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Abstract

The generalized Turdn number ex(G, H) is the maximum number of edges in an H-free subgraph
of a graph G. It is an important extension of the classical Turdn number ex(n, H), which is the maxi-
mum number of edges in a graph with n vertices that does not contain H as a subgraph. In this paper,
we consider the maximum number of edges in an even-cycle-free subgraph of the doubled Johnson
graphs J(n; k, k + 1), which are bipartite subgraphs of hypercube graphs. We give an upper bound for
ex(J(n; k, k + 1), Cy,) with any fixed k € Z* and any n € Z* with n > 2k + 1. We also give an upper
bound for ex(J(2k + 1;k, k + 1), C,,) with any k € Z*, where J(2k + 1;k, k + 1) is known as doubled
Odd graph 5k+1. This bound induces that the number of edges in any C,,-free subgraph of 5k+ 1 is
o(e(5k+1)) for » > 6, which also implies a Ramsey-type result.
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1 Introduction

Throughout this paper, all graphs are finite undirected graphs without loops or multiple edges. Let
G = (V(G), E(G)) be a graph with vertex set V(G) and edge set E(G). We use v(G) and e(G) to denote the
number of vertices and the number of edges in G, respectively. For any two distinct vertices x,y € V(G),
a path of length r from x to y in G is a finite sequence of » + 1 distinct vertices (x = wo, Wi,..., W, =)
such that {w;_1,w;} € E(G) for ¢t = 1,2,...,r. If there is a path between any two vertices of a graph
G, then G is connected. A cycle is a connected graph where any vertex in the graph has exactly two
neighbours. A cycle is called to be an [-cycle or a cycle of length [ if the number of edges in the cycle
is [, denoted by C;. The phrase “a cycle in a graph G” refers to a subgraph of G which is a cycle. Two
graphs G and G’ are isomorphic if there is a bijection o from V(G) to V(G’) such that {x,y} € E(G) if
and only if {o(x), c(y)} € E(G").

Let G and H be two graphs. We call that G is H-free if there does not exist a subgraph of G which
is isomorphic to H. The generalized Turdn number ex(G, H) is the maximum number of edges in a
H-free subgraph of G. When G = K, is the complete graph of n vertices, ex(G, H) is usually denoted by
ex(n, H), specifying the maximum possible number of edges in an H-free graph on n vertices. There are
a huge amount of literatures investigating this function, starting with the theorems of Mantel [17] and
Turéan [19] that determine it for H = K,. It is showed in [12] that ex(n, H) is related to the chromatic
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number of H. But when H is bipartite one can only deduce that ex(n, H) = o(n?). In general, it is
also a major open problem to determine the generalized Turdn number ex(G, H) when H is a bipartite
graph, especially for even cycles. In this aspect, there are two widely studied functions ex(Ky, », K;;)
and ex(Q,, Cy), where K, , is a complete bipartite graph and Q, is a hypercube graph.

The former function ex(K,, ,, K;,), known as the problem of Zarankiewicz raised in 1951 ([20]), is
the analogue of Turdn’s problem in bipartite graphs. We refer the reader to [15]] for the details about
this problem. The latter function ex(Q,, Cy), started with a problem raised by Erd6s, which is “How
many edges can a subgraph of Q, have that contains no 4-cycles?” In [9], Erd6s conjectured that the
upper bound would be (% + o(1))e(Q,), and also asked whether o(e(Q,)) edges of Q,, would ensure the
existence of a cycle Cy; for [ > 3. The best upper bound for ex(Q,, Cs) is obtained by Balogn et al. ([3l]),
which is (0.6068 + o(1))e(Q,), slightly improving the upper bounds given by Chung ([l6]) and Thomason
Wagner ([18]). The problem of deciding the values of C¢ and Cjy is still open. In [6], Chung showed
that %e(Q,,) < ex(Qy, Ce) < (V2-1+ o(1))e(Q,), and negatively answered the question of Erdds for
Cs. Conder ([[7]) found a 3-colouring with the same property. This implies that ex(Q,,, Cg) > %e(Qn).
The best upper bound is given by Balogn et al. ([3]). For some progress about ex(Q,, Co), we refer the
reader to [[1, 2]. For / > 2, the upper bounds for ex(Q,, C4/) and ex(Q,, C4;1¢) were obtained by Chung
([6]) and Fiiredi and Ozkahya ([14]), respectively, which imply that ex(Q,, C2r) = o(e(Q,)) for I' > 6
or I’ = 4. In [8], Conlon unified these results by showing ex(Q,, H) = o(e(Q,)) for all H that admit a
k-partite representation, which holds for each H = Cy; except [ € {2, 3, 5}.

Now we consider another noteworthy family of bipartite graphs, which are called doubled Johnson
graphs. Let n and k be two positive integers withn > k+1. Let[n] = {1,2,...,n}and ([Z]) be the set of all

k-subsets of [n]. The doubled Johnson graph J(n; k, k+ 1) is a bipartite graph with vertex set ([Zl) U (k[ﬂ),
where two distinct vertices # and v are adjacent if and only if # C v or v C u. Recall that doubled Johnson
graphs with n = 2k+1 are usually called doubled Odd graphs, which are distance-transitive graphs ([S]]).
We usually use 5k+1 to denote the doubled Odd graph J(2k + 1;k,k + 1). Notice that J(n; k,k + 1) is a
subgraph of the hypercube Q,,, and the halved graphs of J(n; k, k + 1) are the Johnson graphs J(n, k) and

J(n,k + 1). By the definition, in the graph J(n; k, k + 1), the degree of each vertex in ([Z]) is n — k and

the degree of each vertex in (k[f]l) is k + 1. Therefore, e(J(n; k, k + 1)) = (n — k)(Z) =(k+ 1)(kﬁl). Since
the graphs J(n; k, k + 1) and J(n;n — k — 1, n — k) are isomorphic, in the following, we only consider the

case whenn > 2k + 1.

In this paper, we study the generalized Turdn number ex(J(n; k, k + 1), Cy;). For each vertex x; in

(k[f]]), choose an edge which is incident with x,. Let E be the set of those edges and K be the graph with

vertex set ([Z]) U (k[ﬂ) and edge set E. Notice that the degree of each vertex from (k[fi]l) in K is 1, which

implies that K is cycle-free. Hence we have ex(J(n; k,k + 1), Cy) > (kfl) = 1<+1€(J(”; k,k + 1)). In the

following, we consider the upper bound of ex(J(n; k, k + 1), Cy;) and obtain the following theorems.

Theorem 1.1 Let k and [ be any fixed positive integers. For any n € Z* with n > 2k + 1, the following
hold.

(i) Forl > 2, there exists constant c; such that

ex(J( k, k + 1), Cy)) < (c,(n — k)t 4 l)e(l(n; kk+1)).

(i) Forl > 1, we have

V2
2w+ 2 " 0(1)] ek, k+ 1),

ex(J(m; k, k + 1), Cyp2) < (



where o(1) is a function fi(n) of the variable n such that lim fi.(n) = 0.
n—+oo

Theorem 1.2 Let [ be a any fixed positive integer. For any k € 7%, the following hold.

(i) Forl> 3, we have ex(Ogs1, Ca) = O3 1)e(Ogs1).

(i) Forl > 3, we have

O(k™ 77 )e(Oga1), if1=3,57.9,

ex(O, ,C = -
(Os1, Cate2) {O(k_ll(>+?5<’ll>)e(0k+l), otherwise.

(iii) ex(Ogs1,Cs) < 2e(Oks1); €x(Oga1, Cs) < (3 + 0(1))e(Oxa1); €x(Oket, Cro) < (3 + 0(1)e(Op).

From Theorem |1.2] we have ex(5k+1,C21) = 0(e(5k+1)) for [ > 6, which leads to the following
Ramsey-type result:

Theorem 1.3 Let t and [ be positive integers with | > 6. If Ois1 is edge-partitioned into t subgraphs,
then one of the subgraphs must contain the even cycle Cy;, provided that k is sufficiently large (depending
only on t and ).

This paper is organized as follows. In Section 2, we introduce some properties of the doubled
Johnson graphs. In Section 3, we give an upper bound for ex(5k+1, Cy) with [ = 3,4,5. In Section 4,
we give an upper bound for the number of edges in Cy-free subgraphs of J(n;k,k + 1) with [ > 2. In
Section 5, we give an upper bound for the number of edges in Cy4;4»-free subgraphs of J(n; k, k + 1) with
[>1.

2 Preliminary

In this section, we will give some important properties of the doubled Johnson graphs. It is obvious that
each cycle in J(n; k, k + 1) has even length since it is a bipartite graph.

Suppose I' is a graph. For any x € V(I'), let Nr(x) and dr(x) denote the set of neighbours of x and the
degree of x in I, respectively. For any two vertices x,y € V(I'), let dr(x, y) denote the distance between
x and y in T'. Given a doubled Johnson graph J(n; k, k + 1), in the following, we usually use V; and V; to

denote the set ([Z]) and (["] ), respectively, which are two parts of this bipartite graph. Set v, := |V|| and

k+1
" kfr'l), andv, = v, = (2",:'1) if n = 2k + 1. For any two vertices

vy := |V>|. Observe that v; = (k) and v, = (
x and y in J(n; k, k + 1), from [16], we have dr(x,y) = |x| + |[y| — 2|x N y|.

Proposition 2.1 Let U = (ug, uy, ..., u;) be any path in J(n; k,k + 1). The following hold.

(1) Ifi = 3, there exists a unique cycle of length 6 containing U in J(n; k,k + 1).

(ii) Ifi =2 and uy € Vi, there exist n — k — 1 cycles of length 6 containing U in J(n; k,k + 1).
(iii) Ifi =2 and uy € V,, there exist k cycles of length 6 containing U in J(n; k, k + 1).
@iv) Ifi =1, there exist k(n — k — 1) cycles of length 6 containing U in J(n; k, k + 1).

Proof. (i) Ifi = 3, then uy € V| or uz € V;. Without loss of generality, suppose ug € Vi, up Nup = F,
uy = F U {x} and u, = F U {y}. Then u; = F U {x,y}. Assume that u3 = F U {y, z}, where z ¢ u;. Let



w = (ug, uy, U, Uz, wa, ws) be any cycle of length 6. Since uy € ws # u; and |[ws N u3| = k, we have
ws = F U {x,y} and wy = u3 N ws. Hence, w is unique and (i) holds.

(i1) and (iii) By (i), it suffices to count the number of the paths (ug, u;, ur, w3). If u, € Vi, then
uy C wz # u; and there are n—k — 1 choices for ws. If u, € V5, then u; # wz C u, and there are k choices
for w3. Hence (ii) and (iii) hold.

(iv) Without loss of generality, suppose u; € V;. There exist n —k — 1 vertices w, such that ug, u;, w
is a path. By (ii), the desired result follows. a

Corollary 2.2 The following hold.

(1) The length of the shortest cycle in J(n; k,k + 1) is 6.
(i1) The number of 6-cycles in J(n; k, k+ 1) is n(Cg) = ék(n —k—De(J(n;k,k+1)) = %(Z)(n —k)k(n—
k—1).
Proof. (i) It suffices to prove that there does not exist a 4-cycle in J(n; k, k + 1). Suppose (vi, v2, V3, v4)
is a4-cycle in J(n; k, k + 1) such that vi,v3 € V| and v,,v4 € V,. Then v, = v{ Uvs = vy, a contradiction.
(ii) Since e(J(n; k, k + 1)) = (Z)(n — k) and every edge is contained in k(n — k — 1) cycles of length 6
by Proposition 2.1] we have n(Cs) = &(2)(n — k)k(n - k = 1). O

In the following, we consider the number of 2-paths in a spanning subgraph G of J(n; k, k + 1). For
any 2-path (x, w,y) in G, note that x, y € Ng(w). Hence, the number of 2-paths in G whose middle vertex

isin V;is
deg(w) 1 1
Z( N )= EWEZ;‘dG(w)Z - 540) (1)

weV;
for i = 1,2. Observe that the total number of 2-paths in J(n; k, k + 1) is % -e(J(n; k, k + 1)).

By Cauchy-Schwarz inequality, for i € {1, 2}, we have

2
D dew) = (Z dG(W)] Jvi = e(GY v, @)

wevV; weV;

which implies that
dg(w) 1 , 1

E > — - Ze(G).
( )_ 2v,~e(G) 2e(G)

2
weV;

3 Upper bounds for ex(5k+ 1,Cy) withl=3,4,5

Let %5 be the set of all 6-cycles in Oy+1 and G be any spanning subgraph of Oy+1. For any subgraphs
H and L of 5k+1, let G N H be the graph with vertex set V(G) N V(H) and edge set E(G) N E(H), and
H\ E(L) be the graph with vertex set V(H) and edge set E(G)\ E(L). Notice that for any 6-cycle H € %,
G N H is isomorphic to one of the graphs in Figure 1. Let x0, X1, X3» X3» X3» X3: X35 Xi» X3» Xi» X55 X6
denote the ratio of the number of 6-cycles H satisfying that G N H is isomorphic to the graphs (1) — (12)
in Figure 1 to the total number of 6-cycles in Oi+1, respectively.

Then we have

Xo+X1+HXa X3 H XS X F XL HXG XL Hxs +xe =L 3)
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Figure 1: Subgraphs of Cg

For any two distinct Hy, H, € %g, since the least lengtILof a cycle in 5;(“ is 6, we have V(H;) #
V(H;), which implies that GN H; # G N H,. For any e € E(Oy41), let (45). denote the set of all 6-cycles
in %5 which contain e. By computing the size of the set {(¢, G N H) | H € 65, ¢ € E(G N H)} in two

ways, we obtain
Dl eGnH = Y (Gl

He%s e€E(G)
By Proposition[2.1]and Corollary we get
G 1
“€G > eGnH)
e(Ore1)  On(Co) I
1
= ¢ 01+ 2003 +43) + 3003 + 43 +43) + 4k + X5 +X3) + 5k + 6xe). 4)

Progf of Theorem (iii). (a) Suppose G is Cg-free. Then y¢ = 0, which implies that ex(5k+1, Ce) <
3¢(Ors1) by () and ().

(b) Suppose G is Cg-free. For any 2-path L in 5k+1, we claim that there is at most one H in %5 such
that (GNH)\ E(L) is isomorphic to the graph (8) in Figure 1. Assume that L = (uy, up, u3) is a 2-path, and
Hy = (uy, up, u3, us, us, ug) and Hy = (uy, up, uz, wa, ws, we) are two cycles in 65 such that (GNH;)\ E(L)
is isomorphic to the graph (8) in Figure 1 for i € {1, 2}. Since G is Cg-free, {u4, us, ug} N{wq, ws, wg} # 0.
If uy = wy or ug = we, then Hy and H, contain a same 3-path, which is impossible by Proposition
If uy # wy and ug # wg, then one can construct a cycle with length less than 6 from H, and H,. That
is impossible because the least length of cycles in Oy+1 is 6. Hence, the claim holds. It is easy to see
that if there is an H in % such that (G N H) \ E(L) is isomorphic to the graph (8) in Figure 1, G N H
must be isomorphic to one of the graphs (8),(11) and (12) in Figure 1. Conversely, for any H € b6, if
G N H is isomorphic to the graph (8), (11) or (12) in Figure 1, the number of 2-paths L in Oy, such that
(G N H)\ E(L) is isomorphic to the graph (8) in Figure 1 is 1, 2 or 6, respectively.

By counting in two ways the pairs (L, H) where L is a 2-path in 5k+ 1, H € g such that (GNH)\ E(L)
is isomorphic to the graph (8) in Figure 1, we have

k- e(Ogi1) = (66 + 25 + x;)n(Co),
which implies that)(}l < % =0(1), xs < % =o(1) and y¢ < % = o(1). By (3)) and @), we have

e(G) < 1
e(O1) 6

(4 +o(1)),

W



and hence ex(5k+1, Cg) < (% + o(l))e(5k+1).

(c) Suppose G is Cio-free. For any e € E(5k+1), we claim that there are at most 2k — 1 cycles H
in %g such that (G N H) \ {e} is isomorphic to the graph (11) in Figure 1. Assume that e = (uy, up) is
an edge, and H; = (uy, up, us, Uy, us, Ug) is a cycle in % such that (G N Hy) \ {e} is isomorphic to the
graph (11) in Figure 1. Let H, = (uy, uz, ws, wa, ws, we) be any other cycle in % such that (G N H>) \ {e}
is isomorphic to the graph (11). since G is Cig-free, {u3, uq, us, ug} N {wsz, wg, ws, wel # 0. If uz # w;
and ug # we, then one can construct a cycle with length less than 6 from H; and H,. That is impossible
because the least length of cycles in 5k+1 is 6. Then we have uy = wy or ug = we. By Proposition
note that there are at most 2k — 1 cycles in % containing the 2-path (uy, u,, u3) or (ug, u, u;). Hence, the
claim holds. It is easy to see that if there is an H in % such that (G N H) \ {e} is isomorphic to the graph
(11) in Figure 1, G N H must be isomorphic to one of the graphs (11) and (12) in Figure 1. Conversely,
for any H € %, if G N H is isomorphic to the graph (11) or (12) in Figure 1, the number of e in 5k+]
such that (G N H) \ {e} is isomorphic to the graph (11) in Figure 1 is 1 or 6, respectively.

By counting in two ways the pairs (e, H) where ¢ € E(5k+1), H € %g such that (G N H) \ {e} is
isomorphic to the graph (11) in Figure 1, we have

2k — 1) - e(Ors1) > (6x6 + x5)n(Cé),

which implies that y5 < % =o(1) and y¢ < 2',‘(21 = o(1). By and l) we have

e(G) < 1
e(O1) 6

and hence ex(5k+1, Cp) < (% + 0(1))€(5k+1). O

4 (Cy-free subgraphs of J(n;k,k+ 1) with [ > 2

Let [ be an integer with [ > 2. Suppose G is a maximal spanning C4-free subgraph of J := J(n; k, k+ 1).
Notice that V(G) = V(J) and dg(x) > 1 for any x € V(G).

Firstly, we define an auxiliary graph H, := H,(G) for each vertex x € V(J). We note that the H, in
this form is similar to but different from the auxiliary graph which was used by Chung [6] and Fiiredi et
al. [[14]]. The vertex set of H, consists of the vertices which have distance 2 from x in J. In H,, for any
two distinct vertices y and z, they are adjacent if and only if there exists a vertex w ¢ N;(x) such that
(v,w,z) is a 2-path in G. Notice that |V(H,)| = k(n — k) if x € V|, and |V(H,)| = (k+ 1)(n — k — 1) if
X € V2.

If {y,z} € E(H,), then d5(y,z) = 2. Hence, there exits a unique 6-cycle containing x,y and z in J,
and there exists a unique vertex w such that (y, w, z) is a 2-path in G. Conversely, for any two distinct
vertices y,z € V(J) such that d;(y, z) = 2, by Proposition (ii) and (iii), there are n — k — 1 (resp. k)
vertices x in V(J) such {y, z} € E(H,) if y,z € V| (resp. y,z € V,). Let

Fi={x{y.z2D) | x € Vi, {y,2} € E(H)}
for i = {1,2}. By counting in two ways the elements in ¥;, from , observe that

d 1 1
DletH) =(n—k=1) ) ( Géw)) = 3=k=1) ) dg(w)’ = s(n=k=De(G). (5

xeV; weV, 2 weV,

dc(w k k
S ety =k Y ( “ )) =2 ) ey - 5e(G). ®)
X€V, wev, wev,



Since G is Cy-free, we have H, is Cy-free. If not, suppose (yo, i, ..., y2-1) is acycle in H,. By the
definition of H,, assume that wo, wy, ..., wy_1 € Nj(x) are the vertices such that (y;, w;, y;+1) is a 2-path
in G forany i € {0, 1,...,2] — 1}, where yy; = yo. We claim that wy, wy, ..., wy_; are pair-wise distinct.
Suppose w; = w; with i # j. Then (x, u;, y;, w;), (X, i1, Yir1, wi), (x,u;j,y;, w;) are three 3-paths in J,
That is impossible since the least length of a cycle in J is 6 and there exists a unique cycle of length 6
containing (x, u;, y;, w;) in J. Hence (yg, Wo, Y1, Wi, - - - Y21-2, Wai—2, Y2i-1, Wai—1) 1S a cycle with length 4/
in G, which is a contradiction. Thus, by the consequence of Bondy and Simonovits [4]], H, can have at
most ¢|(v(H,))'*'/" edges, where ¢/ is a constant. Therefore, we have

D e(Hy) < vici tk(n — k). @)

xeV

Proof of Theorem E] (i). Firstly, we give a lower bound of }’,cy, e(H,). Since dg(w) < n — k for any
w e Vi, we get

D dawy <=1 Y do(w) = (n = K)e(G),

weV, weV)

which implies that

3 et < Sn -k~ 1e(G) ®)

xeVy

from (@) Since dg(w)? — 2dg(w) > —1 for any w € V5, by (5) and , we have

1 1
D eH) = 7 ) eH) 2 5=k =1) ) dow)’ = (n~ k= De(G)

x€V) X€V, xeVy
1
= 5k~ 1)[2 dg(w)? =2 Z dG(w)]
xeV, xeV,
1
> —E(n—k— Dva. ©)

Therefore, by (2)), (6) and (9), we have

3 et = [Z SCAREDY e(H»] D elH

xeV) xeVy xeVs, xeVy

1 1 1
> —5(n—k=Tv+ 5 Z dg(w)? — 54(G)

weV)
1 le(G)? 1
>—m-k-1 - - =
> 2(n k—1Dvy + 2 o 2e(G)
1 1 e(G)?
= —— — . 1
2nvz + 20 (10)

By (7) and (10), we get

e(G)* < 2v3¢)(k(n — k)" + nvyvy,

which implies that

e(G)?
e(J)?

<26k =k 4 nn - k)N + 1)

= k"M 4 ke + D =) Y -+ (kD)7



from e(J) = vi(n — k) = vo(k + 1). Since lim (n — k)" = 0, there exists constant ¢; such that
n—+0o

e(G) < (ci(n— k) 27 + (k + 1) 2)e(J).
Therefore, Theorem [T.1] (i) holds. m]
Proof of Theorem [1.2](i). By (), (5) and (7), we have

ke(G)? _ ke(G)
21/2 2 ’

vic)(k(k + 1)+ >
which implies that
e(G)* < 2vvacik !k + 1)V 4 vpe(G).
Since e(Og11) = vi(k + 1) = vo(k + 1), observe that

e(G)?
e(Or1)?

< 2¢ kM (k + 1) 1 oGk + 1) e(Oren) ™!
< (2¢) + e(G)e(Ogs 1)k + 1)k + 1)1+,
Thus, there exists a constant ¢; such that

e(G) < ek + 1) e(Ope),

and Theorem [I.2] (i) holds. O

5 Cyyp-free subgraphs of J(n; k,k+ 1) with [ > 1

We update the auxiliary graph used in Sectiond Let G be a spanning subgraph of J(n;k,k + 1) and
Q= (,{'ﬂ) For any y € Q, we define a new auxiliary graph H, = H,(G) as follows. The vertex set of H,
consists of all the k-subsets of [1n] which contain y. For any two vertices x and y in V(H,), x and y are

adjacent if and only if there exists a 2-path between x and y in G.

Note that |V(H,)| = n — k + 1 for any y € Q. For any two distinct elements x and y in Vi, if there
exists a 2-path between x and y in G, then the 2-path is unique in G, and there exists a unique y € Q
such that {x, y} € E(H,). Therefore, the number of edges in U,cq E(H, ) equals the number of 2-paths in
G whose endpoints are in V|, that is

d 1 1
DelH) =) ( Géw)) =35 2, da(w)’ = 5e(G). (11)

yeQ weV, weV,

Proposition 5.1 If there exists an m-cycle in H, for some y € Q, then there exists a 2m-cycle in G.

Proof.  Suppose (yo,Y1,--.,Ym) 1s a cycle in H,. By the definition of H,, assume that wo, wy,...,w,
are the vertices such that (y;, w;, y;+1) is a 2-path in G for any i € {0, 1,...,m}, where y,,.1 = yo. We

claim that wg, wy, ..., w,, are pair-wise distinct. Suppose w; = w; with i # j. Then y; Uy .1 = y; Uy,
which is impossible since y;, yi+1,y; and y;.; are four distinct k-subsets of [n] which contain y. Hence
(V0> W0 Y1s Wis - -« s Yim—2s Win—25 Y1, Wm—1) 1s a cycle of length 2m in G. O



5.1 Upper bound for ex(J(n; k,k + 1), Cy,) with [ > 1

Proof of Theorem [E] (ii). To get an upper bound for ex(J(n; k, k + 1), C4;42), we will apply the Erd6s-
Stone-Simonovits Theorem [[11} [13], that if F is a graph with y(F) =t and y(F \ {e}) < ¢ for some edge
e of F, then

1 m
ex(m, F) = (1 -1 + 0(1))(2),

where y(F) is the chromatic number of the graph F'.

Suppose G is Cypr-free. By Proposition [3;1], we have H, is Cy-free. Therefore, for [ > 1,
according to the Erd&s-Stone-Simonovits Theorem, H,, has at most (% + 0(1))(”_1;'1) edges. By and

(T1)), we have ,
n 1 n—k+1 e(G) e(G)
(k—l)(5+°(1))( 2 )Z 2

which implies that
1
e(G)2 < wovik(n — k) (E + 0(1)) + vre(G).
Since e(J) = vi(n — k) = vo(k + 1), we obtain

e(G)? k 1 eG)
S m(z +0<”)+ krlel)

which implies that

G) 1 1 1 4 (1
e(J)SE[kHJr\/(k+1)2+k+1(§+0(1))]

1 1+ 2k(k + 1
, VTG D)

1
=2k + 1) kv oD
1 V2
< —_— D).
Ssx+n Tz oW
Therefore, Theorem [I.1] (ii) holds. O

5.2 Cyyo-free subgraphs of 5k+1 with [ > 3

In this subsection, let G be a Cyo-free spanning subgraph of 5;#1 with [ > 3. Let a and b be two
integers such that 4a + 4b = 4]/ + 4 and a,b > 2. Notice that a cycle of length 4a can not intersect a
cycle of length 4b at a single edge, otherwise their union contains a cycle of length 4/+2. For any graph
H, define N(G, H) to be the number of subgraphs of G that are isomorphic to H. Firstly, we provide an
upper bound on N(G, C4,). Secondly, a lower bound on N(G, Cy,) is obtained via a lower bound on the
number of Cy,’s in the auxiliary graphs constructed from G. Last of all, we obtain an upper bound of
ex(5k+1, Cy142) and slightly improve our bound in a specific situation.

5.2.1 An upper bound on N(G, Cy4,)

Definition 5.2 The direction of an edge {u, v} in E(J), denote by d(uv), to be the single number in uAv,
where A is symmetric difference.



Let D(F) := {d(e) | e € E(F)}, where F is any subgraph of 5k+1. Notice that for any path P =
(uy,uy,...,us), we have u;Aug C D(P).

Lemma 5.3 For any cycle C of length 2r in 5k+1; we have |D(C)| < r.

Proof. It suffices to prove that for any x € D(C) there exist at least two edges in C whose direction
is x. Assume that there exists x’ € D(C) such that the number of edges in C with direction x’ is 1.

Without loss of generality, suppose that C = (uy, ua, ..., u,), d(uz-u;) = x’ and x” € up,. Since x’ ¢ u;
and X’ & w;Au;q fori € {1,2,...,2r — 1}, we have x’ ¢ uy,, a contradiction. Hence, the desired result
follows. O

Lemma 5.4 Let C and C’ be cycles of length 4a and 4b of G, respectively. If E(C) N E(C’) # 0, then
|ID(C) N D(C")| = 2.

Proof.  Suppose {uj,u} € E(C) N E(C’). Since G has no cycles of length 4a + 4b — 2, there exists
uz ¢ {uy,uy} such that us € V(C) N V(C’). Since |u;Auy| = 1 and uz # u,, we have ujAuy # ujAus.
Notice that (u;Auy) U (13 Auz) € D(C) N D(C’), which implies that |[D(C) N D(C’)| > 2. O

Lemma 5.5 We have N
N(G,Caa) = O )e(G) + O 725,

Moreover, if a = b, then N(G,Cy,) = O(K**2)e(G).

Proof. Let € denote the set of cycles of length 4a in G and %, denote the set of cycles in 4 which
contain the edge e. Note that |%'| = N(G, Cy4,). Let & = Uceg E(C) and & := & U &, where &) is the
collection of edges that are contained in a cycle of length 45 in G, and &, := & \ &. By counting the
size of {(H,e) | H € €, e € & and e € E(H)} in two ways, we have

4aN(G, Cad) = D 1G]+ D [0 (12)

el Eégl ezEéDz

Since every 4a-cycle containing a fixed edge e is determined by a sequence of directions, for each
B € {D(C*) | C* € €}, there are at most |B[**~! 4a-cycles C), such that D(C} ) = Band e € E(C} ).

For each e; € & (if & # 0), let C’ be a fixed 4b-cycle with e; € E(C’). For any 4a-cycle C* € ¢€,,,
we have d(e) € D(C*) and |[D(C*) N D(C”)| > 2 from Lemma[5.4] Hence, by Lemma([5.3] we have

2a-1 2a—-1-i
o e ID(C)] - 1 2k +1-D(C)
|{D<C>|6e<€el}|s2( l. )Z( ; )

i=1 Jj=0
which implies that

2a-1

"N 2a—-1-i _ ,
|C€e|| < Z (D(Cl) l) Z (2k+ 1 ]lD(C )l)(l+ 1 +j)4a—1 — O(thl—Z). (13)

i=1 j=0

For each e, € & (if & # 0), by Lemma[5.3|again, we have

2a—1
D) | C € %,)) < (Z)
i=0
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which implies that

2a-1

(AEDY (2k)(i + D% = 04k, (14)

i=0 !

Notice that |81] < e(G) and |65] < ex(5k+1 , C4p) because the subgraph induced by & is Cyp-free. By

(12), (13), (14) and Theorem [I.2] (i), we obtain

< 0K 2)e(G) + O K242+1),

N(G,C4a) = % (Z O(k*~2) + Z o>y

e ees)
In particular, if a = b, then |&3| = 0. Hence,
1
N(G,Cap) = — Z 0(k*2) < 0O(k**)e(G).
4a ee&

We complete the proof of this lemma and obtain an upper bound of N(G, C4,). a

5.2.2 A lower bound on N(G, Cy,)

In this part, we use the auxiliary graphs defined in the beginning of this section to get a lower bound of
N(G, Cy4,) via a lower bound on the number of 2a-cycles in these auxiliary graphs.

By the definition of the auxiliary graph and the proof of Proposition[5.1} we get

N(G.Caa) 2 ) N(H,y, Ca). (15)
veQ

Lemma 5.6 (ErdSs, Simonovits [12]) Let L be a bipartite graph, where there exist vertices x and y

such that L \ {x,y} is a tree. Then for a graph H with n vertices and e edges, there exist constants
3

c1, ¢3 > 0 such that if H contains more than c\n? edges, then

en(L)

NH.L) 2 €=

where n(L) and e(L) are the number of vertices and edges in L, respectively. O

Lemma 5.7 We have N(G, Cy4,) > cvy % — O k%), where d = e(G) /v, = e(G)/v,.

Proof. 'We use Lemma 5.6 with L = C,, in the following form so that the condition on the minimum
number of edges is incorporated. Since n(L) = e(L) = 2a, we have

e(H,)*  (c1v(H,)*?)%
VH,4  v(Hy)% )

N(H)u C2u) 2C) (
which implies that

(16)

e(Hy™  (c1v(Hy)*/?)*
(V(Hy)2a V(Hy)Zu )

NG.Ci) 2 ) e
yeQ

11



by (T3). By Holder inequality, () and (TI)), we have

2a
Z e(Hy)Za > [Z e(Hy)] . |Q|72a+l — [

(dc (W))
yeQ yeQ 2

([ 2“‘|Q|_2a+1: k+2(d\* kv
22 K \2 k+2

Since (‘22)/(72 < %, by , we get

2a
. |Q|—2a+1

weV;

S

( ‘21) 2a

k+2 k%

J4a

k d
N(G,Cy4y) 2 c2v —O(k+2v|(k+2)“) ZCV]@ — O(vik%).

Therefore, the desired result follows. O

5.2.3 Proof of Theorem 1.2 (ii)
Since e(G)/vy < k + 1, by Lemmas[5.3]and 5.7} we have
a* < 0 + dOGK*2) + O(k*~2+%),
Hence,
d* = max {dO(k*2), O(k* 1)},

which implies that d = max {O(k'~ %), O(k!~179)}.

This bound is minimized when @ = 2 and b = [ 1 and we get d = O(kl_%’ﬁ), which implies that

e(G) = O(K' 67T )y = O 16" 0)e(Okr1), (17)

where e(Ogs1) = (k + 1)vy.
Finally, we consider the case a = b = (I + 1)/2 when [ is odd. By Lemmas[5.5]and[5.7] we have

d* < 0 + do(k*?),

which implies that d = O(n'~%7). Since a = b = (I + 1)/2, we immediately get d = O(k'~=7), which
implies that
e(G) = O(k'~T )y, = O(k™T1)e(Opr). (18)

By comparing (17) and (18) when 7 is odd, observe that k"7 < k15" if and only if 0 < I < 9.8.
Since I > 3, (I8) improves for I = 3,5,7,9. We compete the proof of Theorem[I.2] (ii). ]

Remark 5.8 Our proof also implies that ex(5k+1,®4a_1,1,4b_1) is o(e(5k+1)) fora,b > 2 and k > 1,
where ©,,,,, is a theta-graph consisting of three paths of lengths u, v and w having the same endpoints
and distinct inner vertices. Our result also naturally implies that Cy; is Ramsey for [ > 6, i.e., there is a
monochromatic copy of Cy; in any t-edge-coloring of Ors1 when k > k(t,1) (Theorem .

12
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