests are restricted to this case and also to S?, as it is usually done
using other interpolation methods, achieving the advantage of permitting a comparison among different schemes (see
e.g. [25,126]).

The test functions to be interpolated are taken from the restriction to S? of the following trivariate functions

1 . L

filx,y,2) = 10 [expx + 2exp(y + 2)], fo(x,y,27) = sinxsinysinz.

Since the performance of the interpolant does not change significantly using other test functions (see e.g. [31),47,124]),

for shortness we here report only the numerical results obtained considering f; and f>. In Tables [IH2] we report the

errors obtained for the interpolant (I4) using a complete Taylor expansion up to order zero (T0), one (T1) and two
10



(T2). From these tables we can observe the significant improvement (in terms of accuracy) of the interpolant (14)
when making use of first and second derivatives in the Taylor expansion. Finally, to give an idea, in Table 3| we show
the results obtained in case of lacunary data, that is when a half of the first and second derivatives respectively are
missing. This study points out that the interpolation scheme results in an unavoidable loss of accuracy due to the lack
of information, but in any case the method can be applicable.

TO T1 T2
n MAE RMSE MAE RMSE MAE RMSE
500 287E—2 | 656E—3 | 296E—3 | 1.L12E—3 | 1.89E—4 | 2.38E -5
1000 | 207E—2 | 409E -3 | 145E—-3 | 544E—4 | 587TE—-5 | 6.83E—6
2000 | 1.14E—2 | 2.83E—3 | 588E—4 | 2.67TE—4 | 1.73E—-5 | 224E—-6
4000 | 841E—3 | 1.94E—3 | 343E—4 | 1.34E—4 | 6.14E—-6 | 7T27TE—-7
8000 | 6.30E—3 | 1.35E—3 | 1.83E—4 | 6.65SE—5 | 1.98BE—6 | 2.25E -7
16000 | 4.83E—3 | 9.08E—4 | 7.70E—-5 | 328E—5 | 5.66E —7 | 7.66E — 8

Table 1: MAEs and RMSEs computed on the sphere for f;.

TO T1 T2
n MAE RMSE MAE RMSE MAE RMSE
500 144E -2 | 3712E—3 | 498E—-3 | 1.30E—3 | 2.00E —4 | 3.29E -5
1000 | 847E—3 | 237E—3 | 290E—3 | 6.36E—4 | 409E —5 | 1.08E —5
2000 | 6.78E—3 | 1.70E—3 | 1.22E—3 | 3.13E—4 | 1.72E—5 | 3.76E -6
4000 | 5.16E—3 | 1.20E—3 | 6.70E—4 | 1.55E—4 | 6.35E—6 | 1.28E—6
8000 | 3.36E —3 | 8.70E —4 | 2.52E—4 | 7.66E —5 | 2.16E — 6 | 4.60E —7
16000 | 3.35E—-3 | 6.20E—4 | 1.15E—4 | 3.78BE—-5 | 5S48E—-7 | 1.57TE -7

Table 2: MAEs and RMSEs computed on the sphere for f.

The considered interpolation scheme for the sphere is suitable for parallel implementation (see [2, [17, 21]). In
the implementation of the parallel algorithm for a distributed memory machine, the data are assigned to p processors
by breaking the set X into subsets Xi, k = 1,..., p. In this way each processor proceeds to solve the interpolation
problem on a subset X;. The parallel algorithm consists of three steps: a) partitioning and data distribution, so that
each subset has an approximately equal number of points, b) local interpolation solving, after having determined the
radius of influence for each point of the considered subset, ¢) data collection and evaluation phase, where each slave
processor sends its partial results to the master processor. In the ideal case, when the algorithm is completely and
efficiently parallelizable, the speed-up must be equal to the number of processors involved.

6. Numerical Results on Riemannian Manifolds

Moving from the considerations on the sphere to those on Riemannian manifolds in general, nothing changes
for what concerns the structure of the interpolant (I4) and of the cardinal basis functions to be used. Instead, what
changes dramatically is the problem of calculating the geodesic distance between points, because on the sphere one
has got a simple analytic expression of the geodesic distance while this does not happen for other manifolds.

11



missing 1st der. missing 2nd der.

n MAE RMSE MAE RMSE

500 316E—-2 | 5.68E—-3 | 325 E—-3 | 9.17E — 4
1000 | 220E—2 | 335 E—-3 | 1.80E —3 | 447E —4
2000 | 1.19E—2 | 2.13E—-3 | 7.86E —4 | 2.23E —4
4000 | 828E—3 | 143E—-3 | 402E—4 | 1.13E—4
8000 | 6.40E—3 | 938E—4 | 1.90E—4 | 5.73E -5
16000 | 490E —3 | 6.63E—4 | 930E—5 | 2.84E -5

Table 3: MAEs and RMSEs computed on the sphere with lacunary data for f;. Left: missing a half of the Ist
derivatives, right: missing a half of the 2nd derivatives.

6.1. Computation of the Geodesic Distance on Manifolds

In order to study properties of geodesics on a m-dimensional Riemannian manifold M, it is convenient to consider

a connected chart (U, ¢) and for each u € U the vector ¢(u) = (vi,...,vm) € V of local coordinates. Then, a geodesic
on U is a curve given by m functions v;(s), ..., v, (s) which satisfy the system of second order differential equations,
called geodesic equations,

d*vy dv;dv;

— ki 0, k=1,....m, 28

ds? +iZ:: Yds ds " (28)

where s is the arclength parameter and l“f,‘, are the Christoffel symbols of the second kind. It is possible to express the
Christoffel simbols in terms of the components g, of the metric matrix and their derivatives as follows

“ s agst ag? agl
_22 k(av, avji 76\/;)’ 29)

where g** are the components of the matrix (g"/), inverse of the matrix (g;;). As the manifold has dimension m, the
geodesic equations are a system of m ordinary differential equations for the m variables v¢. Thus, allied with initial
conditions consisting of a point on the manifold and a tangent vector at the point, the system can theoretically be
uniquely solved, at least locally, but actually there are serious difficulties.

Computing the geodesic distance is less prohibitive if we merely consider a particular, but important, subclass of
Riemannian manifolds, namely the regular surfaces in R parametrically defined on an open set of R? by a map of the
type u = (uy (vi,v2), u2(vi,v2), u3(vi,v2)). In this case the system (28) reduces to two equations.

A further simplification is achieved considering for the set U on the surface M orthogonal local coordinates, so
that g1, = g21 = 0. For y = y(s) to be a geodesic on U, then it is necessary and sufficient that the geodesic equations

d*v, 1 8g11 dv, 1 0gy1 dvidvy 1 0Ogx rdvy

dS2 * 2en 2g1| 6v, ( ) E 6vz K% B 2g1] 6v, ( ) O’

d?*v, 1 0dgi rdvi\2 1 0gyp dvidvy 1 0ga rdva\2
(_) gn Ovi ds ds | 2g» 0vy (E)

=0, 30
ds*  2gn v (30)

ds
are satisfied, expressing now the Christoffel symbols by (29).

An even more favorable situation is achieved considering the Clairaut parametrizations. We say that an orthogonal
parametrization is a Clairaut parametrization in v; if

dgn _ Osn _
8V2 8\12 ’
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Similarly, we say that an orthogonal parametrization is a Clairaut parametrization in v, if

Jgu  0gn

&vl &vl

The geodesic equations simplify in these cases to the v -Clairaut geodesic equations

Loy L fen(dny 1 den(duy_
ds®  2gy Ovi \ds 211 Ov; \ds/ 7
d2V2 1 6822 dvi dvy

— e T o, 31
ds? + g Ovi ds ds @D

and to the v,-Clairaut geodesic equations

d*v, 1 dgi1 dvy dvy

ds? Jrg” ovy ds ds =

d? 1 ¢ dvi\? 1 ¢ dvy\2
v g1 (ﬂ) n 822 (ﬂ) -0, (32)
dS2 2g22 6vz ds 2g22 6vz ds
respectively. As an example, considering the torus
T2(V1,V2) = {((R+ rcosvi)cosvy, (R+ rcosvy)sinvy, rsinvy) : vy, v, € [0,2n[} (33)
the v;-Clairaut geodesic equations are
d*vy R+ rcosv; . dvy\ 2
— + ———ssiny; (—) =0,
ds? r s
d*v, _ rsinvy  dvidvy 0. (34)

ds? R+ rcosvy ds ds

Actually the surfaces of revolution, which include many cases important for applications, appear to be the most
manageable. Without loss of generalization, let us consider a plane 7 — R? generated by the unit vectors e, e3 € R3,
a straight line / generated by the unit vector e3, and a curve ¢ € C¥, k > 1, which is disjoint from / and belongs to the
positive halfplane with respect to e;. Rotating the curve ¢ around the line / we obtain a surface of revolution M with
generating curve ¢ and revolution axis /. If ¢ is parametrically represented by

c(vi) = {(a(n),B(vn)) : v1 € [a,b] = R, a(vy) > 0},
the surface is given by
Mi,v2) = {(a(vi) cos vy, a(v)) sinvy, B(v1)) € R® : v € [a,b], va € [0,2x], a(v;) > 0}.

For a fixed vi = v(l) the curve p = M(v?, V) < R3 is called a parallel of M and represents the circle of radius
a(v!) obtained by rotating the point (@(+?),(19)) € ¢ around the line /. Similarly, for a fixed v, = 19 the curve
m = M(vy, vg) c R3 is called a meridian of M and is obtained by rotating ¢ of an angle vg around /.

If the curve is parameterized with respect to the arclength s, the differential equations of geodesics for surfaces of
rotation are

d*v, da rdvy\2
20T (22 o,
2~ %ds ( ds )

v,  2dadv dv,

ds? +ads ds ds

Important consequences of these equations are:

i) the meridians of a surface of revolution are geodesic curves,
13



ii) a parallel is a geodesic curve if and only if it is obtained by rotating a point on the generating curve whose
tangent vector is parallel to the axis of revolution.

Note that the geodesic equations of surfaces of revolution parameterised with respect to the arclength are particular
cases of vi-parameterization of Clairaut.

We used MatLaB to numerically solve equations of geodesics on a parametric surface and to picture the relevant
graphs. If M = R is the surface

<p71(v1,v2) = {(ur,uz,u3) : (ur,up,u3) € U c M, (v,v1) € o(U) Rz},

we built two programs, which are similar but meet different needs. One of them resolves the system (28) with m = 2
(as well as its particular cases) and finds (v (s), v2(ss)) with the arclength parameter s or a multiple of it, starting from
the initial point (v1(0), v2(0)) and the derivatives (dv;(0)/ds, dv,(0)/ds). Then the program draws the support of M
by varying (vi,v2) € ¢(U) and traces the geodesic curve leaving s to vary in a given interval [s;, s,| < R required in
input. Seeing pictures of geodesics is obviously interesting and useful, but it is not our primary goal (see e.g. [43, [1]).

The other program resolves the system (28) with m = 2 (as well as its particular cases) and finds (v (s), v2(s)) with
the arclength parameter s or a multiple of it, given the initial point (v;(s;), v2(s;)) and the end point (v;(s.), v2(se)).
Then, the program traces the geodesic connecting the two points and, above all, compute the geodesic distance be-
tween them. This second program starts with an approximate path of the geodesic and improves the solution itera-
tively. Since the geodesic distance between the initial and the end points is very small, we can choose a segment as the
initial guess. In general, the method works well, but in a few cases the convergence is not assured despite requiring
compactness (see e.g. [39,132]).

6.2. Computation of the Interpolant on Manifolds

To optimize the nearest neighbour searching procedure for data on a general Riemannian manifold, one can con-
tinue to use the techniques already described for the sphere. Of course, in individual cases, more difficulties than with
the sphere may arise in the use of those procedures.

To test the performance of our interpolation method, we need to get a uniform (or quasi-uniform) distribution of
nodes on the considered Riemannian manifolds. Unfortunately, finding a convenient distribution is another critical
point. To face the problem of generating a uniform distribution of points on analytic surfaces, there appear to be
interesting the results of some recent papers [36, 35,134, l41l, 46]. On the other hand, to get information on uniformity
and density of the distribution of points in the set X < U, the separation distance (27) and the fill distance (18],
already considered for the sphere, continue to be crucial parameters to assess the accuracy of interpolation methods.

To test our interpolant on manifolds, we focus on cylinder and cone. As interpolation nodes, we take some sets of
n uniformly random Halton data points, originally contained in the unit square [0, 1]> = R? and then mapped onto the
surface of cylinder and cone via, respectively, the equations

x =rcos(2xp), y=rsin(2np), z=gq,

and

x= rcos(2np), y = rsin(2np), z = hg,

(h—2) (h—2)
h h
where (p,q) € [0, 1]%, r is the radius and / denotes the height of the cone. The computation of interpolation errors,
using (26), is carried out mapping as earlier a set of n,,, = 50 evaluation points generated by the rand command of
MartLaB. Note that in our tests we consider a chart of M, taking all points belonging to the cylinder for x < —0.5 and
to the cone for x < 0, assuming r = 1 and 7 = 2. An example of interpolation and evaluation points defined on the

charts of cylinder and cone is given in Figure[2]

In order to recover a function f, known on a set X < U < M together with some of its derivatives, the interpolant
H(u) in @) is quite efficient for any combination of derivatives. However, actually, the most interesting situation
is when the values of f and its first and second derivatives are known at each point of X. Hence, our numerical
tests are restricted to this case and also to a chart of the cylinder and a chart of the cone. As regard to Hermite-
Birkhoff interpolation on manifolds it is difficult to find numerical tests in the literature, as far as we know, while
14



Figure 2: Example of interpolation (blue dot) and evaluation (red star) points on the cylinder (left) and the cone (right).

theoretical considerations are not lacking (see e.g. [22,123,143]). The test functions to be interpolated are taken from
the restriction to U < M of the trivariate functions already considered for the sphere, but we report only the numerical
results obtained considering f; and f>. Interpolation errors computed for the interpolant (I4) using a complete Taylor
expansion up to order zero (TO), one (T1) and two (T2) are shown in Tables[@H3]for the cylinder and Tables[6H7] for the
cone. From these numerical experiments we obtain an error behavior similar to that observed in the previous section
for the sphere.

TO T1 T2

n MAE RMSE MAE RMSE MAE RMSE

500 401E—2 | 1.L1SE—2 | 422E—-3 | 1.36E—3 | 1.38E—4 | 3.18E -5
1000 | 237E—2 | 6.19E—3 | 1.29E—3 | 522E—4 | 1.69E —5 | 5.67TE — 6
2000 | 1.27TE—2 | 3.63E—3 | 87IE—4 | 299E -4 | 1.06E —5 | 2.48E — 6
4000 | 5.09E—3 | 1.87TE—3 | 3.66E —4 | 1.34E—4 | 274E—6 | 6.79E —7
8000 | 474E—-3 | 1.L1I9E—-3 | 1.27TE—4 | 6.56E—5 | 479E —7 | 1.44E -7
16000 | 293E—-3 | 1.07TE—-3 | 787TE—-5 | 3.55E—-5 | 1.82E—-7 | 6.81E — 8

Table 4: MAEs and RMSEs computed on the cylinder for fi.

The considered interpolation schemes for the Riemannian manifolds are suitable for parallel implementation as
explained for the sphere.
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