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Abstract. This paper deals with the discrete system being the finite-difference approx-
imation of the Sturm-Liouville problem with frozen argument. The inverse problem theory
is developed for this discrete system. We describe the two principal cases: degenerate and
non-degenerate. For these two cases, appropriate inverse problems statements are provided,
uniqueness theorems are proved, and reconstruction algorithms are obtained. Moreover, the
relationship between the eigenvalues of the continuous problem and its finite-difference approx-
imation is investigated. We obtain the “correction terms” for approximation of the discrete
problem eigenvalues by using the eigenvalues of the continuous problem. Relying on these
results, we develop a numerical algorithm for recovering the potential of the Sturm-Liouville
operator with frozen argument from a finite set of eigenvalues. The effectiveness of this algo-
rithm is illustrated by numerical examples.
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1 Introduction

This paper is concerned with the finite-difference approximation

A th; T GYm = Nyj,  § =11, (1.1)
Yo = Y41 =0 (1.2)
of the eigenvalue problem for the functional-differential Sturm-Liouville equation
—y"(2) + q(x)y(a) = Ay(z), € (0,7), (1.3)
y(0) = y(m) = 0. (1.4)

Here A is the spectral parameter, a € (0, 7) is the so-called frozen argument, ¢ € Lo(0,7) is a
complex-valued function called the potential, | € N, h = 5, y; = y(z;), ¢; = q(z;), z; = jh,
j=0,l+1, the index m € {1,...,1} is such that z,, = a.

Equation belongs to the class of the so-called loaded equations [1},[2], which contain
the values of the unknown function at some fixed points. Such equations have been applied
for studying groundwater dynamics [2,3], heating processes [4,5], feedback-like phenomena in
vibrations of a wire affected by a magnetic field [6,7]. It is also worth mentioning that the op-
erators induced by equation (|1.3]) are adjoint to the certain differential operators with nonlocal
integral boundary conditions (see [8,|9]), arising in the investigation of diffusion processes [10].
Since loaded equations are difficult for analysis, it is natural to develop numerical methods
for their solution. In particular, finite-difference approximations of the boundary value prob-
lems (but not eigenvalue problems) for ordinary and partial loaded differential equations were
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constructed and analyzed in [11-14]. Exact solutions for a special class of loaded difference
equations were obtained in [15,/16].

This paper is mostly focused on the theory of inverse spectral problems. Such problems
consist in the recovery of operators from their spectral characteristics. The most significant
progress in inverse problem theory was achieved for the differential Sturm-Liouville equation
(see the monographs [17-20]):

— ¢ (@) + q(@)y(z) = Ay(z). (1.5)

However, equation (1.3 with frozen argument is nonlocal, therefore the classical methods of
inverse problem theory do not work for it.

Inverse problems for the functional-differential equation were studied in [7,[21-29).
In particular, it has been shown in [23] that the spectrum of the problem (L1.3)-(1.4) is the
countable set of the eigenvalues {\,,}>°; (counting with multiplicities) with the asymptotics

)\ 2
)\n:<n+7> , neN, {,}€l. (1.6)

The inverse spectral problem for the Sturm-Liouville operator with frozen argument is
formulated as follows.

Inverse Problem 1.1. Given the eigenvalues {\,}5°,, find the potential q.

The uniqueness of the recovery of the potential ¢(x) from the eigenvalues {\,}°°; depends
on a. There are two principal cases:

Degenerate case (see [23,124,26,29]). If T € Q, that is, T %, j,k € N, j <k, then a
part of the spectrum degenerates:

Aok = (nk)?, neN. (1.7)

In this case, the potential ¢(z) cannot be uniquely recovered from the spectrum {\,}>2 ;.
However, in [26], the classes of iso-spectral potentials are described and additional restrictions
sufficient for the uniqueness of the inverse problem solution are provided. Furthermore, in
[23,24,26] constructive algorithms for solving the inverse problems together with the necessary
and sufficient conditions of their solvability are obtained.

Non-degenerate case (see [28]). If T ¢ Q, then there is no degeneration of form (1.7)) and
the solution of Inverse Problem is unique in Ly(0, 7).

In this paper, we develop the inverse problem theory for the discrete system -,
having a finite set of the eigenvalues {\,;},_;. We study the following inverse problem.

Inverse Problem 1.2. Given the eigenvalues {A,,;},_;, find {g;}\_;.

We show that, for the discrete problem, there are also two principal cases, similar to the
ones for the continuous problem.
Degenerate case. If gcd(m,l + 1) = d > 1, then a part of the spectrum degenerates:
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g = ) r:%, k=T,d—1. (1.8)

In this case, solution of Inverse Problem [1.2] is non-unique.
Non-degenerate case. If gcd(m,[+1) = 1, then the eigenvalues {\,;}!,_, uniquely specify

{a; 2’:1-



In Section [2] of this paper, we discuss additional data for the unique solvability of Inverse
Problem in the degenerate case, formulate the uniqueness theorems, and develop construc-
tive algorithms for solving the inverse problems for the degenerate and non-degenerate cases.

In the inverse problem solution, an important role is played by the Chebyshev polynomials
of the second kind. The crucial step of the reconstruction of the coefficients {¢;} is finding
the coordinates of some characteristic polynomials with respect to the basis of the Chebyshev
polynomials. Note that the continuous problem — with frozen argument also has a
deep relationship with the Chebyshev polynomials (see [29)]).

In Section [3] we study the connection between the eigenvalues {\,}22, of the discrete
problem (L.1)-(1.2) and the eigenvalues {\,,;}!,_; of the continuous problem (L.3)-(L.4). For
the Sturm-Liouville equation , the relationship between the eigenvalues of the continuous
problem and its finite-difference approximation has been investigated in [30] and used for devel-
opment of a numerical algorithm for recovery of the potential ¢(x) from the eigenvalues in [31].
Note that the methods of [30,[31] cannot be directly applied to the problem (L.1))-(L.2) because
it is non-self-adjoint. For studying the behavior of the eigenvalues A, ; as | — oo, we develop
three different methods for “small”, “middle”, and “large” n. As a result, we show that A, ;
can be approximated by the continuous problem eigenvalues A, with the “correction terms”:
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The situation is different from the results of [30,31], since for the standard Sturm-Liouville equa-
tion, only a part of the eigenvalues of the corresponding discrete problem have a significantly
good approximation by using the “correction terms”.

In Section [4] we use the results of Sections 2}3] for the development of a numerical algorithm
for recovering the potential ¢(z) from a finite set of the eigenvalues {\,} of the problem ([1.3)-
. Although there is a number of numerical methods for solution of the classical inverse
Sturm-Liouville problems (see, e.g., [32,33]), there are only a few results in this direction for
nonlocal operators. In particular, a numerical approach to the inverse problem solution was
developed in [34] for one special class of the second-order integro-differential operators. For
functional-differential operators with frozen argument, as far as we know, numerical solution
of inverse spectral problems has not been studied yet. In this paper, we make the first steps
in this direction. In Section |4, we describe a numerical method based on the finite-difference
approximation — for solving the inverse problem for the Sturm-Liouville operator with
frozen argument. Numerical examples confirming the effectiveness of this method are provided.

In Section [5] possible generalizations and applications of our results are discussed.

2 Solution of the discrete inverse problem

Let us rewrite the discrete system ((1.1))-(1.2)) in the following equivalent form

Yir1 +Yjo1 — WYm = 1y,  J = 1,1, (2.1)
Yo = Y41 = 0,

where w; = h?q;, p =2 — h2\.

In this section, the inverse problem theory for the eigenvalue problem — is devel-
oped. We describe the two principal cases: degenerate and non-degenerate. For these two cases,
we provide appropriate inverse problems statements, prove uniqueness theorems, and obtain
reconstruction algorithms.



Denote by [P; (u)]?;lo and [Qj(,u)]gilo the solutions of the system (2.1 satisfying the initial
conditions

Pri(p) =1, Pu(p) =0, Qn-1(n) =0, Qn(p) =1 (2.3)

Obviously, using (2.1)) and ([2.3), one can readily compute P;(p) and Q;(u) for j = m —2,m —
3,...,1and for j =m+1,m+2,...,l+ 1. Below the notation f(u) ~ fou" means that f(u)
is a polynomial of degree n with the leading coefficient fy. One can easily check that

Po(p) ~ ™Y, Pra(p) ~ ==, Qo(p) ~ (G-t — )™ 2 Qua(p) ~ p =™ (2.4)

The eigenvalues of the problem (2.1)-(2.2) coincide with the zeros of the characteristic
function

D(p) = Po(p)Qua(pr) — Prya (1) Qo(p)- (2.5)

It follows from (2.4) that D(u) ~ u!. Hence, the problem (2.1)-(2.2) has exactly I eigenvalues

{:un}fz:D and .

D(p) = [ [ (1 = tm)- (2.6)

n=1

Clearly, Inverse Problem is equivalent to the following one.
Inverse Problem 2.1. Given {y,}},_,, find {w;}}_,.
Proceed with the solution of Inverse Problem 2.1 Define ¢,,(11) by the recurrence relation

Yo(p) =0, () =1, Ynpa(p) = pbn(p) — ua(p), neN.

Clearly, 1, (1) = U,y (%), where U, (p) are the Chebyshev polynomials of the second kind.

Hence
sin(nd)

Pn(p) = g M= 2 cos 0, (2.7)
deg(¢,) =n — 1, and the zeros of 1, (u) are
k
2 cos <7T—) k=Tn—1 (2.8)
n
By induction, one can show that
BPo(p) = dm(p),  Pra(p) = =r-mi1 (), (2.9)

l—m+1

Qo(p) = —Ym-1(p) + Z_ wﬂ/’j(/ﬁ), Qur1(p) = Vimmya(pt) + Z wl+1—j¢j(,u)- (2.10)

Substituting ([2.9)-(2.10)) into (2.5]), we obtain
D(p) = (1) 1-mra(p) + g~ oy + O (' ™™). (2.11)

Hence, given D(u), one can find w,, from (2.11)).

Non-degenerate case. If the numbers m and (/+1) are relatively prime, that is, ged(m, [+
1) = 1, then the polynomials Py(x) and Pr4q(p) do not have common roots. Substituting their
roots

7k

wk —
=2 — k=1m-—1 d 6,=2 —
Vj cos(m), ,m—1, an % COS(Z ——

), k=11—-m, (2.12)
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into ([2.5)), we derive

Qo(vk) = =P (vk)D(vy), k=1,m—1, (2.13)
QZH(Hk) 1(6k)D<9k)7 k= 1,l —m. (214)

In view of (2.10)), Qo(x) is a polynomial of degree (m —2) and @Q;4+1(p) is a polynomial of degree
(I —m + 1) with the known coefficients at u'~™*! and p!~™. Therefore, the polynomials Qo (1)
and Qu41(p) can be uniquely constructed by using formulas (2.13)-(2.14) and interpolation.

Observe that the Chebyshev polynomials {Q,Dj}?:l form a basis in the space &, 1 of
polynomials of degree at most (n — 1). Consequently, the numbers {w; ;71:_11 can be found
from as the coordinates of the polynomial (Qo + Ym—1) € Pp_o with respect to
the basis {¢;}7"5', and the numbers {w;;- ]}J ', as the coordinates of the polynomial
(Qir1 — Yi—mt2 — Wi i—mt1) € Pi_m—1 With respect to the basis {9, ;;T Thus, one can
solve Inverse Problem [2.1] by the following algorithm.

Algorithm 2.2. Suppose that ged(m,l + 1) = 1 and the eigenvalues {u,},_, are given. We
have to find {w;}._,

1. Construct D(u) by .

2. Determine w,, by using (2.11]).
3. Find Py(u) and Pryq(p) by (2.9).

4. Caleulate {v}75", {04}, 27 by 212) and {Qo()}i5)' {Qura(00) 1,77 by @213 213)-2.19).

5. Interpolate the polynomial Qo(u) by its values {Qo(vi)}7="
6. Interpolate the polynomial (Qiq(p) — pt=™t — wm,ul*m) € Y _,,_1 by its values
{Quia(0) — 0™ — w0y H7, then find Qi ().

7. Find the coordinates {w; };”:_11 of the polynomial (Qo + ¥,,—1) with respect to the basis
iy

8. Find the coordinates {wl+1_j}§;q‘ of the polynomial (Q;11 — Yi—mi2 — Wni—mi1) €
P)_m—1 with respect to the basis {1, é_:T

Thus, all the elements of {w;},_, are found.

The uniqueness of construction at each step of Algorithm implies the following unique-
ness theorem for solution of Inverse Problem [2.1] u in the case ged(m,l + 1) = 1. Along with
the problem (2.1)-(2.2) with the coefficients {w;}}_, and the eigenvalues {u,}!,_,, we consider
another problem of the same form having dlfferent coefficients {w]}l _, and the eigenvalues
{i;}! j=1- The parameters [ and m are supposed to be the same for these two problems.

Theorem 2.3. Suppose that gcd(m,l+ 1) =1 and p,, = fin,, n =1,1. Then w; =w,;, j = 1,1.

Below we show that the condition ged(m, !+ 1) = 1 is not only sufficient but also necessary
for the uniqueness of solution of Inverse Problem [2.1]

Degenerate case. Consider the case ged(m,l+ 1) = d > 1. Then the polynomials Py(1u)
and P 1(p) have the common roots & = 2cos & “k , k =1,d—1, being the roots of ¥g(u). It



follows from (2.5) that {&,}{_! are also roots of D(x) and eigenvalues of the problem (2.1))-(2.2)):
prr =&k, k=1,d—1,r = l“ Thus, relation (2.5 can be represented in the form

D(p) = Ya(p) (em—a(1) Qu1 (1) + Lr—ms1-a(p) Qo (1)), (2.15)

where

V(1)

Prm—a(p) = M and  ©_my1a(p) = Yrom1-a(p)

Ya(p)

are relatively prime polynomials of degrees (m — d) and (I — m + 1 — d), respectively. Clearly,
the degenerate part of the spectrum {u, }4—] carries no information about {w; }221. It is also

(2.16)

clear that the (I —d+ 1) remaining eigenvalues {, }\_, \ {tr }{Z} are insufficient for the unique
reconstruction of the [ unknown values {w; }3:1- Therefore, instead of Inverse Problem we
consider the following two partial inverse problems.

Inverse Problem 2.4. Suppose that the numbers {w] };”:_Wll_ 441 are known a priori. Given the
eigenvalues {1t} \ {tter Yooy, find {w; ¥ \{w;}io0 o

Inverse Problem 2.5. Suppose that the numbers {wj} +1 are known a priori. Given the

eigenvalues {Mn}nzl \ {#kr}k:p find {w; }3:1\{74’3 T:J%iﬂ

Suppose that the conditions of Inverse Problem [2.4] are fulfilled. Denote by {ve )= the
roots of the polynomial ¢,, 4(p). These roots can be easily found by using and ( -

Using ([2.5)) and - we obtain
Qo(vk) = =P () D), k=1m—d

Define the polynomial

Q1) = Qolp) + Yms () = 3 wits(p) (2.17)
Clearly, deg(Qg) < (m —d — 1) and
Qi) = ~ P D) + tnal) — S wiy(n), k=Tm—d.  (218)
j=m—d

Therefore, one can use interpolation to find Qg(x) by its values (2.18)), and after that find Qo(1)
from (2.17)). Further, using (2.5, we find

Qi (p) = Fy 1(u)(D(u) + P (1) Qolp))- (2.19)

Now the unknown values {w;}i_;\{w;}7=_,,, can be found analogously to Algorithm .
Thus, we arrive at the following algorlthm for solution of Inverse Problem [2.4]

Algorithm 2.6. Suppose that ged(m,l+1) =d > 1 and the numbers {wj}g';_ni_dﬂ, T S

{pur i1 are given. We have to find {w;},_ 1\{wj}j —d1-

1. Add pgr = 2cos = ”k k: =1,d—1,r= l“ , to the set of the glven elgenvalues and construct
the polynomial D ) by . Determme w,, by using

2. Find Py(u) and Pyq(p) by (2.9).



3. Find the polynomial ¢, 4(x) by (2.16]) and its roots {I/k}m:_d

Using the given values {w; }] s caleulate {Qf(vi) o by ([2:18).

e~

md

ot

Interpolate the polynomial Qf(p) € Pp—a—1 by its values {Qf (k) } i

Find Qo(p) from (Z-17).

Construct Q141 (p) by (&19).
8. Implement steps 7-8 of Algorithm to find the unknown values among {w;, }§:1

N>

Inverse Problem can be solved analogously. The constructive solutions of Inverse Prob-
lems imply the following uniqueness theorem.

Theorem 2 7. Suppose that ged(m,l + 1) d > 1. Then a part of the spectrum of the

problem ([2.1] . 2.2) degenerates: g, =2cos 7, k=1, 1,d—1,r= “drl

(z)[fwj—wjforj—m d+1,m—1cmdnn unforn—l,l,thenwj—w],j: .
(i) If w; = w; for j =m+1,m+d and p,, = fin, forn = 1,1, then w; = w;, j = 1,1.

Note that the condition fn = fin, n = 1,1, in (i) and (ii) can be replaced by ji, = fin,
n € {l,...,1}\ {kr}iZl, since the degenerate eigenvalues automatically coincide. Obviously,
the spectrum degeneration described in Theorem implies ((1.8) for the eigenvalues of (|1.1))-

2.

Example 2.8. Consider the special case | = 2m — 1, which corresponds to a = Z in the
continuous problem ([1.3))-([1.4)), that is, the frozen argument is in the middle of the 1nterval
Then, d = m and formula (2.15]) takes the form

D(p) = (1) (Qo () + Quyr(p)). (2.20)

Hence, p, = 3 for even n and

!
Qo(p) + Qi1 (p H [t = fin)- (2.21)
n1: dd
On the other hand, relations ([2.10]) imply

-1

Qo(p) + Quir(1) = Va1 (1) — Y1 (1) + Wi (1) + ) (w5 + wir1-5); (). (2.22)

Jj=1

3

Thus, given the eigenvalues {1, } with odd indices n, one can construct the polynomial (Qo(u)+
Qi+1(r)) by (2.21) and find the coordinates {w; + w1, }j 1, Wy, of the polynomial

(Qo + Qi1 — Vms1 + V1) € P

with respect to the basis {%}Tzl Obviously, it is impossible to uniquely determine the coef-
ficients {w;};_; \ {wn}. However, the uniqueness of the inverse problem solution holds in the

symmetric case and if {w;}75" or {w;}_, |

Theorem 2.9. Suppose that | = 2m —1 and one of the following conditions (i)-(iii) is fulfilled:
(Z) w; = UJH_l_], UNJ] = 'LZJ[_H —j> ] = l,m — 1,'
(i) w; =wj, j=1,m—1;
(iii) w; = Ww;, j —m+1 m+1,1.
Then, it follows from p, = fin, n = 1,1, that w; = wj, j = 1,1

1 are known a priori.

o~
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3 Eigenvalue asymptotics

In this section, we study the connection between the eigenvalues of the continuous problem (|1.3)-
(1.4) and its finite-difference approximation (1.1))-(1.2). For definiteness, we consider the case

a = T corresponding to [ = 2m — 1. The other cases can be studied similarly. We improve

the azsymptotics of the eigenvalues {\,} obtained in [23]27] and investigate the behavior of
Any as | — oo. Our methods differ from the ones used for the finite-difference approximation
of the Sturm-Liouville equation [30]. Our approach is based on the expansion by the
Chebyshev polynomials. Three different techniques are developed for “small”, “middle”, and
“large” indices n. As a result, the “correction terms” for approximation of A,; by A, are
obtained.
For the continuous problem (1.3)-(1.4)), we briefly recall the results of [23]. Equation (I.3)
has the solutions
C(z, A) :== cos(p(z — a)) —|—/ q(t)%;_t)) dt, S(xz,\) = w, (3.1)
where p = v/A. Note that the definitions of C(x, \) and S(z, \) do not depend on the choice of
the square root branch. The eigenvalues {),}>2; of the problem (1.3)-(1.4) coincide with the

zeros of the characteristic function
(3.2)

Substituting (3.1]) into (3.2), we derive the relation

1 . pm pT /”/2 sin(pt)
A(N) = —sin— [ 2cos — + p(t)———=dt | ,
=7 2( ™

where p(t) := q(t) + g(m — t). Obviously, the spectrum of (1.3))-(1.4]) consists of the degenerate
eigenvalues N, = (2n)?, n € N, and of the non-degenerate eigenvalues A\, = p? with odd n,
where {p,} are the zeros of the function

7T/2 : t
R(p) := 2cos oy / p(t)sm(p ) dt (3.3)
2 0 P
such that arg p, € [—3,%). Using (B.3), we improve the asymptotics (L.6).
Lemma 3.1. Suppose that q € Ly(0,m) and a = 5. Then the eigenvalues {\,} of the boundary
value problem (1.3))-(1.4) with odd n have the asymptotics
2sin & [7/2
Ay =n*+ : / p(t) sin(nt) dt + “n (3.4)
T 0 n

Here and below, the notation {z,} is used for various sequences from .

Proof. Theorem 3.1 from [23] implies that, for ¢ € Ly(0,7) and odd n, A\, = p?, where

Pn=N+en, &Ep= % (3.5)

Substitute (3.5)) into the equality R(p,) = 0. Calculations show that

5 :—SmTSin—:——sm—+O

(n+ep)m nmw . EpT EpT . NT 3
cos ( 5 5 5 (),



sin((n + &,)t) = sin(nt)(1 4+ O(e2)) + cos(nt)O(e,) = sin(nt) + O(e,,),
uniformly with respect to t € [0, 7/2]. Hence

_nm 1 [T _ 1
EnTrSin —= = — p(t)sin(nt) dt + O(n™"¢,,). (3.6)
0

This together with (3.5)) imply

sin 2z [7/2 x,
2 . n
Ep = t)sin(nt) dt + —.
— /0 p(t) sin(nt) e
Consequently, we arrive at relation (3.4) for A, = (n + &,)% O

Now return to the discrete inverse problem which was considered in Example 2.8 Since
I = 2m — 1, the eigenvalues \,; for even n degenerate (see (1.8)). Therefore, it is worth

considering only )\n ; for odd n. Using the change of variables A = 2}:2“, p=2cosb, w; = h’q;

and relations (2.7)), (2-20), (2-22), we conclude that A,,; = 2= QCOSG’” , where 6,,; are the roots of

the equation

sin(mf) s sin(j0)
2 — _p? —n23 (g P fatioy .
cos(mb) h?q,, =g h 2 (¢5 + @41-5) 0 (3.7)

For brevity, introduce the notations p; := ¢; + ¢4+1—; and

m m—1
Z/a] — —ao + ZCLJ + ;am
Jj=0 j=1

Obviously, p; = p(z;), pm = 2¢m. Now equation (3.7) can be rewritten in the form

2 cos(mb) = — ,h2 Z/pj sin(j6). (3.8)

sin § 4
]:

Let us consider the behavior of the roots of equation as [ = 2m — 1 tends to co and
obtain the asymptotics for the eigenvalues )\, ;. We will use different techniques in the three
different cases.

“Small” n. Consider equation in the circle 0| < Cyh, where Cy > 0 is an arbitrary
fixed constant. Note that sin(jf) = sin (%xj), where the sine argument is bounded. If p €
C?[0, ], the trapezoidal rule for integration implies

/Ow/Qp( )Sm(H )dx—hz pjsnl( ) +O(h?). (3.9)

Using (3.8)), (3.9), the change of variables £ := %, and taking Si% ~ % into account, we arrive
at the equation

2cos STy ¢ / )sin(éz) do = O(h?), (3.10)

where the O-estimate is uniform with respect to & in the circle |{] < Cy. Observe that the
left-hand side of (3.10)) coincides with the function R(€) defined by (3.3]). Recall that the zeros
of this function are p,, with odd indices n. Using Rouché’s Theorem, one can easily show that
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equation (3.10)) has zeros &, ; = p, + €, where €,,; = o(1) for a fixed odd n and [ — co. If p,
is a simple zero of R(£), we have R'(p,) # 0, so the Taylor expansion yields

Rlpu + en) = R(pa) + R(pn)ens + O(2)) = O(0%) = 40 = O(?).

Hence,
4 sin? Lz

en,l = hgn,l = h'pn + O<h3)7 )\n,l = 72 + O(hQ)

Since h — 0 and p? = \,, we arrive at the following theorem.

Theorem 3.2. Suppose that a = 5, g € C?0, 7], and X\, # 0 is a simple eigenvalue of (1.3)-
(1.4) with an odd n (i.e. this eigenvalue does not belong to the degenerate set Xy, = (2n)?,
n € N). Then the following asymptotic relation holds for | = 2m — 1 — oo:

At = A + O(h?), (3.11)
where the O-estimate is uniform with respect to n < ng for an arbitrary fived integer ng.

“Middle” n. Clearly, if all p; = 0, equation (3.8) has the roots

2,1 = %, n=12m—1, n isodd. (3.12)

For each fixed [ = 2m — 1, consider such indices n that 5= > a, 2’;m” > a, a > 0 is fixed.

Consider the circles |6 — 927l| = 15 with the radius 75 = 7, 0 < 0 < §. One can easily check
that

|sin(j0)] < C,

< >
Snd] C, |cos(mb)| > co,

for |6 — 0M| = 1.5, sufficiently large values of [, and a fixed §. Here C and ¢y are positive
constants independent of n, [, . Suppose that the function p(x) is bounded. Then, the right-
hand side of is O(h) as | — oo. Using Rouché’s Theorem, we prove that equation
has exactly one root 6, in the circle |§ — 69 | < 7, for sufficiently large I. Since d > 0 can be
arbitrarily small, we have

Qn,l = ‘92,1 + Enly, Enl = O<h)7 [ — oo. (313)

Using (3.8 , and (3.13] , we obtain
2cos(mb,,;) = —2sin (%) sin(me,,) = O(h) = &,; = O(h?).

Hence,
cos(mb,;) = —sin <n2 ) men; + O(h?),  sin(jb,,) = sin(nz;) + O(h).

Substituting the latter relations into ([3.8]), we derive

h3 h3
Enl = WSIH( ) Z p;sin(nz;) | + O (sin(@n,l)) ) (3.14)

Relations (3.13]) and ([3.14) imply the following asymptotics for the eigenvalues A, ; = %ﬂse"’l:
4sin? (L 2
Anl = % + ;sm( ) (hz p; sin(nx; ) +O(h), 1=2m—1—00, (3.15)

10



n 2m —n

2m =

“Large” n. Now consider the case 0 < 27;—%" < a, a > 0. Let us study equation (3.8)) for

0 — 67 ;| < 715, where 6)) ; and 75 are defined similarly to the case of “middle” n. Applying the
change of variables ¢ := 7 — 6 in ({3.8]), we derive the relation

>a, a>0.

% 2m

2(-1)" cos(ms) = = 3 py(~1) sin(jo) (3.16)

Note that

p;sin(j¢) — pj41sin((j + 1)¢) = (pj — pjr1) sin(jo) + pj41(sin(jo) —sin((j + 1)¢)).  (3.17)
If p € C'[0,7], then p; — pj41 = O(h). For ¢ corresponding to |0 — 6} ;| < 715, the following

estimate holds: o o
sin(j¢) — sin((j + 1))
sin ¢
Therefore, using (3.17), we conclude that the right-hand side of (3.16) is O(h). Following

the proof for “middle” n, we arrive at the asymptotics (3.15]) for 2?—7;” < a. The results for
“middle” and “large” n are combined together in the following theorem.

= 0(1).

Theorem 3.3. Suppose that ¢ € C'[0,7], a = %, and o > 0 is fived. Then, the asymptotic

relation (3.15) holds for | = 2m — 1 — oo and odd n uniformly with respect to n satisfying

n
2m2&'

Comparing (3.4) and ({3.15]), we observe that

4 sin? ("—h)

)\n — TL2 ~ )\n,l — TZ (318)

for “middle” and “large” n in view of the trapezoidal rule
w/2 m_,
/ p(z) sin(nz) dr ~ h Z p; sin(nx;).
« 9 2 4Sin2(n7h) 1
In the case of “small” n, we have n* ~ ——5*= as h — 0, so (3.18) also holds by virtue
of Theorem Therefore, given the eigenvalues {\,} of the continuous problem (|1.3))-(1.4)),
sin2( 2k

one can use the “correction terms” - hg 2) _ n? to approximate the eigenvalues {\,;} of the

discrete problem ((1.1))-(1.2)). This idea will be used for numerical solution of the inverse problem
in Section [l
Let us improve the results of Lemma [3.1)and Theorem [3.3|for ¢ € WZ[0, 7], ¢(0) +¢(7) = 0,

W07 = {f: ./ € AC0. 7], 1 € L(0, 7)),
Lemma 3.4. Suppose that p € WZ[0,7/2], p(0) =0, | =2m — 1, and a > 0 is fized. Then

w/2
/0 p(z) sin(nx) de = O(n™?), (3.19)
> 'p;sin(nz;) = O(h), (3.20)

for odd n. The O-estimate in (3.20) is uniform for 3~ > a.

11



Proof. Integration by parts yields

/2 /2 / i
/0 / p(z) sin(nz) de = _plz)cosinz) + Ala)sinine)

- 2
n 0 n

71'/2 1 7'('/2
p"(z) sin(nz) dx

0 n? Jo
Under the assumptions of the lemma, this implies (3.19)).
Let us prove (3.20). The function p € W2[0, 7/2] can be represented as the Fourier series

Z P sin(rx) (3.21)

r 15 odd

where the notation p(" is used for the Fourier coefficients:

4 w/2
p = —/ p(z) sin(rzx) dz. (3.22)
T Jo
By virtue of - p ~2), so the series ((3.21)) converges absolutely and uniformly with

respect to x € [0, 7/ 2] Substltutlng into the left-hand side of (3.20) and changing the

integration order, we derive

Z p;sin(nz;) = Z Z p") sin(ra;) sin(na;)
7=0 1

r=
ris odd

N Ny tkym m, k=4ms, s € Z,
cos(kx;) = Re ex =
- (k) Z P ( 2m ) {0, otherwise.
j=0 3=0
Hence
m , m o0 o0
S N = — (r) _ (r)
S R D LT Wl
= r—n=4ms r—n=4ms
where r and n are odd, and the both series absolutely converge, since p™ = O(r~2). Using

(3-22) and taking the inequality @ < g% < 1 into account, we derive

; /pj sin(nz;) :% Z / )sin((n + 4ms)x) dz

s: n+4dms>1

_ % Z / )sin((—n + 4ms)x) dx

s: —n+4ms>1

Qmi/ﬂﬂ()'(uﬂx))d oy —!
=— x)sin((n 4+ 4ms)zx) dx = m - — .
T = Jo P S (n+ 4ms)?
Sinc % < %, we have
> i S 2 g < OF
= (n+4ms)? — 4m5 -
Combining the latter results together, we arrive at (| - O]
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Theorem 3.5. Suppose that ¢ € W[0,7], ¢(0) +¢q(n) =0, a =5, 1 =2m —1, and a > 0 is
fixed. Then, for odd n,

A =12+ 0(n?), (3.23)
4sin” (%) 2 n

= ) > Q. .24

Anyl 2 +O(h?), uniformly for 5 2O (3.24)

Proof. The conditions of Lemma [3.4] readily follow from the conditions of Theorem Using
(3.6) and (3.19), we conclude that €, = O(n~?). This implies (3.23)).

Using (3.20), we show that e,; = O(h?) in (3.14). Consequently, one can easily prove
that the remainder term in (3.14)) can be estimated as O (%), and so (3.15]) takes the

form ((3.24)).
Corollary 3.6. Under the assumptions of Theorem we have

4sin? (2
Ay — 2= Ny — L(Q) +O(h*)  uniformly for . > .
’ h? 2m

Thus, under the assumptions of Theorem [3.5] we obtain a better approximation rate in
(3.18), comparing the with the one given by Lemma and Theorem [3.3|

4 Numerical simulation

In this section, we develop a numerical method for recovering the potential ¢(z) of the prob-
lem — by a finite set of the eigenvalues. For this purpose, we approximate the eigen-
values of the discrete problem —, using the “correction terms” obtained in Section ,
and then solve the discrete inverse problem by the method of Section [2] First, the numerical
algorithm is described. Second, its effectiveness is illustrated by numerical examples.

For definiteness, we study the case a = 7 and [ = 2m — 1, considered in Example and
Section 3] For the uniqueness of the reconstruction, we assume that the potential is symmetric:
q(z) = q(m — x), x € [0,7]. Since A, with even n degenerate, we fix [ = 2m — 1, m € N and
define the set N := {n =2k —1: k = 1,m}. We seek an approximate solution of the following
problem.

Inverse Problem 4.1. Given the eigenvalues {\, },en, find the potential ¢(z).
Relying on relation (3.18)) and the solution described in Example we develop the fol-

lowing numerical algorithm for solving Inverse Problem [£.1]

Algorithm 4.2. Let the eigenvalues {\, },en be given. We have to find ¢; ~ ¢(z;), j = 1, 1.

1. Find the approximations S\M for the eigenvalues A, ; of the discrete problem and the
numbers u, for n € N as follows:
4 sin? ("Th)

5 =2 W\, neN. (4.1)

S\n,l = )\n — n2 +

2. Construct the polynomial Z € P,,_; by the formula

Z(p) = ] (= pn) = Gmsr (1) + 1 (1),

neN

13



3. Find the coefficients {z;}7L; of Z with respect to the basis {1;}7,.
4. Put g; == %hzzj, j=1,m—1, and G, := h%z,.
Consider the examples of numerical reconstruction by Algorithm for the potentials

q(x) = z(r — x), q(x) = 7/2 — |7/2 — x|, and ¢q(z) = 1. The corresponding functions R(p)
defined by ([3.3)) have the form

2 4
q(z) = z(m — x) R(,o):2008%—%005%4—;(1—008%),
2
q(x):g— g— ‘ R(p)z?cos%—%cos%rJrEsin%r,
q(z)=1: R(p) :2005%%——2 <1—cosp§).

We use the dichotomy to find the zeros of these functions numerically and so obtain the eigen-
values A,,.

The numerical results for m = 5 are provided below. In the tables, \,; are defined by .1,
Oni = At — Ani, G; are the values constructed at step 4 of Algorithm .2 ¢; ~ q(x;), 9, ==
q(x;) — G;. The potentials g(z) are symmetric, so they are considered only on the half-interval

[0, 7/2].

A1 A3 A5 A7 Ag
An | 3.5895 | 8.8607 | 25.0226 | 48.9922 | 81.0036
Anyg | 3.9867 | 8.2083 | 20.2868 | 32.1684 | 39.5384
Anyg | 39813 | 8.2139 | 20.2869 | 32.1674 | 39.5403
Ony | 0.0054 | —0.0056 | —0.0001 | 0.0009 | —0.0019
q1 q2 g3 g4 ds
g; 0.8857 | 1.5719 2.0705 | 2.3665 | 2.4686
9; 10.0025 | 0.0072 0.0021 | 0.0022 | —0.0012
T T
ale) =5 = |5 -]
)\1 /\3 )\5 )\7 /\9
A, | 2.2432 9.1668 | 25.0542 | 49.0268 | 81.0160
Ang | 2.2375 8.5351 | 20.3321 | 32.2168 | 39.5705
Ang | 2.2350 8.5200 | 20.3184 | 32.2021 | 39.5527
Ony | 0.0024 0.0152 0.0137 0.0148 | 0.0178
a1 q2 q3 q4 ds
q; 0.3159 0.6330 0.9441 1.2665 1.5070
9; | —0.0017 | —0.0047 | —0.0016 | —0.0099 | 0.0638
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q(z) =1:

A1 A3 A5 A7 Ag
An | 23477 | 8.4962 | 25.2631 | 48.8138 | 81.1431
Ang | 2.3303 | 7.8801 | 20.4725 | 32.0695 | 39.5689
Ang | 23395 | 7.8494 | 20.5274 | 31.9890 | 39.6797
Ony | —0.0092 | 0.0307 | —0.0549 | 0.0804 | —0.1108

qi q2 qs q4 ds
qj 1.1752 | 0.8892 | 1.0747 | 0.9328 | 1.0639
0; | —0.1752 | 0.1108 | —0.0747 | 0.0672 | —0.0639

In Figure([T] the plots of ¢(z) = z(7 —x) and ¢(z) = 7/2— |7 /2 — x| on [0, 7 /2] are provided.
The stars indicate the values g;, 7 = 1, m, recovered by Algorithm with m = 5.

05

Figure 1. Plots of ¢(z) = z(m — z) and ¢(z) = 7/2 — |7 /2 — x|

The results for m = 10 and m = 20 are provided in the data set [35]. These data show that
the approximation error is decreasing while m is growing. Anyway, in the first two examples,
the potential is already recovered with significant accuracy for m = 5. The potential ¢(z) = 1
does not fulfill the condition ¢(0) 4+ ¢(7) = 0, so the accuracy decreases near x = 0.

5 Generalizations and applications
Let us discuss the possible ways of the further development of our approach.

1. For the functional-differential equation , inverse spectral problems have been studied
for various types of boundary conditions (the Neumann BC, periodic BC, etc.; see [7,23,
24/26]). Those types of boundary conditions imply a richer structure of degenerate and
non-degenerate cases than the Dirichlet ones. The methods of this paper can be applied
to finite-difference approximations for other types of boundary conditions.

2. Observe that one can choose [ and m so that x,, = a if and only if 2 € Q. If 2 ¢ Q, then
% should be approximated by irreducible fractions ;7% . Studying the approximation of the

continuous problem (1.3)-(1.4)) by the discrete one ([1.1])-(1.2)) in this case is a challenging
task.

15



3. Note that the matrix of the system (|1.1)-(1.2)) contains the only column induced by the

potential q. Therefore, the Laplace expansion of the characteristic determinant along
this column leads to the expansion by the Chebyshev polynomials. The similar effect
takes place for the three-diagonal matrix with an additional row of unknown coefficients.
The latter case occurs for finite-difference approximations of differential operators with
integral boundary conditions. For example, consider the eigenvalue problem

@) =d@). weOm, [ ue@)ds =0, y(m=0.
0
Its finite-difference approximation has the form

l
Yi+r1 — 2y +Yj .
— h; ==y, J=LL D o =0 yu1 =0,

k=0

where the coefficients [v]!_, are determined by v(z) according to some quadrature rule.

Clearly, the matrix of the latter system has the row of the coefficients [vi]i_,, so the
transposed matrix has the form studied in this paper. This observation is related with
the fact that the functional-differential operators with frozen argument are adjoint to
differential operators with integral boundary conditions (see, e.g., [8,9]). Consequently,
the methods of our paper can be applied to the latter operator class.

The ideas of our approach can be developed for investigation of inverse spectral problems
for other classes of nonlocal operators, in particular, for integro-differential operators [36]
and for differential operators with constant delay [37].

Data availability. There is the data set [35] associated with this paper.
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