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Joint moments of the total discounted gains and losses
in the renewal risk model with two-sided jumps

Eric C.K. Cheung? Haibo Liu" and Gordon E. Willmot}

February 5, 2018

Abstract

This paper considers a renewal insurance risk model with two-sided jumps (e.g. Labbé et al.
(2011)), where downward and upward jumps typically represent claim amounts and random gains re-
spectively. A generalization of the Gerber-Shiu expected discounted penalty function (Gerber and Shiu
(1998)) is proposed and analyzed for sample paths leading to ruin. In particular, we shall incorporate
the joint moments of the total discounted costs associated with claims and gains until ruin into the
Gerber-Shiu function. Because ruin may not occur, the joint moments of the total discounted claim
costs and gain costs are also studied upon ultimate survival of the process. General recursive integral
equations satisfied by these functions are derived, and our analysis relies on the concept of ‘moment-
based discounted densities’ introduced by Cheung (2013). Some explicit solutions are obtained in two
examples under different cost functions when the distribution of each claim is exponential or a combi-
nation of exponentials (while keeping the distributions of the gains and the inter-arrival times between
successive jumps arbitrary). The first example looks at the joint moments of the total discounted
amounts of claims and gains whereas the second focuses on the joint moments of the numbers of
downward and upward jumps until ruin. Numerical examples including the calculations of covariances
between the afore-mentioned quantities are given at the end along with some interpretations.

Keywords: Renewal risk model; Two-sided jumps; Joint moments; Total discounted claims/gains; Num-
ber of downward /upward jumps.

1 Introduction

1.1 The model, quantities of interest and literature review

In this paper, the renewal risk process with two-sided jumps is used to model the evolution of an insurance
company’s surplus over time (e.g. Labbé et al. (2011)). Specifically, the surplus level of the insurance

company at time t is given by
N(t)

Ut)=u+ct+ > Y, t>0, (1.1)

=1
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where u = U(0) > 0 is the initial surplus, ¢ > 0 is the (net) premium income per unit time that is assumed
to be a constant, {NN(t)};>0 is a renewal process that counts the number of jumps, and {Y;}°, forms
an independent and identically distributed (i.i.d.) sequence representing the jump sizes that may be
positive or negative. The Y;’s are assumed to be continuous random variables with common density p(-).
In addition, the counting process {N(t)}+>0 is characterized by the sequence of arrival epochs {T;}5°,
such that N(¢) = sup{i € N: T; <t} (where N is the set of non-negative integers). The corresponding
inter-arrival times {V; = T; — T;_1}°, (with the definition Tp = 0) form an ii.d. sequence of positive
continuous random variables with common density k(-). Furthermore, the sequences {Y;}7°, and {V;}9°;
are assumed to be mutually independent. The time of ruin of the surplus process (1.1) is defined as
7 =1inf{t > 0: U(t) < 0} with the convention that 7 = co if U(t) > 0 for all ¢ > 0.

Because each jump size Y; in the insurance risk process (1.1) may take on positive or negative values, in
our analysis it will be more convenient to separate the contributions of upward and downward jumps. To
this end, we define N, (t) = Zi]i(f) 1{Y; > 0} to be the number of upward jumps until time ¢ (where 1{A}
is the indicator function of an event A), which is related to the arrival epochs {T% ;}5°; of the upward
jumps via N4 (t) = sup{i € N: Ty ; < t}. Similarly, let N_(¢) = ZN(t) {Y; <0} =sup{i e N: T_; <t}
with {7_;}5°, being the arrival epochs of the downward jumps. For each i € Nt (where N* is the set
of positive integers), there is a unique j € Nt such that T} ; = T for which we let Y} ; = Y; be the size
of the ith upward jump. Analogously, we define Y_; = —Y} to be the magnitude of the ¢th downward
jump if T ; = T};. Hence, the surplus process (1.1) can be rewritten as

N_(t)
U(t) —u+ct—ZY +ZY+Z, t>0. (1.2)

It is assumed that Pr{Y; > 0} = ¢4 > 0 and Pr{Y; < 0} = ¢- = 1 —¢q4+ > 0. (We exclude the
case ¢— = 0 which results in monotonically increasing sample paths.) Then for y > 0 the common
densities of the sequences {Y, ;}7°, and {Y_;}>°, are given by p,(y) = (d/dy) Pr{Y1 < y|Y7 > 0} and
p—(y) = (d/dy) Pr{—Y1 < y|Y1 < 0} respectively, and one can write

p(y) = ¢+p+(y)H{y > 0} + g—p—(—y){y < 0}.

Furthermore, the positive security loading condition cE[Vi]|+ E[Y| = cE[Vi]|+ ¢+ E[Y 1] —q-E[Y_1] >0
is assumed to hold, and this ensures that the ruin probability ¢ (u) = Pr{r < co|U(0) = u} is strictly
less than 1 for all w > 0 (e.g. Asmussen and Albrecher (2010, Chapter III, Corollary 3.2(a))). Note
that the random sums ZN_(t and ZN+(t Y, ; in (1.2) are independent if {IN(t)};>0 is a Poisson
process, but this is generally not true when {N(t) }+>0 is a renewal process. In addition, { N (¢ )}t>0 (resp.

{N-(t)}t=0) is a renewal process with i.i.d. inter-arrival times having common density >.5°, ¢ ‘¢ k*(")
(vesp. 3%, ¢'7'q_k*'(")), where k*/(-) is the i-fold convolution density of k(:).

In the risk process (1.1) or (1.2), an upward jump is regarded as a stochastic income and a downward
jump is the result of a loss. While it is clear that losses or insurance claims usually arise from property and
casualty insurance business, random income arises for life annuity or pension funds in which the insurer
pays annuities to its policyholders and earns part of the reserves when a policyholder dies (e.g. Seal
(1969, p.116)). Therefore, the model in the present paper can be suitable for insurance companies with
business in both property and casualty insurance and life annuities. Apart from the above interpretation,
corrections of previous overstatement of losses can also be another source of random income. For the rest
of the paper, we shall use the terminologies ‘loss’, ‘claim’ and ‘downward jump’ interchangeably, and the



same applies to the words ‘gain’ and ‘upward jump’. There have been a number of studies concerning
risk models with two-sided jumps in recent years. Much of the pertinent literature has focused on the
analysis of the Gerber-Shiu expected discounted penalty function (Gerber and Shiu (1998)), which is
defined as

o5, (u) = E[ef‘slTw(U(Tf), |U(T)]) {1 < oo}|U(0) = ul, u > 0. (1.3)

Here 61 > 0 can be regarded as a force of interest or the Laplace transform argument of 7, and w(+, -) is the
so-called ‘penalty’ as a non-negative function of the surplus immediately before ruin U(77) and the deficit
at ruin |U(7)|. Under the compound Poisson model without deterministic premium income (i.e. ¢ = 0),
Labbé and Sendova (2009) and Albrecher et al. (2010) derived the solution of the Gerber-Shiu function
(and its special case where w(-,-) only depends on |U(7)|) under specific distributional assumptions on
either downward or upward jumps. Cai et al. (2009, Section 8) also contains some explicit results
under two-sided exponential jumps as well as an application of a Gerber-Shiu function to price perpetual
American put options. For the risk model (1.1) with arbitrary inter-arrival times, Cheung (2011) and
Labbé et al. (2011) respectively considered the cases ¢ < 0 and ¢ > 0, and some structural properties
of the Gerber-Shiu function in connection with defective renewal equations are given. Interested readers
are referred to Perry et al. (2002), Kou and Wang (2003), Asmussen et al. (2004), Breuer (2008) and
Cai (2009) for the study of first passage times and one-sided or two-sided exit problems in related models
with two-sided jumps.

While the Gerber-Shiu function (1.3) serves as a powerful tool that unifies the study of 7, U(7~) and
|U(7)], it is instructive to note that the random variables U(77) and |U(7)| are defined at the ruin time
7. This led various researchers to analyze generalizations of the Gerber-Shiu function (mainly in risk
models without upward jumps). In particular, additional random variables defined before the time of
ruin are incorporated into the penalty function (or the joint law underlying the Gerber-Shiu function),
such as the minimum surplus level before ruin (e.g. Doney and Kyprianou (2006), Biffis and Morales
(2010), and Cheung et al. (2010)), the maximum surplus before ruin (e.g. Kyprianou and Zhou (2009),
and Cheung and Landriault (2010)), the surplus level immediately after the second last claim before
ruin (see e.g. Cheung et al. (2010), Woo (2010, 2012), and Zhang and Yang (2010)). On the other
hand, Landriault et al. (2011) and Frostig et al. (2012) included the number of claims until ruin in the
Gerber-Shiu function in the form of a generating function. An alternative extension was also proposed by
Cai et al. (2009), who looked at the expected total discounted operating costs based on an integral of the
entire sample path until ruin. It is shown that the traditional Gerber-Shiu function can be retrieved from
such a function as a special case in a non-trivial manner in certain models (see also Feng (2009a,b)). In
another direction of generalization, Cheung (2013) and Cheung and Woo (2016) added a moment-based
component concerning the total discounted claim costs until ruin into the Gerber-Shiu function. Under
barrier and threshold dividend strategies respectively, Cheung et al. (2015) and Cheung and Liu (2016)
further incorporated the higher moments of the total discounted dividends until ruin, thereby allowing
for the computation of the covariance of the insurance company’s payments to its policyholders (claims)
and shareholders (dividends). Motivated by the last four works and the fact that the present model (1.2)
contains upward jumps, we are interested in the generalized Gerber-Shiu function

B61,82.00,mm (1) = Ble™ 722 5 (1) 25, (w(U(r7), [U(N))Hr < cc}|U0) =u], w20, (14)

where Z_5,(1) = Zi]\;(ﬂ e 2 T—if (Y_,) and Zy 5,(7) = Z?ﬁlm e~%T+if, (Y, ;) are respectively the
total discounted claim costs and the total discounted gain costs (which are both path-dependent ran-
dom variables), and n,m € N are the orders of moments of these two variables. Here f_(-) and fi(-)
are non-negative functions on (0, co) which determine the ‘costs’ associated with downward and upward



jumps respectively, and d2,03 > 0 are interest rates used for discounting these ‘costs’. Concerning the
choice of cost function f_(-), if it is assumed that f_(x) = « then Z_;,(1) = Zi]\i_l(ﬂ —02T-iY_; rep-
resents the total discounted claim amounts until ruin. On the other hand, if f_(-) = 1 and d2 = 0
then Z_5,(7) = N_(7) becomes the number of claims until ruin. Similar comments are applicable
to fr(-). Note that if n = m = 0 then ¢s, 5,.55n,m(u) in (1.4) reduces to the classical Gerber-Shiu
function ¢, (u). If one lets 6; = 0 and w(-,-) = 1, then ¢s, 5,,55n,m(u) corresponds to the (defec-
tive) joint moment of Z_s,(7) and Z4 5,(7) from which covariance (conditional on ruin occurrence)
can be calculated. Assuming w(-,) = 1, the joint moments involving the ruin time are also obtain-
able by successive differentiation of ¢s, s, 5,.n.m(u) With respect to d; at 1 = 0. For example, we have
(=1)"(d"/d67) Bsy 62,65 m0(u) = E[r"Z" 5 (T)1{T < 00}|U(0) = u]. The study of the covariance of the
time of ruin and the total discounted claims until ruin in a dependent Sparre Andersen risk model can
be found in Cheung and Woo (2016). We also remark that, in a Markov-modulated risk model without
upward jumps, the covariance between the total (non-discounted) claims in different environmental states
and that between the numbers of claims were computed by Li et al. (2016, Section 7).

I o

The generalized Gerber-Shiu function (1.4) is confined to the sample paths for which ruin occurs. In
the case where ruin does not occur (thanks to the positive loading assumption), the surplus prior to ruin
U(77) and the deficit at ruin |U(7)| are undefined but the total discounted claim costs Z_ 5,(7) and the
total discounted gain costs Z, 5,(7) can still be analyzed. This leads us to study the joint moment, for
n,m € N, given by

P,63,mm (1) = E[Z7 5,(T) 2 5,(T) {1 = 00}|U(0) = u],  u=0. (1.5)

It is always assumed that do > 0 and 63 > 0 as far as s, 5,.n,m(u) is concerned. Clearly, the (n,m)th
joint moment of (Z_s,(7), Z4 s5,(7)) which takes into account all sample paths is given by

B[22 5,(1)Z 5, (T)|U(0) = ] = @5, ,65,55,n,m (W) |51=0,w=1 + ©65,63,n,m () (1.6)

1.2 Note on notation and organization of paper

For the remainder of the paper, whenever there is no confusion, the generalized Gerber-Shiu function
®5, 62,65mm () in (1.4) will be abbreviated as ¢s,,5n.m(-), which is further simplified to ¢s,, »(u) when
m = 0. Similarly, concerning s, 55 n.m(-) defined in (1.5), for simplicity we shall write @s,; n.m(-) instead.

The rest of the paper is organized as follows. In Section 2, for each of @545 n.m(®) and @s,, n.m (1), two
different integral equations will be derived based on the first jump event and the first time the surplus
process {U(t) }+>0 drops below its initial level. While the first equation is standard, to obtain the second
one we adopt an analogous approach to Cheung (2013) by utilizing an extension of the discounted density
involving the moments of Z_s,(7) and Z 5,(7). Sections 3 and 4 are concerned with the application
of both integral equations to obtain some explicit solutions to ¢s,,5.n.m(u) and s, n.m(uw) by making
distributional assumption only on the downward jumps. In particular, Section 3 looks at the joint
moments of the total discounted gains and losses when p_(-) is an exponential density, whereas the joint
moments of the numbers of upward and downward jumps are considered in Section 4 when p_(-) follows
a combination of exponentials. Numerical examples involving the covariance measures in relation to the
above quantities of interest are given in Section 5 along with some interpretations.



2 General results

2.1 Integral equations via the first jump event

We begin with the classical approach to derive an integral equation for the generalized Gerber-Shiu
function (1.4) by conditioning on the time V7 and the amount Y of the first jump. If the first jump is
a loss (i.e. Y1 = —Y_ 1), then there are two possible cases. If Y_; < u + cVj, then the process restarts
with the surplus level u 4 ¢Vq — Y_ ;. But if Y_; > u + ¢V; then ruin occurs at time 7 = Vi, where
Ur)=u+er |UT)| =Yo1 —u—cr; Z_s(1) = e 7 f_(Y_1); and Zy 5,(7) = 0. On the other
hand, if the first jump is a gain (i.e. Y7 = Y ;) then the process restarts at the level u + c¢V; + Y, 1.
Because Z4 5,(7) = 0 when the first jump causes ruin, we need to separate the cases m = 0 and m € N*.
Combining the above observations followed by appropriate binomial expansions leads to, for n € N and

m =0,
00 s 5ot n n u—+ct )
Gnal) = [ e g3 () | s et = o) dy
i=0
+q- fE)w(u+ct,y —u—ct)p—(y) dy + q+ /0 G515 (u + ct +y)p+(y) dy) k(t) dt,
u+-ct
(2.1)
and for n € N and m € NT,
o) s s . n n u—+ct )
D5123,n,m (W) :/O ¢~ (Ortnoztmds) q- Z <Z> /0 SE W) P6195,5,m (u + ct — y)p—(y) dy
i=0
m o
car X () [T sttt dy> K(t) . (2.2
j=0

The integral expression for the joint moment (1.5) upon survival is obtainable using the same approach.
However, one should be aware that the case where the first jump causes ruin has zero contribution to
(1.5). We arrive at, for n,m € N,

) n u+ct
—(n m n n—i
Pz,mm(U) = /0 e~ (noztmd)t (cJE () /0 T2 Y)62,5,m (u + et — y)p—(y) dy

7
=0

T+ ;0 <Zn> /Ooo P2 9)0s52m(u + et + )P4 (y) dy) k(t) dt. (2.3)

Remark 1 While the integral equations (2.2) (when 6; = 0) and (2.3) satisfied by @s,95.n,m(-)|s,=0 for
ruin and @g,, nm(+) for survival look identical when n € N and m € NT, the quantities @5, .5 n.m ()]s, =0 and
©555.n,m () have different solutions in general. The reason is that these integral equations are recursive in n
and m, and when m = 0 the integral equation (2.1) satisfied by ¢s,95.7.0(:)|s1=0 = @s15.n(-)|5,=0 is different
from (2.3). In particular, the starting point for evaluating ¢s,q5.n.m(-)|5,=0 15 @5,95,0,0(:)[s5,=0 = @0(+)
which corresponds to the classical Gerber-Shiu function without discounting, while that for ¢s,, nm(-) is
©553.0,0(-) =1 — () which is the survival probability. O



For risk models under specific inter-arrival time distributions (e.g. exponential or Erlang(n)), solutions
to Gerber-Shiu type functions can typically be found by transforming the integral equation obtainable
via the first jump event to a defective renewal equation (see e.g. Gerber and Shiu (1998), Dickson and
Hipp (2011), and Li and Garrido (2004)). This is possible because the presence of exponential terms in
k(-) typically allows us to differentiate conveniently and/or utilize Dickson-Hipp operators (see (3.10)).
However, such a transformation does not appear to be feasible when inter-arrival times of the jumps are
left arbitrary. As a result, it is not clear how full solutions to @55 n.m(-) and @s,; n.m(-) can be derived
from (2.1)-(2.3) only. Therefore, we shall use the probabilistic argument of conditioning on the first drop
of {U(t)}+>0 below the initial surplus (e.g. Willmot (2007)) to arrive at integral equations for ¢s,,; n.m(-)
and gy, n.m(-), which will yield additional information.

2.2 Integral equations via the first drop

When considering the event of the first drop of the surplus process below its initial level u, one needs
to keep track of the discounted jump costs until such a drop. To this end, ‘moment-based discounted
densities’ play an important role, and the concept is introduced as follows (see Cheung (2013) and
Cheung and Woo (2016)). For 7 < oo, we first let g5, 5,(¢, %, y, 22, z3|u) be the (defective) joint density
of (r,U(77),|U(T)], Z-5,(7), Z+,55(7)) at (t,2,y,22,23) and g5, 5 (¢, @, 22, z3u) be the (defective) joint
density of (r,U(77), Zil\;_lmfl e 2T—if (Y_;),Zy 5,(T)) at (t,, 22, 23) (see Remark 3). Then, for ¢,y >
0; 29 > e %2t f (x4 %) and z, 23 > 0, one can argue that

962,83 (tv T,Y, 22, 23‘u) - ggg,(sg (tv T,z2 — e_éztf— (1‘ + y)7 Zg‘U)p_@(y), (24)

where p_,(y) = p—(x +y)/P—_(z) and P_(x) = [°p_(y)dy are the residual lifetime density and the
survival function corresponding to p_(-). To explain the above probabilistic identity, it is noted that, for
(U(1t7),|U(7)]) to be equal to (z,y), the final jump that causes ruin must be a downward jump of size
z + y whose associated cost is f_(z + y). Then, in order for (7, Z_5,(7)) to be at (¢, z2), the quantity
Zﬁi‘lm_l e 92T f_(Y_;) should be zp — e %2t f_(x+y). At the moment just prior to ruin, a downward
jump of size x+y occurs immediately to bring the surplus from z to —y, but this is conditional on the fact
that the jump must be larger than z for ruin to occur. This explains the term p_ ,(y) on the right-hand
side of (2.4). With these definitions, the Gerber-Shiu function can be represented, for n,m € N, as

0o fO0O fOO fOO OO s
¢5123,n,m (U) = / / / / / e ltzgzglw(xa y)g52,53 (t7 T,Y, 22, Z3|U) dz? ng dt dx dy
0 0 0 0 e 2t f_(x4y)

::jg ]Q W, Y)W, 5, 50 (@ ylu) dz dy, (2.5)

where

[ee] o0 o0
%@%mmszf /l/ eI s o (3, y, 29, 2alu) dzg dg dt (2.6)
0 Jo Je%2tf (a+y)

= / / / e M (zg + e f (z+ Y))" 25" 95, 55 (L T, 22, 23|u)p— 2 (y) dz2 dzg dt
o Jo Jo
(2.7)

is the moment-based discounted joint density of (U(77),|U(7)|) at (z,y). Clearly, if n = m = 0 then
5, 55.65.mm (%5 ylu) becomes the usual discounted joint density of (U(77), |U(7)[). Then

oo
h51762,63,n,m(y‘u) = A h§1,62,53,n,m(m7 y‘u) d.’I} (28)

6



is the moment-based discounted density of the deficit |U(7)].

Because the first time when {U(¢)|U(0) = u}¢>o falls below w is equivalent to the ruin time of
{U(@#)|U(0) = 0}+>0 thanks to the spatial homogeneity of {U(t)}+>0, it is sufficient to apply the above
densities under zero initial surplus. For ¢s ., n.m (), the presence of the indicator 1{7 < oo} in the
definition (1.4) means that a drop below the initial level must occur. If the amount of the drop is y < u
then the process restarts at level v — y; but if y > u then ruin occurs upon the first drop. Therefore, we
arrive at, for n,m € N,

_ & n) (m\ Y[ [ [ [ —(81+482463)t ,n—i m—j (o —
Y o o ST

i=0 j=0

X G500 (t, T, Y, 22, 23]0) d2zo dz3 dt dz dy

[e.e] o0 o o0 oo
+/ / / / / e (e + uyy — u)
u 0 0 0 e~ 02t f_(x4y)

X 065,65 (t, T, Y, 22, 23|0) d2o dzs dt dz dy

- Z Z ( > < ; ) / P61 4i62+83,02,63 m—i;m—j (Y]0) Ps15.,1,5 (u — ) dy
i=0 j
[e.e] o0
+ / / h§17527537n7m(m, y|0)w(x + u,y — u) dx dy, (2.9)
u 0

where (2.6) and (2.8) have been applied. This is a renewal equation satisfied by ¢s,,, nm(-). To see it,
we rewrite (2.9) by separating the term (i,7) = (n,m) in the summation, leading to

u
¢5123,n7m (u) = /O h51+n52+m53752,5370,0 (y\0)¢5123,n,m (u - y) dy + a5123,n7m(u)7 (2'10)

where

n\ (m v
§15,n,m (W) = Z (’L) ( . ) /0 Ry +ida+ 563 62,63 m—ism—j (Y]0) §5155.,1,5 (W — y) dy

(4,7)€T’(n,m) J
+ / /0 B, 560 mon 50V 0(& + 0,y — ) da dy. (2.11)

The summation above is taken over the set I'(n,m) = {(4,7) : 0 < ¢ < n;0 < 5 <m;(i,5) # (n,m)}.
From (2.5), (2.8) and the definition (1.4), we note that

)
/ h51+n52+m53,52,53,0,0(ylo) dy = E[ei(61+n62+m63)71{7 < OO}‘U(()) = 0] <1,
0

where the last inequality holds when §; + nd2 +mds > 0 or the positive security loading condition holds.
Hence, one asserts that the renewal equation (2.10) is defective.

Remark 2 The defective renewal equation (2.10) for ¢s,,, n.m(+) is recursive in n, m € N since the non-
homogeneous term oy, n.m(u) defined in (2.11) depends on the ‘lower-order’ Gerber-Shiu functions,
and the starting point is the classical Gerber-Shiu function ¢s,,,.0,0(-) = ¢s,(-). However, although the
solution of a defective renewal equation is unique, (2.10) itself does not immediately lead to full solution
t0 @5,95,m,m(-) because the densities h;h(sm&n’m(aj,ym) and Ng, 4isy+53,62,63,n—i,m—;(y]|0) therein are not
completely known. Instead, (2.10) will be used for determining the solution form of ¢s,,; n.m(-) upon
further assumption on the downward jump density p_(+), the penalty function w(-, ) and the cost function

f=(-) (see (3.8) and (4.7)). O



Remark 3 Indeed, the random variables Z_ 5,(7) and Zy 5,(7) may not be always continuous. For
example, if f_(-) = 1 and 62 = 0 then Z_;,(7) = N_(7) is the number of downward jumps until
ruin which is a fully discrete random variable. Moreover, if no upward jumps happen before ruin then
Z4 54(17) = 0 and therefore Z ;5,(7) is possibly a mixed random variable with a point mass at zero plus a

density part. Similar comments apply to the random variable Zfi‘l(‘r)fl e 02T f- (Y_7Z~). But for the ease
of presentation, we have assumed that all variables in the quintuple (7,U(77), |U(7)|, Z— 5,(7), Z+ 5,(T))
and the quadruple (7, U(77), Zf\;(ﬂ_l e 2T-if (Y_,),Z4s,(7)) are fully continuous, and integrations
over the ‘joint density’ (2.4) have been used. If we are to take into account any discrete component,
then the integrals with respect to zo and z3 in the derivations should be replaced by summations or a
mix of integrations and summations. Nonetheless, the variable |U(7)| (corresponding to the argument
y) is always continuous, and it is the form in y of the density hs, 5,.65.n,m(y|0) defined via (2.8) that is
important for our analysis (see (3.2) and (4.2)). Hence, the existence of discrete components does not
affect the form of hs, 5, 55 n,m(y|0) and all the main results in the paper still hold true. O

To derive a defective renewal equation for ¢s,, nm(-) via the first drop, it is instructive to note that
the surplus process may actually stay above the initial level forever as we require the process to survive
according to the indicator 1{r7 = oo} in the definition (1.5). The contribution of such a scenario to
Odogmm (W) i sSImply ©s,4 n.m(0). For the case where a drop below the initial level occurs, the same
arguments used to obtain the first term in (2.9) are applicable. Consolidating these observations, we
arrive at, for n,m € N,

n m n m U o0 oo &9} e¢] —((5—‘,—5 )t i o
30(523,n,m(u) = Sodzg,n,m(o) + ZZ <2> <]> /O /0 /0 /0 /_52tf ot )e 202+703 Zg 123 j90523,i7j(u — y)
e _(z+y

i=0 j=0

X 963,63 (t,z,y, 22, 23|0) dza dzs dt dx dy

n m ”
n m
= 905237717771(0) + Z Z (Z) <] ) /0 hi52+j53,52,53,n—i,m—j (y|0)g0(523,’i,j (U - y) dya (212)

i=0 j=0

which is clearly a defective renewal equation resembling (2.10).

3 Joint moments of total discounted gains and losses

In this section, we are mainly interested in the joint moments of the total discounted upward and down-
ward jumps. It is assumed that da,d3 > 0, and the penalty function w(z,y) = wi(y) only depends on the
deficit argument but not the surplus prior to ruin. Let f_(x) = z so that Z_5,(7) = Zfi‘l(ﬂ e 02 T-aY_ ;s
the total discounted losses until ruin. But we do not make any assumptions on f, (-) since the derivations
are not more complicated than the case where one assumes that fi () = = from the outset.

3.1 Note on the discounted density hs, s, 55n.m(y|u)

In the spirit of Willmot (2007), we first study some properties of the moment-based discounted density
hs,.55.65,n,m(y|u) when the loss density p_(-) satisfies

p—(z+y) = (@) w), (3.1)
k=1



for some functions 7 ()’s and ~(-)’s. The factorization is known to be satisfied by a variety of distribu-
tions, such as the classes of combinations of exponentials (see (4.4)) and Erlang mixtures for which ~y(-)
would take on exponential and Erlang forms respectively. Under the assumption (3.1), it is clear that
the residual lifetime density p_ ,(y) = p—(z + y)/P_(x) satisfies

() =D k@) (y)
k=1

where 9} (z) = ng(z)/P_(z). Substitution of (2.7) and the above expression into (2.8) yields

hsy 59.65,mm(ylw)
T

/ / / / e (29 + ez 4 y)) 2 95,55 (6 T, 22, 23|u) e (2)Vk(y) dza dzs dt dx

=1

n — - n—l/ — m_x *
SN () [T e e ey e g 0, )
0 0 0 0

=0 k=1

n T
- Z Z D§1,52,63,n,m,l,k (u)yl7k (y)u (32)
1=0 k=1

where Ds, 5, 55.mn.m,1,k(1)’s are constants that do not depend on y (and their obvious definitions are omitted
as they are not required in the analysis). The above result indicates that, for example, if p_(-) is a
combination of exponentials then the density hs, s5,.65,n,m(-|) Will be a combination of Erlangs. With
(2.7) and the assumptions in this section, the second term on the right-hand side of (2.9) can be evaluated

as
L st O =y = [ [0 5w+ 0w 0) oy

00 o) e 00 fe'e) B B nom (r+y+u
_/ / / / / e M (29 + e (2 + y 4 u))"2Y 952,53(t,x,z2,23]0)p(P(’Z))w1(y) dzo dzs dt dx dy

< )/ / / / / 0tz 4 e 702 (2 4 ) e 2 gE s (t 22, 23]0)

r

pllqz

1=0 k=1
X 717633 +y) Vi (w)w1 (y) dzo dzg dt dx dy
P_(x)
= Z E51752,53,n,m,l,kul'7k(u)v (3.3)
=0 k=1

for some constants Ej, s, 55.n.m.1.k'S With obvious definitions.

3.2 Detailed analysis for exponential claims

In the remainder of this section, we further assume exponential losses so that p_(y) = fe~?Y. Then, the
results in Section 3.1 are applicable with r = 1; 11 (z) = Be 5% and v, (y) = e PY. For every pair of (n,m)
such that n,m € N, let k, ,,, € (0, 5) be the unique positive root of the Lundberg’s equation (in &)

(q_ﬂ +q+1’5+(§)) (61 + ndy + mds + c€) — 1. (3.4)
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See e.g. Cheung (2011, p.16) and Labbé et al. (2011, Proposition 5.1). We suppress dependence of y, p,
on 41, d2 and d3 for simplicity. In particular, x;, m will be denoted as &, ,, when §; = 0. For later use,
we note from (1.4), (2.5) and (2.8) that the Laplace transform of the discounted density hs, s5,.55,0,0(:|0)
is given by

R ns00(510) = Ele™ 87U {r < o} U(0) = 0] = 2200, (35)
where the last equality follows from Labbé et al. (2011, Theorem 5.1). See Remark 4 below. (In this
paper, the Laplace transform of a function a(-) is denoted by a(s fooo e **a(x)dx.)

Remark 4 When claims are exponentially distributed, Labbé et al. (2011, Theorem 5.1) provided an
expression for the classical Gerber-Shiu function (1.3) under the penalty function w(zx,y) = e **w;(y).
Therefore, E[e=%75IU(MI1{1 < 00}|U(0) = 0] can be obtained from their Equation (5.1) by letting

= 0 and wi(y) = e~* with the initial surplus v = 0, and this equals bsga¢s according to their
notation. By comparing our notation with theirs, it can be seen that our inter-arrival time density
k(-), upward jump density py(-), exponential downward jump parameter /3, upward jump probability
¢+, downward jump probability ¢_ and force of interest d; are denoted by fy (-), g(-), @, ¢, p and ¢ in
their paper. With the above notation, comparison of our (3.4) at n = m = 0 with Equation (5.3) of
Labbé et al. (2011) first reveals that our Lundberg’s root kg is equivalent to their a(1 — ¢5). As their
Z1|Zy > 0 is exponential with parameter «, their Equation (5.2) reduces to bso = 1/(a + s) and hence
Ele=0 sV {7 < 0o} |U(0) = 0] = aps/(a + s), which is (8 — ko,0)/(8 + s) in our notation. O

To determine the solution form of ¢5,,, n.m (), we proceed by taking Laplace transforms on both sides

of (2.9) and separating the term (7, j) = (n,m) in the summation. This leads us to

(3
(4,7)€T(n,m)

¢5123,n,m(5) == h61+n62+m§3,62,63,0,0(8’0)¢5123,n,m(3) + Z ( > <] >h51+i52+j53752:53»nivmj(s‘0>¢51237i7j (S)

[T [T n sl 0wy = ) dedydu (36)

Utilizing (3.5) (with &1 replaced by d1 +nd2 +mds), (3.2) and (3.3), rearrangements of the above equation
yield

s (5)= — 1 s (M nz_f D5, 1idy +j53.6.85.m—i;m—jil,1 (0)1! 5 +Z Es, 35,55.m, m,l,ll'
d123,m,m Fnm + 5 ) i j (6+ S)l 0123,1 J B+ s

J)EL(n,m) =0
(3.7)
Then, recursively in n,m € N it is observed that
" n—1 B )
¢6 7n7m nmz,j + n,m,?
for some constants A, ;’s and By, ;’s, and hence inversion of the Laplace transforms gives rise to
. uze—ﬁu
D155.m,m (U ZZAnm”e s +ZBW T w0 (3.8)

=0 j=0

Remark 5 If the values of id2 4 jd3 coincide for some ¢ =0,1,...,nand j =0, 1,...,m, then the related
Lundberg’s roots will also be identical. For example, if 02 = d3, then x; j = K40 = Ko,i+; for all ¢, 5 € N.

10
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In such cases, the corresponding exponential terms e~"*" and hence their coefficients A, ,,;; can be
combined in the solution form (3.8). Nonetheless, the subsequent results are still valid as it is no less
general for us to use the solution (3.8) with all exponential terms separated. O

Next, the solution form of ¢s,, »,.m () can be obtained by taking Laplace transforms on (2.12). Fol-
lowing the same arguments that lead to (3.7), it is found that

- 1 n\ (m) < Disy4565,62,65,n—i;m—j,1,1(0)1! _ (B 4 8)@593.n,m(0)
it ()R Bt 25

4,5)€T’(n,m) J =0 s

from which one deduces that

n—1 * *
~ Z Z n m,z,j + Z Bn,m,i + Cn,m
90523,7177” (B + S)i—l—l S
1=0 j=0 J i=0
for some constants A* s, B* s and C* . Therefore, we arrive at
n,m ’L ] n,m,t n,m b
- = 7% u ule_ﬁu *
90523,71:”1 Z nm,z,]e + E :Bnmz . Cn ,m» U Z 0. (39)
i=0 j=0

In what follows, we shall determine the unknown coefficients appearing in (3.8) and (3.9). In particu-
lar, it will be seen that the constants B,, ,,, ;’s and B}, mi ’s therein are indeed zero. The results are stated
in Theorems 1-3, which can be proved by mathematical induction. Theorems 1 and 2 are concerned with
the Gerber-Shiu function ¢s,,5.n.m(u) when m = 0 and m € Nt whereas Theorem 3 involves the joint
moment s,, n.m(u) for the event of survival of the process. Only the proof of Theorem 1 is provided
as the other two proofs are essentially the same as the first. For ease of presentation, the notion of the
Dickson-Hipp operator 75 (see e.g. Dickson and Hipp (2001) and Li and Garrido (2004, Section 3)) will

be used. For any integrable function a(-) on (0, 00) and complex number s with R(s) > 0, it is defined by
Tsa(y) = / eV (z) da, y > 0. (3.10)
y
(Note that Tza(0) = a(s).) Then, the multiple Dickson-Hipp operator 7. (for i € N*) is given by

. oo (g; — y)i_le_s(x_y)
Tsaly) = /y (=) a(z) dz, y > 0.

See Li and Garrido (2004, Section 3, Property 5).

Theorem 1 Suppose that claim amounts are exponential with density p_(y) = Be PV, the claim cost
function is f_(x) = x and the penalty function is w(x,y) = wi(y). For n € N, the Gerber-Shiu function
D5195,m,0(U) = D515 n(u) defined in (1.4) is given by

n
¢512,n(u) = Z An,O,i,Oe_M’Oua u >0, (3.11)

11



where ki € (0,3) is defined via the Lundberg’s equation (3.4). The first n constants are obtained directly
as

nlBg- 375, W’f@l + nda + ckip) .
Anvozivo = 5(1_ 1= O’ ]"

_ , =1, (3.12)
1 — F2—k(81 + nda + cri0) — 44Dy (Ki0)R (1 + 1y + chiip)

recursively in terms of the constants {Aj,07i70}?:_2-1 pertaining to the lower-order Gerber-Shiu functions.
Then Ay ono can be calculated from

, p
Z Z i3 — ,{jg)onfwrl - 7/’3"“101(0) (3.13)

as the only unknown. The recursion starts itself when n = 0 with the constant Ag 0,0 computed by (3.13).

Proof. From Labbé et al (2011, Theorem 5.1) (see also Remark 4), Theorem 1 is valid for n = 0. Assume
that Theorem 1 is true for n = 0,1,...,N — 1 for some N € N*. We shall substitute {¢s,,;(u)}rg"
from the induction assumption and the solution form of ¢5,, n(u) from (3.8) into the integral equation
(2.1), and show that the statement of Theorem is also true for n = N. Since some of the integrals are
structurally identical to those in Section 3.1 of Cheung (2013, Section 3.1) certain results therein are
directly applicable with a slight change of notation. Using Cheung (2013, Equations (3.9) and (3.7)), the
first and second integrals in (2.1) are respectively

00 N N u-+ct )
/0 em(OrENa) g N (j ) /0 YN 15 (u + ct — y)p—(y) dy | k(t) dt

N N

Ajo,i riou

03 (3 i 6 o))
i=0 \ j=i

i0
N /N—i j N—j k—i e~
Ajoioc " k—i-+1 u'e
— N'fBq- Z ( Z Z FU B = k)N —I+1= 7 151N 6o +cH(0) i!
i=0 \ j=0 =0 k—i ’
N N—-1 uze—ﬂu
I ﬁq_ Z ( BN,O,kck+1 27:5?1?\[5124_/86]{3(0)) T, (314)
i=0 \ k=0v(i—1)

and

/ g~ (O1FN3)t (q_/ yNwi(y —u—ct)p-(y )dy> k(t) di
0 u—+-ct
uie—ﬁu

N N
= N1Bg- > (Zcﬂ' 3wy (0 )) T ;;;QWC/C(O)T. (3.15)
i=0 \ j=i '

n (3.14), we have used the notation a V b = max(a,b). To evaluate the third integral in (2.1), we note
that

/O b5 (u+ ct + y)ps (y) dy

00 e u+ct + B(utct+y)
:/o (ZANO,z,Oe so(utet+y) | Z BNOZ( y)Z' p+(y) dy

=0 =0
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N N-1 %

00 i—j =By JePlutet)
N N - y' e u—+ct)le
- ZAN,O,i,OPJr(/%,O)e rrocteT 0N Z Bnos Z (/0 ﬁm(y) dy) ( )j'

i=0 i=0 j—O (0=
N N-1 J i—k_—Bct , k,—Bu
~ .t Fe u"e
=D AN0i0P+(Rig)e TN+ Y B, ZTZ a0 G-kl K
=0 =0 7=0 k=0 J ’ ’
and hence
> (614+Ns)
[T (g 7 ontut et ) dy ) ko)
0
N N N-1 i 5 j - o e—B
= q+ Z AN0,i,0D+(Ki,0)k (61 + N2 + cripg)e” ™" + g4 Z BN, Z = Z 5]1+1\J/:52+,8ck(0)T
i=0 =0 7=0 k=0
N “1IN-1 k k 1 wie—Bu
_ .
= ¢4 > AnoioPt (Fio)k(61 + Ny + crig)e 0" + gy Z > Browd T p (0 )7:5]1+11J\F52+5ck(0)T
=0 1=0 k=i j=1

(3.16)

According to (2.1), the sum of (3.14)-(3.16) is equal to (3.8) (with (n,m) = (IV,0)). By equating the
coefficients of e™%i.0% we get

Anp,i0 = N!Bq- Z — ;0;)3\; —I k(81 + Néa + crio) + 4 An,0,i.0D4 (Fi0) k(81 + N + i)

fori=0,1,...,N. When i = N, the above equation must be automatically true because of (3.4). When
i=0,1,..., N — 1, by rearrangement one asserts that (3.12) holds true for n = N.

Next, from the coefficients of u’Ve=%"/N!, we arrive at

A
0 = N!8q_Tpw1(0)T5,+Nsy+8k(0) — NlﬁQ—%ﬁﬁmﬁﬁck(o) + Bq-BnN,0,N-1Ts,4+Ns,+8ck(0),

)

and therefore

A
— K0,0

where the last equality follows from validity of Theorem 1 at n = 0. Meanwhile, for ¢ = 0,1,..., N — 1

the coefficients of u’e~5"/i! imply (after rearrangement) that

N-1 k
ikl 1
By, — Bg- Z B o T T ek (0) =y Y Y Byosd Ty i (0)TE s, 4 5cR(0)
k=0V(i—1) k=i j—i
al N—jt1 it e A Aj o100
— j—1 _]+ ]_1‘+ J5Y5t, k +1
= N!Bq- Z e 8 w1(0)7:51+N62+5ck(0) — Npq- Z Z GU(B — Ky o) N—i+1= k7:51+ZN52+60k(0)
=i j=0 1=0 k=i ,
N N N—k j Ao yocii
= NBg_ > T, w1 (0)Tysy Ny 4 5k (0) = N1Bg_ ) Zj;(g ~ o) NiTim 7 Tov1 a3 +c(0)
k=i k=i j=0 [=0 ’
al e Aj00,0
_ k— k Jrl N*k+1 J,Y,t,
= N!Bq_ ZC TRk (0) (’rﬁ w1 (0) — Zﬂ(ﬁ — mo)N—j“—’“)' (3.18)
- j=0 1=0 ’



Now, we aim at using (3.18) to show that By ; = 0 for ¢ =0,1,..., N —1. Since it is already known from
(3.17) that By o = 0 for N = 1, we can restrict ourselves to the case N > 2 and then {1,2,...,N — 1}
is non-empty. For ¢ = 1,2,..., N — 1, the expression inside the big brackets on the right-hand side of
(3.18) equals zero according to the induction assumption, and therefore

N-—1 N—-1 k
i—ik—7j 1 1
Bnoi—Ba- Y Byosd T T sk (0) =y YD Brnowd T (00T NS, 4 5ek(0) = 0.
k=i—1 k=i j—i

(3.19)
Putting ¢ = N — 1 and noting that By ny—1 = 0 from (3.17), it is immediate that Byony—2 = 0. If
N > 3 then we further insert ¢ = N — 2 into (3.19) to arrive at By n—3 = 0. The procedure is repeated
until we reach By o0 = 0, and one concludes that Byxg; =0 for i =0,1,..., N — 1. Plugging these into
(3.8) (with (n,m) = (N,0)), it is confirmed that the solution form (3.11) is valid when n = N.

Finally, noting that all By ;’s are zero, we substitute ¢ = 0 into (3.18) to get

N-k j
_ k kaJrl ]O,l,O
0 M0 3T b T 0= T Y )

—H
k=0 =0 1= 1)

N j
ZZ J,O,l,U
; )
]' N —Jj+1

=0 1= —HZO

= N!8q-Ts,+Néy+8ck(0) (%NH

where the last line follows from the induction assumption that the terms in the summation equal zero
when k£ = 1,2,..., N. Thus, it is clear that (3.13) holds true when n = N. Combining all the above
results, Theorem 1 is true for all n € N by mathematical induction. m

Theorem 2 Suppose that claim amounts are exponential with density p_(y) = Be PV, the claim cost
function is f_(x) = x and the penalty function is w(z,y) = wi(y). For n € N and m € N*, the
Gerber-Shiu function ¢, n.m(u) defined in (1.4) is given by

n m
¢5123,n,m(u) = Z Z An,m,i,je_m’ju, u >0,

i=0 j=0

where k;; € (0,05) is defined via the Lundberg’s equation (3.4). The (n + 1)(m + 1) — 1 constants
{Anmij: (4,5) € T'(n,m)} are first solved from the system of (n+ 1)(m + 1) — 1 linear equations

9 7l
n smyil = T 6(] Z _j,imlln —j+1 k(él + Tl52 + m53 + C/iz‘,l)

+ ¢+ Z (?) ApjiaCm—j (ki) k(01 +nda +mds + crig),  (,1) € T(n,m),

recursively in terms of the constants pertaining to the lower-order Gerber-Shiu functions (and this requires
the application of Theorem 1 as a starting point), where (m—;(-) is the Laplace transform of C¢m—j(y) =
f-T_] (Y)p+(y). Then Ay mnm can be calculated from

ZZ < il( _;ml])fz 1 =0

as the only unknown.
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Theorem 3 Suppose that claim amounts are exponential with density p_(y) = fe™PY and the claim cost
function is f_(x) = x. For n,m € N, the joint moment defined in (1.5) is given by

Po33,m,m () = Z Z A:L,m,i,je_nz’ju + C;,ma u >0, (3.20)
=0 j=0
where /i*,] € (0, B) is defined via the Lundberg’s equation (3.4) with 61 = 0. The (n+1)(m+1)—1 constants

{4 it (4,5) € L(n,m)} are first solved from the system of (n+1)(m + 1) — 1 linear equations
A g = nBq- Z ] miil %(nég +més + ck;y)

>!<n]—|—1

< m * e * \ 1. * .
+ g+ Z <j >An,j,i,lij(/%,z)k(n52 +mds + cK;y), (4,1) € T'(n,m),
j=l

recursively in terms of the constants pertaining to the lower-order joint moments. Then A} ., ., can be
calculated from

7 * n *

m n . "
zm,j i,m
. — = 0.
Z Z Z! J l)n i+1 + Z Z’!anwrl

=0 1= =0

Q

as the only unknown. For (n,m) # (0,0) the constant Cy, ., can be computed recursively via

E(nds + mds) - — :
i = 20 000 <q Z() et Cim 11 2 <T>E[fr-l<y+,1>1c;,i), (3.21)

k(n(SQ + md3)
with starting point C§ o = 1.

Remark 6 Theorem 1 can be regarded as a generalization of the results in Cheung (2013, Section 3.1)
in that the current model allows for the possibility of upward jumps. In addition, Cheung (2013, Section
3.1) showed that (in the absence of upward jumps) the constants B, o;’s in the solution form (3.8) satisfy
a linear system of equations but did not prove that they are indeed all equal to zero. O

Remark 7 For n,m € N and 2, d3 > 0, define the quantity

(Z 6752T, 71)) (Z 663T+’if+(Y+,i)> ] . (322)

i=1

nm—E

For general cost functions f_(-) and f4(+), it follows in almost an identical manner to the proof of Cheung
and Liu (2016, Lemma 2) that under the positive loading condition one has limy ;o0 ©s,5 n,m (1) = Opm as
long as the expectation (3.22) is finite (which is true if E[f"(Y_ ;)] and E[f} (Y, 1)] are finite). On the
other hand, the solution (3.20) under the assumptions in Theorem 3 implies that limy oo Qs n.m(u) =
Cy o since k7, € (0,), and therefore we must have that C},, = 6y,,,,. Indeed, by conditioning on
whether the first jump Y] is a downward or upward jump, it is observed that 6, ,, for (n,m) # (0,0)
satisfies the recursion

T— Z() (nb + mésg) B (V- m+q+z< Vit + b LT (Ve )l

where the trivial starting point 6pp = 1 is obtainable by putting n = m = 0 in (3.22). Because
E[f""(Y_1)] = E[Y"7"] = (n —4)!/B"~" under the cost function f_(x) =  and the exponential down-
ward jump assumption, rearranging the above equation reveals that 6,,,, satisfies the same recursion
(3.21) as Cy, ,,, does. O
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4 Joint moments of numbers of upward and downward jumps

In this section, we shall focus on the numbers of upward and downward jumps N4 (7) and N_(7), which
can be retrieved from Zy ;5,(7) and Z_ ;5,(7) respectively by letting fi(-) = f-(-) =1 and J» = d3 = 0.
Since { N4 (t) }+>0 and {N_(t) }+>0 are renewal processes, No(7) and N_(7) are both infinite almost surely
on the set {7 = oco}. Hence, we only consider the Gerber-Shiu function ¢s,,, n.m(u) but not the joint
moment Qs,, n.m (). It is further assumed that w(z,y) = wi(y). As d2 and 03 are no longer present in
®5195,n,m(u), for convenience we write d; = 6 and denote @s,,; n.m (%) By @5n.m(u) so that

S (u) = Ble” TN (r)NY (r)wi (|U (7)) {7 < 0o}|U(0) = u]. (4.1)

Similarly, the moment-based discounted densities hj s 5. ... (z,ylu) and he, s, 55,n,m(y|u) are written as

R (@, ylu) and hsp m(y|u) respectively. Furthermore, ¢s ., m(u) is abbreviated as ¢s,,(u) when m = 0.

4.1 Note on the discounted density hs,, . (y|u)

Assume that the density of the downward jump size admits the same factorization as (3.1). Analogous
to the derivations of (3.2) and (3.3) (with some integrals changed to summations as Ny (7) and N_(7)
are discrete random variables), it is found that

hd,n,m(y|u) = Z D(S,n,m,k(“)%’c(?/) (42)
k=1

and

/ / B o910V 01 (9 — ) drdy = 5 Fs e (1) (4.3)
u 0 k=1

for some constants Dy, k(u)’s and Ej p, m i's.

4.2 Detailed analysis when claims follow a combination of exponentials

In the remaining part of this section, we assume that each downward jump is distributed as a combination
of exponentials with density

p—(y) =Y xuBre Y, (4.4)
k=1

where B > 0 for k = 1,2,...,r and Y ;_, xx = 1. Without loss of generality, it is assumed that all
Bi’s are distinct and all xj’s are non-zero. The class of combinations of exponentials is ‘dense’ such
that it can approximate arbitrarily accurately any continuous distribution on (0,00) (see e.g. Dufresne
(2007) for its fitting). The density (4.4) satisfies (3.1), and one has that 7 (z) = xBke”** and v, (x) =
e Pk*_ Note that the intermediate result (3.6) is still applicable with ﬁ51+1~52+j53752753,n_i,m_j(s|0) replaced
by hsn—im—j(s|0) (for i = 0,1,....,n and j = 0,1,...,m), hj 5 s .. (z,y|0) by A}, . (2,y]0), and

&;mm,m(s) by q%%m(s). Rearrangements along with the use of (4.2) and (4.3) lead to

~ _ 1 n m r Da,nfi,mfj,k(0)~ . Eé,n,m,k 4
¢5,n,m(5) - 1— E6,0,0(5|0) ((17])2 <Z> <]> Z /Bk +s ¢5,17](3) + Z 7619 T ) ( .5)

€l (n,m) k=1

16



Using (4.2), one can write

! 1 “ Bets
1—h ( ‘O) _ Ds,0,0,1(0) _HR]C-I-S’ (4.6)
5,0,0(8 1 Zk e

where {—Ry}}_, are the r roots of

116+ - ZDcSOOk H(ﬂﬂrf)—o
k=1 1#£k

which is a polynomial equation in £. The roots of the above equation is equivalent to those of %57070(45 |0) =
1. By writing

|h5.0,0(€]0)| < / e hs0.0(y]|0) dy = / e RO hs0.0(y]0) dy = Ele ™ MOWUMI{r < 00}|U(0) = 0]
0 0

and noting that the last expectation is strictly less than one for £(£) > 0 when 6 > 0 or the positive
loading condition holds, it is observed that |fﬁ§’0’0(f |0)] < 1 for R(§) > 0. Consequently, the roots
of ﬁ5,0,0(§|0) = 1 must have negative real parts, i.e. R(R;) > 0 for £ = 1,2,...,r. Now, through
substitution of (4.6) into (4.5), for n,m € N it can be deduced inductively that

T n+m
e n,m,i,k

Fnle) = 3 5 it
k=1 i=0
and therefore the solution form of ¢5,, m(u) is given by

r n+m —Riu
¢6,n,m Z Z n m,z7k u > 07 (47)
k=1 =0

where A, ,,;1’s are constants to be determined.

To find the constants in (4.7), similar to the proof of Theorem 1 we proceed by putting the solution
form (4.7) into (2.1) and (2.2) when m = 0 and m € NT respectively. This leads to Theorems 4 and
5 below. We only provide the proof of the slightly more complicated Theorem 5. It will be seen that
{Ry})_, are roots of the Lundberg’s equation (in &)

d Xk
q—
(B

_kf + Q+ﬁ+(§)> k(0 +c€) =1, (4.8)

which is known to have exactly r roots with positive real parts (e.g. Cheung (2011, p.16)).

Theorem 4 Suppose that claim amounts follow a combination of exponentials with density (4.4). For
n € N, the Gerber-Shiu function ¢sno(u) = ¢sn(u) defined via (4.1) is given by (4.7) (with m = 0),
where {Ry}}_, are the r roots of the Lundberg’s equation (4.8) with positive real parts. The (n + 1)r
constants {Apoir 1 = 0,1,...,nk = 1,2,...,r} can be solved from the system of (n + 1)r linear
equations comprising

T

n j b bHAJObacli it
nO,z,a— q— ZXI@BI@ZZ < ) ﬁk_ )b+1 1 7:$+01R k( )

k=1 Jj=t b=i =t
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n b
+q+ZZAn,O,b,a7§:l+lp ( ) — Z7:§l+2;’%_1k;( )

b=i l=i
fori=0,1,.... n—1and a=1,2,...,r, together with

r..n 1)z+1

> ZA,LM — R + @1 (8a)1{n =0} =0, (4.9)
k=1 1i=0
fora =1,2,...,r. The procedure is recursive in terms of the constants pertaining to the lower-order

Gerber-Shiu functions. The recursion starts itself when n = 0 with the constant Agg o0 computed by
(4.9).

Theorem 5 Suppose that claim amounts follow a combination of exponentials with density (4.4). For
n € N and m € NT, the Gerber-Shiu function ¢spnm(u) defined in (4.1) is given by (4.7), where {Ry}}_,
are the r roots of the Lundberg’s equation (4.8) with positive real parts. The (n 4+ m + 1)r constants
{Apmik 1 =0,1,....n+m;k = 1,2,...,7} can be solved from the system of (n + m + 1)r linear
equations comprising

n j+tm b Ajm,b,acl i i
nmza— q— ZXkﬁk’ Z ZZ ] ﬂk_ )b+1—l 7:S+cRak( )

j=(—m)V0 b=i I=i

m n+j b
+ar Y < )ZZA dwa T T (0)d T K(0), (4.10)

j=(i—n)VO0 b=i l=i

fori=0,1,...n+m—1and a=1,2,...,r, together with

Apom,i k =0 (4.11)
)0y ’L+1 ’

k=1 i=0 ﬂ R’“)

fora =1,2,...,r. The procedure is recursive in terms of the constants pertaining to the lower-order

Gerber-Shiu functions (and this requires the application of Theorem 4 as a starting point).

Proof. Substituting (4.4) and (4.7), the first integral on the right-hand side of (2.2) is almost identical
to Equation (3.21) in Cheung (2013). Quoting the result therein with slight modifications, we arrive at

[ (oS () [ e oo

7=0
Jj+m
—¢ Zxaﬁazz< )ZAJm,Z,k ])%)ZH (6 + Bac)e P
=135=0
g Zn erxﬂ Zn: jfzb: Mjimbac ™ H1E(0) ute (4.12)
: kPk 5k_ )bl JoteRa T :
a=1 i=0 j=(E—m)V0 b=i I=i

For the second term in (2.2), we first examine

r ntj i ,— Ry (utct+y)
(u+ct+y)e 't Y
/ Gsnj(u+ct +y)ps(y) dy—/ (ZZ n.jik )Z., >p+(y)dy
k=1i=0 ’
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I
M+

o0 i—lo—Riy l ,— Ry (u+ct)
Y u+ct)'e
,WZ (/ L dy)

k=1 i=0
rontj l+1 ! - btl bp—Rict gbo—Riu
= Z ,J,zkz Ry ZC (—0) bl
k=1 i=0 b= ’
rontj il I-b,_—Ryct ,,b_—Riu
_ A, o T S
- j 7 k) R ( )C (l _ b)' b'
k=1 i=0 =0 b=0 ’ ’

Thus, one has that

b,—Rru

/O ([ st et o)) ) = 3057575 Awsaa T 0T SO

r n+jn+j i ube_R’f“
DD AnganTh, o (0T R(0) =5 —

k=1b=0 i=b I=b

jnty b uiefRau

ZZA ,]baTb l+1 ( ) l— Z7:Sl+CzJRg1k,( )77

a=1 =0 b=i =i

M:

which gives

/0 < <q . f:o (’?) /0 " s (u+ ot + 1) (v) dy) k(t) dt

J

r n+m m n+j b i —Rau
=qr > Y. ( > < >ZZA G Te p (0) T k(0 ))“i' (4.13)
=1i=0 \j=(

=(i—n)VO0 b=i l=i

upon changing the order of summations >, and Z?:Jroj . As (4.7) equals the sum of (4.12) and (4.13)
because of (2.2), comparing the coefficients of u’e =% /i! reveals that (4.10) holds true fori = 0,1,...,n+
m and a = 1,2,...,7r. In particular, when i = n + m, this implies that each R, (for a = 1,2,...,7)
satisfies the Lundberg’s equation (4.8).

Next, equating the coefficients of e P+ leads to

jtm _1)i+l
ZZ ( ) Z jm’i’k(ﬁa(—;%k)i“ = 0. (4.14)

k=1 j=0 =0

fora=1,2,...,r. The above equation holds true for n € N, and in particular putting n = 0 proves that
(4.11) holds true when n = 0. And then substitution of n = 1 into (4.14) together with the validity of
(4.11) at n = 0 proves (4.11) at n = 1. Recursively, it is clear that (4.11) is true forn € N. m

5 Numerical illustrations

In this section, we shall compute some moment-based quantities involving (1) the number of upward
jumps N, (7) and number of downward jumps N_(7) until ruin; and (2) the total discounted gains
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Zfiﬁm e %T+iY, ; and total discounted losses Eﬁ\i’lm e~92T-iY_; until ruin. For notational conve-
nience, we shall use F[X|u| to denote the expected value of a random variable X under an initial
surplus U(0) = u. Similarly, the conditional expectation of a random variable X given the event of ruin
{r < oo} (resp. the event of survival {7 = oo}) will be denoted by E,[X|u] (resp. Es[X|u]), which
can be calculated as E,[X|u] = E[X1{T < oco}|u]/¥(u) (resp. Es[X|u] = E[X1{T = oo}|u]/(1 — ¥ (u)).
The variance of X is Vare(X|u) = Eo[X?|u] — (E[X|u])?, where E, may represent the unconditional
expectation E (see (1.6)) or the conditional expectation E, or Es. Then the coefficient of variation
is CVe4(X|u) = /Vare(X|u)/Ee[X|u]. Further denoting the covariance of two random variables X
and X by Cove (X1, Xo|u) = Fe[X1X2|u] — Ee[X1|u|Ee[X2|u], the corresponding correlation is given by
Corre (X1, Xa|u) = Cove(X1, Xo|u)//Vare(Xi|u) Vare(Xa|u).

In all numerical illustrations, it is always assumed that the (net) premium rate is ¢ = 2, and each jump
Y; follows a two-sided exponential distribution with density p(y) = 0.2e Y1{y > 0}+0.8(0.5¢"*¥)1{y < 0},
i.e. with probability ¢; = 0.2 a jump represents an exponential gain with mean E[Y} ;] = 1 and with prob-
ability ¢_ = 0.8 it is an exponential loss with mean E[Y_ ;] = 2. Three different inter-arrival time assump-
tions will be made on {V;}22,: (1) a Gamma distribution with density k(t) = 2.52%t15¢ =25 /T'(2.5); (2) an
exponential distribution with k(t) = e~*; and (3) a Pareto distribution with k(t) = (4.5)3.5%5/(t+3.5)5.
These three distributions have common mean of 1, but they have different variances of 0.4, 1 and 1.8
respectively. Note that the loading condition holds true as cE[Vi]| + ¢+ E[Y4 1] — ¢ E[Y- 1] = 0.6 > 0.

5.1 Numbers of upward and downward jumps

We first consider the number of downward jumps N_(7) and the number of upward jumps N (7) con-
ditional on ruin, where Theorems 4 and 5 can be applied (with 1 = 0 and w(-) = 1). Figure 1 plots
the conditional mean and coefficient of variation of N_(7) against the initial surplus « under different
inter-arrival times. Figure 1(a) shows that (for each inter-arrival time distribution) F,[N_(7)|u] increases
linearly in uw. This is because if the process starts with a larger amount of capital, then the surplus pro-
cess will survive longer before ruin and therefore more claims are likely to occur. Indeed, it is easily
checked that E,[N_(7)u] = (A1,00,1/40,00,1) + (A1,0,1,1/A40,0,0,1)u is linear in u by utilizing Theorem 4
twice (n = 0 and n = 1) under the current assumptions. For each fixed u, the expectation E,[N_(7)|u]
increases with the variance Var(V}) of the inter-arrival time distribution. Concerning the variability of
N_(7), a separate plot (which is not reproduced here for brevity) reveals that Var,(N_(7)|u) is also
increasing linearly in w, and it increases with Var(V}) as well. (The linearity of Var,(N_(7)|u) in u is
a direct consequence of the identity Asg21/(240,0,0,1) = (A170,171/A0,070,1)2, which can be proved in a
straightforward manner using the statement of Theorem 4 but is omitted for simplicity.) It is more inter-
esting to look at the normalized measure of variability CV,(N_(7)|u) in Figure 1(b), which is decreasing
in u. Since the inter-arrival times of the renewal process dictate the number of jumps, it is natural that
CV,(N_(7)|u) increases when Var(V}) increases (or when the coefficient of variation of V; increases since
E[V1] is kept fixed across all three inter-arrival time distributions). The conditional mean and coefficient
of variation of Ny (7) in Figure 2 show the same patterns as those in Figure 1, and the same comments
above are valid. Note that E,[N_(7)|u] in Figure 1(a) is larger than E,[N,(7)|u] in Figure 2(a) because
when a jump arrives it is downward with probability g— = 0.8 but upward only with probability ¢+ = 0.2.
Lastly, the conditional covariance and correlation between N_(7) and N4 (7) are given in Figure 3. As
with the individual variances, Cov,(N_(7), N1 (7)|u) increases linearly in u as well and is ordered ac-
cording to the inter-arrival times’ variance. The correlation Corr,(N_(7), N4 (7)|u) is close to 0.9 for all
values of w under each inter-arrival time distribution, but it increases slightly with Var(V;) (notice that
the y-axis is magnified). Intuitively, there are two factors that can affect the sign of the covariance or
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Figure 1: (a) Expectation and (b) coefficient of variation of number of downward jumps conditional on
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Figure 2: (a) Expectation and (b) coefficient of variation of number of upward jumps conditional on ruin
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Figure 3: (a) Covariance and (b) correlation of numbers of downward and upward jumps conditional on
ruin

correlation. Recall that N_(7) + Ny (1) = N(7) is the total number of jumps until ruin. This means
that both N_(7) and N4 (7) come from same source, which may have the tendency to drive N_(7) and
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N, (7) in opposite directions. In contrast, it also implies that both N_(7) and N, (7) can be large (resp.
small) if N(7) is large (resp. small) or the process survives longer (resp. shorter). The highly positive
correlation in Figure 3(b) suggests that the latter effect dominates. Interestingly, although {N_(t)}+>0
and { N, (t)}+>o are independent when the inter-arrival times {V;}°, are exponential, N_(7) and N4(7)
are highly correlated via the ruin time 7.

5.2 Total discounted gains and losses

Now, we turn our attention to the total discounted claims until ruin Zij\i_l(ﬂ e~92T-iY_; and the total
discounted gains until ruin Zi]&l(ﬂ e~%T+iY, ; which can be retrieved from Z_ ;,(7) and Z s,(7) using
the cost functions f_(x) = fy(x) = x. Theorems 1 and 2 are applicable to compute their joint moments
on the ruin set (by letting 6; = 0 and w;(-) = 1) while Theorem 3 is applied for the case conditional on
survival. The forces of interest do = d3 = 0.01 are assumed. Figure 4 shows the mean and variance of
Z_ 0.01(7) conditional on ruin occurrence. From Figure 4(a), it is observed that E,[Z_ .1(7)|u] increases
and then converges to a finite value as u increases. The monotonicity of E,[Z_ g01(7)|u] in u is due to
the fact that when u increases, (1) a higher number of claims occur before ruin (see Figure 1(a)); and
(2) a larger total claim amount is needed to bring the surplus level below zero. However, for fixed u the
value of E,[Z_ 01(7)|u] appears not to be very sensitive to the distribution of the inter-arrival times.
See Figures 5 and 7 of Cheung (2013) for similar observations in an insurance risk model without upward
jumps. Turning to Figure 4(b), although the variance Var,(Z_ ¢.01(7)|u) is not monotone in w it converges
as u increases. A similar pattern can also be found in Cheung (2013, Figures 6 and 8). It is also noted
that Var,(Z_ 0.01(7)|u) is ordered according to the variance Var(V7) of the inter-arrival time distribution,
which makes sense because the factor e %27~ used to discount the ith claim has more variability if the
inter-arrival times (and hence arrival times) are more likely to take on extreme values. Next, Figure
5 is concerned with the mean and variance of Z 01(7) conditional on ruin. As u increases, there are
two opposing effects on Z; 901(7). On one hand, a larger number of gains are expected to happen on
the ruin set (see Figure 2(a)). On the other hand, sample paths for which the total gain amount is
large are unlikely to lead to ruin and thus more likely to be excluded from the ruin set. The fact that
E,[Z4 0.01(7)|u] is increasing in u in Figure 5(a) means that the former effect dominates in our example.
As opposed to E.[Z_ .01(7)|u], the value of E.[Z o.01(7)|u] increases with Var(V;). Looking at Figure
5(b), Var,(Z4 0.01(7)|u) first increases and then decreases in u and it converges as u increases further.
Moreover, Var,(Zy 0.01(7)|u) increases with Var(V;) for a similar reason used to explain Figure 4(b).
Note that the magnitude in Figure 4 is considerably larger than that in Figure 5 because the probability
¢— = 0.8 and the mean E[Y_ ;| = 2 of the downward jump are larger than the counterparts ¢y = 0.2
and E[Yy ;] = 1 for the upward jump. Figure 6 depicts the behaviour of the covariance and correlation
between Z_ 01(7) and Z4 0.01(7) conditional on ruin. It can be seen that Cov,(Z_ 0.01(7), Z+0.01(7)u)
and Corr,(Z—0.01(7), Z+,0.01(7)|u) are positive for small values of u. In this case, the dominant factor
is that the numbers of jumps N_(7) and N, (7) are highly correlated on the ruin set (see Figure 3)
and therefore the total jump amounts Z_ o1(7) and Z; g.01(7) tend to move in the same direction as
well. However, the covariances and correlations under exponential and Gamma inter-arrival times turn
negative when u is large. An explanation is that for fixed u if the process survives long this is possibly
associated to big upward jumps and small downward jumps. (Even the downward jump causing ruin
may be large, it occurs late at the ruin time and contributes little to Z_ g ¢1(7) due to discounting.)
Similarly, if the process ruins early then the upward jump amounts are likely to be small and but big
downward jumps happen early. Figure 6 suggests that such a negative relationship between Z_ 1(7)
and Z4 0.01(7) becomes more significant as u becomes large.

22



EL[Z_.01(7)
300

250
200
150
100

50

ul Var(Z .01(7)|w)
1200 ¢

1000 | 77\

800 [\ [

Gamma

— — — Exponential 600 |3

"""""" Pareto 400

Gamma

— — — Exponential

E[Z; 0.01(7)

15+

10 -

200
------ Pareto
- - - - - u - - - - - u
100 200 300 400 500 100 200 300 400 500
(a) (b)
Figure 4: (a) Expectation and (b) variance of discounted losses conditional on ruin
[u] Var(Z,.0.01(7)|w)
25}

Gamma

ruin

s — — — Exponential Gamma
......... Pareto 5 i — — — Exponential
------ Pareto
- - - - —u - - - - —u
100 200 300 400 500 100 200 300 400 500
(a) (b)
Figure 5: (a) Expectation and (b) variance of discounted gains conditional on ruin
Cov(Z_.01(1),Z10.01(7)w) Corr,(Z_.01(1),Z4 0.01(T)|w)
1200 /Y 08
SN
100 :II \\'\‘ Gamma 0.6 Gamma
80 — — — Exponential 04 — — — Exponential
0B \w Pareto + N\ T Pareto
40 ; 0.2 X
20 “\. e eemmmmmmmmmmm———
: ST T ey
w T e o i Glariar B 100 2030 40 500
100 200 36 400 300
(a) (b)
Figure 6: (a) Covariance and (b) correlation of discounted losses and discounted gains conditional on

Next, the same measures as in Figures 4-6 concerning the total discounted claim and gain amounts

Z_s,(t) and Z4 5,(7) but conditional on survival of the process are provided in Figures 7-9. From
Figures 7(a) and 8(a) (for which the y-axis has been magnified), the expectations Es[Z_ .01(7)|u] and
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Figure 8: (a) Expectation and (b) variance of discounted gains conditional on survival
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Figure 9: (a) Covariance and (b) correlation of discounted losses and discounted gains conditional on

survival

Eq[Z4 0.01(7)|u] are rather insensitive to the initial surplus « and the choice of inter-arrival time distribu-
tion. Similar to Figures 4(b) and 5(b), Vars(Z_ .01(7)|u) and Vars(Z4 9.01(7)|u) in Figures 7(b) and 8(b)
increase with the variance Var(V}) of the inter-arrival times, and the interpretations on Figure 4(b) are



applicable here. From Figure 9, both Covs(Z_ .01(7), Z+,0.01(7)|u) and Corrs(Z_ 0.01(7), Z+0.01(T)u)
decrease in v and then converges as u gets large. However, their sign varies with the inter-arrival time
assumption. For Pareto and exponential (resp. Gamma) inter-arrival times, these quantities are al-
ways positive (resp. negative). Indeed, using Theorem 3 along with some straightforward algebra, the
asymptotic covariance is found to be

lim COVS(Z—,52 (T)7 Z+,53 (T)|u) = Cik,l - CT,OC{J}:I

U—00

_ k(8 + 63) k(02) k(ds) \ k(%)  k(ds)
= ¢ qi Blf-(Y_ )] E[f+ (Y1 1)) {1 T (1 %) 1 _%(53) e _zwg)}’

(5.1)

for which the sign is determined by the term inside the curly brackets. In particular, since k(s) = A/(A+s)
when {N(t)}+>0 is a Poisson process with rate A, it is easy to check that the above limit is identical to zero,
and this agrees with the limiting behaviour of the exponential case in Figure 9. According to Remark
7, one also notes that the asymptotic (conditional) covariance (5.1) is identical to the (unconditional)
covariance between the discounted sums Y 00, e=%2T=if (Y_,;) and > 32, e %T+if. (Y, ;), and in the
Poisson case these random variables are well known to be independent.

Cov(Z_0.01(1),Z+ 9.01(T)I) Corr(Z_,01(1),Z4 0.01(T)|w)
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Figure 10: Unconditional (a) covariance and (b) correlation of discounted losses and discounted gains

Finally, Figure 10 shows the unconditional covariance Cov(Z_ 0.01(7), Z+0.01(7)|u) and correlation
Corr(Z_0.01(7), Z+,0.01(7)|u), and their shapes are essentially a combination of Figure 6 (conditional on
ruin) and Figure 9 (conditional on survival). The contributions of the events {7 < co} and {7 = oo} are in
accordance with (although not linear in) the ruin probability and the survival probability respectively. As
u increases, the ruin probability decreases and converges to zero while the survival probability increases
and converges to one. Hence, the contribution of the former event dominates when u is small while the
that of the latter dominates when u is large.
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