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A note on a conjecture of star chromatic index for
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Abstract

A star edge coloring of a graph G is a proper edge coloring of G without bichromatic paths or cycles
of length four. The star chromatic index, χ

′

st(G), of G is the minimum number k for which G has a
star edge coloring by k colors. In [2], L. Bezegová et al. conjectured that χ

′

st(G) ≤ ⌊ 3∆
2 ⌋+ 1 when G

is an outerplanar graph with maximum degree ∆ ≥ 3. In this paper we obtained that χ
′

st(G) ≤ ∆+ 6
when G is an 2-connected outerplanar graph with diameter 2 or 3. If G is an 2-connected outerplanar
graph with maximum degree 5, then χ

′

st(G) ≤ 9.

Keywords: star chromatic index; diameter; outerplanar graph; maximal outerplanar graph

1 Introduction

All graphs in this paper are simple and undirected. For a graph G, we use V (G) and E(G) to denote the
vertex and edge set, |V (G)| and |E(G)| to denote the number of vertices and edges respectively. The star
coloring of a graph is a proper coloring and the vertices of any two color classes of the star colored graph
induce a star forest. In 1973, Grünbaum initiated the star coloring in [5]. A proper edge coloring of a
graph G, which has no 2-edge colored 4-length paths or cycles, is a star edge coloring of G. The minimum
number of colors needed for a star edge coloring of G is called the star chromatic index of it, denoted
by χ′

st(G). In 2008, Xinsheng Liu and Kai Deng introduced the star edge coloring in [7]. Obviously, a
star edge coloring of a graph G is a star coloring of the line graph of G. A strong edge coloring of a
graph G, denoted by χ′

s(G), is a proper edge coloring so that no edge can be adjacent to two edges with
the same color in which every color class gives an induced matching. The definition was introduced by
Fouquet and Jolivet (1983) to solve a problem involving radio networks and their frequencies. It is easy
to know that the strong edge coloring of a graph G is a star edge coloring of it, then χ

′

st(G) ≤ χ′
s(G). The

diameter of a graph G, denoted by diam(G), is the maximum distance of any two vertices in the graph
G. We use the symbol G1 ∨G2 to denote the join graph of G1, G2. A path with n vertices is denoted by
Pn. A graph with n vertices is denoted by Gn.

If a graph G can be drawn in the plane so that its edges intersect only at their ends, then G is called
a planar graph. In particular, when all vertices of a planar graph G lie on a same face, then G is an
outerplanar graph. A minor of a graph G is obtained by deleting some vertices, edges or contracting

∗This work is supported by the Science & Technology development Fund of Tianjin Education Commission for Higher
Education, China (No. 2019KJ090).
aCorresponding author. E-mail: dengyuqiu1980@126.com , xcdeng@mail.tjnu.edu.cn
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some edges of the graph G. For the graphs G and H such that no minor of G is isomorphic to H, then
G is called a H minor free graph.

Recently, Dvořá and Mohar have studied the star edge coloring of complete graphs and 3-regular
graphs. They obtained some results and proposed a conjecture shown as follows:

Theorem 1.1 [4] Let Kn be a complete graph with n vertices, then

2n(1 + o(1)) ≤ χ
′

st(Kn) ≤ n
22

√
2(1+o(1))

√
logn

(log n
1

4 )
O(

log∆

log log∆
)2.

Theorem 1.2 [4] If G is a graph with the maximum degree ∆, then

χ
′

st(G) ≤ χ
′

st(K∆+1) ·O(
log∆

log log∆
)2,

therefore,

χ
′

st(G) ≤ ∆ · 2O(1)
√
log∆.

Theorem 1.3 [4]
(a) When G is a subcubic graph, then χ′

st(G) ≤ 7.
(b) If G is a simple cubic graph, then χ′

st(G) ≥ 4, and the equality holds if and only if it covers the
graph of the 3-cubic.

Conjecture 1.4 [4] Let G be a subcubic graph, then χ′
st(G) ≤ 6.

Bezegová et al. have given some results and a conjecture on outerplanar graph in [2] as follows:

Theorem 1.5 [2] If G is an outerplanar graph, then

(1) χ
′

st(G) ≤ ⌊1.5∆⌋ + 12.
(2)If ∆(G) ≤ 3, then χ

′

st(G) ≤ 5.

Conjecture 1.6 [2] If G is an outerplanar graph with the maximum degree ∆, then χ
′

st(G) ≤ ⌊1.5∆⌋+1.

The following theorems 1.7-1.10 give some results on the star chromatic indexes of outerplanar graphs.

Theorem 1.7 [9]When G is a maximal outerplanar graph with maximum degree ∆ = 4, then χ
′

st(G) = 6.

Theorem 1.8 [6] Let G be a maximal outerplanar graph with n vertices, then 6 ≤ χ
′

st(G) ≤ n− 1.

Theorem 1.9 [6] If G is a maximal outerplanar graph with maximum degree ∆ and n(n ≥ 8) vertices,
then χ

′

st(F∆+1) ≤ χ
′

st(G) ≤ n.

Y. Q. Wang et al. obtained the following result by edge partition method.

Theorem 1.10 [17] If G is an outerplanar graph with the maximum degree ∆, then χ
′

st(G) ≤ ⌊1.5∆⌋+5.
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Lemma 1.11 [11] A graph G is an outerplanar graph if and only if G is K4 and K2,3 minor free.

In [1], one has proved that almost all graphs have diameter 2, so it is important to discuss the star
edge coloring of outerplanar graphs with diameters 2 or 3.

For the sake of narrative, let ζdn = {Gn|Gn is an 2-connected outerplanar graph with diameter d and
n vertices}. In this paper, we give some upper bound based on maximum degree of graphs Gn(∈ ζ2n∪ ζ3n).

2 χ′
st(Gn(∈ ζ2n))

First of all, we recall the star chromatic indexes of three basic graphs [9].

Lemma 2.1 [9] For the path Pn with (n ≥ 5) vertices, we have χ
′

st(Pn) = 3.

Lemma 2.2 [9] Let Cn be a cycle with n vertices, then

χ′
st(Cn) =

{

4, n = 5,

3, else.
(1)

Lemma 2.3 [9] Fn+1 is a Fan graph with n+ 1 vertices, i.e. Fn+1 = K1 ∨ Pn, then

χ′
st(Fn+1) =











n+ 2, n = 4,

n+ 1, n = 2, 3, 5, 6,

n, n ≥ 7.

(2)

Definition 2.4 When G is a planar graph, we say that G is a maximal planar graph if G is a nonplanar
graph when adding an edge for any two nonadjacent vertices.

Definition 2.5 Let G be an outerplanar graph. When adding an edge for any two nonadjacent vertices,
the resulting graph is a nonouterplanar graph, then G is called a maximal outerplanar graph.

We know that any outerplanar graph can become a maximal outerplanar graph by adding edges from
the definition of the maximal outerplanar graph, and the diameter of the resulting graph will not be
increased. Thus, we only need to study the star chromatic index of maximal outerplanar graph with
diameter 1 and diameter 2 in order to study the upper bound of the star chromatic index of 2-connected
outerplanar graph with diameter 2. Since only K3 has diameter 1 and the connected subgraph with
diameter 2 of K3 is P3, which has no star edge coloring. Therefore, we wouldn’t consider the maximal
outerplanar with diameter 1.

In [3], L. Beineke and R. Pippert gave a method to construct the maximal outerplanar graph shown
as follows:

(a) K3 is a maximal outerplanar graph;
(b) Let G1 be a maximal outerplanar graph embedded in a plane with vertices lying on the exterior

face F1 and G2 be the resulting graph by adding a new vertex which is adjacent to some two vertices of
an edge on F1. Then G2 is a maximal outerplanar graph;
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(c) Any maximal outerplanar graph can be obtained by the processes (a)(b).

Theorem 2.6 Let Gn ∈ ζ2n, then

∆(Gn) ≤ χ′
st(Gn) ≤











n+ 1, n = 5,

n, n = 4, 6, 7,

∆(Gn), n ≥ 8.

(3)

Proof: By the above construction method, we know that maximal outerplanar graphs Gn with
diameter 2 have the following two cases: (1) Gn = Fn(n ≥ 4), (2) Gn = G1

6.

v1 v0 v4

v5

v2 v3

1 4

6

41

6 3

5

2

v4v0v1

v5

v3v2

Fig. 1. G1
6

For the case (1), the Lemma 2.3 shows that the theorem is correct. In the case (2), F5 is a vertex-
induced subgraph of G1

6, then χ
′

st(G
1
6) ≥ χ

′

st(F5) = 6. It is easy to check that the coloring of G1
6 shown

in Fig. 1 is a star 6-edge coloring.
According to the definition of the star edge coloring, we have χ

′

st(Gn) ≥ ∆. For n ≥ 8, we know that
∆(Gn) = n− 1. �

3 χ′
st(Gn(∈ ζ3n))

By the definition of maximal outerplanar graphs and Lemma 1.11, we only need to study the star
chromatic index of the maximal outerplanar graph with diameter 2 or 3 for studying the upper bound of
the star chromatic index of Gn. Let ξ

d
n = {Hn|Hn are the 2-connected maximal outerplanar graph with

diameter d and n vertices }. Let n be an integer, for any Gn, there is some Hn ∈ ξ2n ∪ ξ3n such that Gn is
a subgraph of Hn. The following two cases are discussed according to the diameter of Hn.

3.1 Hn ∈ ξ2n

Theorem 3.1 Let Hn ∈ ξ2n and Gn is an edge-include subgraph of Hn. When Hn = Fn, then we have

∆(Gn) ≤ χ
′

st(Gn) ≤ ∆(Gn) + 3.

If Hn = G1
6, we obtained that

χ
′

st(Gn) = 4. (4)

Proof: In the following, we prove the theorem by two cases based on Hn with diameter 2.

4



v1 v4

v3v2

v5

v0

v1 v4

v3v2

v5

v0

1 2

3

21

3

4

Fig. 2. G1
6

′

3.1.1 Hn = G1
6

We delete any two edges of {v0v2, v0v3, v2v3} in Hn, then the diameter of resulting graph is 3. In the

sense of isomorphism, we only consider the graph G1
6

′

shown in Fig. 2, which is obtained by deleting the
edges v0v2, v0v3 in Hn. Since the edges v1v2, v2v5, v5v3, v3v4 must be colored by at least three different

colors, and there are no bichromatic 4-length path in G1
6

′

, moreover the color of v2v3 is different from the

colors of v1v2, v2v3, v5v3, v3v4, thus we obtain that χ
′

st(G
1
6

′

) ≥ 4. It is easy to check that the coloring of

Fig. 2 is a star edge coloring and only uses four colors, then χ
′

st(G
1
6

′

) = 4.

3.1.2 Hn = Fn

Let Hn = Fn, then n ≥ 6(since diam(C5)=2). We discuss according to the value of n as follows.

Case 1. If n = 6, the star edge coloring of H6 is shown in Fig. 3. When we delete the edge(s) which
is(are) not in the exterior face of H6, the resulting graph has diameter 3. Let the set of deleting edge(s)
to be D. We can obtain that χ

′

st(G6) = χ
′

st(H6)− |D| ≤ 6− |D| = ∆(G6) + 1.

Case 2. When n = 7, the star edge coloring of Hn is shown in Fig. 3. Similarly, when we delete the
edge(s) D in the interior face of H7, the diameter of the resulting graph becomes 3. Therefore, we obtain
that χ

′

st(G7) ≤ χ
′

st(C7) + |D| = 3 + |D| = ∆(G7) + 1.

v0

v3v2v1 v4 v5

1

5

2 3

1

4 5

66

v0

v3v2v1 v4 v5 v6

1

4

2 3

6

4 5

15

6

7

Fig. 3. F6 and F7

Case 3. If n ≥ 8, to ensure diam(Gn) = 3, by enumeration, we can obtain that the deleted edges D
(|D| ≤ 3). Therefore, we can get the formula as follows, χ

′

st(Gn) ≤ χ
′

st(Hn) = ∆(Hn) ≤ ∆(Gn) + 3.

Finally, when Gn is an edge induced subgraph of Hn = Fn(∈ ξ2n), we obtain that ∆(Gn) ≤ χ
′

st(Gn) ≤
∆(Gn) + 3. �

5



3.2 Hn ∈ ξ3n

We firstly discuss the property of Hn in the following.

Theorem 3.2 If Hn ∈ ξ3n, then Hn has G1
6 or G2

6(shown in the Fig. 4) as a vertex induced subgraph.

Proof: By the construction method of maximal outerplanar graph in [3], maximal outerplanar graph
of order 5 is F5 under the meaning of isomorphism, thus F5 must be a vertex induced subgraph of
Hn(n ≥ 5). Assume that the maximum degree vertex of F5 is v0 and other vertices are v1, v2, v3, v4.
We add a vertex v5 to F5 in order to obtain a big maximal outerplanar graph: if v5 is adjacent to vi,
vi+1(i ∈ {1, 2, 3}), the theorem is proven; if v5 is adjacent to v0,v1 or v0,v4, we obtain a Fan F6, then,
we continue to add vertex, there is some vertex vj which is adjacent to vi,vi+1(i ∈ {1, 2, 3, · · · , j − 1}),
otherwise, the diameter of the resulting graph is 2. �

v0

v2v1 v3 v4

v5

Fig. 4. G2
6

v0
v1 v4

v2 v3

v5

Fig. 5. Hn(G
1
6 ⊆ Hn)

Theorem 3.3 Let G be a connected graph. When G has two adjacent vertices v0,v1 ∈ G and the distance
between v0 and any other vertex of G is less than diam(G), then adding some vertices v2, v3, · · · vn and
edges v1v2, v2v3, · · · , vn−1vn, v0v2, v0v3, · · · , v0vn, we obtain a new graph G

′

with diam(G
′

) = diam(G).

By theorem 3.3, we know that v0v1,v1v2,v2v5,v5v3,v3v4,v4v0 can be extended to be Fans as shown
in Fig. 5. Assume that ∆(Hn) = ∆, then ∆ = max{d(v0), d(v2), d(v3)}. Especially, the graph of
d(v0) = d(v2) = d(v3) = ∆ is denoted by Hn∆

, we give a lower bound of χ
′

st(Hn∆
) in the following

theorem.

Theorem 3.4 χ
′

st(Hn∆
) ≥ ∆(Hn∆

) + 2.

Proof: We consider the subgraph Gn∆
(shown as the Fig. 6) of Hn∆

. We firstly prove χ
′

st(Gn∆
) ≥

∆ + 1. It is easy to know that χ
′

st(Gn∆
) ≥ ∆ by the definition of star edge coloring. Assume that

χ
′

st(Gn∆
) = ∆, since d(v0) = ∆, there are some vertex v

′

0 ∈ N(v0) such that c(v0v
′

0) = c(v2v3). Similarly,
there are some vertex v

′

3 ∈ N(v3) such that c(v3v
′

3) = c(v0v2), thus the path v
′

0 − v0 − v2 − v3 − v
′

3

is 2-edge colored, which contradicts to the definition of star edge coloring. Therefore, we obtain that
χ

′

st(Hn∆
) ≥ χ

′

st(Gn∆
) ≥ ∆+ 1.

Now, we assume that χ
′

st(Gn∆
) = ∆ + 1. Without loss of generality, let c(v0v1) = 1, c(v0v

(1)
0 ) = 2,

c(v0v
(2)
0 ) = 3, · · · , c(v0v

(∆−4)
0 ) = ∆− 3, c(v0v4) = ∆− 2, c(v0v3) = ∆− 1, c(v0v2) = ∆, c(v2v3) = ∆+ 1

(If there are some vertex vx1
∈ {v1, v

(1)
0 , v

(2)
0 , · · · v

(∆−4)
0 , v4}, such that c(v0vx1

) = c(v2v3), then for any

vertex vy ∈ {v1, v
(1)
2 , v

(2)
2 , · · · v

(∆−4)
2 , v5}, we have c(v2vy) 6= c(v0v3). The coloring scheme is isomorphic

to the form: c(v0v1) = 1, c(v0v
(1)
0 ) = 2, c(v0v

(2)
0 ) = 3, · · · , c(v0v

(∆−4)
0 ) = ∆ − 3, c(v0v4) = ∆ − 2,

c(v0v3) = ∆− 1, c(v0v2) = ∆, c(v2v3) = ∆ + 1.
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Let {c(v3v4), c(v3v5), c(v3v
(1)
3 ), c(v3v

(2)
3 ), · · · , c(v3v

(∆−4)
3 )} = Q. Firstly, we prove that ∆ − 2 /∈ Q :

since c(v3v4) 6= ∆ + 1 or ∆ − 2, there is some vertex vx2
∈ {v2, v1, v

(1)
0 , v

(2)
0 , · · · , v

(∆−4)
0 } such that

c(v0vx2
) = c(v3v4), which forces that there is a 4-path colored by ∆− 2, c(v3v4) in Gn∆

when ∆− 2 ∈ Q.
The coloring is not proper.

Since {∆ − 2,∆ − 1,∆ + 1} /∈ Q and |Q| = ∆ − 2, Q = {1, 2, · · · ,∆ − 3,∆}. Similarly, we

have {1,∆,∆ + 1} /∈ {c(v2v1), c(v2v5), c(v2v
(1)
2 ), c(v2v

(2)
2 ), · · · , c(v2v

(∆−4)
2 )}. Since ∆ ∈ Q, ∆ − 1 /∈

{c(v2v1), c(v2v5),c(v2v
(1)
2 ), c(v2v

(2)
2 ), · · · , c(v2v

(∆−4)
2 )}, a contradiction.

�

Theorem 3.5 If Hn ∈ ξ3n, and Gn ∈ ζ3n, then ∆(Gn) ≤ χ
′

st(Gn) ≤ ∆(Gn) + 6; when Gn ∈ ξ3n, we
have ∆(Gn) ≤ χ

′

st(Gn) ≤ ∆(Gn) + 4.

Proof: We prove the theorem through the following two cases 3.5.1 and 3.5.2.

Case 3.5.1 Hn has G1
6 as an induced subgraph.

We get the Fig. 7 (denoted by H
′

n∆
) by adding edges v1v

(1)
0 , v

(i)
0 v

(i+1)
0 , v

(1)
2 v1, v

(j)
2 v

(j+1)
2 , v

(∆−4)
2 v5,

v5v
(1)
3 , v

(k)
3 v

(k+1)
3 , v

(∆−4)
3 v4, v

(∆−4)
0 v4 in Gn∆

where 1 ≤ i, j, k ≤ ∆ − 3. In the following, we discuss the
upper bound of χ

′

st(H
′

n∆
) in terms of ∆.

v0
v1 v4

v2 v3

v5

v
(∆−4)
0

v
(∆−5)
0

v
(∆−4)
3

v
(∆−5)
3

v
(2)
3

v
(1)
3

v
(∆−4)
2

v
(∆−5)
2

v
(2)
2

v
(1)
2

v
(1)
0

v
(2)
0

Fig. 6. Gn∆

v0
v1 v4

v2 v3

v5

v
(i+1)
0v

(i)
0

v
(k+1)
3

v
(k)
3v

(j)
2

v
(j+1)
2

Fig. 7. H
′

n∆

(1) When ∆ = 5, the Fig. 8(a) gives a star edge coloring, then ∆ + 2 = 7 ≤ χ
′

st(H
′

n∆
) ≤ 9 = ∆+ 4.

(2) If ∆ = 6, a star edge coloring is given in the Fig. 8(b), we obtain that ∆ + 2 = 8 ≤ χ
′

st(H
′

n∆
) ≤ 9 =

∆+ 3.
(3) For the case ∆ = 7, it is easy to check that the coloring of the Fig. 8(c) is a star edge coloring, thus
∆ + 2 = 9 ≤ χ

′

st(H
′

n∆
) ≤ 11 = ∆+ 4.

(4) ∆ = 8, we consider the star edge coloring of the Fig. 8(d), thus ∆+2 = 10 ≤ χ
′

st(H
′

n∆
) ≤ 11 = ∆+3.

(5) When ∆ ≥ 9, we consider the following coloring function c : c(v0v1) = 1, c(v0v4) = ∆−2, c(v2v1) = 2,
c(v2v5) = ∆ + 2, c(v3v5) = 1, c(v3v4) = ∆ + 2, c(v0v2) = ∆, c(v0v3) = ∆ − 1, c(v2v3) = ∆ + 1,

c(v0v
(l)
0 ) = l + 1, c(v2v

(l)
2 ) = l + 2, c(v3v

(l)
3 ) = l + 1, c(v1v

(1)
0 ) = ∆ + 3, c(v

(m−1)
0 v

(m)
0 ) = m + 3,

c(v
(∆−5)
0 v

(∆−4)
0 ) = ∆+ 1, c(v

(∆−4)
0 v4) = ∆+ 3, c(v1v

(1)
2 ) = 5, c(v

(n−1)
2 v

(n)
2 ) = n+ 4, c(v

(∆−5)
2 v

(∆−4)
2 ) = 2,

c(v
(∆−4)
2 v5) = 3, c(v5v

(1)
3 ) = 4, c(v

(p−1)
3 v

(p)
3 ) = p + 3, c(v

(∆−6)
3 v

(∆−5)
3 ) = ∆ + 2, c(v

(∆−5)
3 v

(∆−4)
3 ) = ∆,

c(v
(∆−4)
3 v4) = 2, where l,m, p ∈ Z+ and m ∈ [2,∆− 5], n ∈ [2,∆− 5], p ∈ [2,∆− 6]. As an example, the

Fig.8(e) gives a star edge coloring of H
′

n9
.

Next, we prove that the coloring c is a star edge coloring: the paths v1 − v
(1)
2 − v

(2)
2 − · · · − v

(∆−5)
2 −

7



v
(∆−4)
2 − v5, v5 − v

(1)
3 − v

(2)
3 − · · · − v

(∆−5)
3 − v

(∆−4)
3 − v4, v1 − v

(1)
0 − v

(2)
0 − · · · − v

(∆−5)
0 − v

(∆−4)
0 − v4 are

denoted by P2, P3, P0, respectively. By the Theorem 1.4 of [5], we know that the Fans P0 ∨ v0, P2 ∨ v2,
P3 ∨ v3 has no bichromatic 4-paths(cycles).

Now, assume P is a bichromatic 3-path(cycle)of H
′

n∆
. If the path(cycle)P contains v0v2, v0v3 or v2v3

as an edge, then all the bichromatic 3-path(cycle) P of H
′

n∆
are v

(i)
2 − v2 − v3 − v

(i+1)
3 ,v1 − v2 − v3 − v

(1)
3 ,

v5 − v2 − v3 − v4, v
(i)
2 − v2 − v0 − v

(i+1)
0 , v1 − v2 − v0 − v

(1)
0 , v

(5)
2 − v2 − v0 − v4, v

(j)
0 − v0 − v3 − v

(j)
3 ,

v1 − v0 − v3 − v5,where i, j ∈ Z+ and i ∈ [1,∆ − 5], j ∈ [1,∆ − 4]. It is easy to check that any one of
the bichromatic 3-path(cycle) can’t be extended to become bichromatic 4-paths(cycles), thus H

′

n∆
has

no bichromatic 4-paths(cycles) containing v0v2, v0v3 or v2v3 as an edge.

If the path(cycle) P contains v1v
(1)
0 , v1v

(1)
2 , v4v

(∆−4)
0 , v4v

(∆−4)
3 , v5v

(∆−4)
2 or v5v

(1)
3 as an edge, then all

the bichromatic 3-path(cycle) P of H
′

n∆
are(the path P containing v0v2, v0v3 or v2v3 as an edge can be

discussed similarly) v
(1)
2 − v1 − v2 − v

(3)
2 , v1 − v

(1)
2 − v2 − v

(3)
2 , v

(1)
2 − v1 − v0 − v

(4)
0 , v

(∆−4)
2 − v5 − v2 − v

(1)
2 ,

v5−v
(∆−4)
2 −v2−v

(1)
2 , v

(∆−4)
2 −v5−v3−v

(2)
3 , v

(1)
3 −v5−v3−v

(3)
3 , v5−v

(1)
3 −v3−v

(3)
3 , v

(1)
3 −v5−v2−v

(2)
2 ,

v
(∆−4)
3 − v4 − v3 − v

(1)
3 , v4 − v

(∆−4)
3 − v3 − v

(1)
3 , v

(∆−4)
3 − v4 − v0 − v

(1)
0 . It is easy to check that any one of

the bichromatic 3-path(cycle) can’t be extended to become bichromatic 4-paths(cycles), thus the graph

H
′

n∆
has no bichromatic 4-paths(cycles) containing v1v

(1)
0 , v1v

(1)
2 , v4v

(∆−4)
0 , v4v

(∆−4)
3 , v5v

(∆−4)
2 or v5v

(1)
3

as an edge.
In the following, we consider the paths P containing v0v1, v1v2, v2v5, v5v3, v3v4 or v4v0 as an

edge. All the bichromatic 3-path(cycle) P of H
′

n∆
are(the path P containing v0v2, v0v3, v2v3, v1v

(1)
0 ,

v1v
(1)
2 , v4v

(5)
0 , v4v

(5)
3 , v5v

(5)
2 or v5v

(1)
3 as an edge can be discussed similarly) v1 − v2 − v

(∆−4)
2 − v

(∆−5)
2 ,

v1−v2−v
(∆−5)
2 −v

(∆−4)
2 , v2−v1−v0−v

(1)
0 , v2−v5−v3−v4, v4−v3−v

(∆−6)
3 −v

(∆−5)
3 , v4−v3−v

(∆−5)
3 −v

(∆−6)
3 ,

v4 − v0 − v
(∆−6)
0 − v

(∆−5)
0 , v4 − v0 − v

(∆−5)
0 − v

(∆−6)
0 . One can find that any one of the bichromatic

3-path(cycle) can’t be extended to become bichromatic 4-paths(cycles), thus the graph H
′

n∆
has no

bichromatic 4-paths(cycles) containing v0v1, v1v2, v2v5, v5v3, v3v4 or v4v0 as an edge.

Let H
′′

n∆
be the subgraph by deleting v0v2, v0v3, v2v3, v1v

(1)
0 , v1v

(1)
2 , v4v

(∆−4)
0 , v4v

(∆−4)
3 , v5v

(∆−4)
2 ,

v5v
(1)
3 , v0v1, v1v2, v2v5, v5v3, v3v4 and v4v0 in H

′

n∆
. The graph H

′′

n∆
is not connected and has three

connected components, which are vertex-induced subgraphs of Fans P0 ∨ v0, P2 ∨ v2 and P3 ∨ v3, thus
H

′′

n∆
doesn’t contian bichromatic 4-paths(cycles), therefore H

′

n∆
has no bichromatic 4-paths(cycles).

So overall, we obtain that ∆+2 ≤ χ
′

st(Hn∆
) ≤ ∆+3 when ∆ ≥ 9. When ∆ = 5 or 7, we proved that

1

9

87 6

7

2 4 5

3

9

8

7

8
3 1

2

6

(a) ∆ = 5

6

8
7

9

1

8

7

2
4 5

6

3

7

2 9

7

8 4
5

8
3 1

9 7
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(d) ∆ = 8
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v
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v
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3
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2

6
5

9
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9

6
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2
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5
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2

7

4
36

2
5

(e) ∆ = 9

Fig. 8. Star edge coloring of H
′

n∆
(∆ = 5, 6, · · · , 9)

χ
′

st(Hn∆
) ≤ ∆+ 4. In the end, we have ∆ ≤ χ

′

st(Hn) ≤ χ
′

st(Hn∆
) ≤ ∆+ 3 when ∆ ≥ 8 or ∆ = 6. �

Case 3.5.2 If Hn does not contain G1
6, then Hn must contain G2

6 as an edge induced subgraph.
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By the construction method of maximal outerplanar graph in [3], it is easy to check that there is no
vertex adjacent to v0, v4 or v2, v3, otherwise Hn must contain an edge induced subgraph G1

6. Since Hn

has diameter three, Hn has two cases shown as Fig. 9.

v3
v
(∆−4)
0

v
(3)
0

v
(2)
0

v
(1)
0

v0

v2 v4

v
(∆−5)
0

v1

v
(3)
3

v
(2)
3

v
(1)
3

v
(∆−5)
3

v5

v
(∆−3)
4

v
(∆−4)
4

v
(∆−5)
4

v
(3)
4

v
(2)
4

v
(1)
4

v0

v2v1 v3 v4

v6 v5
v
(1)
2 v

(2)
2 v

(3)
2

v
(∆−6)
2

v
(∆−5)
2

v
(∆−4)
2

v
(∆−4)
3

v
(∆−6)
3

v
(1)
3

Fig. 9. Hn(G
2
6 ⊆ HN )

Case 1: As shown in the left of Fig. 9, we discuss the case d(v0) = d(v3) = d(v4) = ∆ (denoted by
Hn∆

). We consider the upper bound of χ
′

st(Hn∆
) in terms of ∆.

(1) If ∆ = 4, it is easy to check that the coloring of Fig. 10(a) is a star edge coloring with ∆ + 2
colors, then χ

′

st(Hn∆
) ≤ 6 = ∆ + 2. Since F5 is an edge induced subgraph and χ

′

st(F5) = ∆ + 2, thus
χ

′

st(Hn∆
) = ∆ + 2;

(2) The case of ∆ = 5, the Fig. 10(b) give a star edge coloring with ∆ + 3 colors, therefore χ
′

st(Hn∆
) ≤

8 = ∆+ 3;
(3) For ∆ = 6, we consider the Fig. 10(c) which has a star edge coloring with ∆ + 3 colors, thus
χ

′

st(Hn∆
) ≤ 9 = ∆+ 3;

(4) When ∆ ≥ 7, we consider the following coloring function c : c(v0v1) = ∆ − 3, c(v0v2) = ∆ − 2,

c(v0v3) = ∆ + 1, c(v0v4) = ∆ + 2, c(v3v5) = ∆ − 1, c(v4v5) = ∆ + 4, c(v0v
(l)
0 ) = l, c(v3v

(m)
3 ) = m + 2,

c(v4v
(p)
4 ) = p+2, c(v1v2) = ∆+3, c(v2v3) = ∆, c(v3v4) = ∆+3, c(v

(l)
0 v

(l+1)
0 ) = l+3, c(v

(m)
3 v

(m+1)
3 ) = m,

c(v
(p)
4 v

(p+1)
4 ) = p, c(v

(∆−4)
3 v5) = ∆ − 4, c(v5v

(1)
4 ) = ∆, where l, m, p ∈ Z+ and l, m ∈ [l,∆ − 4],

p ∈ [l,∆− 3].

We prove the coloring function c is a star edge coloring: the paths v
(1)
0 −v

(2)
0 −· · ·−v

(∆−4)
0 −v1−v2−

v3 − v4, v
(1)
3 − v

(2)
3 − · · · − v

(∆−4)
3 − v5, v5 − v

(1)
4 − v

(2)
4 − · · · − v

(∆−4)
4 − v

(∆−3)
4 are denoted by P0, P3, P4

respectively. By the theorem 1.4 of [5], we know that the Fans P0∨v0, P3∨v3, P4∨v4 have no bichromatic

paths or cycles of length four. Assume P is a path(cycle) of Hn∆
containing v0v3,v3v4,v2v3 or v5v

(1)
4 and

is a bichromatic path(cycle) with length three. All bichromatic 3-path(cycle)of Hn∆
are v1− v2− v3− v4,

v2−v3−v5−v
(1)
4 , v0−v2−v3−v

(3)
3 , v

(i)
3 −v3−v4−v

(i)
4 (1 6 i 6 ∆−4), v5−v3−v4−v

(∆−3)
4 , v4−v

(1)
4 −v5−v

(3)
3 .

By the coloring function c, we know that all the paths(cycles) can’t be become bichromatic 4-paths(cycles)

by extending, thus Hn∆
does not contain bichromatic 4-paths(cycles) including v0v3,v3v4,v2v3 or v5v

(1)
4 .

Since c(v0v4) = ∆ + 2, c(v4v5) = ∆ + 4, and ∆ + 2, ∆ + 4 appear only once in Hn∆
, deleting the edges

v3v4, v2v3, v0v3, v0v4, v4v5 and v5v
(1)
4 , we obtain a subgraph denoted by H

′

n∆
. The subgraph H

′

n∆
is

not connected and has three connected components, which are vertex induced Fans P0 ∨ v0, P3 ∨ v3 and
P4 ∨ v4, thus H

′

n∆
has no bichromatic 4-paths and cycles. Therefore, Hn∆

has no bichromatic 4-paths

and cycles. We obtain that χ
′

st(Hn∆
) ≤ ∆+4. As an example, the Fig. 10(d) gives the coloring function

of Hn7
.

Thus ∆ ≤ χ
′

st(Hn) ≤ ∆+ 4.
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7

v
(3)
0

3

6

v
(3)
3

5

3
v
(2)
4

4

1

v
(2)
0

2

5

v
(2)
3

4

2 v
(3)
4

5

2

v
(1)
0

1

4

v
(4)
4

6
3v

(1)
3

3

1

(d) ∆ = 7

Fig. 10. Case 1: Star edge coloring of Hn∆
(∆ = 4, 5, 6, 7)

Case 2: This case of diagram is shown in Fig. 11, we discuss the graph with d(v2) = d(v3) = ∆ (denoted
by H2

n∆
). We consider the upper bound of χ

′

st(H
2
n∆

) based on the value of ∆.

(1) When ∆ = 4, we consider the coloring of the Fig. 11(a), then χ
′

st(H
2
n∆

) ≤ 11 = ∆+ 3.

(2) If ∆ = 5, by the coloring of the Fig. 11(b), we know that χ
′

st(H
2
n∆

) ≤ ∆+ 3, moreover χ
′

st(Hn∆
) ≥

χ
′

st(F5) = ∆ + 2, thus ∆ + 2 = 7 ≤ χ
′

st(H
2
n∆

) ≤ 8 = ∆+ 3.

(3) When ∆ = 6, the Fig. 11(c) gives its a star edge coloring with ∆+3 colors, thus χ
′

st(H
2
n∆

) ≤ 9 = ∆+3.

(4) For ∆ = 7, considering the coloring of the Fig. 11(d), we obtain that χ
′

st(H
2
n∆

) ≤ 10 = ∆+ 3.

(5) The case of ∆ = 8, a star edge coloring is shown in the Fig. 11(e), thus χ
′

st(H
2
n∆

) ≤ 11 = ∆+ 3.

(6) When ∆ = 9, we consider the coloring of the Fig. 11(f), then χ
′

st(H
2
n∆

) ≤ 11 = ∆+ 2.

(7) ∆ = 10, the Fig. 11(g) gives its a star edge coloring with ∆ + 1, thus χ
′

st(H
2
n∆

) ≤ 12 = ∆+ 2.
(8) When ∆ ≥ 10, we consider the following coloring function c : c(v0v1) = ∆ + 2, c(v0v2) = ∆ − 1,
c(v0v3) = ∆ + 1, c(v0v4) = 5, c(v1v2) = ∆, c(v2v3) = ∆ − 2, c(v3v4) = ∆, c(v1v5) = ∆ + 1, c(v2v5) = 1,

c(v3v6) = ∆ − 3, c(v4v6) = ∆ + 2, c(v2v
(l)
2 ) = l + 1, c(v3v

(m)
3 ) = m, c(v5v

(1)
2 ) = 4, c(v

(p)
2 v

(p+1)
2 ) = p + 4,

c(v
(∆−6)
2 v

(∆−5)
2 ) = 1, c(v

(∆−5)
2 v

(∆−4)
2 ) = 2, c(v

(q)
3 v

(q+1)
3 ) = q + 3, c(v

(∆−5)
3 v

(∆−4)
3 ) = 1, c(v

(∆−4)
3 v4) = 2,

where l, m, p, q ∈ Z+ and l, m ∈ [l,∆ − 4], p, q ∈ [l,∆ − 6].

We prove the coloring function c is a star edge coloring in the case(8): the paths v5−v
(1)
2 −v

(2)
2 −· · ·−

v
(∆−5)
2 −v

(∆−4)
2 , v

(1)
3 −v

(2)
3 −· · ·−v

(∆−5)
3 −v

(∆−4)
3 −v6 are denoted by P2, P3 respectively. By the theorem

1.4 of [5], we know that the Fans P2 ∨ v2 and P3 ∨ v3 have no bichromatic paths and cycles of length four.
Assume the bichromatic path(cycle)P containing an edge v0v1, v0v2, v0v3, v0v4, v1v5,v4v6,v1v2 or v3v4
in H2

n∆
. All the bichromatic 3-path(cycle) P are v5 − v1 − v0 − v3, v6 − v4 − v0 − v1, v1 − v2 − v3 − v4,

v
(4)
2 − v2 − v0 − v4, v

(5)
3 − v3 − v0 − v4 in H2

n∆
. It is easy to check that any one of the above paths P can’t

become bichromatic 4-path(cycle) by extending, then the graph H2
n∆

have no bichromatic 4-paths(cycles)
including v0v1, v0v2, v0v3, v0v4, v1v5,v4v6,v1v2 or v3v4. Since c(v2v3) = ∆−2, and ∆−2 appear only once
in H2

n∆
, thus H2

n∆
have no bichromatic 4-paths(cycles) including the edge v2v3. By deleting the edges

v0v1, v0v2, v0v3, v0v4, v1v5, v4v6,v1v2,v3v4 and v2v3, we obtain the subgraph H2′
n∆

. The graph H2′
n∆

is

not connected and has two connected components, which are Fans P2 ∨ v2 and P3 ∨ v3, thus H2′
n∆

have
no bichromatic 4-paths(cycles). In summary, H2

n∆
have no bichromatic 4-paths(cycles). We obtain that

χ
′

st(H
2
n∆

) ≤ ∆+ 2.

Thus, ∆ ≤ χ
′

st(Hn) ≤ χ
′

st(H
2
n∆

) ≤ ∆+ 2.

According to the Cases 3.5.1 and 3.5.2, when Hn ∈ ξ3n, we obtain that ∆(Hn) ≤ χ
′

st(Hn) ≤ ∆(Hn)+4.
In the document [8], a classification of Gn(∈ ζ3n) has been given. On the basis of the classification, we find
that for every Gn ∈ ζ3n there exists a Hn ∈ ξ3n such that Gn is a subgraph of Hn and ∆(Hn) ≤ ∆(Gn)+2.
Therefore, we can obtain that ∆(Gn) ≤ χ

′

st(Gn) ≤ χ
′

st(Hn) ≤ ∆(Hn) + 4 ≤ ∆(Gn) + 6. �
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Fig. 11. Case 2: the star edge coloring of H2
n∆

(∆ = 5, · · · , 10)

4 Outerplanar graphs with ∆ = 5

Theorem 4.1 Let G be a 2-connected outerplanar graph with n vertices and ∆(G) = 5, then χ
′

st(G) ≤
⌊1.5∆⌋ + 2 = ∆+ 4 = 9.

Proof. Since G has n vertices and ∆(G) = 5, obviously n ≥ 6. When n = 6, G is isomorphic to F6. By
Lemma 2.3, we know that χ

′

st(F6) = 6 < 9. Since maximal outerplanar graphs with maximal degree 5 can
be drawn as Fig. 12 when the order is going infinite and the F6s between E and F form a cycle. Inspired
by the document [14], we give a star 9-edge coloring as Fig. 12 showing. If n > 6, any outerplanar graph
with maximum degree 5 can become a maximal outerplanar graph with maximum degree 5 by adding
edges, moreover it is a subgraph of Fig. 12. Since Fig. 12 has a 9 star edge coloring, we obtain that any
2-connected outerplanar graph with ∆(G) = 5 has star chromatic index at most 9.
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Fig. 12. A 9 star edge coloring
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5 Concluding remarks

In this paper, we discuss the star chromatic index of outerplanar graphs with small diameter inspired
by the Conjecture 1.5. Otherwise, we find that the upper bound of star chromatic index of outerplanar
graphs with diameter 2 or 3 is ∆ + 6, which is much less than ⌊3∆2 ⌋ + 1 when ∆ increases infinitely.
Theorem 1.5 tells us that χ′

st(G) ≤ 5 when G is a subcubic outerplanar graph. By Theorem 1.7, we know
that outerplanar graphs with ∆ = 4 have star chromatic index 6. Moreover, Theorem 4.1 obtains that
2-connected outerplanar graphs have star chromatic indexes no more than 9 when ∆ = 5. So overall,
these results make us sure that the following conjecture is true.

Conjecture 4.1 If G is a 2-connected outerplanar graph with the maximum degree ∆ ≥ 6, then
χ

′

st(G) ≤ ∆+ 6.

Conjecture 4.2 If G is a 2-connected maximal outerplanar graph with the maximum degree ∆ ≥ 6,
then χ

′

st(G) ≤ ∆+ 4.

In [2], Bezegová et al. proved that χ
′

st(T ) ≤ ⌊3∆2 ⌋, when T be a tree with maximum degree ∆ and
every tree with a ∆-vertex whose all neighbors are ∆-vertices achieves the upper bound. We propose the
following open question inspired by Bezegová’s and our results.

Problem 4.2 If G is a 2-connected graph with linear size and maximum degree ∆, then χ
′

st(G) ≤ ∆+ c
(c is a constant)?
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[5] B. Grünbaum, Acyclic colorings of planar graphs, Israel J. Math. 14 (1973), 390-408.

[6] K. Deng , S. L. Tian, Star edege coloring of maximal outer plane graphs, Applied Mathematics A
Journal of Chinese Universities 26(4) (2011)489-494.

[7] B. X. -S. Liu, K. Deng, An upper bound on the star chromatic index of graphs with ∆ ≥ 7, J.
Lanzhou Univ (Nat Sci) 44 (2008)94-95.

[8] X. Deng, H. Song, G. Su, R. Tian, Rainbow connection number of biconnected outerplanar graphs
with small diameters. Advances in mathematics(China), 2018, 47(03)373-382.

[9] X. S. Liu , K. Deng , Star edege coloring of graphs, Master thesis (2007).

[10] M. Molloy, B. Reed , A bound on the strong chromatic index of a graph, J. Comb. Theory Ser. B
69 (1997)103-109 .

[11] G. Chartrand, F. Harary, Planar permutation graphs, Ann. Inst. H. Poincaré B. 3 (1967)433-438.
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