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Abstract

A d-relaxed k-edge colouring is an edge colouring using colours from the
set {1,...,k} such that each monochromatic set of edges induces a subgraph
with maximum degree at most d. A neighbour sum distinguishing d-relaxed
k-edge colouring of G is a d-relaxed k-edge colouring such that for each edge
uwv € E(G), the sum of colours taken on the edges incident to w is different
from the sum of colours taken on the edges incident to v. By X%(G) we denote
the smallest value £ in such a colouring of G.

In this paper, we prove that X%(G) < 4 for every connected subcubic
graph with at least three vertices. For complete graphs with at least three
vertices, we show that X/zd:(Kn) <4ifde{[(n-1)/2],...,n— 1} and we
also determine the exact value of X% (K,,). Finally, we determine the value of

X’zd: (T') for any tree T' with at least three vertices.

Keywords: neighbour sum distinguish edge colouring, relaxed edge colouring, sub-
cubic graphs
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1 Introduction

We consider undirected simple graphs and denote by V(G) and E(G) the sets of
vertices and edges of a graph G, respectively. For a vertex v of a graph G, Ng(v)
denotes the set of vertices which are adjacent to v, dg(v) denotes the degree of the
vertex v in G, or simply N(v),d(v) whenever the graph G is clear from the context.
For undefined notations and terminology, we refer the reader to [2].

A k-edge colouring of G is a mapping w : E(G) — {1,...,k}. The edge colour-
ing naturally induces a vertex colouring o, : V(G) — N given by

o,(v) = Z w(vuw)

u€Ng(v)

for every v € V(G). We say that the edge colouring w distinguishes vertices v, w €
V(G) if 0,(v) # o,(w). The edge colouring (vertex colouring) is proper if adjacent
edges (vertices) receive different colours.

The edge colouring which induces a proper colouring of vertices gained a lot
of attention, especially 1-2-3 Conjecture, addressed in 2004 by Karonski, Luczak
and Thomason [8]. More precisely, by XEZ(G), we denote the smallest value k for
which there exists a k-edge colouring w of G (not necessarily proper) such that
0, (v) # o,(u) for every edge uv € E(G).

Conjecture 1. [8](1-2-3 Conjecture) If G is a connected graph on at least 3 vertices,
then x5-(G) < 3.

The best known upper bound on X5 is 5 and has been proved by Kalkowski,
Karoriski and Pfender [7]. Recently Przybylo [11] proved that x§-(G) < 4 for every
d-regular graph with d > 2 and 1-2-3 Conjecture is true for d-regular graphs with
d > 10%. 1-2-3 Conjecture inspires a lot of studies on the original conjecture and
variants of it. For more information on that topic, we refer to the survey [14].

The version of the edge colouring which distinguishes vertices and in which the
edge colouring is proper has been introduced by Flandrin et al. [5]. If the k-edge
colouring w is proper and satisfies that o,,(v) # o, (u) for every edge uv € E(G), then
we call such colouring the neighbour sum distinguishing k-edge colouring. By X/Z(G)’
we denote the smallest value k for which G has a neighbour sum distinguishing k-edge
proper colouring and we call it the neighbour sum distinguishing index.

Flandrin et al. [5] completely determined the neighbour sum distinguishing index
for paths, trees, complete graphs and complete bipartite graphs. Based on these
examples, they proposed the following conjecture.
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Conjecture 2. [5] If G is a connected graph on at least 3 vertices and G # Cs, then
X5 (G) < A(G) +2.

The objective of our work is to generalize both problems, by introducing a sum
distinguishing edge colouring which lies between them. More precisely, we will allow
a vertex to be incident to edges having the same colour, in a limited way. Such
a colouring will be called a d-relaxed k-edge colouring. Namely, a d-relaxed k-edge
colouring is a k-edge colouring such that each monochromatic set of edges induces
a subgraph with maximum degree at most d. If the d-relaxed k-edge colouring w
satisfies that o, (v) # o, (u) for every edge uv € FE(G), then we call such colouring
the neighbour sum distinguishing d-relaxed k-edge colouring. By X%(G), we denote
the smallest value k& for which there is a neighbour sum distinguishing d-relaxed k-
edge colouring of G. Hence when d = 1, we have that X%(G) = X5-(G) and when
d = A(G), we have X%(G) = X5-(G). In addition, for 1 < d < A(G), the following
inequality holds for the three parameters:

X5-(G) < XA (G) < X5=(G)

Also, a natural lower bound for X%(G) is given by the definition of a d-relaxed edge
colouring;:

X5h(G) > {#W

We will see further that this bound may be tight in some cases.

This paper is organized as follows. In Section 2 we determine the value of X%<T )
for any tree T of order at least three and 1 < d < A(T). In Section 3 we consider
complete graphs with at least three vertices, we prove that X%(Kn) < 4ifd €
{[(n—1)/2],...,n— 1} and compute the exact value of the parameter when d = 2.
In Section 4 we prove that X%(G) < 4 for every connected subcubic graph of order
at least three. It is worth noting that the best known upper bound on the neighbour
sum distinguishing index of connected subcubic graphs of order at least three is 6 [6]
(i.e. X/Z(G) < 6). In every figure throughout the paper, we will use the following
notations: the colours of edges are the numbers next to the edges, the colours of the
vertices induced by the edge colouring are boxed next to the vertices.



2 Trees

It is known that Xez(T) < 2 for any tree T, according to the following result of
Chang et al. [3]:

Theorem 3. [3] If G is a connected bipartite graph with at least three edges and
0(G) =1, then x5-(G) < 2.

Furthermore, Flandrin et al. [5] obtain the following result for the neighbour sum
distinguishing index of trees:

Theorem 4. [5] Let T be a tree of order n > 3 and mazimum degree A. Then
X’E(T) = A + 1 if there are two adjacent vertices of degree A, and X’Z(T) = A
otherwise.

In the next result we give the exact value of X%(T ) for a tree T and for any d.

Theorem 5. Let T be a tree of order n > 3 with the mazimum degree A and
1<d<A. We have
A if A =0 mod d and there are two adjacent vertices of
a4,

d degree A

A

(3] , otherwise

X5h(T) =

Proof. First recall that X/gdj (T) > [A/d]. Furthermore, if A = 0 mod d, then the
edges incident to two adjacent vertices of maximum degree cannot be coloured with
A/d colours, so if A = 0 mod d and there are two adjacent vertices of degree A,
then X%(T) > A/d + 1. We prove by induction on n that (X%(T) < AJd+1if
A =0 mod d and there are two adjacent vertices of degree A) and X’zd: (T) < [A/d],
otherwise.

Observe that the theorem trivially holds if 7" is a star K ,_1, hence, in particular,
for n = 3. Suppose the theorem is true for all trees of order at most n — 1 and let
T be a tree of order n. We may assume that 7" # K;,_;. Let P be a longest
path in 7" and x be an endvertex of P. Since T is not a star |V(P)| > 4. Let
x be chosen such that the only neighbour y of z in P is degree at most A — 1,
whenever T has only one vertex of degree A. Let 7" = T — z. By our choice of z,
A(T") = A(T) = A and y has only one neighbour, say z, of degree > 2. Moreover,
for every v € V(T") \ {y} we have dp(v) = dr(v) and dp(y) = dr(y) — 1. Let
k=A/d+1if A =0 modd and in T there are two adjacent vertices of degree A
or k = [A/d], otherwise. Thus, by induction hypothesis, there is a neighbour sum



distinguishing d-relaxed k-edge colouring of T". Let w be such an edge colouring.
Let FF'={ce{1,...,k} : there are d edges incident to y that are coloured with c}.

If in 7" there is a neighbour v of y different from z, then o,(v) < 0,(y), so in
order to extend the colouring w to a neighbour sum distinguishing d-relaxed k-edge
colouring w’ of T it is sufficient to choose a colour ¢ for yx such that ¢ € {1,..., k}\ F
and o,,(2) # 0,/(y). To prove that such a colour exists we consider two cases.
Case 1. A=0 modd

If in T" there are two adjacent vertices of degree A, then in {1,...,k}\ F there are
two colours, hence, one of them is proper for the edge yz, i.e. if we put this colour on
yx, then we obtain the colouring w’ such that o,,(z) # o./(y). Suppose, now, that in
T there are no two adjacent vertices of degree A, in this case £ = A/d. Suppose that
dr(y) = A. Then in {1,...,k} \ F there is only one colour. We colour yz with this
colour, let w’ be the resultant colouring. By our assumption dr(z) < A what implies
that 0,/ (2) < ow(y) = (1 + ...+ k)d. Suppose that dr(y) < A. Ifin {1,...,k} \ F'
there are at least two colours, then we can choose one for yz to obtain a neighbour
sum distinguishing d-relaxed k-edge colouring of T. Suppose that in {1,...,k} \ F
there is only one colour, say ¢. Thus for each colour ¢ € {1,...,k} \ {¢'} there are
d edges incident to y coloured with ¢’ and there are at most d — 2 edges incident to
y coloured with ¢. In such a case it must be d > 2. Arguments d > 2, k > 2 and
{1,...,k}\ F| =1 imply that y has at least one pendant vertex w in 7" such that
w(yw) # c. First we colour yx with c. If 0,/(z) # 0,/(y), then ' is a neighbour sum
distinguishing d-relaxed k-edge colouring. If o./(z) = o./(y), then we also recolour
the edge yw, we put w'(yw) := c¢. The resultant edge colouring is neighbour sum
distinguishing.
Case 2. A#0 mod d

Thus k = [A/d] and d > 2. If in {1,...,k} \ F there are two colours, then one
of them is proper for the edge yx and we can extend the colouring w to a neighbour
sum distinguishing d-relaxed k-edge colouring of 7. Suppose that [{1,... k}\F| =1
and ¢ € {1,...,k} \ F. Similarly as in the case 1 we can observe that there are at
most d — 2 edges incident to y and coloured with ¢ and y has at least one pendant
vertex w in T" such that w(yw) # ¢. We colour yz with c. If 0,/(2) # 0./(y), then
we are done. Otherwise, we also recolour the edge yw, we put o' (yw) := c. Finally,
we obtain a neighbour sum distinguishing d-relaxed k-edge colouring w’. O



3 Complete graphs

In [3], it was proved that complete graphs verify the 1-2-3 Conjecture. More precisely,
we have x§-(K,) = 3 for n > 3. Flandrin et al. [5] determined the neighbour sum
distinguishing index of complete graphs:

Proposition 6. [5] For every n > 3
, B n; if n is odd
XZ<K”) o {n +1; if niseven’

We now consider the neighbour sum distinguishing d-relaxed edge colouring of
complete graphs for several cases when 1 < d < A(G).

Theorem 7. Let n >4 and d € {[(n —1)/2],...,n — 1} be two integers. We have
X%(Kn) <A4.

Proof. We prove the result of the theorem for d = [(n —1)/2], since having a higher
value of d only gives more leeway. We will prove that there is a neighbour sum
distinguishing d-relaxed 4-edge colouring of K,,.We use an inductive construction to
get this colouring. The first case is K4, and is depicted in Figure 1.

4 5 9

EI ]

Figure 1: A neighbour sum distinguishing 2-relaxed 4-edge colouring for Kjy.

Assume now that K, has a neighbour sum distinguishing d-relaxed 4-edge colour-
ing.We construct such a colouring of K, ;. Let us call x the vertex we add to K.

First, assume that n is even. We order all the vertices of K,, by increasing colours.
The first n/2 vertices of K, (those with the smaller colours) are linked to z with
an edge coloured with 3. The other vertices are linked to  with an edge coloured
with 4.

Now, assume that n is odd. We order all the vertices of K, by increasing colours.
The first [n/2] vertices of K, (those with the smaller colours) are linked to x with



an edge coloured with 1. The other vertices are linked to x with an edge coloured
with 2.
Those two constructions are depicted for K5 and Kg in Figure 2.

9]

Figure 2: Neighbour sum distinguishing d-relaxed 4-edge colourings for K5 and K
obtained by using our construction (for K5, we have d = 2; for Kg, we have d = 3).

First, note that by alternating between those two constructions, the edge colour-
ing will always be d-relaxed, since a vertex will gain an edge coloured with a certain
colour once every two steps, and the construction starts from an even n.

Now, we need to verify that the colouring is neighbour sum distinguishing. The
two following properties hold:

1. If n is even, then the highest colour is 2 + 3”7_2 + 4”7_2 and the smallest colour
e n—2
1S b) + 27

2. If n is odd, then the highest colour is 3”7_1 + 4”7_1 and the smallest colour is
34251 4223

Indeed, when constructing the new colouring, if n is even then we add the vertex x
with colour 3n/2 4 4n/2 which is the new highest colour in the graph, and we add 3
to the value of the smallest colour; and if n is odd then we add the vertex x with
colour (n+1)/2+2(n —1)/2 which is the new smallest colour in the graph, and we
add 2 to the value of the highest colour.

Those two properties remaining true during our construction, the vertex x that we
add is always distinguished from all the vertices that were already in the graph. Fur-
thermore, the vertices that were in the graph are still neighbour sum distinguished,
since we added the smallest value to the smallest colours. Thus, two vertices that had
different colours cannot have the same colour in the new colouring, which concludes
the proof. ]

However, we also prove that this bound of 4 is not necessarily tight:
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Observation 8. Forn € {3,...,7} and d = [(n —1)/2], we have X%(Kn) = 3.

Proof. First, note that a d-relaxed 2-edge colouring would not give us enough possible
labels to be neighbour sum distinguishing, so we have X’zd:(Kn) > 3. Now, to prove the
statement, we construct a neighbour sum distinguishing d-relaxed 3-edge colouring
of Ks,...,K;. This is shown in Figure 3 (the caption indicates how to read the
constructions). O

Figure 3: A neighbour sum distinguishing d-relaxed 3-edge colouring of K, ..., K.
Dashed lines indicate that the edges are coloured with 1, normal lines indicate that
the edges are coloured with 2, and thick lines indicate that the edges are coloured
with 3.

However, note that the constructions shown in Figure 3 were obtained by hand,
and there does not seem to be a simple way to construct a neighbour sum distin-
guishing d-relaxed 3-edge colouring of K, i from the colouring of K,. Thus, the
exact value of X/zd:(Kn) remains open for n > 8 and d € {[(n —1)/2],...,n —1}.



We now compute the exact value of the parameter for complete graphs when
d=2.

Theorem 9. Let n > 4. We have X%(Kn) = [+ 1 i n # 3mod4 and
X5 (Ky) = ["53] + 2 otherwise.

Proof. We first show that for all n > 4, there exist 2-relaxed distinguishing colourings
having this number of colours. There are four cases according to n mod 4, that all
share a common basis that we present now. We denote and order the vertices of
Ky by {z_1,..., 2 _pj21, %1, ..., %|ns2)}. Given a vertex z; of Ky, the vertex z; 4 1
denotes its successor in the above ordering. In addition, we will consider this ordering
in a cyclic way, i.e. x_p21 +1 =21 and z|,/9) +1 =2_1.

The following algorithm labels all the edges of K, to provide a 2-relaxed colouring
(but not distinguishing yet):

1. Label the edge x_f,/21 — k, x1 + k with colour 1 for all k € {0,...,[n/2| —1}.
2. Label the edge x_1, 21 — k, z2 + k with colour 1 for all k € {0,..., [n/2] — 2}.

3. For each edge z;z; coloured 1, label the edge z; + ¢ —1,x; + ¢ — 1 with colour
cforall ce{2,...,|n/2]}.

4. If n is odd, label the edge |,/2) — k,2_1 + k with colour [n/2] for all k €

(0,....n/2] —1}.

Figure 4 depicts the edges coloured 1 after steps 1 and 2 are done. Two cases are
given, Kg and Ky. Figure 5 illustrates the edges coloured 2 after execution of step
3. They correspond to a rotation of the edges coloured 1. For the colour [n/2], it
is concerned by step 3 when n is even and step 4 when n is odd. In the latter case,
only the edges of step 1 are rotated, as depicted by Figure 6.

First note that the algorithm above labels exactly n(n — 1)/2 edges, i.e. the
number of edges of K,,. Indeed, the first three steps label (|n/2] 4+ [n/2] — 1) x
(In/2] — 1) edges, which equals n(n — 1)/2 if n is even and (n — 1)?/2 if n is odd.
In the latter case, the missing edges are given by step 4 that labels (n — 1)/2 edges.

We now prove that no edge is labeled twice. For that purpose, imagine the
vertices of K, as the vertices of a regular n-gon and edges are straight segments, as
depicted by the figures above. Thus, all the edges coloured 1 by step 1 are parallel to
T_[n/2],T1. There is no edge coloured twice according to the restriction given on k.
For the same reason, all the edges coloured 1 by step 2 are parallel to z_r, /27, 2 and
pairwise distinct. Since the two directions x_p, /21, 71 and x_[, /27, T2 are not parallel,
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T2
T3
3 21 T
Ty
Ty T_y T_5
T_1
Tr_1 Tr_3 L
xT_9
T_9 T_3

Figure 4: Edges of Kg and Ky labeled 1 after steps 1 and 2.

i) o)
T3
T3 .\\\\\.$1 T
Ty
Ty T_y T_5
Q\\\\\\\\\\\\\\ T_1
® T_4
T_1 ° Tr_3 —
xT_9
T_9 T_3

Figure 5: Edges of Kg and Ky labeled 2 after step 3.

10



To T2

XT3 ®
€3 T [ ] T
Ty
Ty T4 I el 5
T_q L
® ® e
T_q T_3 —4
®
T_g
T_o T3

Figure 6: Edges of Kg and Ky labeled [n/2] after step 3 or step 4.

all the edges coloured by steps 1 and 2 are distinct. Figure 4 illustrates this property.
For steps 3 and 4, each edge coloured with ¢ > 1 is obtained by rotating the edges
of colour 1 (see Figure 5 and 6). Consequently, all the edges of a given colour ¢
and chosen by the algorithm are pairwise distinct. In addition, edges of colour ¢ are
parallel to z, — 1, . and z. — 1, 2.+ 1. Since ¢ < |n/2], one can remark that on the
n-gon, all the directions x. — 1, z. and x. — 1, z.+ 1 are pairwise distinct. Thus, two
edges of different colours necessarily have different directions. This ensures that the
above algorithm labels all the edges exactly once.

Finally, each vertex is incident to at most twice the same colour. This is true for
colour 1 as each vertex is concerned at most once by step 1 and at most once by step
2. Consequently, this is also true for the other colours, as step 3 (and step 4 when n
is odd) consist in a rotation of the edges labeled 1.

If the above algorithm provides a 2-relaxed edge colouring, it is not distinguishing
as the same sum may appear on two vertices. More precisely, we can compute the
sum on each vertex. We define >, as the quantity

[n/2]

Yo =2X Zk
k=1

One can remark that after steps 1 and 2, each vertex x; with |i| # 1 is incident to two
edges with label 1, and vertices xy and z_; are incident to exactly one edge with label
1 (see Figure 4). Since step 3 consists in "rotating” the edges labeled with colour
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1, we have that each vertex z; is incident twice to every colour ¢ € {1,...,|n/2]}
for ¢ # |i| and once to colour |i|. When n is odd, step 4 ensures that each vertex is
incident to exactly one edge with colour [n/2], except x_p, 21 that is not incident to
this colour (see Figure 6). Consequently, the above algorithm yields for each vertex
x; of K,,:

(2:) = Yo — i for each vertex z; of K, when n is even
oNT Yo — |i| = [n/2] for each vertex x; of K, when n is odd

In other words, the edge colouring is not distinguishing because vertices x; and
x_; have the same sum. We will now break the ties by replacing some edges of colour
1 with an additional colour. Four cases are considered:

Case n = 0 mod 4 : recolour the edges z_,/» — k, 21 + k with colour n/2 + 1 for
all k € {0,...,n/4 — 1}. Hence, these edges form a perfect matching of K, /,. Let
Vehange be the set of vertices of K, incident to this new colour. We have Vipgnge =
{w_nja1,-. @ nj2, 21, .., Tpa}. Since each vertex of Vipange is incident to exactly
one recoloured edge and the colour n/2 4+ 1 has not been used yet, it remains a
2-relaxed colouring. In addition, the new values of o are the following:

=i +n/2 if x; s in Vipange
ofw:) = { Yo — i otherwise

Since for all 7 in {1,...,n/2}, exactly one vertex among {z;, z_;} is in Vipange, all the
sums are now different and cover all the values of the interval [Yo —n/2, 35 —1+n/2].

Case n = 2 mod 4 : recolour the edges x_,/» — k, 2 + k with colour n/2 + 1 for
all k € {0,...,[n/4] — 1}. Recolour also the edge x_,/s,z; with the same colour.
Hence the two edges of colour 1 incident to xz_,/; have been recoloured, so that
0(T_py2) = 3o —n/2—242(n/24+1) = ¥y +n/2. For the rest, the set Vopange can be
defined as in the previous case, and it has the same properties, i.e. half the vertices
have their sum changed. Consequently:

Yo — il +n/2 if x; is in Vipange and ; # 2y, 0
o(x;) = Yo+mn/2 if v, =2_pn/2
Yo — i otherwise

and the values o(x;) cover [Lo —n/2,%, — 1] U [E2 + 1, %5 + n/2], i.e. the labeling
is distinguishing.

Case n = 1 mod 4 : recolour the edges x_1 — k,z_2 + k (initially coloured 1) with
colour [n/2] +1 for all k € {0,...,|[n/4] —1}. Since n is odd, the colour |n/2] +1

12



used to replace the colour 1 is already used in step 4 of the algorithm. However,
this colouring remains 2-relaxed as in step 4, each vertex is incident to at most one
vertex of this colour. After this recolouring, by defining V.jange as previously:

o) = Yo —li| =1 if x; is in Vopange
Yl e =il = [n/2] otherwise

One can easily check that it covers all the n values in [y —n — 1,35 — 2].

Case n = 3 mod 4 : recolour the edges x|,,/2) — k,z_5+ k (initially coloured 1) with
colour [n/2] +2 for all k € {0,...,|n/4] —1}. Recolour also the edge x_o,z_; with
the same colour. Unlike the previous case, we here add a new colour instead of using
the colour of step 4. Consequently, the colouring remains 2-relaxed. One can also
easily check that it is distinguishing since half the vertices have their sum changed
(and exactly one in each pair (x;,z_;)).

To sum up, the above algorithm uses [n/2] + 1 colours when n is even, [n/2]
colours when n = 1 mod 4, and [n/2] 4+ 1 colours when n = 3 mod 4. This corre-
sponds to the values given in the statement of the theorem.

We now prove that these values are lower bounds. When n is even, imagine there
exists a 2-relaxed distinguishing colouring with |n/2] colours. In that case, since the
degree of each vertex is (n — 1), there is only one colour in {1,..., |n/2]} missing in
the incident edges of any vertex. Thus, there will be two vertices not distinguished.
When n = 1 mod 4, this argument remains true as there is no 2-relaxed colouring
having at most |n/2| colours. When n = 3 mod 4, it is less obvious to show that
[n/2] colours are not sufficient. By way of contradiction, imagine that there exists a
2-relaxed distinguishing colouring with [n/2] colours. Since the degree of each vertex
is (n—1), there are exactly two coloursin {1, ..., [n/2]} missing in the incident edges
of any vertex (possibly twice the same colour). Then the value o(z;) of any vertex
x; ranges in [Yg — 2[n/2], %y — 2] = [X2 — (n+ 1), X5 — 2]. As this interval is of size
n, for each value s in [Xo — (n 4 1), 39 — 2], there exists z; such that o(z;) = s. Now
consider the quantity

Q=Y olx)

z, €V
The above remark says it satisfies:
n+1
. (n+1)(n+2)
= Yo — 1) =ndy — -1
Q ZZ_;( 2 = i) =nZy 5
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Since Y, is even and n = 3 mod 4, it ensures that () is odd.

Now consider the values o(x;) and for all i, let ¢; and ¢; be the two values in
{1,...,[n/2]} such that o(x;) = ¥y — ¢; — ;. For each value sin {1,...,[n/2]}, let
G be the subgraph of K, induced by the edges of colour s. Since the colouring is
2-relaxed, G5 has maximum degree 2. Hence there is an even number of vertices with
degree 1. By translating this property in our original context, a vertex x; of degree
2 in G satisfies ¢; # s and ¢, # s, a vertex of degree 0 in G satisfies ¢; = ¢, = s,
and a vertex of degree 1 has either ¢; or ¢, equal to s (but not both). Consequently,
there is an even total number of ¢; and ¢} (added together) of value s. We denote
this number val(s). We now rewrite @ as follows:

[n/2]

Q:ZU(%’):Z(ZQ—Ci—C;)ZTLEQ—Z(CH—c ) =ndy — Zval

x;, €V z, €V €V

Since Y, is even, the above remark ensures that () is even, a contradiction.

Table 1 summarizes all the known results about the value of X%(Kn)-

Value of d ‘ Value of X$%(K,) ‘
n if nis odd
1 . )
n+1 if niseven
5 [(n—1)/2] +1 if n# 3 mod4

[(n—1)/2]+2 if n=3mod4
2<d<[(n—-1)/2] open

3 ifne{3 .. 7}
[(n—1)/2] <d<n-1 <4 —-

Table 1: Values of X%(Kn>

4 Subcubic graphs

Karonski et al. in [8] proved that every subcubic graph with at least three vertices
admits a neighbour sum distinguishing 3-relaxed 3-edge colouring. On the other
hand the best known upper bound for the neighbour sum distinguishing index of
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subcubic graphs was proved by Huo et al. [6] and is equal to 6 (i.e. every subcubic
graph of order at least three has a neighbour sum distinguishing 1-relaxed 6-edge
colouring). In this section we prove that every connected subcubic graph with at
least three vertices has a neighbour sum distinguishing 2-relaxed 4-edge colouring.

In the proof of this result, we need the following proposition observed by Flandrin
et al. in [5].

Proposition 10. [5] X5-(C5) =5, X5-(Cr) =3 tf m =0 mod 3 and X (Cn) = 4,
otherwise.

Some proofs in this section are based on the following theorem of Alon [1].

Theorem 11 (Combinatorial Nullstellensatz [1]). Let F be an arbitrary field, and let
P = P(x1,...,x,) be a polynomial in Flzy, ..., x,]. Suppose the degree deg(P) of P
equals >, ki, where each k; is a nonnegative integer, and suppose the coefficient of
o aknin P ois nonzero. Then if Sy, ..., S, are subsets of F with |Si| > k;, there

n

are 1 € S1,...,8, € Sy, so that P(s1,...,8,) # 0.

The main result of this section is that all connected subcubic graphs have a
neighbour sum distinguishing 2-relaxed 4-edge colouring (Corollary ). To prove this
result, we prove by induction a stronger statement that is true for any subcubic
graph that is neither K5 nor Cj.

Theorem 12. Let G be a connected subcubic graph such that G ¢ {Ko,Cs}. There
1s a neighbour sum distinguishing 2-relaxed 4-edge colouring of G such that all the
vertices of degree 2 have their two adjacent edges of different colours.

In order to prove this result, we need a first result that allows to simplify graphs
having a pending C5 (i.e. an induced C5 connected to the rest of the graph by only
one vertex).

Lemma 13. Let G be a subcubic graph. Assume there exists in G an induced Cs,
C' = {ug, uy,ug, uz,us}, such that only one vertex, ugy, is connected to the rest of
G. Let G = G\ {uy,us,us3,us}. If G' satisfies Theorem 12 then G also satisfies
Theorem 12.

Proof. Let w be a neighbour sum distinguishing 2-relaxed 4-edge colouring of G’ such
that all the vertices of degree 2 have their two adjacent edges of different colours.

Since G is subcubic, ug has degree 1 in G’. Let v be its neighbour in G” and ¢ the
colour of the edge ugv. Let ¢; € {1,2,3,4} such that ¢; # ¢y and ¢; + 2¢y # 0,,(v).
Let ¢3 € {1,2,3,4} such that ¢3 # ¢, c1.
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Then we can extend the colouring w by giving colour ¢y to edges uqug and ujus,
colour ¢; to edges ugu; and uzuy and colour ¢y to edge usus. Then all the adjacent
vertices of C' are distinguished as well as ug and v. Moreover, vertices u; to uy are
adjacent to edges of different colours, hence this colouring satisfies the conditions of
Theorem 12.

O

S [«]e
[N}
[o]

Figure 7: A neighbour sum distinguishing 2-relaxed 4-edge colouring for small graphs
satisfying Theorem 12.

We are now ready to present the proof of Theorem 12.

Proof of Theorem 12. We prove Theorem 12 by induction on the number of edges
of G. Figure 7a and Figure 7b show that the result is true for all connected graphs
having three vertices. Now consider a connected subcubic graph G with at least four
vertices and that is not C5. If GG is the graph of Figure 7c, then the result is true.
Otherwise, from Lemma 13, one can assume that G' has no pending C5. The proof
is now organized with four cases, according to the girth and the minimum degree of GG.

Case 1. §(G) =1
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Let u be a vertex of degree 1. Since G is connected, has at least four vertices and
no pending C'5, G —u satisfies the assumptions of the theorem. Hence the graph G—u
has a colouring w that satisfies the theorem. We can extend w to G as follows. Let v
be the neighbour of w. If v has degree 2 in G, then we put to the edge uv a colour dif-
ferent from the colour already adjacent to v and such that v is distinguished from its
other neighbour. If v has degree 3 in G, let v; and v, be the neighbours of v in G — .
Then there are at most two forbidden colours for w(uwv) to distinguish v from v; and
ve. Thus there are two remaining possible colours for uv (since v has already two
different colours in its neighbourhood). In both cases, we can extend the colouring w.

Case 2. G has a triangle.

Subcase 2.1. GG has a vertex of degree 2 in a triangle

Let u be such a vertex and v, w be its (adjacent) neighbours. Let G' = G — w.
Figure 7d shows that the result is true if G’ is a C5. Since G has at least four
vertices, G’ is not K. By induction G’ satisfies the theorem so has a 2-relaxed
4-edge colouring w that satisfies the theorem.

Since G has at least four vertices, we can assume that w has degree 3 and let w,
be its other neighbour. If v has degree 2 in GG, then the colour of uv must be different
from the colour of vw and u must be distinguished from w, so there are at most two
forbidden colours for uv. If v has degree 3 in GG, then v must be distinguished from
its neighbour in G’ and u must be distinguished from w, so again there are at most
two forbidden colours for uv. Let S; be the set of colours that are not forbidden
for wv. Similarly, there are at most two forbidden colours for uw. Let Sy be the
set of colours that are not forbidden for ww. Thus, if we colour uv and uw with
colours from S; and Sy then we obtain a colouring that distinguishes vertices of G’,
distinguishes u from w, u from v, and guarantees that v is adjacent to edges coloured
differently. Let x1,x9 be colours attributed to edges uv, uw, respectively. To satisfy
all conditions of the theorem for colours zq, xs it must verify:

e 1, # x4, since the vertex u must be adjacent to edges coloured differently;

e 11+ a # xy+ w(ww;) (where « is a colour of the edge vvy, v € N(v) \ {u, w}
if vy exists and a = 0 otherwise), since v and w must be distinguished.

We construct a polynomial
P(z1,29) = (21 — x2) (21 + @ — 29 — w(wwy)).

The coefficient of the monomial z;25 is equal to —2, so is non-zero. Hence, by The-
orem 11, there are x; € Sy, x9 € Sy such that P(z,25) # 0, since |S;] > 1,[Ss| > 1.
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We put w(uv) = z1,w(uw) = x, and the resulting colouring satisfies all the assump-
tions of the theorem.

Subcase 2.2. All the vertices that are in a triangle have degree 3

In this case, we can assume that there exists a vertex u such that there is exactly
one edge in the graph induced by its neighbourhood. Indeed, take a vertex u in a
triangle. Figure 1 shows that the result is true if G is K. Thus we can assume that
G is not K, which means that there are at most two edges in G[N(u)]. Suppose
there are exactly two edges, say vw and wy. Vertices v and y are in triangles so they
must have degree 3. Consider now v instead of u. The third neighbour of v, says vy
is not y and thus is not adjacent to v and also not to w whose neighbours are v, u
and y.

Let u be such a vertex, vy, vy and v3 its neighbours with v, and v3 adjacent. Let
wy and ws be the other neighbours of ve and v3 (we potentially have wy = w3).

Consider G = G — u. If G’ is connected, it cannot be Ky. If it is C5 then G
is isomorphic to the graph of Figure 7e and the theorem is satisfied. If G’ is not
connected, it must have two components, say GG, containing v; and G, containing
ve and v3. We can assume that the component G is not isomorophic to Ks (there
would be a vertex of degree 1) nor Cjy (it would be a pendant Cj). Vertices vy and
v3 have degree 3 in GG so G5 is not isomorphic to K. If G5 is isomorphic to C5 then
one can replace u by u, and then G — u is connected.

Thus, we can assume that all the connected components of G’ are distinct from
K; and Cj and, by induction, there exists a colouring w of G’ that satisfies the
theorem (we coulour independently the components if G’ is not connected). We now
extend the colouring w by colouring the three edges adjacent to wu.

There are (at least) two possible colours for uv; to distinguish v; from its two
other neighbours, if v; has degree 3, or, if v; has degree 2, to distinguish v; from its
neighbour and ensure that v; is adjacent to two distinct colours.

Furthermore, v, must be distinguished from ws and vs must be distinguished
from ws, so there at least three possible colours for uwv, and three possible colours
for uvs to ensure that. Let Si,S55,S3 be sets of possible colours for wwy, uvs, uvs,
respectively, so |Se| = |S3| = 3 and |S;| = 2. If we colour wvy, uve, uvs with colours
from S, S,S3, then all the vertices of N(u) have at least two distinct colours and
are distinguished with their neighbours outside N|u].

Let denote x1, z2, x3 be colours attributed to edges uvy, uvs, uvs, respectively. To
distinguish u from its neighbours and make sure that u is adjacent to edges coloured
differently for colours x1, z9, x3, it must hold:

® Iy = X3 Or X1 # Tg Or T7 # x3, since the colouring must be 2-relaxed;
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o T5 + w(vws) # x3 + w(vzws), since vy and v3 must be distinguished;

o 11 + x5 # w(vows) + w(vavs), Ty + T2 # w(vsws) + w(vavs), T2 + x5 # 0,(v1),
since u must be distinguished from its neighbours.

We construct a polynomial

P(z1,x9,23) = (9 — z3)(22 — 23 + w(vawy) — w(vsws))(z1 + 3 — w(vews) — w(vavs))

(21 4+ 22 — w(vzws) — w(vav3)) (T2 + 23 — 0, (v1)).

Consider the coefficient of the monomial z;2:323, observe that this coefficient in P is
the same as in the following polynomial:

P(x1, 29, 23) = (09 — x3) (22 — 23) (21 + 23) (21 + 2) (T2 + 23).

The coefficient of the monomial z;x3z3 is non-zero (is equal to —2). Since |S;] >

1,]S2| > 2,195 > 2, Theorem 11 implies that there are x; € Sy, x5 € Sy, 23 € S
such that P(zq,xs, 3, 24) # 0. Thus we can extend w to G by assigning w(uv;) = x;
for i = 1,2, 3, which proves the theorem.

Case 3. GG has a (4

Let uy, ug, us, uy be the vertices of a 4-cycle C and let G’ be obtained from G by
removing the four edges of C' (but not the vertices).

We can assume that G’ has no component isomorphic to K, (otherwise there
would be a vertex of degree 1 or a triangle in (). Furthermore, the only vertices
that have changed their neighbourhood from G to G’ are the vertices u;, that have
either degree 1 or degree 0 in GG'. Since G has no component isomorphic to Cj, it
is also the case for G’ and we can apply induction. Thus, there is a colouring w of
G’ that satisfies the two conditions of the theorem. We now extend w by colouring
the four edges of the cycle to obtain a neighbour sum distinguishing 2-relaxed edge
colouring of G with the vertices of degree 2 adjacent to different colours.

For i € {1,2,3,4}, let z; be the colour that will be assigned to u;u; ;1 (indices are
taken modulo 4). If u; has a neighbour, let v; be this neighbour, ¢; = w(u;v;) and
a; = 0,(v;) — ¢;. Otherwise, let ¢; =0 = a; = 0.

If for each i € {1,2,3,4} the following conditions are satisfied, then putting the
colour z; to u;u; 1 will extend w to a colouring satifying the theorem (indices are
again taken modulo 4):

e 1; 1+ ¢ # w1+ ¢y, to distinguish u; and w;yq;

19



o x; +x;_1 # « to distinguish u; and v; (if v; exists, otherwise we keep the
condition for simplicity reasons);

e 1; # x;_1, to have at least two colours adjacent to u;.

We construct a polynomial

P(ﬂUl, X2, X3, $4) = H?zl ((%‘—1 — Tjy1 + ¢ — Cz‘+1)($z’ + i — %’)(xi - $z‘—1)) .

Consider the coefficient of the monomial z3x3x323, observe that this coeeficient

in P is the same as in the following polynomial:

P'(x1, 19,23, 24) = H?:l ((%‘—1 - $¢+1)(1’@2 - 3%2—1)) .

The coefficient of the monomial z3x3z5z3 is non-zero (is equal to 8). Since there

are initially four possible values for each x;, Theorem 11 implies that there are
x; € {1,2,3,4} for i = 1,2, 3,4 such that P(xy, s, x3,24) # 0. Thus we can extend
w to G by assigning w(u;u;+1) = x; for ¢ € {1,...,4}, which proves the theorem.

Case 4. G has girth at least 5. We consider two subcases according to whether
the graph is cubic or not.

Subcase 4.1. /(G) =2

By Proposition 10, the theorem is true for all cycles except C5. Thus we may
assume that G has a vertex of degree 3. Therefore, since GG is connected, one can
find a vertex of degree 2, say u, which has a neighbour of degree 3. Let v,w be
the neighbours of u such that deg(w) = 3. Let w; and ws be the neighbours of w
different from wu.

Since G has girth at least 5, the vertices v and w are not adjacent. This is also
the case for the vertices {v, w;, ws} that form an independent set. Now observe that
each component of G' = G \ {u,w} admits, by induction hypothesis, a colouring
that satisfy the theorem. Indeed, since 6(G) > 1 and there is no pending C5, there
is no component isomorphic to K5 or C5 in G’, except if the graph is of the form of
Figure 8. In that case, it suffices to consider y as the new vertex u of degree 2, and
v its neighbour of degree 3.

Let w be such a colouring of G'.

The vertex v must be distinguished from its neighbours in G’. If v has two
neighbours, then there are potentially two forbidden colours for vu. Thus there are
two remaining possible colours for uwv, since v has already two different colours in its
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v

Figure 8: Subcase 4.1: if G is of this form, then consider G' as G'\ {y,v}.

neighbourhood. If v has exactly one neighbour in G’, then v must be distinguished
from its neighbour and additionally the colour of wv must be different from the
colour of the other edge incident to v. Thus again we have at most two forbidden
colours. Let S; be a set colours that are not forbidden for ww. Vertices w; and
wo must be distinguished from their neighbours in G’ and if they have degree two
in GG, then they must be adjacent to edges coloured differently. Thus again there
are potentially two forbidden colours for ww; and wwsy. Let Sy and S3 be the sets
of colours that are not forbidden for wyw and wsow, respectively. The vertex u
must be distinguished from v, so there is at most one forbidden colour for wu. Let
Sy be a set colours that are not forbidden for ww. Thus |Si| = |S2| = |S;] = 2
and |Sy| = 3. Summarize our reasoning, if for each edge uv, w;w, wow, uw we choose
colours from S, Ss, S3, Sy, respectively, then we obtain a colouring that distinguishes
all vertices of G, distinguishes u from v and furthermore guarantees that w; and
wy are adjacent to edges coloured differently. To obtain a colouring that satisfies all
the conditions of the theorem we need to add some additional restrictions on colours
that we choose for uv, wiw, wow and uw. Let x1, 2o, x3, x4 be the colours attributed
to edges uv, wyw, wow, uw, respectively. Thus for colours xy, xo, x3, x4 it must hold:
® Iy + x3 # w1, since u and w must be distinguished;
e 13+ x4y # o1 (where oy is the colour of wy in G’), since w and w; must be
distinguished;
e 1y + x4 # 0y (Where oy is the colour of wy in G’), since w and wy must be
distinguished;
e 1, # x4, since u must be adjacent to edges coloured differently;
® 13 # Ty Or T3 # Xy OF Ty # Ty, since w must be adjacent to edges coloured
differently.

We construct a polynomial

Py, 29,23, 24) = (29 + 23 — 1) (3 + 24 — 01) (T2 + 24 — 02) (21 — x4) (5 — 24).
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Observe that if there are z; € S; (i € {1,2,3,4}) such that P(zy,xs,x3,24) # 0,
then we put w(uv) = x1,w(wyw) = z9,w(wew) = z3,w(uw) = x4, and the result-
ing colouring satisfies all the conditions of the theorem. To prove that there are
z; € 5; (i € {1,2,3,4}) such that P(xy, 9, x3,24) # 0, we use the Combinatorial
Nullstellensatz. The coefficient of the monomial xyzsx323 is equal to —1, so is non-
zero. Since |Si| > 1,]Ss| > 1,[S3| > 1,|S4| > 2, Theorem 11 implies that there are
z; € 5; (1 € {1,2,3,4}) such that P(zy,x9,23,24) # 0. Thus there is a colouring
that satisfy all conditions of the theorem.

Subcase 4.2. §(G) =3

Figure 9: A neighbour sum distinguishing 2-relaxed 4-edge colouring for Petersen
graph, appearing in Case 3 of Theorem 12.

Let C be a cycle of smallest size and wy, . .., u,_1 its vertices. For each vertex u;
of the cycle, u; has a neighbour v; outside C' (since C' is minimal).

We remove all the vertices u; from G to obtain a graph G'.

If G’ = (5, then G is isomorphic to the Petersen graph and satisfies the theorem
according to Figure 9. Thus we may assume that G is not isomorphic to the graph
in Figure 9 and then G’ has no component isomorphic to C5. Since C' is of smallest
size and G is cubic, there is also no isolated K5 in G'. Thus by induction, there is a
colouring w of G’ that is distinguishing, 2-relaxed, and assigns two distinct colours
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to the edges incident with vertices of degree 2.

Since C' has size at least 5 and by minimality of C', all the vertices v; are distinct
(but might be adjacent). For each vertex v;, we denote by o; the sum of the colours
on the two edges adjacent to v; that are already coloured (there are exactly two such
edges). Note that to distinguish w; and v;, the colours of u;_ju; and w;u;;1 must not
sum to o;.

In order to keep v; distinguished from its neighbours outside of C', at most two
colours are forbidden for the edge u;v;, and thus at least two colours remain possible
for the edge u;v;. We denote by L; the list of possible colours for the edge u;v;.

Note that if v; is adjacent to another vertex v;, then, since there is no Cy4, we
have |j —i| > 1 (subscripts are taken modulo ¢). Furthermore, until either the edge
vju; or vu, is coloured, the lists L; and L; have size at least three and at least two
if one of the edges is coloured.

Subcase 4.2.1 C' has length 5 and there is a pair of adjacent vertices in
{’Uo, c ,’1}4}.
Subcase 4.2.1.1. There is 0; # 5 for i € {0,...,4}

First we colour edges of the cycle C' in such a way that every vertex u; is adjacent
to two differently coloured edges and the pairs (u;,v;) are distinguished for i €
{0,...,4}. We claim using Theorem 11 that such a colouring exists. Without loss
of generality we assume that o; # 5. Observe that assumption on oy implies that
there is a colour ¢y € {1,2,3,4} such that oy — ¢y ¢ {1,2,3,4}. We colour ugu; with
¢o. Thus if we colour ujus with any colour from {1,2,3,4}, then the pair (uy,v;) is
distinguished. Since u; must be adjacent to edges coloured differently, we assume
that S = {1,2,3,4} \ {co} is the set of possible colours for ujuy. Let 1, xq, 3, 24
be the colours attributed to edges ujus, usus, usuy, usug, respectively. Let S; be the
set of colours that are possible for z;, so |S1| = 3 and |S;| = 4 for i € {2,3,4}. To
obtain the above described colouring we need that the colours additionally satisfy:

o z;+ ;1 # 044 for i € {1,2,3}, since (u;41,v;51) must be distinguished;

o 1; # x;q for i € {1,2,3}, since u;;; must be adjacent to edges with different

colours;

e 14+ ¢y # 0y, since (ug, vo) must be distinguished,;

e 1, # ¢, since ug must be adjacent to edges with different colours.

We construct a polynomial

P(xy, 29,23, 24) = (1 + 22 — 02) (21 — 22) (T2 + 23 — 03) (22 — 23)

(,Tg + x4 — 04)(583 — 334)(.CE4 +co — 00>(334 — Co).
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Consider the coefficient of the monomial z3z3x22%, observe that this coefficient in P
is the same as in the following polynomial

Py(wy, @2, 3, w4) = (0] — a3) (75 — 25) (a5 — )77,

The coefficient of the monomial z?x3z2x% is 1, so since |S;| > 2,|S;| > 3 for
i € {2,3,4}, Theorem 11 implies that there are z; € S; (i € {1,2,3,4}) such that
P(z1,x9,23,24) # 0 and equivalently there is a desired colouring of the edges of
C. Let ¢; € S; (i € {1,2,3,4}) be colours such that P(ci,ca,c3,¢4) # 0, we put
w(uiug) = c1,w(ugus) = co, w(uzuyg) = 3, w(ugug) = cy.

Now we colour the edges w;v; for i € {0,...,4}. The colours that we choose
for these edges must distinguish adjacent vertices of C' and adjacent vertices of
{Uo, ce ,U4}. Let tz = |N(U2) N {Uo,’U17 U2, U3, U4}| for ¢ € {0, c. ,4}

Claim 14. There are two consecutive vertices v;, v;y1 such that t; > t;y1.

Proof. Suppose that there is ¢ such that ¢, = 2. Since G is not isomorphic to the
graph of Figure 9, there is ¢; < 2. Thus we find two consecutive vertices v;, v;41 such
that t; > t;1. Ift; < 2fori € {0,...,4}, then there are at most two pairs of adjacent

vertices in {vg,...,vs} and consequently there is t; = 0. Since in {vy, ..., v4} there
are two adjacent vertices, there is ¢; = 1 and this implies that there are two vertices
Vi, Vir1 such that tl > ti+1. ]

Renaming vertices, if it is necessary, assume that ¢, > ¢;. Note that this operation
is possible, even though it has been assumed previously that o; # 5. Indeed, we will
not use anymore this property in the rest of the proof.

Observe that |L;] > 2 +¢; for i € {0,...,4}. We choose the colour by € Ly for
ugvo such that [Ly \ {bg + c4 — c1}| > 2+ t;. Because ty > t;, we can find such a
colour. We colour ugvg with by. Then we modify the list Ly, i.e. we delete the colour
bo + ¢4 — ¢; from the list whenever such a colour is in L;. Now each colour from L,
will distinguish wy and u; and still |L;| > 2 4 ¢;. Moreover for every neighbour v; of
vo in {vq,v9,v3,v4} we delete the colour og + by — o; from the list L;. After such a
list modification, every colour in L; will distinguish vy and v;.

Next we colour usvy, we choose the colour from L, that distinguishes ug and uy.
Because |L4| > 2 we can find the proper colour. Let by be such a colour, which
we put on uqvs. We modify the lists of neighbours of vy in {vg, vy, ve,v3}: if v;
is the neighbour of v4, then we delete the colour o4 + by — 0; from L;. Then we
repeat procedures of colouring and list modifications for the edges usvs, usvs and
u1v1. Observe that when we colour u;v; we do not need to care about the vertex
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up, because the colour by on ugvy guarantees that every colour in L; distinguishes
up and u;. Each time when we choose colour for the edge wu;v; the list L; contains
at least two colours, because initially every list L; had at least 2 + ¢; colours. Thus
eventually we obtain the neighbour sum distinguishing 2-relaxed edge colouring of

G.

Subcase 4.2.1.2 g; =5 for i € {0,...,4}

By our assumption there is a pair of adjacent vertices in {vy, ..., vs}. Without loss
of generality, we assume that vove € F(G). Thus |Lg| > 3. Recall that |L;| > 2+,
where t; = |N(v;) N {vo, v1, v2, V3, s}

First we colour the edges of C in the following way w(uou;) = 1,w(ujuz) =
3, w(ugug) = 4, w(usuy) = 3, w(ugug) = 1. Such a colouring distinguishes the pairs
(u,v;) for i € {0,...,4}, furthermore, all vertices of C, except ug, are adjacent to
edges with different colours.

Now we colour edges u;v; (i € {1,...,4}) in such a way that we distinguish all
adjacent pairs of C' and {vy,...,vs}. The vertex ug must be adjacent to edges with
different colours, so from Ly we delete the colour 1, whenever it is on the list L.
Thus the edge ugvy has at least two possible colours.

Consider the pair (uy,us). If we give uyv; a colour by < 3, then whatever the
colour will be on wugve, the pair (u, us) will be distinguished. Since ujv; has at least
two possible colours, there is a colour by < 3, which we can put on ujv;. After
colouring wyv; with by, for every neighbour v; of vy in {wg,...,v4} we delete the
colour o1 + by — 0; from L;. After such a modification of L; every colour in L; will
distinguish vy and v;.

Next, as in the case 3.1.1, we colour the edges ugvg, u4v4, usv3, Usv2, one by one.
We start with the edge ugvg, we choose the colour from L, that distinguishes uy and
uq, because | Lg| > 2 we can choose the proper colour. After colouring uyvy we modify
the lists of neighbours of vy in {vy, ..., v4} in such a way that every colour on the list
of the neighbour will distinguishes vy from its neighbour, i.e. for every neighbour v;
of vy we delete the colour oy + by — o; (where by is the colour of ugvg) from L;. Then
we colour u4v,4 in such a way that the vertices ug and u4 are distinguished, so if by is
a colour of uyvy, then by € Ly and by + 3 # by + 1. We delete the colour o4 + by — 0
from L; for every neighbour v; of v4. We do the same procedure for usvs and uqv,.
The colour by, which w chose for u;v; provide that every colour on Ly distinguishes
vertices u; and us, so if we colour usvy we do not take care about the vertex vy.
Since initially every list L; had at least 2 + ¢; colours, when we colour the edge wu;v;
the actual list has at least two colour and so we can find a proper colour. Eventually
we obtain the neighbour sum distinguishing 2-relaxed edge colouring of G.
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Subcase 4.2.2 C has length 5 and the set {v,...,v,} is independent or C
has length at least 6.

We first consider that we are not in the case where all the lists L; have size 2,
are the same and all the o; sums to 5. In this case, we first colour some edges with
particular conditions (given in Claim 15) and then extend this partial colouring to a
complete colouring.

We say that a partial edge colouring is good if a vertex that has all its edges
coloured has at least two colours in its neighbourhood and if two adjacent vertices x
and y of degree 3 have their four edges distinct from xy coloured, then those vertices
are distinguished (i.e. the sum in x and y are distinct). Observe that the partial
edge colouring w of G is good.

Claim 15. There is a partial good colouring that satisfies the following conditions :

e the edges of C that are coloured are uiug and usus;

e the edges u;v; are coloured for 0 < i < 2;

o the pair (ug,vq) is distinguished;

o the pairs (ug,uy) and (uy,uz) are necessarily distinguished whatever will be the
colours on up_1ug and uguq;

e the vertices uy; and ug are adjacent to edges of different colours.

Proof of Claim 15. Observe that our assumptions that either {vg,...,v4} is inde-
pendent when C' has length 5 or C' has length at least 6 imply that if v; is adjacent
to another vertex v;, then we have |j — | > 2. Thus if we colour w;v;, then L; does
not change for |i — j| < 2. We first prove the claim is true in the following cases:

(i) There are three consecutive lists L; with 1 or 2 in the first one, 3 in the second
and 1 in the last list.
(ii) There are three consecutive lists L; with 1 or 2 in the first one, 4 in the second
and 1 in the last list.
(iii) There are two consecutive lists L; with 2 in the first one and 4 in the second.
(iv) There are two consecutive lists L; with 1 in the first one and 3 in the second.

(i-ii) There are three consecutive lists L; with 1 or 2 in the first one, 3 (resp. 4) in
the second and 1 in the last list.

Without loss of generality, we assume that 1 € Ly (or 2 € L), 3 € Ly and 1 € L.
We assign colour 1 (or 2) to the edge ugvg, colour 3 to the edge ujv; and 1 to the edge
usv9. Observe that by our assumption that C' has length 5 and the set {vg,...,v4}
is independent or C' has length at least 6, the vertices vg, v1, vy are independent, so
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after colouring ugvg, u1v; and usvy we still have a good colouring. Now we choose
for the edges ujusg, ugug colours 4,1 if oy # 5 and 4, 2, otherwise (see Figure 10a and
10b). In this way we make sure that pairs of vertices (ug,u1), (u1,us) and (ug,vs)
will be distinguished. Indeed, for the last pair, we have w(ujuz) +w(ugus) # oy. For
the pair (uy, ug), the sum in u; will be at least 8 whereas the sum in uy is 6 or 7. For
the pair (ug, u1) the sum in wu; is w(ugui) + 7 whereas the sum in uy will be at most
w(uguy) + 2+ w(ug_qup) which is smaller, since 7 > 2+ w(uy_1ug). We also have that
the vertices u; and uy are adjacent to edges of different colours.

Similarly we can show that if there exist three consecutive lists L; with 1 or 2 in
the first one, 4 in the second and 1 in the last list, then the claim holds (see Figure
10c and 10d).

Figure 10: Pre-colouring of Claim 15 (i-ii)

(iii) There are two consecutive lists L; with 2 in the first one and 4 in the second.

Without loss of generality, we assume that 2 € L; and 4 € L, and we assign
colours 2 to the edge u;v; and 4 to the edge uqvs.

We now consider the list Ly and choose ¢q € Ly such that ¢y # 2 and assign this
colour to ugvy. If possible, we choose ¢y > 2.

We first assume that we are not in the case where ¢y = 1 and o5 = 7. Depending
on ¢y and the value of g9, we attribute colours to uyus and usug in the following way:
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oy | w(ugug) | wlugug)
co>2| £5 1 4
c>2| 5 1 3
Co = 1 7£ 7 4 3

We can see that we satisfy all the conditions of Claim 15.

us

Figure 11: Pre-colouring of Claim 15 (iii)

Assume now that we are in the case ¢g = 1 and oo = 7. Then necessarily
Lo = {1,2}. If 3 € Lo, we choose for the edges ugvg, u1v1, usvs the colours 1,2, 3 and
for uyuy and ugus the colour 4 (see Figure 11a). Then as before we satisfy all the
conditions of Claim 15. If 1 € Ls, we choose for the edges ugvg, uiv1, usvy the colours
1,2,1 and for ujuy and wusug the colour 4 and 1 (see Figure 11b). Then as before
we satisfy all the conditions of Claim 15. Hence we can assume that L, = {2,4}. If
3 € Ly or 4 € Ly then we have three consecutive lists with 1 in the first one, 3 (or 4)
in the second and 2 in the last list. Then as we show before Claim 15 holds. Hence
we can assume that Ly = {1,2} and Ly = {2,4}.

Now, we reverse the role of u; and uy, assuming that L, = {2,4} and Ly = {1, 2},
and also the roles of ug and us. We choose for ujv; colour 4 and for uqvy colour 1
and we put to ujus colour 3 and to wugusz colour 1 or 2 to have a sum different to

28



the new oy. Then if 1 or 2 belongs to Ly we will satisfy Claim 15 (see Figure 11c).
Thus we can assume that Ly = {3,4}. But then we are back to the first case by
exchanging the role of 0 and 2. We have now L; = {2,4} and Ly = {3,4} and thus
can find colours to satisfy Claim 15.

Therefore, we have proved that we can satisfy Claim 15 whenever there are two
consecutive lists with a 2 and a 4.

(iv) There are two consecutive lists L; with 1 in the first one and 3 in the second.

us us

Figure 12: Pre-colouring of Claim 15 (iv)

Assume that 1 € L; and 3 € Ly and we affect colour 1 to the edge uv; and 3 to
the edge uqvs.

Consider the list Ly and choose ¢ € Lg. If ¢g > 2, then we assign colour 2 to
the edge ujus and we assign colour 4 to the edge usus whenever o5 # 6 and colour
3 otherwise (see Figure 12a). Hence, we satisfy all the conditions of Claim 15.

Thus we may assume that Ly = {1, 2}.

Since Claim 15 is true when there are two consecutive lists the first with 2 and
the second with 4, we may assume that 4 ¢ Ly. If 3 € Ly, then 1 ¢ Ly and 2 ¢ Lo,
since by our previous observation are no three consecutive lists with colours 1, 3,1 or
1, 3,2, respectively. Thus the argument 3 € L; implies that L, = {3,4}. In this case,
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we reverse the role of uy and uy assuming that Ly = {3,4} and Ly = {1,2}. Then
we may assign colours 4,1,2 to edges ugvg, u1v1, ugve and assign to colours 2,4 (if
0o # 6) or 3,4 (otherwise) ujus, ugus (see Figure 12b). Thus again Claim 15 holds.

Now assume that L; = {1,2}. Observe that 4 ¢ Ly because, otherwise, there
would be two consecutive lists the first with 2 and the second with 4 (which is
case (iii)). Assume that 1 € Ly. If 09 # 8, then we assign colours 1,2,3 to edges
UgUo, U1V1, UsVy and colours 4,4 to edges ujus, usus (see Figure 12¢). If oo = 8, then
we assign colours 1,2, 1 to edges ugvg, u1v1, usve and colours 4,1 to edges ujus, usus
(see Figure 12d). Hence, we satisfy all the conditions of Claim 15.

We may assume that 1 ¢ Ly and 4 ¢ Lo, so Ly = {2,3}. Then we consider
Ls. If 4 € L3 then we have two two consecutive lists the first one with 2 and the
second with 4, so Claim 15 is true. Since |L3| > 2 we have that 1 € L3 or 2 € Ls.
Thus we have three consecutive lists with colours 1,3,1 or 1, 3,2 so by our previous
observation Claim 15 is true.

Thus we may assume that there are no two consecutive lists L; with 2 in the first
one and 4 in the second and there are no two consecutive lists L; with 1 in the first
one and 3 in the second. If none of these two cases appear, but there are at least two
different lists, it means that the lists are necessarily alternating {1,3} with {2,4}.
But then three consecutive lists L; with 1 in the first one, 3 in the second and 1 in
the last list appear, so we are done.

Thus we can now assume that all the lists have size 2 and are the same, say
L; ={a, b} with a < b. By hypothesis, there exists i with ¢; # 5 and without loss of
generality, we can assume that ¢ = 2. Assume first that a # 1. Then we assign the
following colours: uguvg and usvy get b whereas uqv; gets a, ujus gets 1 and uqusz gets
4 (see Figure 13a). If b # 4, we do the reverse: ugug and usvy get a whereas ujv;
gets b, ujup gets 4 and ugusz gets 1. Finally, if {a,b} = {1,4}, then ugvg and usvy
get 1 whereas uyv; gets 4, ujus gets 3 and uguz gets 2. In all these cases, Claim 15
is satisfied.

]

We now extend the partial colouring of Claim 15 to a neighbour sum distinguish-
ing 2-relaxed colouring in the following way.

We first colour the edge uzvs with a colour in Lj that is not the colour of w(uqus)
and we colour all the other edges u;v; with any colour in L;.

Now we colour edge by edge the edges of C' from uguy to uguy. To colour w;u; iy
we ask for:

e u; and v; to be distinguished, thus w(u;u;1 1) + w(wu;_1) # o;
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Figure 13: Pre-colouring of Claim 15

e u; 1 to have their two adjacent edges of different colours: w(u;u;11) must be
different from w(w;41v;41)

e u; and u;_; to be distinguished.

To colour the last edge ugu;, we replace the second condition (since u; already has
two colours) by a condition to distinguish w; from v;. There are three conditions
giving three forbidden colours, thus at least one colour is always available.

This way, we colour all the edges of the cycle. At the end, all the adjacent
vertices (u;,v;) are distinguished and all the adjacent vertices of the cycle are also
distinguished (since the pairs ug, u; and uy, uy are sure to be distinguished by Claim
15). Moreover, there are at most twice the same colour on a vertex. Thus we obtain
a neighbour sum distinguishing 2-relaxed colouring.

We now consider the final case where all the lists L; are the same list {a, b} and
all the o; are equal to 5. Then we colour all the edges u;v; with the colour a.

Let r = £ mod 4. We colour the edges of the cycle following the pattern 1342,
except for the last 4 + r edges. For these ones, we use the same pattern but we
double r colours that are not equal to a. For example, if r = 2 and a = 3, we finish
by 113442. This way, all the vertices of the cycle have at least two distinct colours.
All the couples u;, v; are distinguished since there are no consecutive edges of the
cycle that sum to 5. And finally all the pairs u;, u;11 are also distinguished since all
the edges at distance 2 on the cycle are different, which is enough to distinguish the
edge between them.

O

Since X%(Cg,) = 3, Theorem 12 implies the following corollary.

Corollary 16. If G is a connected subcubic graph with at least three vertices, then
X5 (G) < 4.
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5 Concluding remarks

In the paper we propose a new version of the distinguishing edge colouring of a graph,
in which the monochromatic set of edges induces a subgraph with bounded maximum
degree. If the maximum degree of the monochromatic subgraph is bounded either
by maximum degree of the graph or by 1, then we obtain two well-know versions of
distinguishing edge colourings related with Conjecture 1 or 2, respectively. According
to these equivalences, the following conjecture can be considered as a generalization
of both Conjectures 1 and 2.

Conjecture 17. If G is a connected graph on at least 3 vertices and G # C5, then
(0) < [22] +2

As a support for Conjecture 17 we proved the validity of it for three families
of graphs. In Section 3 we proved that for every value of d, it holds for trees. In
Section 4 we proved that Conjecture 17 is true for complete graphs when d = 2 or
d > [(V(G) —1)/2]. In Section 4 we proved that Conjecture 17 is also true for
subcubic graphs.
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