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Abstract

An arc-colored digraph D is properly (properly-walk) connected if, for any ordered
pair of vertices (u,v), the digraph D contains a directed path (a directed walk) from u to
v such that arcs adjacent on that path (on that walk) have distinct colors. The proper
connection number pé(D) (the proper-walk connection number wé(D)) of a digraph
D is the minimum number of colours to make D properly connected (properly-walk
connected). We prove that pé(Cp(S)) < 2 for every circulant digraph Cp,(S) with
SC{l,...,n—1},|S] >2and 1 € S. Furthermore, we give some sufficient conditions
for a Hamiltonian digraph D to satisfy pé(D) = wé(D) = 2.
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1 Introduction

In an edge-coloured graph G, a path P is rainbow if no two edges in P have the same colour.
An edge-coloured graph G is rainbow connected if every two vertices of G are connected by
a rainbow path, and its colouring is said to be a rainbow connected colouring. The rainbow
connection number of G is the smallest possible number of colours in a rainbow connected
colouring of G. The rainbow connection number of graphs was introduced by Chartrand,
Johns, McKeon and Zhang in [4].

A weaker version of the rainbow connection number —the proper connection number— was
introduced by Borozan et al. in [3]. An edge-coloured graph is said to be properly coloured if
no two adjacent edges share the same colour. A connected edge-coloured graph G is properly
connected if there exists a properly coloured path between every two vertices in GG. The
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proper connection number of a connected graph G is the minimum number of colours needed
to colour the edges of G to make it properly connected.

The concepts of rainbow connected graphs and properly connected graphs have attracted
much attention during the last decade. For more details, the reader can refer to surveys [13,
12] (for rainbow connection) and [I10, [I1] (for proper connection). Melville and Goddard
considered in [16], [17] the analogous concept for walks and trails. For a connected graph G,
the proper-walk (proper-trail) connection number is the minimum number of colours that one
needs in order to get a properly coloured walk (trail) between every two vertices in G.

The rainbow connection, the proper connection and the proper-walk connection numbers
of graphs readily extend to digraphs, using arc-colourings instead of edge-colourings and
directed paths (directed walks, respectively) instead of the paths (walks, respectively). The
study of rainbow connections of digraphs was initiated by Dorbec et al. in [5]. Then the
rainbow connection number of some digraph classes was determined and different notions
similar to the rainbow connection were introduced, such as the strong rainbow connection,
the rainbow vertex connection and the rainbow total connection (see [1I, I8 [9] 18], [19]).

The directed version of the proper connection was introduced by Magnant et al. in [15],
and the directed version of the proper-walk connection by Melville and Goddard in [16].
In [I5] and in [I4] the strong and the vertex version of directed proper connection were
considered. In this paper we study the proper connection and the proper-walk connection
of digraphs.

An arc-coloured directed path (directed walk) is properly coloured if it does not contain
two adjacent arcs with the same colour. An arc-coloured digraph D is properly connected if,
between every ordered pair of vertices, there is a directed properly coloured path. In that
case, we say that the corresponding arc-colouring is a properly connected arc-colouring of D.
The proper connection number of D, denoted by ﬁ(D), is the minimum number of colours
needed to colour the arcs of D so that D is properly connected.

An arc-coloured digraph D is properly-walk connected if, between every ordered pair of
vertices, there is a properly coloured directed walk. Again, we say that the corresponding arc-
colouring is a properly-walk connected arc-colouring of D. Clearly, every properly connected
digraph is also properly-walk connected. The proper-walk connection number of D, denoted
by zTé(D), is the minimum number of colours needed to colour the arcs of D so that D
is properly-walk connected. Note that in order to admit an arc-colouring which makes it
properly (properly-walk) connected, a digraph must be strongly connected.

Magnant et al. [I5] proved that the proper connection number of every strong digraph
is at most 3. This result suggests the problem of characterizing the digraphs whose proper
connection number is at most 2. Ducoff et al. [6] proved that determining whether pé(D) < 2
is NP-complete for any given digraph D. Gu et al. [7] considered the proper connection
number of random digraphs. They proved that if the probability p is at least (logn +
loglogn + A(n))/n, then the random digraph D(n,p) satisfies pé(D(n,p)) < 2 with high
probability.

The following observation is important for our study. Given two digraphs D; and D,
such that D; is a spanning subdigraph of Ds, if D; is properly connected under some arc-
colouring then, by using that arc-colouring for the arcs of D,, we obtain a partial arc-



colouring which makes D, properly connected. Since every even cycle has an arc-colouring
with two colours that makes it properly connected, every Hamiltonian digraph of even order
has proper connection number at most 2. We will thus focus on Hamiltonian digraphs of
odd order.

The motivation for this paper was the theorem proved by Magnant et al. in [15] which
states that the proper connection number of a strong tournament of order at least 4 is 2.
On one other hand, the proper connection number of any odd directed cycle is 3. We can
thus try to determine the maximum number of arcs we can remove from an odd tournament
while keeping its proper connection number equal to 2. Since a digraph D must be strongly
connected to be properly connected, we must assume that, when removing arcs from D, the
resultant digraph is still strongly connected. In this paper we will assume that the resulting
digraph has a directed cycle going through all its vertices, i.e., that the resultant digraph is
Hamiltonian.

Our paper is organised as follows. We introduce definitions and notation in Section 2] and
give some preliminary results in Section 3l In Section [, we prove that if D is a Hamiltonian
digraph such that either (i) for every vertex v there is an even chord with a tail in v, or
(ii) for every vertex v there is an even chord with a head in v, then the proper connection
number of D is at most 2. We also prove that pé(C,(S)) < 2 for every circulant digraph
Cn(S) with S C {1,...,n—1},|S| > 2 and 1 € S. This result implies a theorem proved
in [14], which states that pé(C,([k]) = 2 whenever k # n — 1 and k # 1. In Section [5, we
give some sufficient conditions for a Hamiltonian digraph to have proper-walk connection
number equal to 2. We conclude the paper with some open questions in Section

2 Definitions and notation

All digraphs in this paper are simple in the following sense: they are loopless, they do not
contain parallel arcs, but opposite arcs are allowed. For a given digraph D, we denote by
V(D) and A(D) its set of vertices and its set of arcs, respectively. Two arcs zy and zt in D
are said to be consecutive if y = z. Given an arc xy in D, we say that y is an out-neighbour
of x, while x is an in-neighbour of y. Moreover, x is the tail of zy and y the head of xy. The
out-degree df(z) of z in D is the number of arcs with the tail in 2 and the in-degree dp(x) of
x in D is the number of arcs with the head in x. The degree dp(x) of x in D is the number
of arcs incident with z, dp(z) = df(x) + dp(z).

Let D be a digraph. For an arc xy in A(D), we denote by D — xy the digraph D —
xy = (V(D),A(D) \ {xy}). For a vertex u in V (D), we denote by D — u the digraph
D —u=(V(D)\{u},(AD)\ {u} x V(D)) \ (V(D) x {u})). For a digraph D', we denote
by DU D’ the digraph DU D' = (V(D)UV(D"), A(D) U A(D")).

For a digraph D and a set of vertices S C V(D), we denote by D[S] the subdigraph of
D induced by S, that is, D[S] = (S, A(D) N (S x 5)).

A walk of length £ > 1 in a digraph D is a sequence zg ...z, of vertices such that
xixi € A(D) for every i, 0 <i < k—1. A path is a walk in which no vertex appears twice.
Such a path (a walk), going from zy to zy, is referred to as an zozy-path (an xoxg-walk). Let



P =1xq...x; be an xgxi-path and zxg € A(D) (zra’ € A(D)). By xxogP (Pzyz’) we denote
the path xxzg ...z (xo...z52").

An ear in a digraph D is an zy-path @ such that dp(z) > 2, dp(y) > 2 and dp(z) = 2
for every internal vertex z of Q.

A digraph D is strongly connected (strong, for short) if, for every ordered pair of vertices
(u,v), there exists a uv-path in D.

A cycle of length £ > 1 in a digraph D is a sequence xy...xxo of vertices such that
z;x;41 € A(D) for every i, 0 < ¢ < k (subscripts are taken modulo k), and z; # z; for every
1,7, 0 < i < j < k. Since cycles are denoted similarly all along the paper, it is taken for
granted that subscripts are always taken modulo the length of the cycle.

For a path P, we denote by |P| the length of P, i.e., |P| = |A(P)|. For a cycle C, we
denote by Clxz;, z;] the z;x;-path contained in C' (that is, C[z;, z;] = x;zi41 . .. 7).

The distance from a vertex x to a vertex y in a digraph D, denoted by distp(z,y), is the
length of a shortest zy-path in D (if there is no such path, we let distp(x,y) = 00).

Let C = xg... 2,170 be a cycle of length n. A chord of C'is an arc z,2,, 0 < p,q < n—1,
with z, # x,41. The length of the chord z,z, is |Clx,, x,]|. The chord z,z, is even if
|Clxp, 4| is even, otherwise, the chord z,z, is odd.

Let D be a Hamiltonian digraph, C' be a Hamiltonian cycle of D, and u, v be two adjacent
vertices of D. If uv is an arc of C' then we write u — v; if uv is a chord of C', then we write
u ~ v. For a path xoxy ... xp_ 12K, We write xg ~ 11 ~ ... ~» xp_1 ~ T}, where ~» stands
either for — or n, depending on the type of the corresponding arc.

Given a graph G = (V, E), the biorientation of G is the symmetric digraph ? obtained
from G by replacing each edge uv of G by the pair of symmetric arcs uv and vu.

For an integer n > 3 and a set S C {1,2,...,n — 1}, the circulant digraph C,(S) is the
digraph with vertex set V(C,,(S)) = {vo,v1, ..., 0,1} and arc set A(C,,(5)) = {viv; : j—i =
s (mod n),s € S}.

3 Preliminaries

For every digraph D, we denote by D! the reversed digraph of D, that is, V(D™') = V(D)
and zy € A(D™1) if and only if yx € A(D). It directly follows from the definitions that if an
arc-colouring A makes D properly connected (properly-walk connected), then the colouring
N defined by N(zy) = A(yz) for every arc zy € A(D™') makes D~! properly connected
(properly-walk connected). Hence, we have the following observation.

Observation 1 For every digraph D, pé(D~1) = p¢(D) and wt(D~") = wé(D).
Magnant et al. [15] proved the following theorem.
Theorem 2 [I5] If D is a strong digraph, then ]70>(D) <3.

The only diﬁraphs with proper connection number equal to 1 are biorientations of com-
n

plete graphs K. Since it is NP-complete to decide whether a strong digraph has proper
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connection number at most 2 [6], it seems to be interesting to find some sufficient conditions
for a digraph to have this property.

One can see that every bipartite strong digraph, except E), has proper connection number
equal to 2. Indeed, let D = (X UY, A) be a strong bipartite digraph. If we colour all arcs
with tail in X with colour 1 and all arcs with tail in Y with colour 2, then we clearly obtain
a properly connected digraph.

Proposition 3 If D is a strong bipartite digraph, D # E), then pt(D) = 2.

If D has a spanning subdigraph H with R(H) < 2, then R(D) < 2. We thus obtain the
following corollary.

Corollary 4 If a digraph D has a strong bipartite spanning subdigraph, then ﬁ(D) < 2.

In the next theorem we give another family of digraphs having proper connection number
at most 2. Consequently, every digraph which contains a spanning digraph belonging to this
family also has proper connection number at most 2.

Theorem 5 Let D be a strong digraph. If there is a partition V(D) = ViUV, with ViNV,y =
0, such that D[V1] is strong bipartite and Vs, is an independent set of vertices, then ﬁ(D) < 2.

Proof. We first consider the subdigraph D[V;]. Let V; = V/ U V)" be the partition of V}
into two independent sets. We then colour the arcs with tail in V/ with 1, and the arcs with
tail in V)" with 2. Observe that every path linking two vertices in D[V}] is properly coloured
and, moreover, the first colour of every path starting from V] (resp. from V/") is 1 (resp. 2)
and the last colour of every path ending in V' (resp. in V{") is 2 (resp. 1).

We now colour the remaining arcs of D as follows. Let zy be an arc with € V; and
y € Va. We then colour zy with colour 1 if x € V} and with colour 2 if z € V/”. On the other
hand, if zy is an arc with « € V3 and y € V}, then we colour zy with colour 1 if y € V" and
with colour 2 if y € V/. Observe that every directed path of length 2 starting from V5 or
ending in V5 is properly coloured.

We now claim that the so-constructed arc-colouring makes D properly connected. Let
(x,y) be any ordered pair of distinct vertices in D. Let 2’ be any out-neighbour of z in V; if
x € V4 (such a vertex necessarily exists since D is strong), and =’ = = otherwise. Similarly,
let ¢’ be any in-neighbour of y in V; if y € V5 (again, such a vertex necessarily exists since D
is strong), and y’ = y otherwise. From the above observations, we get that for any path P
in D[V;] from 2’ to y' (with possibly ' = %/, in which case P is the empty path), the path
x Py is necessarily properly coloured. Therefore, the so-constructed arc-colouring makes D
properly connected, and thus ]TE(D) < 2. [ |

Corollary 6 If a digraph D has a spanning subdigraph satisfying the conditions of Theo-
rem[3, then pt(D) < 2.



4 Proper connection of digraphs

In this section we consider the proper connection number of Hamiltonian digraphs. Observe
that if a Hamiltonian digraph D has even order, then it has a spanning even cycle, which has
proper connection number 2, and it follows that ﬁ(D) < 2. We thus focus on Hamiltonian
digraphs of odd order. First we consider Hamiltonian digraphs having even chords.

Theorem 7 Let D be a Hamiltonian digraph of odd order and C' be a Hamiltonian cycle of
D. If every vertex of D 1s the tail of an even chord of C, then ﬁ(D) < 2.

Proof. We will show that D contains a strong bipartite spanning subdigraph. Let C' =
2o ... Tp—1%9. Renaming vertices if necessary, we may assume that z,z,, for some p, 1 < p <
n — 2, is an even chord of C' with the minimum value of |C[z,, z]|.

Let V4 UV, be the partition of V(D) given by Vi = {xy; : i € {0,...,(n —1)/2}} and
Vo = {x9i11 11 € {0,...,(n —3)/2}}. We claim that there is a strong bipartite spanning
subdigraph of D with vertex partition (V4,V5). Observe that every arc of A(C) \ {z,—120}
joins two vertices from different sets of the partition. Furthermore, every even chord z;z;
such that x,_1xz¢ C Clx;, x;] also joins two vertices from different sets of the partition. Our
initial assumption that |C[z,, zo]| is minimum implies that, for every even chord z,z, with
x, € Clxpi1, Tn_1], we have x5 € Clxy, 2,—1], and thus x,_129 C C|x,, x5]. Therefore, every
such chord joins vertices of two different sets of the partition.

Let A" be the set of even chords with tail in C[z,41, ,,—1]. Then the spanning subdigraph
D*, with set of arcs A(D*) = A(C) \ {zn_120} U {zpzo} U A", is bipartite. We finally claim
that D* is a strong subdigraph. Note that zoz; ...z, is a cycle and 2,241 ... 2,—1 a path
in D*. It thus suffices to prove that there is a path from any vertex in Clzyi1, x,_1] to v,.
Indeed, this follows from the fact that for every vertex x, in C|xp41, z,_1], there is an arc
r,xs in A with s < r. [ ]

Thanks to Observation [I and the fact that an even chord of some cycle C' in a digraph D
is an even chord of the “reversed cycle” C~!in D~!, we get the following corollary.

Corollary 8 Let D be a Hamiltonian digraph of odd order and C be a Hamiltonian cycle of
D. If every vertex of D is the head of an even chord of C, then p&(D) < 2.

Now, from Theorem [7] and Corollary 8 we get the following corollary.

Corollary 9 Let D be a Hamiltonian digraph and C' be a Hamiltonian cycle of D. If C
contains only even chords and dn(v) > 2 for every v € V(D) (or df(v) > 2 for every
v e V(D)), then pt(D) = 2.

In the rest of this section we consider circulant digraphs and prove the following theorem.
Theorem 10 Ifn >4, S C{1,....,n—1}, |S| >2, and 1 € S, then pt(C,(S)) < 2.

Observe first that Theorem [I0] obviously holds for n even since C,(S) is Hamiltonian.
When n is odd, Theorem [0 and Corollary [§ give the following result.
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Figure 1: A properly connected 2-arc-colouring of C7({1,3}).

Corollary 11 Ifn is odd, 1 € S, and S contains an even integer, then pt(C,(S)) < 2.

Thus to complete the proof of Theorem [I{l it is enough to show that for every two odd
integers n and k, n > 5, 3 < k < n, we have p&(Cyh({1,k})) = 2. To prove this result we
need the following lemma, which has been proved in [6], using a construction that we recall
in Figure 1l

Lemma 12 [6] p¢(C-({1,3})) = 2.

Observe that C7({1,3}) and C7({1,5}) are isomorphic graphs, so that we also have
pt(C7({1,5})) = 2. We are now able to deal with the remaining cases of Theorem [0

Lemma 13 Ifn and k are odd, n > 5 and 3 < k < n —1, then pt(C,({1,k})) = 2.

Proof. For n = 5, there is exactly one circulant digraph with odd k, namely C5({1,3}).
Observe that C5({1,3}) is a strong tournament. Since the proper connection number of
every strong tournament with at least four vertices is 2 (see [I5]), we get p&(Cs({1,3})) < 2
and the lemma holds in this case.

For n = 7, the result follows from Lemma [I2] and the fact that C7({1,3}) and C;({1,5})
are isomorphic. Thus we may assume n > 9. We will show that, in that case, the digraph
Cn({1,k}) contains a strong bipartite spanning subdigraph, which will imply the desired
result. This subdigraph will be constructed step by step, starting from an even cycle, and
adding ears in such a way that the so-obtained subdigraph is still bipartite, until we get a
spanning subdigraph. Doing so, the constructed subdigraph will clearly be strong.

The bipartition of the subdigraph will be given by means of a vertex 2-colouring ¢, simply
referred to as a 2-colouring in the rest of the proof.

Let V(Cn({1,k})) = {xo,...,xp—1} and n =ak +r, with 0 <r <k —1and o € N. We
consider three cases, depending on the value of k.

Case 1. 3k -2 <n.
We consider three subcases, depending on the value of 7.

Subcase 1.1. » < k — 3.
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Figure 2: (Subcase 1.1) A sample digraph with o = 5, together with the paths P; (dashed,
blue), P, (black), P3 (double, green) and P, (double dashed, red).

In that case, we necessarily have v > 3. Consider the four following paths (see Figure [2)):

Py =xg ™~ xp ™ Top N Tama)ks
Py =21 ™ T O Topyr O o O Do)kt 15
Py = x@_o)k ™ Ta-1)k = -+ = T(a—1)k4r+1 7 T1,

Py = T(a-2kt1 = - = T(a—2)ktri2 O T(a—Dktri2 —> -+ —> Tg.

Observe that C'= Py U P, U P3U Py is a cycle. Furthermore, since |P| = |Py| = a — 2,
|Ps| =r+3and |Py| = k+r, we get |A(C)| = 2a+ 2r + k — 1, and thus C' is an even cycle.
Let ¢ be a 2-colouring of C' with ¢(z;) = 1.

The path P, U Py goes from z; to zp in C, thus do(x1,79) = a+ k +r — 2. Since
n = ak+ris odd and k is odd, « and r are of different parity. Hence, dc(z1, x¢) is even and
thus ¢(zg) = ¢(x1) = 1. More generally, we have c(x;x) = c¢(xy41) = 1 for i € {0,...,a —2},
i even, and ¢(z,) = c(xjpr1) =2 for i € {0,...,a — 2}, i odd.

We are now ready to add ears to the cycle C' in order to get a spanning subdigraph of
C,({1,k}). We consider the following paths of C,,({1,k}):

Qi = Tik2 = Tikps —> ... = T(i41)k—1, for every i € {0,...,a — 3},
Q = T(a-2)k+r43 — T(a—2)ktr4d —> -+ = T(a—1)k—1-
Observe that V(C,({1,k})) = V(C) UlUicio, 0z V(Q:) UV(Q). Moreover, since k is
odd, the length of each path Q;, 0 <1: < o — 3, is even.
We will add to the cycle C' an ear Ej containing )y and then, sequentially, we will add
to CUEyU---UE;_; an ear E; containing @), for each i, 1 <i < a — 3. (We will add later

an ear E containing Q) to CUFyU---UE,_3). Since each path @); has even length, the ends
of each ear F; must have the same colour. We proceed as follows.
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o We first let Ey = T(a—1)ktrr2 ™ Qo — . As observed above, we have c(xj) = 2.
Moreover, since de(Z(a—1)k+r+2, o) = k—2 and ¢(xo) = 1, we also have ¢((q—1)k1r42) =
2. Hence, CUE) is a strong bipartite subdigraph of C,, ({1, k}) to which we can extend
the 2-colouring c. In particular, we have c(xs) = 1.

e We now let Ey = x9 »~ Q1 — Tgg. Since c(z3) = ¢(x9) = 1, C'U Ey U E} is a strong
bipartite subdigraph of C,, ({1, k}) to which we can extend the 2-colouring c¢. Note here
that we have c(zg12) = 2.

e Assume finally that we have added ears Ej, ..., F;_1, for some ¢ < a — 3, in such a

way that C U Ey U ---U E;_; is a strong bipartite subdigraph of C,({1,k}) and the
corresponding 2-colouring c is such that ¢(zjx42) = 1 if j is even and ¢(zj542) = 2 if j
is odd, for every j € {0,...7 — 1}.
We then let E; = 2;_1)k12 ™ Qi = T(it1)k. Since ¢(Ti—1)kr2) = c(Tarne) = 1if ¢ is
odd, and ¢(z(i—1)kt2) = c(@@p1k) = 2 if @ is even, CUE U- - - U E; is a strong bipartite
subdigraph of C,,({1, k}) to which we can extend the 2-colouring c¢. Note that we then
have ¢(z42) = 1 if i is even and ¢(xy42) = 1 if 7 is odd.

We finally let E' = 2(q—2)ktr+2 — @ ™ Tar—1. In order to obtain a bipartite subdigraph,
we need to have ¢(@(q—2)k4r+2) = c(Tar—1) if |E] is even, and c(z(a—2)ktrt2) 7 (Tar—1) if |E]|
is odd. To prove that this holds, it is enough to show that [E| and dc(2—2)k+r+2, Tak—1)
have the same parity. Indeed, we have |E| =k —r — 2 and

dC(x(a—2)k+r+27 Iak—1) =dp, (x(a—2)k+r+27 xak—l)

=1+ dP4(x(a—1)k+r+2> zak—l) =k—r— 27

which completes this subcase.

Subcase 1.2. r =k — 1.
In that case, we have n = ak + k — 1. Since n and k are odd, it follows that « is odd
and thus o > 3. Consider the four following paths (see Figure [3):

P=xy~xy ... xo,
Po=x1 ~2piy oo Togrts
Py =xo1 N 21,

Py = Topt1 = Tak2 = .. —> Taktk—2 — To-

Observe that C' = PUP,UP;UPy is a cycle. Furthermore, since |P| = |P| = a, | P3| =1
and |Py| = k — 2, we get |A(C)| = 2a+ k — 1, and thus C is an even cycle. Let ¢ be a
2-colouring of C' with ¢(x;) = 1.

The path P; U P3 goes from xg to z7 in C, thus do(xg,z1) = |PL U P3| = a + 1. This
implies ¢(z1) = ¢(xo) and thus c¢(z;) = c(xyy1) = 1 for i € {0,...,a}, i even, and c(zy) =
c(zips1) =2 fori € {0,...,a}, i odd.



Figure 3: (Subcase 1.2) A sample digraph with a@ = 3, together with the paths P; (dashed,
blue), P, (black), P; (double, green) and P, (double dashed, red).

We now consider the following paths of C,, ({1, k}):

Qi = Tikra = Tigys — ... — T(ip1)k—1 for every i € {0,...,a — 1}.

.....

to the cycle C an ear Ej containing () and then, sequentially, we will add to CUE U- - -UFE;_4
an ear F; containing ();, for each 7, 1 <17 < a — 1. Since every path ); has even length, the
ends of each ear F; must have the same colour. We proceed as follows.

o We first let Ey = zopr1 ™~ Qo — xp. Since do(Topr1,2x) = |Py ~ x| = k — 1 s
even, we have ¢(zor41) = c(zg). Hence, C'U Ej is a strong bipartite subdigraph of
Cn({1,k}) to which we can extend the 2-colouring c. In particular, since ¢(zar+1) = 2
and Tap172 € A(C' U EY), we have c(zq) = 1.

e Assume now that we have added ears Ey, ... E;_1, for some i < a—1, in such a way that

CUEyU---UE;_; is a strong bipartite subdigraph of C,, ({1, k}), and the corresponding
2-colouring c is such that c(xj,10) = 1 if j is even and c(xj,42) = 2 if j is odd, for
every j € {0,...i — 1},
We then let E; = xi_1jir2 ™ B — T Since ¢(@-1yp42) = c(@apne) = 1if i is
odd and c(x(i—1)k+2) = c(Tr1yr) = 2 if i is even, CU EyU- - -U Ej is a strong bipartite
subdigraph of C,, ({1, k}) to which we can extend the 2-colouring c¢. Note that we then
have ¢(z42) = 1 if i is even and ¢(xy42) = 2 if 7 is odd.

The so-obtained subdigraph C'UEyU- - -UFE;,_1 is a strong bipartite spanning subdigraph
of C,,({1, k}), which completes this subcase.
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Figure 4: (Subcase 1.3.1) A sample digraph with a = 4, together with the paths P; (dashed,
blue), Py (black), P3 (double, green) and P, (double dashed, red).

Subcase 1.3. r =k — 2.
In this case, we have n = ak + k — 2. Since n and k are odd, it follows that « is even.
We consider two subcases, depending on the value of a.

Subcase 1.3.1. a > 4 (« even).
Consider the four following paths (see Figure [)):

P1 =TogMNT —7 ... 2> Tok—92 (VYT3—2 (V... "\ T(a—1)k—2>
Py=xy =Ty — ... = Tpo1 M Topo1 M T3h—1 N o N Tq1)h—1,
P3 =2 1)k—2 ™ Tap—2 = Tak—1 M T1,

Py = ZT(a-1)k—1 = T(a—1)k ™ Tak —> Tak41 — -+ —> Taktk—3 —> Lo

Observe that C = P, U P, U P3 U Py is a cycle. Furthermore, since |Pi| = |P| =
a+k—4,|P;] =3 and |Py| = k, we get |A(C)| = 2a + 3k — 5, and thus C' is an even cycle.
Let ¢ be a 2-colouring of C' with ¢(zg) = 1.

We first claim that c(zjx_2) = c(zyg-1) = 1 if i is even and c(zj_2) = c(Tip_1) = 2
if 7 is odd for every i € {2,...,a — 1}. Indeed, the path P, U P; goes from xy to x; in
C, and thus do(zg,z1) = |PLU P3| = a+ k — 1. Since «a is even, deo(xg, 1) is even and
thus c¢(xg) = c(x1) = 1. Since c¢(zp) = 1 and zozx € A(Py), we have c(zg) = 2. Since
c(x1) = 1 and dp,(z1,2x-1) = k — 2 is odd, we have c¢(zy_1) = 2. Since c¢(xp_1) = 2 and
Tp_1Tok—1 € A(Py), we have c(xop_1) = 1. Since ¢(zx) = 2 and dp, (zg, Top—2) = k — 2 is
odd, we have c(x9r_o) = 1. Eventually, we get c(xjx_2) = c(zyg-1) = 1 if i is even and
c(xip—2) = c(xi_1) = 2 if i is odd, for every i € {2,...,a — 1}.

11



We now consider the following paths of C,, ({1, k}):

Qi = Tik > Tik1l —7 -+~ T(i+1)k—3 for every i € {2, N 2},

Q= T(a-1)k+1 —7 T(a—1)k+2 —7 -+ 7 Tak—3-

.....

the cycle C' an ear 5 containing () and then, sequentially, we will add to CUE;U---UE;
an ear [; containing @, for each i, 3 < i < o — 2. (We will add later an ear E containing )
to CUFEyU---UE, 5). Since every path @); has even length, the ends of each ear E; must
have the same colour. We proceed as follows.

o We first let By = x5 ~ Q2 — T3p_o. Since c(xy) = 2 and ¢(x3p_2) = 2, C U Ey is
a strong bipartite subdigraph of C,,({1,%}) and we can extend the 2-colouring c. In
particular, since ¢(xy) = 2 and xpxg is an arc in Ey, we have c¢(xg) = 1.

e Assume now that we have added ears E,,..., F;_; for some ¢ < o — 2, in such a

way that C' U Ey U --- U E;_; is a strong bipartite subdigraph of C,,({1,k}), and the
corresponding 2-colouring ¢ is such that ¢(z;;) = 1 if j is even and c¢(xj;) = 2 if j is
odd, for every j € {2,...i — 1}.
We then let E; = xg-1e ~ Qi — T(inre—2. Since c(ri—1r) = c(Ta-1yp-1) =
c(z(i—1)k—2), we have c(x-1k) = c(T(y1)k—2). Therefore, CUE, U---UE;,_; UE; is
a strong bipartite subdigraph of C,, ({1, k}) to which we can extend the 2-colouring c.
Note that we have c(x;,) = 1 if ¢ is even and ¢(x;;) = 2 if 4 is odd.

We finally let £ = x(q—2)k+1 ™ € — Tarp—2. Since the path @ is of odd length, we need
to have c(2(a—2ykt1) # (Tar—2) for CUE, U---U E,_5 U E to be a bipartite subdigraph of
Cn({1,k}). This is indeed the case since a path in C'U Ey U--- U Eq_5 from 2 (q_2)k41 to
Tak—2 18 given by T(a—o)k+1 —> T(a—2)k+2 —> -+ = T(a—1)k—2 7 Tak—2, Whose length is k& — 2,
an odd number. This completes this subcase.

Subcase 1.8.2. o = 2.
In that case, we get n = 3k — 2 and, since n > 9, k > 4.
Consider the following cycle (see Figure [l):

C =29 T NN Top = Topr1 —> -« —> T3p—q O T M Top_o M Tp.

Since |A(C)| = k+ 1, C is an even cycle. Let ¢ be a 2-colouring of C' with ¢(zo) = 1.
We consider the two following paths of C,, ({1, k}) (see Figure [):

lel’g—)...—)Ik_g

Q2 = Tpt1 — ... = Top—a

We first add to C' the two ears F; = 2o, ~ Q1 — Tp_o and Fy = x;, — Qo M X3_4. Since
the length of both paths () and @), is k—5, an even number, we need to have ¢(xg) = c(x)_2)
and c(xy) = c(xgx_q) for C' U E; U Ey to be a bipartite subdigraph of C,({1,%}). This is

12



Figure 5: (Subcase 1.3.2) A sample digraph, together with the cycle C' (black) and the paths
@1 (double, green) and Q2 (double dashed, red).

indeed the case since xg ™ T ™ T9p and Tp_o N Top_o N T are paths in C. We can thus
extend the 2-colouring ¢ to C'U E; U Es.

There are now five remaining vertices, namely xi, Ti_1, Tor_3, Top_1 and xzg_3, not
included in C' U E; U Ey. We then sequentially add the fives ears

Es =19 — 11 ™~ Ty,

Ey = o9 — Top_1 M 11,

Es = xp_9 = 231 ™ 2op_1,

Eg¢ = 1314 — w3p_3 ™ Tp—1, and

E7 = xop_4 — Top—3 M Tap_3,

getting at each step a bipartite subdigraph of C, ({1, k}), so that the 2-colouring ¢ can be
sequentially extended. This is indeed the case since xg ™~ zp — Tgy1, Top_o N To — T,
Theo M Top_o —> Togp_1, T3k—4 (N Th_o —> Tp_q and Top_g M T3u_4 —> T3p_3 are paths in
CUE,; CUE;, CUE,;, CU FE5 and E, U Ej, respectively, and thus the endvertices of the
five above defined ears have the same colour.

We hence get that CUE,U- - -UFE7 is a strong bipartite spanning subdigraph of C),({1, k}),
which completes this subcase.

Case 2. 2k+1<n<3k-—4
The assumptions of this case imply n = 2k +r with 1 <r < k — 4. Let us consider the
following cycle (see Figure [G]):

C:xomxk—>...—>xk+r+1mx1—>...—>xr+2mxk+r+2—>...—>xo.
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Figure 6: (Case 2) A sample digraph, together with the cycle C' (black) and the ear E
(double dashed, red).

Observe that the vertices of C,({1,k}) that are not in C form a path Q = z,,3 —
... = xp_q (since r < k — 4, @ has at least one vertex) and that C' is an even cycle, since
Vi) =n—-|V(Q)|=n—-(k—r—-3)=k+2r+3.

We then add to C' the ear E = xpy9,43 ™ Q — z. Since do(Tpiopis, xx) = k—1r — 2
and |E| =k —r —2, C'UE is a strong bipartite spanning subdigraph of C,,({1, k}), which
completes this subcase.

Case 3. k+2<n<2kt-1.

In this case we will construct an even cycle C' by concatenating several paths of length
n — k+ 1. Our assumptions imply 3 < n—k+1 < k. Let n = (n — k+ 1)t + s with
0<s<n-—k.

Observe that if t = 1, then s = £ — 1. In that case, since s <n—k, we have s =k —1 <
n — k. On the other hand, we have n — k + 1 < k, that is, K — 1 > n — k. We finally get
s=n—Fkift=1.

We will consider five subcases.

Subcase 3.1. t > 1 and s=n—k.

In that case, n = t(n — k + 1) +n — k. Since n is odd, it follows that ¢ is also odd.

Consider the following paths (see Figure [7)):

Py = Tip—(i—1yn—i ™ T(ix1)h—in—i —> -+ = Tik—(i—Dn—(i+1) 7 T(it Dk—in—(i+1),
for every i € {0,...,t — 1},
P = Tp—k N Xg.

Observe that C = (J/_) P, U P is an even cycle, since |P;| = n — k + 1 for every i
and |P| = 1. Furthermore, the vertices of C,({1,k}) not belonging to C' form a path
Q:l’l—>...—)l’n_k_1.
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Figure 7: (Subcase 3.1) A sample digraph for ¢ = 3, together with the cycle Py U P, U Py
(black) and the path P (double, green).

We then add to C' the ear £ = x, g1 ™~ 1 — ... = Tp g1 —> Tp_p. Since
do(Tp—kt1, Tnor) =n —k and |E| = n — k + 2 (these two values have thus the same parity),
we get that C'U E is a strong bipartite spanning subdigraph of C,, ({1, k}), which completes
this subcase.

Subcase 3.2. t=2 and 0 < s<n—k — 2.
In that case, we have n = 2(n—k+1)+s, and thus s must be odd, so that 1 < s < n—k—3.
Let us consider the following cycle (see Figure )):

C =20 ™ Tppgsq2 —> - = Ton—k) O Tk M Tg.

Note that |A(C)| =n —k — s+ 1, and thus C' is an even cycle.
We first add to C' the ear

E=Tn jys12Topa >0 = Tnp1 — Ty

Since do(Tn—krsi2, Tn) = 2 and |E| =n —k — s —11is even, C' U E is a strong bipartite
subdigraph of C,,({1, k}).

Now, the vertices of C,({1,k}) not belonging to C' U E can be partitioned into the
following three sets,

{I2(n—k)+l> To(n—k)+2, - - - ax2(n—k)+1+s}
{Il, To, ... ,LUS+1}, and
{In—k+17 l’n_k+2, o >$n—k+s+1}a

each containing s + 1 vertices.
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To(n—k)+La

T2(n—k)

Tp—k+sF

Figure 8: (Subcase 3.2) A sample digraph, together with the cycle C' (black) and the ears £
(double dashed, red) and Ey (double, green).

We now add sequentially the following s + 1 ears:
Ei = Tom—t)+i = To(n—k)+14i ™ Tn—kti4i > Tigi O Tp_psys4i; 10T every i € {0,...,s}.

Note that each of these ears is of length 4 and contains exactly one vertex of each set.
Since the distance between 345 and Ty in CUE U Ey U --- U E;_y, for every
i €40,...,s},isn—k—s—3, an even number, we get that CUFEU EyU---U E is a strong
bipartite spanning subdigraph of C,,({1, k}), which completes this subcase.

Subcase 3.3. t =2 ands=n—k — 1.

In that case, we have n = 3(n — k) + 1. We claim that C,({1,k}) is isomorphic to
C,n({1,3}), the digraph considered in Case 1.

Observe first that the chords of C),({1,k}) form the cycle C,. Indeed, let D" be the
digraph obtained from C,, ({1, k}) by reversing every arc which is not a chord. Observe that
D' is isomorphic to C,,({1,7}), with » = n — k. Since n = 3r + 1, we get that n and r are
relatively prime. Therefore, the chords of D’ form a cycle that goes through all vertices of
D’. Let C’ be the cycle of C, ({1, k}) induced by the chords. The distance on C” between
any two consecutive vertices of C'is 3, and thus C,({1,k}) and C,,({1,3}) are isomorphic
digraphs, which completes this subcase.

Subcase 3.4. t >3 and 0<s<n—k—2.
Consider the following paths (see Figure [):

P = T(t—i)(n—k+1)+s Y T(t—i—1)(n—k+1)+s+1 —7 « 7 T(t—i)(n—k+1)+s—1 ¥ T(t—i—1)(n—k+1)+s>
for every i € {0,...,t — 3},
P = Ton—2k+s+2 Y Tn—kts+2 7 - -+ 7 Tan—2k ¥ Tn—k, and

/
P =ux,_ N xg.
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L3(n—k)+s+4
L3(n—k)+s+3 4

T3(n—k)+s+2 s

Lo(n—k)+s+

To(n—k)+s+2

Figure 9: (Subcase 3.4) A sample digraph for ¢ = 4, together with the cycle C' = Py U P,
(black) and the paths P (double dashed, red) and P’ (double, green).

Note that |P'| = 1, |[Pl =n—k —sand |P| =n—k+ 1. Since n is odd and n =
(n — k + 1)t + s, it follows that ¢ and s are of different parity. Hence, since |A(C)| =
(t—2)(n—k+1)+n—k—s+1, we get that C = J'Z) P,UPU P’ is an even cycle. Let ¢
be a 2-colouring of C' with ¢(zg) = 1.

We are now ready to add ears to the cycle C' in order to get a spanning subdigraph of
Cn({1,k}). We consider the following three paths of C,, ({1, k}):

Ql = Ton_okt1 = - . = Ton—2ktsils
Q2 =Tp—k+1 7 o 7 Tp—ktstl; and
Qg =21 — ... 2> Tp_k-1-

Observe that V(C,({1,k})) = V(C)UV(Q1) UV (Q2) UV (Q3). We now sequentially add
the following three ears to C":

Ey = 233511 ™ Q1 — Top_optst2,
Ey = xop_opt1 ™ Q2 = Tp_pyst2, and
E3 = Tp—k+1 7Y QS — Tp—k-

Since

do(T3n—sk+1, Ton—ok+s+2) = dp,_o(T3n_sk+1, Ton—ok+s+2) = s +2 and |Ey| = s+ 2,
deur, (Tan—2k+1, Tn—ktst2) = S+ 2 and |Ey| = s+ 2,

dc(%—kﬂ, l’n—k) = dEgUP(In—k—i—la In—k) =n—Fkand \E3| =n—k,
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Figure 10: (Subcase 3.5) A sample digraph for t = 4, together with the paths C' = Py (black),
P (double dashed, red) and P’ (double, green).

the so-obtained subdigraph C'U E; U Es U Ej3 is a strong bipartite spanning subdigraph of
Cn({1,k}). This completes this subcase.

Subcase 3.5. t >3 ands=n—k — 1.
In this case, t must be even since n is odd. We thus have t > 4. Consider the following
paths (see Figure [I0):

Py = (i) (n—k)t—im1 7 T(t—i)(n—k)tmim1 — -+ > T(t—it1)(n—k)+t—i—2 (> T(t—i)(n—k)-+—i—2
for every i € {0,...,t — 4},
P = Typn_ahq2 ™ T3n_3k42 —> ... —> Tap—ak O T3n—3k, and

/
P =23, 3. ™ Top_op ™ Ty M Tp.

Let C = Uy BRUPUP'. Since |[P| =n—Fk+1, |P| =n—k and|P| = 3, we get
|A(C)] = (t—=3)(n—k+1)+n—k+ 3 and thus C is an even cycle.
We now sequentially add the five following ears to C"

E\ = T5n_sp41 ™ Tan—aky1 — Tan—ak+2,

FEy = Typ_apq1 ™ T3p_3k41 — T3n-_3k+2,

Es = T3, 341 ™ Top_oky1 — - —> T3p—3k—1 —> T3n—3k,
Ey = 2op_opi1 ™ Tppy1 — ... —> Top_ok—1 —> Tap—2k, and

Es = Tp—k+1 VT — o0 = Tp—f—1 — Tp—k-

Note that the ends of the ear F; belong to C, while the ends of each ear E;, 2 < i <5,
belong to CUFE,y U ---U FE;_4.
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Moreover, since

do(Tsn—sk+1, Tan—ak+2) = dp,_, (Tsn—sk11, Tan—aks2) = 2 and |Ey| = 2,
doue, (Tan—akt1, Tan—sk+2) = 2 and [Ey| = 2,

dCUEluEg(x?m—?)k-i-la Isn—sk) =n —k and |E3| =n—k,

douE,uEuE;s (Ton—2k+1, Tn—i) =1 — k and |Ey| =n —k,

deuBuEUEsUE (Tn—k+1, Tn—k) =n — k and |Es| = n — k,

the so-obtained subdigraph CUFE;UE,UFE3UE UFE5 is a strong bipartite spanning subdigraph
of C,({1,k}). This completes this last subcase.

This concludes the proof of Lemma [13] [ ]

As observed before, the proof of Theorem [I{0] then directly follows from Corollary [[1] and
Lemma [T3

5 Proper-walk connection of digraphs

Each properly coloured path is also a properly coloured walk, so u_1(>:(D) < ﬁ(D) for every di-
graph D. Therefore, similarly as the proper connection number, the proper-walk connection
number of every digraph D is upper bounded by 3. On the other hand, the only digraphs
with directed proper-walk connection number 1 are the symmetric complete graphs %

In this section, we give some sufficient conditions for a digraph D to have proper-walk
connection number at most 2. If D has an Eulerian closed walk and an even number of arcs
then, going along the Eulerian walk and alternately assigning colours 1 and 2 to the arcs, we
get a properly-walk connected arc-colouring of D. We thus have the following observation.

Observation 14 If D is a strong digraph with d*(v) = d~(v) for every vertex v € V(D)
and |A(D)| even, then wt(D) < 2.

If [V(D)| is even and d},(v) = dp(v) for every vertex v € V(D), then |A(D)] is even, so
we also have the following observation.

Observation 15 If D is a strong digraph with d*(v) = d~(v) for every vertex v € V(D)
and |V(D)| even, then wt(D) < 2.

In the next theorems, we consider the case of Hamiltonian digraphs.

Theorem 16 If D is a Hamiltonian digraph with dj,(v) = dp,(v) for every vertex v € V(D),
then we(D) < 2.

Proof. Let C' be a Hamiltonian cycle of D. If |V (D)] is even, then C' is a strong spanning
bipartite subdigraph of D and so wé(D) < 2 by Corollary Hl

Suppose that [V(D)] is odd and let D' = D — A(C). Note that d},(v) = dp(v) for
every vertex v € V(D) = V(D). However, D' may be not strong since, for instance, it

19



could be a vertex-disjoint sum of strong digraphs. The condition d}, (v) = d,,(v) for every
vertex v implies that there exists a decomposition of A(D’) into arc-disjoint cycles, i.e.,
=C1U...UCy, with A(C;) N A(C;) =0 for every 4,7, 1 <i < j <k.

Since V(D) is odd, at least one cycle is odd, say Cy. Since C' is a Hamiltonian cycle,
the subdigraph C'U C is strong. Let v be any vertex of C';. We colour the arcs of C' and of
(' alternately with colours 1 and 2, except the arcs incident with v. In C' we colour the two
arcs incident with v with 1, and in C we colour the two arcs incident with v with 2. It is not
difficult to check that the so-obtained colouring is a properly-walk connected arc-colouring
of C'U Cy, which gives wt(D) < we(C U Cy) = 2. u

Recall that the length of a chord z,x, in a cycle C = zq... 2,170 is |Clx,, 2,]].

Theorem 17 Let D be a Hamiltonian digraph with d(v) > 2 and dp(v) > 2 for every
verter v € V(D), and C' be a Hamiltonian cycle of D. If every chord of C' has length at
most [|V(D)|/2], then wt(D) = 2.

Proof. Since every chord of C has length at most [|V(D)|/2], D # E) and so wt(D) > 2. If
|V(D)| is even, then C is a strong spanning bipartite subdigraph of D and so w(D) < 2 by
Corollary @l We thus assume that |V (D)] is odd. We will prove that D contains a spanning
subdigraph D’ with w¢(D') = 2. To this aim, we will choose some arcs from A(D) and colour
them with two colours in such a way they form a properly connected spanning subdigraph
of D.

Let C' = zozy ... 2,179 and ¢ be a 2-colouring of the arcs of C' such that ¢(xox;) =
o(r1x2) = 1, p(xp_110) = 2, (TrEs1) = 1 for k odd, and ¢(xyxre1) = 2 for k even, for
every k € {2,...,n — 2}. Since the arcs zor; and z725 have the same colour, (C,¢) is not
properly connected yet.

We consider two cases.

Case 1. C has an even chord.

Renaming vertices if necessary, we assume that xyx, is an even chord of C' with minimum
length (see Figure Md). We colour x¢x, with 1, so that zoxpzpi1...2,—1 is a properly
connected subdigraph of D (an even cycle). Moreover, for every vertex z; in {2,..., 2,1},
there is a properly connected path x;x, whose last arc is x,,_1xq.

In order to get a properly-walk connected spanning subdigraph of D, it is thus enough to
colour some chords of C' in such a way that there is a properly coloured xyx;-walk starting
with the arc xgz,, for every vertex x; in {zo,...,z,-1}.

Since |C|xg, xp]| is minimum and every chord of C' has length at most [|V(D)|/2], it
follows that every even chord whose head is in {zs, ..., 2,1} has its tail in {zpi0,..., 21}
Furthermore, since dj;(v) > 2 for every v € V(D), every vertex in {zs,...,x,_1} is the head
of a chord.

Let j be the smallest integer in {zs,...,x,} such that z; is the head of an even chord
(we may have j = p). Note that ¢(z;_12:) = @(xjz;41). If j < p, we colour z,x; with the
colour different from ¢(x;_12;), so that we now have a properly coloured zox;-walk for every
vertex x; € {xj,...,Tp_1}.

20



Figure 11: (Theorem [I7, Case 1) The Hamiltonian digraph D with its arc-colouring; xyz, is
a shortest even chord of €, and z;x; an even chord which may not exist.

All vertices in {x9,...,x;_1} are not the head of an even chord, so they are the head
of at least one odd chord. We claim that, one by one, we can colour one such odd chord
for every vertex z; in {xs,...,x;_1}, in such a way that there will be a properly coloured
zor;~walk (starting with the arc zox,), which will allow us to conclude this case.

Let zsx9 be an odd chord. Since |Clxs, )| < (n — 1)/2, we have p < s < n — 1 and,
since x,x9 is odd, p(xs_125) = 1. We then colour zszy with 2, so that the walk zox,, ... z22
is properly coloured.

Assume now that for every ¢ € {2,...,0 — 1}, £ < j — 1, we have found a properly
coloured zgz;-walk starting with zpz, and ending with an odd chord. Let x,x, be an odd
chord. Since |Clz,, z¢]| < (n —1)/2, we have either p+1<g<n—-1or0<g</{¢-3.
If p+1<gq<n-—1, then we colour z,z, with the colour different from ¢p(x,_17,), so that
ToZp . .. TqT¢ is a properly coloured walk. Otherwise, if ¢ = 0, then we colour z,x, with 1, if
q = 1, then we colour z,z, with 2, and if 2 < g < ¢ — 3, then we colour z,z, with the colour
different from the colour of the odd chord with head in x,. Let P be a properly coloured
xox~walk starting with z¢z, and ending with a coloured chord. Then Pz,z, is the walk we
are looking for. This completes this case.

Case 2. Fvery chord in C' is odd.

Renaming vertices if necessary, we assume that zz, is an odd chord of C' with maximum
length (see Figure [I2). We colour zyx, with 1. Next, we choose a path containing only odd
chords, z, ~ @, ~ @y, ~ ... T A Ty, until we “jump over " (ie., pj_1 > pj
and py < pr+1 for every k < p). Since zx, has maximum length, we have p; < p (since n
is odd, we cannot have x;_1 = ). We colour the chords of this path alternately, starting
with colour 1 on zgx,. Observe that since all the chords are odd, the colour of z,, ~ x,
is the same as the colour of x,,,, — w,,,,41 for every i € {1,...j — 2}. However, the colour
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Figure 12: (Theorem [I7, Case 2) The Hamiltonian digraph D with its arc-colouring; xyz, is
a longest odd chord of C.

of r, , ™~ z,, is different from the colour of x,, — x, 1. Thus, the closed walk
To N Ty N Ty N Tpy oo (N T, = Tpoy1 —> oo = Ty —> T

is properly coloured.

Hence, for every vertex x; € {x9,...,x,_1}, there is a properly coloured z;x(-walk ending
with z,_1x9. In order to get a properly-walk connected spanning subdigraph of D, it is thus
enough to colour some chords of C' in such a way that there is a properly coloured xqz;-walk

starting with the arc zgz,, for every vertex z; in {xo,...,2;_1}.
Similarly as in Case 1, we claim that, one by one, we can colour, for every vertex x;
in {ry,...,7,,_1} one chord with head at ;, in such a way that there will be a properly

coloured zox;-walk (starting with zox, and ending with the chosen chord), which will allow
us to conclude this case.

First observe that, for every vertex z; € {z,+1,...,2,-1}, there is a properly coloured
zor;~walk starting with zoz, and ending with an arc in A(C). Let xsx2 be an odd chord.
Since |Clzs, 22]| < (n—1)/2, we have p+ 1 < s < n — 1. Since zsx9 is odd, p(zs_125) = 1.
We then colour x,zo with 2, so that we obtain the properly coloured walk Poxsxo, where P
is the properly coloured xgzs-walk starting with oz, and ending with an arc in A(C').

Assume now that for every i € {2,...,/—1}, £ < j—1, we have found a properly coloured
xox;-walk starting with zyx, and ending with an odd chord. Let z,2¢ be an odd chord. Since
|Clzq, ze]| < (n—1)/2, we have either p+1 <g<n—1lor0<¢g</(-3. Ifp+1<q¢g<n-—1,
then we colour x,2z, with the colour different from the colour of z,_yz,. Thus Pyz,x, (where
P, is the properly coloured xgz,-walk starting with zoz, and ending with an arc in A(C)) is
a properly coloured walk. Otherwise, if ¢ = 0, then we colour x,x, with 1, if ¢ = 1, then we
colour z,z, with 2, and ff 2 < ¢ < ¢ — 3, then we colour z,x, with the colour different from
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the colour of the odd chord with head z,. Let P be a properly coloured zyx,-walk starting
with zpz, and ending with a coloured chord. Then Pz z, is a path that we are looking for.
This completes the proof of Theorem [I7]. [ ]

6 Concluding remarks

In Section [§] we have proved that if C' is a Hamiltonian cycle of a digraph D satisfying
df(v) > 2 and dp(v) > 2 for every vertex v of D, then wé(D) < 2, provided that every
chord of C' has length at most [|V(D)|/2]. We expect that the condition on the length of
chords can be removed. We thus propose the following conjecture.

Conjecture 1 If D is a Hamiltonian digraph such that df(v) > 2 and dp(v) > 2 for every
vertex v € V(D), then wt(D) < 2.

In Section ] we gave some necessary conditions for a Hamiltonian digraph to have proper
connection number at most 2. In fact, we proved stronger results. Namely, we proved that
such a digraph has a spanning strong bipartite subdigraph. Bang-Jensen et al. studied in
[2] the existence, in a given digraph D, of a spanning bipartite subdigraph with some special
properties. A 2-partition of a digraph D is a partition of its set of vertices in two parts. If
(Vi, V) is a 2-partition of a digraph D, then the bipartite digraph induced by the set of arcs
having one end in each part is denoted by Bp(Vi, Vs). A 2-partition (V3,V5) of D is strong
if Bp(Vi, V) is strong. The authors of [2], Bang-Jensen et al. studied the complexity of
determining whether 2-partitions with some restrictions on the degree of vertices, or strong
2-partitions, exist in digraphs. Among others results, they proved the following theorem.

Theorem 18 [t is NP-complete to decide whether a strong digraph has a strong 2-partition.

From the proofs of Theorem [7] and Corollary [§, and the observation that a Hamiltonian
digraph of even order has a strong 2-partition, the following result follows.

Theorem 19 Let D be a Hamiltonian digraph and C' be a Hamiltonian cycle of D. If for
every v € V(D) there is an even chord of C' with tail v, then D has a strong 2-partition.

Theorem 20 Let D be a Hamiltonian digraph and C' be a Hamiltonian cycle of D. If for
every v € V(D) there is an even chord of C' with head v, then D has a strong 2-partition.

In the proof of Lemma [I3, we have shown that, for n > 9 and k£ odd, every circulant
digraph C,({1,k}) has a strong 2-partition. One can see that C5({1,3}) has a strong 2-
partition. Furthermore, using Theorems [19 and 20, we obtain the following result.

Theorem 21 Ifn #7, S C{l,...,n—1}, |S| > 2, and 1 € S, then C,(S) has a strong
2-partition.

It would be interesting to consider the case of Hamiltonian digraphs with respect to
Theorem [I8 We can thus ask the following question.

Question 1 What is the complezity of deciding whether a Hamiltonian digraph D has a
strong 2-partition?
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