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Abstract

We study a least squares estimator for an unknown parameter in the drift coefficient of a path-
distribution dependent stochastic differential equation involving a small dispersion parameter
e > 0. The estimator, based on n (where n € N) discrete time observations of the stochastic
differential equation, is shown to be convergent weakly to the true value as ¢ — 0 and n —
oo. This indicates that the least squares estimator obtained is consistent with the true value.
Moreover, we obtain the rate of convergence and derive the asymptotic distribution of least
squares estimator.
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1 Introduction

Nowadays, stochastic differential equations (SDEs) are widely used in modelling time evolution of
dynamical systems influenced by random noise, see, e.g., the monographs [5l 10l 25 27] (and ref-
erences therein). Usually, there exist unknown parameters in such modelled systems, such as those
stochastic models with comparably easier structured stochastic differential equations involving un-
known quantities (see,.e.g., [I, P.2-4]). Fundamental issues are then to estimate certain parameters
(i.e., deterministic quantities) appearing in the stochastic models by certain observations (or by
experimental data). Viewing the drift part of the SDEs as the averaging evolution of the systems,
estimating the drift parameter of SDEs is hence an important topic. To approach the true value
of the unknown parameter, the asymptotic approach to statistical estimation is frequently taken
an advantage due to its general applicability and relative simplicity (cf. [I]). As we know, the
estimations upon the unknown quantities are based generally on continuous-time or discrete-time
observations. Whereas, the parameter estimation relied on continuous-time observations is a math-
ematical idealisation although there is a vast literature concerned with such topic. On the other
hand, no measuring device can follow continuously the sample paths of the diffusion processes
involved, which are indeed rather tricky. Whence, in practice the investigation on the parameter
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estimations with the help of discrete-time observations has been received much more attention re-
cently. Most importantly, the parameter estimation by the aid of discrete-time observations can be
implemented conveniently with a powerful theory of simulation schemes and numerical analysis of
diffusion processes.

So far, there are numerous methods to investigate the parameter estimations on the unknown
parameters in the drift coefficents; see, e.g., [15] [19] 26} 28] by maximum likelihood estimator (MLE
for short), [3, 12, 15 26] via least squares estimator (LSE for abbreviation), and [23] through
trajectory-fitting estimator, to name a few. Diffusion processes with small noises have been applied
considerably in mathematical finance, see, e.g., [14} 30l [37] and references within. In the past forty
years, the asymptotic theory on parameter estimations for diffusion processes with small noises
has also been developed very well, see, for instance, [6] 18, 29] [3T], B2] for SDEs driven by Lévy
processes with arbitrary moments, and [7, 20, 21] for SDEs driven by a-stable Lévy noises which
enjoy heavy tail properties.

Recently, from the stochastic modelling perspective and diverse demanding in practical prob-
lems, there has been increasing interest on studying stochastic differential equations with path-
distribution coefficients, see e.g. [8 [0, 35] (and references therein). The distribution-dependent
SDEs are also named as McKean-Vlasov SDEs or mean-filed SDEs, which have been studied in-
tensively in the literature, see e.g. [4, [I7] and references therein. Such kind of SDEs has been
applied successfully in stochastic differential games and stochastic optimal optimisation, see, e.g.,
[16] and references within. Although McKean-Vlasov SDEs have been applied diffusively in differ-
ent research areas, so far there is little work on parameter estimations except the existing literature
[36], to the best of our knowledge. In the present paper, we are concerned with the LSE problem
for the path-distribution stochastic differential equations with small dispersion noise and involving
unknown parameter in the drift. Our key start point is the associated discrete-time observations
of path-distribution dependent SDEs (see (2.I]) below). We then investigate parameter estimation
for McKean-Vlasov SDEs which are not only path-dependent but also dependent on the law of the
path. Since the state space of the window process is infinite dimensional, some new procedures
need to be put forward. We succeeded the task by carefully construct the Euler-Maruyama (EM)
discretion scheme of our path-distribution dependent SDEs. It is also interesting to consider other
type estimations for such equations and we will study them in another paper.

The rest of the paper is arranged as follows. In Section [2, we introduce some notation, present
the framework of our paper, and construct the LSE; Section Blis devoted to the consistency of LSE;
Section Ml focus on the asymptotic distribution of LSE. Throughout this paper, we emphasise that
¢ > 0 is a generic constant which may change from line to line.

2 Preliminaries

We start with some notation and terminology which will be used later. For d,m € N, the set of all
positive integers, let (R%, (-,-),| - |) be the d-dimensional Euclinean space with the inner product
(-,-) induced the norm | - | and R? ® R™ the collection of all d x m matrixes with real entries,
which is endowed with the Hilbert-Schmidt norm || - |. 0 € R? denotes the zero vector. For a
matrix A, A* denotes the transpose of A. Concerning a square matrix A, A~! means the inverse
of A provided that detA # 0. For p € N, let ©® be an open bounded convex subset of RP, and
© the closure of ©. For 7 > 0 and x € RP, B,(x) represents the closed ball centered at = with
the radius 7. For z € R%, §, denotes Dirac’s delta measure or unit mass at the point z. For a real



number a > 0, |a] stands for the integer part of a. For a random variable &, % denotes its law.
For a fixed finite number ro > 0, ¢ := C([~7r0, 0]; R?) means the family of all continuous functions
f : [-70,0] — R% which is a Polish (i.e., separable, complete metric) space under the uniform
norm || flloo := sup_, <g<o|f(0)|. Generally speaking, 7o > 0 is named as the length of memory.
For a continuous map f : [~7rg,00) — R? and ¢t > 0, let f; € € be such that f;(§) = f(t + 6) for
0 € [—r0,0]. In general, (fi)¢>0 is called the window (or segment) process of (f(t))i>—r,. P2(%)
stands for the space of all probability measures on % with the finite second-order moment, i.e.,

w(ll - 1120) = Ji, I<[1Zp(d¢) < oo for € Po(€). Define the Wasserstein distance Wy on Pa(¢) by

e = it ([ [ 6= alir@a.aw)” nee o)

where C(u, ) signifies the collection of all probability measures on € x % with marginals p and
v (ie., m € C(u,v) such that 7(-,%) = u(-) and 7(%,-) = v(-)), respectively. Under the distance
Wy, Po(%) is a Polish space; see, e.g., [2, Lemma 5.3 & Theorem 5.4]. Let (B(t))i>0 be an m-
dimensional Brownian motion defined on the probability space (2, .%,P) with the filtration (% ):>0
satisfying the usual condition (i.e., .%y contains all P-null sets and .7; = F;1 = (o, Fs).

Through all the paper, we fix the time horizon 7' > 0. For the scale parameter € € (0,1), we
consider a path-distribution dependent SDE on (R%, (-,-),| - ) in the form

(2.1) dX=(t) = b(XF, Lx:,0)dt + co(XE, Ly )dB(t), te (0,T), X;=£(€%,

where b: € x Po(€) x © — R and 0 : € x Po(€) — R? x R™. In (&), we assume that the drift
b and the diffusion o are known apart from the parameter § € © and we stipulate that 6y € © is
the true value of 6 € ©.

For any (1,(s € € and u,v € Py(%), we assume that

(A1) There exist aq, a9, 51,2 > 0 such that

SUB |b(<17/‘79) - b(C27 7/79)|2 < 011”(1 - C2Hgo + OQW?(:“? V)27
[2SC)

and

o (G, ) — (o) |I? < BillCt — GollX + BaWa(p, v)?;

(A2) For each random variable ¢ € € with % € Po(€), (00*)((, %) is invertible, and there exists
an L1 > 0 such that

l(00*) ™ (1) = (00") (G2l < LI = Glloo + Wa(p.v) }:

(A3) For the initial value X§ = ¢, there exists an Ly > 0 such that

§(t) = &(s)] < Lalt — |, t,s € [=70,0].

We further assume that

(B1) There exists K7 > 0 such that

sup [[(Vob) (G1, :6) = (Vo) o, 1, O) | < K {61 = Gallo + Wl )},
0cO

where (Vyb) means the gradient operator w.r.t. the third spatial variable.



(B2) There exists K2 > 0 such that

5 (V5 (V30)) Go11:6) = (Va(¥ab") (G2, D)l < Ka{ G = Galloe + Wl )}

Before we move forward, let’s give some remarks. Under (A1), (ZI) admits a unique strong
solution (X¢(t))e|—p,,1]; see, for instance, [9, Theorem 3.1]. For more details on existence and
uniqueness of strong solutions to distribution-dependent SDEs, we would like to refer to, e.g.,
[4, 24], B5] and references within. As far as existence and uniqueness of weak solutions are concerned,
please consult, e.g., [I1] [I7, [34] for reference. (B1) and (B2) are imposed merely to discuss
the asymptotic distribution of LSE constructed below; see Theorem Il (A3) is put to analyze
continuity of the window process associated with (2.4]); see Lemma B.3] for more details. Obviously,
(A2) holds provided that o(-,-) = ¢ € R? ® R™, a constant matrix, such that co* is invertible.
Moreover, for the scalar setting of (2.I]), (A2) is also true in case of o(x, ) = 1+ |z| for any z € R
and p € Pa(R).

Without loss of generality, we assume the stepsize § = % = 37 for some integers n, M € N
sufficiently large. Suppose that the solution process (X¢ (t))te[—ro 7] 1s observed at regularly spaced
time points t, = kd for k = 0,1,--- ,n. In this paper, our goal is to investigate the LSE on the
parameter § € © based on the sampling data (X*®(t)}!_, with small dispersion ¢ and large sample
size n (i.e., small step size J).

The discrete-time Euler-Maruyama (EM) scheme corresponding to (2.I]) admits the form

(2.2) Ye(ty) = Ye(tyor) + 0V, L

3
te—1

,0)0 +ea(Yy |, %

3
te—1

VABy, k>1,

and Ye(t) = X°(t) = £(t),t € [—710,0]. In 22), }7155 = {}7155(3 i —rg < s <0} is a -valued random
variable defined as follows: for any s € [—(i 4+ 1)d, —id], i =1,--- , M — 1,

5+ 10
J
ie., }Af,f& is the linear interpolation of Ye((k — M)J), Ye((k— (M —1))d),--- ,YE((k — 1)d),Y*(kd),

and ABy, := B(kd) — B((k — 1)9), the increment of Brownian motion. Motivated by [20, 211 29],
for our present setting we construct the following contrast function

(2.3) Vis(s) = Yo((k — 1)) +

{Yo((k = 0)0) = Y*((k —i—1)d)},

(2.4) Une(0) = e %! Zn: PI:(H)A];_llPk(e)a
k=1

where

(2.5) P(0) :=Yo(ty) = Yo(tgo1) —b(YE_ |\ Lo. ,0)5 and Ay = (00")(VE, %)

Yoo Y
for k=1, --- ,n. To achieve the LSE of 6 € ©, it suffices to choose an argument é\n@ € O such that
(2.6) re(fnc) = min W, o(0).

Next, we write é\n@ € O satisfying (Z.6]) by

~

Onc = argmin W, . (6).

4



Set
By, 0 (0) := 2(V,,.(0) — ¥ e (60)).

It follows from (2.6]) that

~

(2.7) ®n,e(fnc) = min &p,(6).

Likewise, we reformulate §n75 € O ensuring (2.7) to hold true as

~

(2.8) O = arg gélél D, ().

Through the whole paper, §n,€ such that (2.8]) holds is named as the LSE of 6 € ©.
Before we end this section, we give some remarks.

Remark 2.1. If o(-,-) € R? ® R? is invertible, (Z0) can be rewritten as
=——0 (Y %%
\/3 8_1\/3 ( b7 7Y,

ticfl
Then, we can design the contrast function ¥, .(-) as

)Py(0).

\I/n,a(e) = 5_25_1 ’0_1(2i71 ’ "%)75
tp—1
=2 P O) (0 ) o Y%

3
tp—1

)P (0)]?
)P (0)
= e 207 Pr(O)A T Pu(0).

Motivated by the invertible setup above, we establish the contrast function for the setting that the
diffusion o(+, ) need not to be invertible; see (2.4]) for further details. On the other hand, if b(-, -, ¢)
is explicit w.r.t. the parameter ¢, then the LSE 0,, . can indeed be obtained by Fermat’s theorem.

Remark 2.2. Formally, the contrast function ¥, . can be defined as in (2.4]) with zi being replaced
by Xi in (26). Nevertheless, X cannot be available provided that (X¢(t)).c(o,r) is observed only
at the points ¢ = kd. So, in our paper, we approximate the window process Xj via the linear
interpolation; see (23] for more details.

Remark 2.3. We remark that our contrast function is established on the basis of EM scheme. With
regard to path-distribution dependent SDEs, if the global Lipschitz condition (A1) is replaced by
the monotone condition, then the contrast function (2.4]) will no longer work due to the fact that
the EM numerical solution will explode in finite time. So, for such case, we need to establish the
LSE for the unknown parameter based on the new contrast function, which will be reported in our
forthcoming paper.

3 The consistency of LSE

First of all, let’s consider the following deterministic ordinary differential equation

(3.1) dX(t) = b(X}, Zxg,00)dt, t>0, Xg=¢(€€.



Under (A1), &I possesses a unique solution (X%(#))¢>_,. Herein, it is worth pointing out that
(1) and (BJ) share the same initial datum. For the sake of notation brevity, for a random variable
¢ € € with £ € Py(€), let

(3.2) A(C,0,60) = b(C, %, 00) = b(C, %, 0)  and  F(¢) = (907)7H((, %)

Set, for any 0 € O,
T

(3.3) =0)i= [ ATCE0.005(XOACXD.0,00)k
0

where (X;) is the segment process generated by the solution (X (¢)) to ([B.1).
Our first main result, which is concerned with the consistency of the LSE of € O, is stated as
below.

Theorem 3.1. Let (A1)-(A3) hold and assume further Z(6) > 0 for any § € ©. Then

~

On,e — 0o in probability as e - 0 and n — oo.

The proof of Theorem B.1] is based on several auxiliary lemmas below.

Lemma 3.2. Under (A1), for any p > 0, there exists Cp, 7 > 0 such that

(3.4) sup Y5 55ll% < Cpr(l+ €]1),
0<t<T
and
(3.5) E( suwp X)) < Cpr(l+ €]%).
—ro<t<T

Proof. By Holder’s inequality, it is sufficient to show that ([B34]) and (B3] holds, respectively, for
any p > 2. Herein, we only focus on the argument of ([B.4)) since (3.5]) can be done in a similar way.
Define the continuous-time EM scheme associated with (2.])

(3.6) dYE(t) = b(Y5 5, Ly

\_t/éjé’e)dt + €J(Y§/5J67$)75 )dB(t), t>0

Lt/6]s

with Ye(t) = X¢(t) = £(¢) for t € [—rg, 0], where ?ﬁ/éw(-) is defined as in ([2.3)). It is straightforward

to check Y¢(k§) = Y=(kd) for any integer k € [—M,n]. For any ¢ € [0,T], a direct calculation shows
from (23] that

Y555 100
= sup |Y/55(0)]

—rog<v<0
_ (E+1)0+v_ . ko +v .
(3.7) T k=0 M1 ()t ‘ﬁY (([t/0) = k)9) = ——=Y*(([t/0] =k = 1)3)
< _Jnax sup  (IV(1t/6)5 — k)| + [V*([/3)6 — (k + 1)9)])

k=0, . M=1 _ (k4 1)6<v<—kso

<2 sup [Y¥(s)],
—ro<s<t



where in the first inequality we have used the facts that Y (k&) = Y¢(ké) for any integer k € [—M, n]
and that, for any v € [—(k + 1)0, —kd],

1
EFDO+Y c101) and MV e1,0)
5 5
From (A1), one has, for any ( € ¢ and pu € Po(%),
(3.38) 16(¢. 1, 0)I < 2 { aICIZ + 2 W1, 0¢,)% + b(Co, 80 ) }-
and
(3.9) oG )2 < 2{ BUICIZ + BaWa (. 6¢,)* + o (Go, 0o )12}

where (y(s) = 0 € R? for any s € [~rg,0]. For any p > 2, by Holder’s inequality and Burkhold-
Davis-Gundy’s (BDG’s for brevity) inequality (see, e.g., [22 Theorem 7.3, P.40]), we deduce from
B3) and ([B.9) that

rt):=1 +E< sup \}75(3)\17)

—ro<s<t

ot R t p/2
< 1+clgll +ct? 1/0 E|b(Y@/5J57ff/@/w,eﬂpds+CE</O ||0(Y@/5J5,Z?fs/w)ﬂzds)

t
—2 ~ o~
< Lt cllelfs, +c( +7°) /0 BTy Lo | O +Elo(T e Lo IP)ds

ls/5)6

— t o~
<1clefn, et +77) / {4 BV sjsll% + Wl Ly | 0, }ds
0 S
— t o~
<Ll + ol +£5) [ {14 BITS 512},
0
This, together with ([3.7]), leads to
1 p=2 ¢
() < 1+ c||é]2, + e(tP +t2)/ T'(s)ds.
0

Then, the desired assertion ([34) follows from Gronwall’s inequality and (B.7]). O

Lemma 3.3. Let (A1) be satisfied. Then, there is a constant C7 > 0 such that

(3.10) sup E[|XE — XP|% < Cre?
0<t<T

Proof. Note that

)| X7 — XPI% < B( sup [X%(s) ~ X°(s)*) = A(t,9)
=8>



where we have used X§ = X{ = £. By Holder’s inequality, Doob’s submartingale inequality as well
as [td’s isometry, we obtain from (A1) and ([33) that

¢ 2
A(te) <2t / EJb(XS, Zxz,00) — b(X?, Ly, 00)2ds + 22 E( sup | / (X5, Zx:)AB(w)| )
0

0<s<t

<2t /0 tE\b<X§,$Xg,eo> — (X0, Zx0,00)ds + 87 /0 Ello(Xs, Zx:)|*ds
< 2t/0t{a1EHX§ — X212, + aaWo(Lxz, Lxo)?}ds

+ce? /Ot{1 L EJIXEZ, + Wa( Ly, 6,2 ds
< ct/otmuxg ~ XO|Rds + ce? /Ot{1 +E|XE)2 }ds

t
< ct/ A(s,e)ds + c(1 4 Cor) %,
0
where we have used (B.0)) in the last display. As a result, ([B.10) holds true by Gronwall’s inequality.
U

Lemma 3.4. Assume that (A1) and (A3) hold. Then, for any 5 € (0, 1), there exists cg > 0 such
that

(3.11) Oiltlp EHYLt/cSJ& XP|I3 < ce® 4 cpd”.

Proof. Due to B.I0), for any ¢ € [0,T],
BV o35 — X0 < 3{EITE 5,5 — Vo2 + EIVE — X7 + EJIXE — X0}
< efe® +E|Y 505 — Yo N5 +ENYS — XFII5)-

Next, exploiting Holder’s inequality, Doob’s submartingale inequality and [t6’s isometry, we derive
from (A1) and X§ = Y§ = ¢ that

(3.12)

EX; - V7% <E( sup |X7(s) = V¥(s)P)

0<s<t

¢
< s Lxc 2
< Qt/o Eb(XS, Lx:,0) — b(YLS/5J5’$Yf/5J6 o)1 ds

t
+8€2/0 Ello(X5, Zxe) — (YLS/5J57-=3”YLE/W)H2dS

<2t [ auBIXE — Tl + sVl i 25, | s

#820 [ BEIXE Tl + BaWol s, 25, | 1),
0

Consequently, we obtain from ¢ € (0,1) that

o~ t o~
E|X: — VF|% < c(1+1) /O EXE — P8 5,502 ds
t ~ /\
¢(1+1) / E| XS — Ve|2ds + e (14 1) / BT — P2 5% ds.
0

8



Thus, Gronwall’s inequality yields that
(3.13) E[| X7~ Y7[% < sup BIYS — Vi 1%
0<t<T

Substituting [BI3]) into (B12]) gives that

3.14 E|YE 55 — X212 < el + sup E||YF — Y 2
(3.14) 1555 = X0 < o{e + sup BITE — Tl

So, to achieve ([BI1), it remains to show that, for any § € (0, 1), there exists ¢g > 0 such that

(3.15) sup B[V = Vi a5l% < 50",
te[0,T

For any ¢t € [0,T), there exists an integer kg € [0,n — 1] such that ¢ € [kod, (ko + 1)d) so that
|t/d| = ko. By Holder’s inequality, for any 5 € (0,1),

E|Y7 = Yislla =E( sup [Yo(t +v) = Y 5(0)
—ro<wv<0

S(E< sup \?f(t—i—v)_?&é(v)’ﬁ))l—ﬁ

—ro<v<0
<MY max (E( sup Ye(t+v) — Y[ (U)|$>>1_B
B k=0, ,M—1 kod )

—(k+1)5<v<—ké

where M > 0 is an integer such that rg = MJ. For any v € [—(k+1)0, —kd] with k =0,--- , M —1,
it follows from (2.3]) that

ELEWIXY (Fe1 4 0) v ((ho - 199))

_/<;5+v

YE(t+v) — Y s(v) =

(576(75 o) — Y ((ko — k — 1)5)).
As a consequence, we deduce that

ENYE - Y5l

~ 1-8
<eM™  max (E< sup [Ye(s) — Y°((ko — k)&)]%»
(3.16) B=0-- M1\ (hg )5 (bo—k+1)5
' ~ 2 1-8
+eM™  max E sup Ye(s) =Y ((kg — k—1)5)|7-5
s (B( s V) - Yo~ k- 19)7))

=: A1(g,9) + Az(e,0).
For any t € [0, (I +1)0] with [ =0,1,--- ,n — 1, we have
~ ~ 2 2 ~ 2
E( sup [V¥(s) = V<(0)|77 ) < e {67 FEI(V5, 5., 0)| 77
16<s<t s
Se 2 _2
+Ello(Vs, Z5)IT7E( sup [B(s) — B(o)|T7 ) }
(3.17) 0 16<s<t

2

_ c{aﬁmb@g,zﬁ ,0)|77
l

~ 2 2
+Ello(V5, Z5 ) 7FE( s [B(s)|77 ) }
0<s<t—16



where we have used the fact that Y}a is independent of B(t) — B(ld) for any t € [I, (I 4+ 1)d] in the
first inequality and the independent increment property of Brownian motion in the last display.

Let (e;)1<i<m be the standard orthogonal basis of R™. Note that B;(t) := (B(t), e;) is a scalar
Brownian motion and

P<Os<1;[<)t B;(s) > x) = 2P(B;(t) > z),

see, for instance, [I3l Theorem 3.15]. Whence, for any p > 1, we deduce that

E< sup \B(s)\p) :/OOO]P’( sup |B(s)? 2x>dx

0<s<t 0<s<t
Em:/oo < >a;1/p/m1/2)d

2 g
mz/ d’“’/% S

2m1/2 “ 1 o y?
< Z x rdx [ 1 ye 22dy
T2t /0 /zp

=1 1

@
N

=

’UL7
oMbt O [ 1 _.2p
= Z/ x re” 2mt dx

V27t = Jo

where in the last step we have utilized the Gamma function
INa) = / e "z Mz, a>0.
0
This, combining ([B.8]) with (3.9]) and BI7), yields that, for any ¢ € [I4, (I + 1)d],

E( sup [V¥(s) = Y2(0)|77 ) < a7 {EJp(Vs5, -2

2 ~ 2
v -8 + Elo(Y:%, Lo )| T-8
16<s<t Ylg’e)| + Ello( za,fyl%)H }

L Se i ToB 2
(3.18) < cd-A{l ""E”Y;fi”éoﬁ + Wo(Lpe, 66,) 17}
_1
< oA {1 +EHY15H ’}
< )-8,

where in the last procedure we have exploited ([B.4)).

In the sequel, we divide three cases to show the estimates on A;(e,d) and Asz(g,0).
Case 1: k > ko + 1. With regard to such case, (kg — k + 1)d € [—r,0]. We infer from (A1) and
BI9), in addition to Md = ro, that

A1(e,8) + Az(e,8) < eM'™F5 = cry PP,

10



Case 2: ko = k. For this case, t € [k, (k + 1)0). Again, one gets from ([B.16]) that

A1(g,0) + Az(e, )

< 1_5 € _ £ ﬁ
<eM'™ max (B sw |V() - T40)I77))

1-5 € Ve[ % 1-8
+cM max E( sup |Y°(s)—Y*®(=9)|-7 ,
k=0,--- ,M—1 —5<s<6

where we have employed Y(t) = Y (t),¢ € [—rg,0]. This, besides (A3) and (@IF), implies that

Q

~ 1-8
< B 1-3 e e 2
A1(g,0) + As(g,0) < cd” +cM k:(]],rr}'af}ﬂc/l_l (E(_§3§)<6|Y (s) — Ye(0)] 1 >)

_ _ 1-8
< o8B 1-3 € —_Ye %ﬁ
<cd’ +eM k:OT?:)J\(J—l <E(08§21§)5’Y (s) — YE(0)|T ))

<P +eMPs
< P,

Case 3: k < kg — 1. Also, by making use of ([B.I8), it follows that

Aq(g,0) + As(g,0)

- ~ 1-5
<cM'Y™  max E sup Ye(s) =Y ((kg — k—1)6 =
k=0, .M -1 ( ((ko k—l)éﬁsé(ko—k—kl)é‘ (#) (ko )9l >)

FeM'?max (B ((ko — k— 1) ~ V¥((ko — HO)[77)
k=0, . M—1

~ ~ 1-8
<ceM'™? max E sup Ye(s)—=Y*((kg —k—1)8 5
k=0, ,M~1 ( <(k0 k—l)égsg(ko—kﬁ‘ (5) (( o)l >)
> =~ 2 1-p
+eM'™F max E sup Ye(s) — Y¢((ky — k)5)|T-P
s (5( s ) Ve - )

+eMP max <E]§~/€((kzo —k—1)8) — Y*((ko — k‘)fs)\ﬁ)l_ﬁ

PR

< P,
By summing up the three cases above, ([3.I3]) holds true.

Lemma 3.5. Let (A1)-(A3) hold. Then,

521\* 0,005 (YE_AYE_,.0,60)
(3.19)
— Z(0 / A*(X2,0,60)5(X2)A(X0,0,60)ds

in L' as e — 0 and § — 0 (i.e., n — 00), in which A(:) and &(-) are introduced in ([B.2)).

11



Proof. 1t is straightforward to see that

n T
5N AT, 0005 AT, 0,60) — [ A(X20,60)3(XDACXD.0.60)ds
k=1 0

T
0
T * ~
:/0 (A 51900, 00) = ACX2,0,00)) GV 51) AV 15,6, 60) s
+ A*(Xg,e,eo)@(?@/m)—3(X2))A(?@/5J5,9,90)ds

/ A*(X2, 8, 00)5 (X" )<A(YLS/6J5, 9, 60) — A(X2,9,90)>ds
=: Ji(g,0) + Ja(g,0) + J3(e, ).
Next, for any random variables (i, (> € ¢ with %, %, € P2(€), observe from (A1) that
IA(C1,8,00) — A(C2, 0,00)] < [b(C1, L, 00) — b(Coy L4y, 00)| + |(C1, £y, 0) — b(Cay Z2,,0)|
< {61 = Galloo + Wa( Ly, ) }.

For a random variable ¢ € € with £ € P»(%¥), employing (A2) gives that

(3.20)

(3.21) [N < 1la(¢) —a (o)l + o)l < 6{1 + ¢l +W2($C’5Co)}-

Consequently, combining (3.8]) with (3:20) and (3:21]), we deduce that
[J1(e, )] + | J3(e, )]

T
% 0
=< C/ {HYLES/(;J& = Xslloo + WalLpe a,fxg)}
2
{14 1Kl + IV agalloe + WLy 5) } ds

T
<e / {198 535 — X0lloo + /BT 535 — X0}

X {1+ XD + 175 5512 + EITE ay5% fds.

This, together with (8:4]) and (BII) as well as Holder’s inequality, implies that
E‘Jl (67 6)‘ + E’J?)(E? 5)’

T
(3.22) <e / VEITE 515 — X241+ 1X01L + BT 5% bas

—0

as € — 0 and § — 0. Next, making use of (A2) and (B.8]), we derive that
T
a0 < ¢ [+ IR+ 1T gl + Wal By, )

% (175 /515 = X0loo + /BT 5 — X0 ) ds.

12



Again, using [B4]) and (BII) and utilizing Holder’s inequality gives that

T
% _ YO0[2 e 2
(3.23) E|Jy(e,0)| < ¢ /0 \/IEHY@/JJ(s X0 |yoo{1 +EHYL8/6J6HOO}C13
— 0
whenever ¢ — 0 and § — 0. Hence, (3.19) follows immediately from (3.22]) and ([3.23)). 0

Lemma 3.6. Let (A1)-(A3) hold. Then,

(3.24) SNV L0,005(YE ) Pelo) — 0
k=1

in L' as ¢ — 0, where Py is introduced in (2.3).

Proof. Note that

T(e,0) 1= A (YE_|,0,00)5(Y7_ ) Pu(bo)
k=1

v )(B(t) ~ Blti-)

=Y NV 0,006 )o(YE | %
k=1
T —~ —~ —~
= e [N T 0005 Ty (Vi Z: | A

Employing Holder’s inequality and It6’s isometry and taking (B8], (3:9) and B2]]) into account,
we find that

T ~ o~ ~ 1/2
BY(e.0) < o [ BIN (g 0005 T )0 (Tgon Zr , )IP)

T . 1/2
< 3 6 ) 6
(3.25) - C€</0 {1 BV 5l0 + Wz(gyfs/m’éc‘)) }d8>

< ce(/OT [ +E\|?@/6J6\|§O}ds)”2

< cg,

where we have applied ([B4]) in the last step. Therefore, (824 is now available from (B.25]). O
To make the content self-contained, we cite [33] Theorem 5.9] as the following lemma.

Lemma 3.7. Let (M,,),>1 be random functions and M a fixed function of 6 such that, for any
e >0,

sup |[M,(0) — M(0)] — 0 in probability
0eO

and supg_gy|>e M () < M(6p). Then, any sequence of estimators 0, with Mn(én) > M, (0y) con-
verges in probability to 6.

With Lemmas B.5H3.7 in hand, we are in the position to complete the proof of Theorem [B11

13



Proof of Theorem[31. From (24]), we infer that
P, .(0)

— 51

NE

{PLOF(T;_,)Pu() — PL(00)5(V_, ) Pe(6o) }
k

Il
—_

=41

NE

o0 {(Petbo) + AT, 0.6000) 3(V5_,) (Pulbo) + AV, 6,60)0)

=% o=
Il
—

~ PL(00)5(V ) Pk(00) }

A5y, 0, B0)0 (V) Pi(Bo) +0 3 ATV, 0, 60) (1A, 0,60
k=1 k=1
= 0 (0) + {2(0).

M:

=2

In terms of Lemmas and [3.6] we deduce from Chebyshev’s inequality that

sup | — ®,.(0) — (—E(F))] - 0  in probability,
0eO

where Z(+) is defined as in (3I9). On the other hand, for any x > 0, notice that

sup (—E(f)) < —E(6p) =0
[0—60|>K

due to Z(+) > 0. Moreover, according to the notion of é\n@ one has —@n,a(@ha) > —P, (0g) =0. As

far as our present model is concerned, all of the assumptions in Lemma 3.7 with M,,(-) = —®,, .(-)
and M(-) = —Z(-) are fulfilled. As a consequence, we conclude that 6, . — 6y in probability as
€ — 0 and n — o0, as required. O

4 The asymptotic distribution of LSE

In this section, to begin, we recall some materials on derivatives for matrix-valued functions and

introduce some notation. For a differentiable mapping V = (Vi,---,Vy)* : RP — R?, its gradient
operator (V,V)(z) € R? ® RP w.r.t. the argument z = (21, ,z,)* € R? is given by

%Vl(w) %Vl(fﬂ) #gpvl(fﬂ)

0 0y PG Vi
(4.1) (VoV)() = | 20728 amVe(@) - g a(e)

g Va(@) gpVale) - F-Valo)
ItV =V, -, V) : R = (RD* (i.e., the d-dimensional raw vector) is differentiable, its gradient
operator (V,V)(z) € R? @ R? w.r.t. the argument = = (21, ,z,)* € RP reads as follows

a5 Vi@) gla(@) o geVa(a)

Oy eI vs . Oy
(42) (Vev)(o) = | 1) am el V)

a2-Vi(z) 52-Va(w) 2-Va()



So, from (@I) and (&2)), one has V,V*(x) = (V,V)*(z) for a differentiable function V : R? — R%.

Let V = (Vij)pxa : R = R? @ R? be differentiable. Then, the derivative %V(az) € R? @ R? of the

matrix-valued mapping V w.r.t. the scalar argument x € R enjoys the form

g‘/ll(x) agvm(x) ngd(x)

(4.3) Oy = | o'l Vol - 5Vl
2

BVa@) EVae) o EVialo)

For a differentiable function V' = (Vjj)pxa : R? — R ® R?, the gradient operator, denoted by
V.V (x) € RP @ RPY of V(x) w.r.t. the variable = (x1,--- ,x,)* € RP is formulated as

(VaV)(z) = (a%wx), a%v(;p),... 9

where a%Z_V(:t) is defined as in ([Z3). Moreover, for a differentiable function V' = (Vj;)pxq4 : R? — R%,
we have

(4.4) (VOV)() = (Va(Va V) () = (Va(VaV)) ().
For A = (A1, A, -+, Ay) € RP@RP? with Ay e RPQRY, k= 1,---,p, and B € R?, let’s define

Ao BeRPQRP by
AoB = (AlB,AgB,--- ,ApB).

Set, for any 0 € O,
T

(4.5) 16)i= [ (V0b)" (X0, L0, 005X (Vob) (X0, Lo, ),
0

and, for any random variable ¢ € € with .Z; € P2(%),

(4.6) T (¢, 60) := (Vob)" (¢, £, 00)7(¢)o (¢, £5).-

Furthermore, we set
T 2

(47)  K(@0):=-2 / {(VP0)(X0, Zxp,0) 0 (F(XDAXD,0.00)) Jds, 0.
0

Anoﬁher main result in this paper is presented as below, which reveals the asymptotic distribu-
tion of 0,, ..

Theorem 4.1. Let the assumptions of Theorem B hold and suppose further that (A2) and (A3)
hold and that I(-) and K(-) defined in (@35]) and (L7), respectively, are continuous. Then,

T
e Be — 00) — T (80) / T(X,00)dB(s)  in probability
0

as € — 0 and n — oo, where I(-) and Y(-) are given in ([£3H]) and (40, respectively.

Now, we provide an example to demonstrate our main results.
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Example 4.2. Let 6 = (9(1),9(2))* € O := (c1,¢2) x (c3,¢4) C R? for some ¢; < ¢ and ¢3 < c4.
For any ¢ € (0, 1), consider the following scalar path-distribution dependent SDE

(4.8) dxe(t) =600 46 // bo(X5,C)Lx: (d¢) + (1 + | X5(¢)]) dB(t), te (0,7

with the initial value X§ = &, where § € ©¢ is an unknown parameter with the true value 6y =

(681),082)) € Op, and by : € x € — R satisfy the global Lipschitz condition, i.e., there exists a
constant K > 0 such that

(4.9) b0(C1,C2) — b(C1, G)| < K{[C1 = ¢l + 16— Gl} ¢1Ge,¢1, G € F.
For any ¢ € €, ju € P2(€) and 0 = (01, 02))*, set
bG.1.0) = 00 +6%) [ Bo(6.¢hp(c) and (G 1= 1+ (O]

Then, (L8] can be reformulated as ([Z1]). By a direct calculation, it follows from (£9]) that, for any
n,v e 'Pg((g) and (1,0 € €,

1B(Cu 11,8) — b(Ca, 1, 8)] = [6©) /bo ¢, On(do) /bo Ca, C(AC)
r/W/%\bo@l,c)—bo<<2,<>rw<d<,dc>

< Ko [g [g {161 = Gl +1¢ = (g, d)

< K (les] V fea){]C — Go| + Wi (p,v)}
< K(’Cg’ \ ’64’){‘@ - C2‘ + Wa(p, V)}7

(4.10)

in which 7 € C(u,v). On the other hand, for any x,y € R and u,v € P2(R), one has

’U(%M) - U(?/? V)’ < ‘.Z' - y‘
Hence, the assumption (A1) holds for (£8]). Next, for any =,y € R and pu,v € Po(R), we have
1 1

So, (A2) is fulfilled. Furthermore, observe that
(4.11) (To)C) = (1 [ (GChn(@e)) " and (To(Tob)(C.n8) = O,

where O2x9 stands for the 2 x 2-zero matrix. Thus, (£I0) yields that both (B1) and (B2) hold.
We further assume that the initial value is global Lipschitz, i.e., there exists an L > 0 such that

€(t) —&(s)] < Lit —s[,  t,5 € [=r0,0].

As a consequence, concerning (£.8]), the assumptions (A1)-(A3) and (B1)-(B2) hold, respectively.

16



The discrete-time EM scheme associated with (48] is given by
(4.12) Y(t,) = Yf(tk_1)+(e<l>+e<2>/ bo(YE_ 0% o 1(d())6+s(1+]Y5(tk_1)\)ABk, k>1,

with Ye(t) = X°(¢) = &(t),t € [—r0,0], where (}A{i) is defined as in ([Z3]). According to (24]), the
contrast function admits the form below

- 1
_ —2¢—1
U, (0) =c"2 ;(1+|Y5(

2[yee-ye = (00409 [ T 0%, @0)s]

trk—1)|)
Observe that

8 n
\I’ne =2 _2 Ye(tr) — Y (tr_
86 Z 1+|Ya tho1)])? { (t) (t-1)

N <9(1)+9( >/ bV 0% 1(d§))5},

and
—a g (9) = -2 6_2 En ! {Ya(tk) — Ya(tk 1)
092 ~™F (I +[Ye(tr1)])? -

(m+w/%n“@y@d< b 0%, @

1

Subsequently, solving the equation below

0 0
—\I’n75(6) — W\P

80 ne(®) =0,

we obtain the LSE é\n@ = (57(112,@(122)* of the unknown parameter § = (61, 0)* € Oy possesses
the formula

Sy AgAs — AzA Ay Az — AsA
g — 245 — 4344 4 g — Aids — Axdu
mT S(AAs — AZ) e 5(A Ay — A7)
where
- 1 " YE(t) — V(1)
A = s A = 9
P (Ve ()] ’ §2a+wwmmv
n (Yo(te) = Yo(te1)) J bo (Vi O 73 - (dQ) n Jobo(YVE 04 Ve (d¢)

A k=1 (14 |Ye(tr—1)])? A ; (1+ |Y€(tk—1)|) ’

and
v (¥, 0%, @10)

A= A F Vo))

k=1

17



In terms of Theorem [B.1] é\n@ — 6 in probability as ¢ — 0 and n — oco. Next, from (4.11]), it follows

that T 0 O
- 1 1 bO(Xs7Xs)
1(6o) —/0 1+ X072 < bo(X0,X0) bo(x0,x0)2 ) 4
and, for { € €,

T T 1 1
| et mane) = | T 1X0(s) < bo(X0, X) )dB(S)'

At last, according to Theorem ET], we conclude that
T
e (One —00) — I (6p) / T(XY 605)dB(s)  in probability
0

as € — 0 and n — oo provided that I(-) is positive definite.
Before we proceed to complete the proof of Theorem (.l let’s prepare the lemmas below.

Lemma 4.3. Assume that (A1)- (A3) and (B1)- (B2) hold. Then,

(4.13) /O ' T(PE 15, 00)AB(E) — /0 " Y(X0.60)dB()  in probability
as ¢ = 0 and § — 0. Moreover,

(4.14) e N (VD) (00) — —2 /0 ! T(X?,60)dB(s)  in probability

whenever € — 0 and § — 0.

Proof. We first claim that
T
(4.15) / IC(TG 5150 00) — T(X,00)|%dt — 0 in probability
0

as € — 0 and 6 — 0. For any x > 0 and p > 0, by the aid of (£I5]) and by making use of [5]
Theorem 2.6, P.63], we have

]P’(‘ /OT(T(?E/W,HO) - T(XP,OO))dB(t)‘ > k)
T

= P(/O I (V515 00) = TCXP,00)|Pdt = w2p) + p.

Thus, (£I3) follows from ([£I0) and the arbitrariness of p. So, in what follows, it remains to show
that (AI3) holds true. Observe that

Y (Y55 00) — T(X7,00)
B {(veb)*(yﬁ/ﬂ&g?ﬁ/éw’ bo) - (ng)*(XtO,fX?, 90)}8(Yﬁ/5J5)0(Yﬁ/5J5’g?ft/aja)

+ (V0b)" (X7, g 0017 (Viyjays) = (XD (Vijajs0 Ly )

+ (Vob)" (X7, L0, 00)5( X {0 (V5150 Lo ) — o(X{, Lxo)

[¢/5]5
=:%1(t,e,0) + Xa(t,e,0) + X3(t, €,0).

18



From (B1), (39), and 3.2I)), it follows that
T
| =101 + [2a(0.2.0) )

T
<e / (1 198 syl 5) 175 515 — XPI2.dt + (e, 0)
(4.16) 0

T

< C/o L+ Y55 — XP s + IXDNSINY 55 — XP3eds + 1(e, )
T

< C/O L+ 1Y 55 — XP N 15 — X2 lloedt + TI(e, ),

where -

fi(e.8) = c [ (14 175y | BIT g5 — Xt

For any p > 0, one gets from (4.I6]) that
T
IP’(/O (121 (t, &, 0) |1 + || Za(t, e, 0)||*)dt > p)

T
% 0114 \||1v 012 p
< P(Ti(c,8) = p/2) + P(c /0 (L ¥ 15 = XPIEN V515 — X Iett > £).

By the Chebyshev inequality, in addition to ([34]) and (BI1),

T
Fa C
P(Il(e,8) = p/2) < ;/0 (1 +EHYt/5J5”4 )E|’YL1‘,/6J5 X5 ds
— 0

as € = 0 and § — 0. Also, for any K > 0, by Chebyshev’s inequality, besides (B4,
g v 04 \||1v 012 P
£ €
Pe |1+ Va5 = XPIIT oy — Xt > £)
T
4 e 02 P
<Pl K [ ¥ — X0t = 5)

T
Pe 181 - > L
—|—]P’<c/0 (1+ ”YLt/5J6Hoo)1{||Y@/6J6—X?||ooZK}dt - 4)

1+ K*
< %/ E(Y/5)5 — X7 I3t

T
€ ve 8 ~
+ p/o B+ ¥ yapslloo) g - —xplez i)t

1+ K*?
%/ E”YLt/éjé X7 |3.dt

’ % 1/2 > 1/2
€ : 16 e xS

- c(1+ K%

2 2 /2
; EHYLt/cSJ& XP|% dt+— EHYt/aJa X113 ) dt.
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This, together with ([BI1J), leads to
T
(4.17) / (|21 (t,€,0)||? + |B2(t,€,0)|[*)dt — 0 in probability
0
as ¢ = 0 and 6 — 0. Furthermore, (A1), 821 as well as (B1) imply that
T T
(118) | EIms et < e [ BT - XPRa— 0

as e — 0 and § — 0. As a result, (£I3) follows from [@I7)), (£I8) and Chebyshev’s inequality.
For any # € © and random variable ( € ¢ with P2(%), note from ([B.2]) that

(VoA)(C,0,00) = —(Vob) (¢, 2, 0).

A straightforward calculation shows that

(Voa,c)(6) =23 (Voh)* (Vi 6,00)5(V_){ Pr6o) + 6A(T_,,6,00)}
k=1

_ _zz Vob)* (Y, oLy 1,9)3(2;1)13,@(9).
k=1

Therefore, one has
1 T
“(T0)00) = 2 [ (T 0005 (),
Subsequently, ([I4) follows from ([@I3) immediately. O
Lemma 4.4. Under the assumptions of Theorem [.T],
(4.19) (VP®, ) (0) — Ko(0) := K(6) +2I(6) in probability

as ¢ — 0,n — oo, where (Vg2)<1>n75), 1(0), K(0) are defined as in (£4]), [43H]), and (£7]), respectively.
Proof. By the chain rule, we infer from (4] that

(VP ®,.)(6) ——22 Ve, ﬁ)o(a(ﬁz,l)zﬂk(m)
k=1 -

-1

2) 1% ~/
——22 V(e Ly 1,9>o(o<nz,1>Pk<eo>)
k=1

—252{ Vi L )0 (3 AT ,.0.60)

-1

— (Vob) (Vi e 03V (Vb)Y L. 0)]

k—1

=: ©1(g,0) + O2(g, 9).
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Taking (B2) into consideration and mimicking the argument of Lemma B.6] we obtain that
©1(g,0) — 0 in probability as e — 0, § — 0.

Observe that

T
2 * ~ /> >

Yisss)s
T
+ 2/0 (Vb T s G 005 (Vg (Vab) (Vg Zr 00
Wy(,6) + Wa(e, )
Carrying out an analogous argument to derive Lemma [35] we infer that
(4.20) Uy(e,6) — K () in probability ase — 0, — 0
by taking (B2) into account, and that
(4.21) Uy(e,0) — 2I(0) in probability ase — 0,6 — 0
by using (B1). Thus, the desired assertion follows from ([£.20) and (£2]]) immediately. O
Now we start to finish the argument of Theorem 1] on the basis of the previous lemmas.

Proof of Theorem .1l The original idea on the proof of Theorem ET] is taken from [3I]. To
make the content self-contained, we herein provide a sketch of the proof. In terms of Theorem [B1]
there exists a sequence 7, . — 0 as ¢ — 0 and n — oo such that /e\n,a € BME(HO) C 0, P-a.s. By
the Taylor expansion, one has

(4.22) (Vo®@, ) (On2) = (VoP2)(00) + Dpc(Orc — 00), O € By, _(60)
with .
Dy, = / (V2®,.)(00 + u(Bre — 00))du, Br. € By, . (00).
0

Observe that, for §n,€ € By, . (0o),

IDnc — Ko(00)|| < | D — (VPP 2)(00)]] + [|(VPD,0.0) (00) — Ko(Bo)]|
1
< / (V) B 0) (B0 + (B e — 00)) — (VS D,,.) (60) | du
0
(

+ (V) @4.2)(80) — Ko(60)|

< sup [(VPD,(0) — (VD) 00) | + (VP ®r0) (60) — Ko(6o)
geBnn,s(eo)

< sup [[(VP®,)0) - Ko@)+  sup  |[Ko(6) — Ko(6o)]|
eeBnn’g(GO) eeBnn,s(eo)

+2)(VE ®,,.2) (80) — Ko(60)]l,
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in which Ky(+) is introduced in (£I9). This, together with Lemma [4.4] and continuity of Kjy(-),
gives that

(4.23) D, . — Ky(6p) in probability

as ¢ — 0 and n — oo. By following the exact line of [2I, Theorem 2.2], we can deduce that D,, . is
invertible on the set

« ~
Toei={ sw (VP 2,)0) ~ Ko(0o)| < 5. Bnc € By,.(00)}
geBnn,s(eo) 2

for some constant o« > 0. Let

-~

Dn,e = { Dy is invertible ,8,,. € By, _(60)}.

By virtue of Lemma 4] one has

(4.24) im P( sup  [(T09,.)(0) ~ KolBo)ll < 5) = 1.

€—>O,TL—>OO eeB”m)E(eO)

On the other hand, recall that

(4.25) lim IP’(@M € Bml,s(@o)) =L

e—0,n—00

By the fundamental fact: for any events A, B, P(AB) = P(A) + P(B) — P(AU B), we observe that
«
12 P 2P( sup (VP 000)(0) = Kol0o)] < 5)
(4.26) 0€ By, - (0o)
+ P(en,g e Bnn,s(eo)) ~1.

Thus, taking advantage of (4.24]), (£25]) as well as ([£.20)), we deduce from Sandwich theorem that
(4.27) P(Zpe) > P(Tne) = 1

as € — 0 and n — o0o. Set
Un,a = Dnﬁflgn,s + Ip)(plgﬁ’ea

o~

where I,x, is a p x p identity matrix. For S, . := e 1(f,. — 6p), we deduce from ([Z22) that
Sn,s = Sn,slﬁn,g =+ Sn,slﬁfm
= Un_,;Dn,aSn,a:l@n,g + Sn,algﬁﬁ
= e U {(Vo®ne) (Ons) = (VoPue)(00)}1g, . + Snelog
= _E_IUT:;(V(g@nﬁ)(eo)l@n,e + Snﬁl@ﬁ’g

— I71(6p) /OT T(X?2,600)dB(s),

o~

as ¢ — 0 and n — oo, where in the forth identity we dropped the term (Vy®,, .)(6, ) according
to the notion of LSE and Fermat’s lemma, and the last display follows from Lemma 3] (£23]) as
well as ([A27) and by noting K((0y) = 21(0y). We therefore complete the proof. O
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