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Abstract

Let D = (V, A) be a digraphs without isolated vertices. The first Zagreb index

of a digraph D is defined as a summation over all arcs, My(D) = 1 3 (df +d,),

uveA
where d;f (resp. d;;) denotes the out-degree (resp. in-degree) of the vertex u. In this

paper, we give the maximal values and maximal digraphs of first Zagreb index over
the set of all orientations of unicyclic graphs with n vertices and matching number
m(2<m< (1)),
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ber.

1 Introduction

The first Zagreb index was first appeared in [I, 2], and it is an important molecular
descriptor which is related with many chemical properties. The first Zagreb index have
been used in the study of molecular complexity, chirality, ZE-isomerism and heterosystems
whilst the Zagreb indices played a potential role in applicability for deriving multilinear
regression models. Zagreb indices are also used by researchers in the studies of QSPR and
QSAR [1I]. During the past decades, results closely correlated with the Zagreb indices
have published in [3] [4] 5] 6] [7, [8 ©].

We denote by G = (V, E) a simple connected graph, where V(G) is the vertex set of
G and E(G) is the edge set of G. The first Zagreb index of G is defined as

Mi(G) = ) (da(u) +dc(v))

weE(G)

where dg(v) (d, for short) is the degree of vertex v in G.
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For any v € V(G), let Ng(v) = {u|uv € E(G)} be the neighbors of v, and dg(v) =
|Ng(v)] the degree of v in G. For £/ C E(G), G — E' denotes the subgraph of G obtained
by deleting the edges of E'. Let W C V(G), we denote by G — W the subgraph of G
obtained by deleting the vertices of W and the edges incident with them. A matching M
of the graph G is a subset of E(G) such that no two edges in M share a common vertex.
A matching M of G is maximum, if |M;| < |M| for any other matching M; of G. The
matching number of G is the number of edges of a maximum matching in G. If M is a
matching of a graph G and vertex v € V(G) is incident with an edge of M, then v is said
to be M-saturated, and if any v € V(G) is M-saturated, then M is a perfect matching.

A digraph D = (V, A) is an ordered pair (V, A) consisting of a non-empty finite set V'
of vertices and a finite set A of ordered pairs of distinct vertices called arcs (in particular,
D has no loops). Let uv € A, we denote by uv an arc from vertex u to vertex v. The
vertex u is the tail of uv, and the vertex v is its head. d; (resp.d;) denotes the out-degree
(resp. in-degree) of a vertex u which is the number of arcs with tail u (resp. with head
u). If u € V and d} = d;; =0 ,then u is called an isolated vertex. D,, denotes the set of
all digraphs with n non-isolated vertices. The first Zagreb index of a digraph D defined
as

Mi(D) = 5 37 (5 + )

uv€A
where df (resp. d;) denotes the out-degree(resp.in-degree) of the vertex u. If u € V(D)

and df = 0 (resp. d; = 0), then u is called a sink vertex (resp. source vertex). An
oriented graph D is obtained from a graph G by replacing each edge uv of G by an arc
uv or vu, but not both. In this case D is also called an orientation of G. Let O(G) be
the set of all orientations of G. D € O(G),if df =0 or d;; = 0 for any u € V(D), then D
is called a sink-source orientation of G.

In order to better study of vertex-degree-based topological indices. Recently, J. Mon-
salve and J. Rada [12] extended the concept of vertex-degree based topological indices
of graphs to oriented graphs. the authors determined the extremal values of the Randié
index over OT (n), the set of all oriented trees with n vertices. Also, the authors given
the extremal values of the Randié¢ index over O(P,),0(C,,) and O(H,), where P, is the
path with n, P, is the cycle with n vertices and Hy is the hypercube of dimension d,
respectively. J. Monsalve and J. Rada [14] found extremal values of symmetric VDB
topological indices over OT (n) and O(G), respectively. But the maximum value of AZ
over OT (n) is still an open problem.

In this paper, we present the maximal first Zagreb index for orientations of unicyclic
graphs with n vertices and matching number m (2 < m < |3 ), and we state the results
as follows:

Let n and m be integers and 2 < m < [ %], U(n, m) the class of unicyclic graphs on n
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vertices with matching number m, and U, ,, the graph formed by attaching n — 2m + 1
pendent vertices and m — 2 paths of length 2 to a (common) vertex of a triangle. Let
Ué}%l,Ug)n, Ué?%z,U,(fr)n be four orientations of U, ,, (see Figure . Obviously, U, €
U(n,m). Let C,, be the the cycle with n vertices. U}, = {USQ), Uf;, Uf’Q), Ugg, Uf;), Ufg)},
where U 252) and U 2762) are the sink-sourse orientations of Cy. Ug 3 = {UG(13) , Ué?g) , Ué? , Uﬁ(jé), Ué? ,
Uég }, where Ué? and Ué%) are the sink-sourse orientations of the graph formed by attach-
ing two pendant vertices to two adjacent vertices of Cy. Uy, = {U,(llr)n, Ug)n, U,(f,)n, Ugﬁ%},
where (n,m) # (4,2), (6, 3).

n-2m+l m-) n-2mtl m-2 n-2ml

S, LI

U(l)n,m

Figure 1: Four orientations of U, ,, :UT(L},)n, ,(1221, ﬁ%,U#% .

Theorem 1. Let G € U(n,m) with2 <m < [§]|, D € O(G). Then
M,(D) < % [n* + (=2m + 3)n+m”* + m — 2]
with equality if and only if D € U},
Specially, if n = 2m, we have
Theorem 2. Let G € U(2m,m) with m > 2, D € O(G). Then

Mi(D) < =[m? + Tm — 2]

N[ —

with equality if and only if G €

*
2m,m*

Hence, we solve the problem on the maximum values of the first Zagreb index for

orientations of unicyclic graphs with n vertices and matching number m (2 <m < [3]).

2 Some useful lemmas

In this section, we give three useful lemmas.

Lemma 3. [13] Let G be a graph. Then G is a bipartite graph if and only if G has a
sink-source orientation. Moreover, If G is a connected bipartite graph, then there exist

exactly two sink- source orientations of G.



Now, we can show a important result.

Lemma 4. Let G be a graph, D € O(G). Then

M
wy(p) < M9
equality occurs if and only if D is a sink-source orientation of GG.

Proof. Let G = (V,E) and D = (V, A). For each u € V, d, = d} +d,. So d, > d} and
d, > d;, where u,v € V. Then d} +d; <d, + d,. Hence

My(D) = % D (df +dy) < % > (dutdy) = M12(G).

uvEA weFE(G)

If D is a sink-source orientation of GG, then for each u € V', one has either df = 0 or
d; = 0. Moreover, if uv € A, then d} # 0 and d; = 0, so d, = d,}. It is Similar to d,.

Hence
M(D) = S ) = Y o+ dy = D

uvEA weE(Q)
Conversely, d, > d and d, > d, then d,, + d, > d} + d; with equality if and only if
d, = di and d, = d;, so My(D) = X9 if and only if d, = df and d, = d;, where all

v v

uv € A. This clearly implies that either df = 0 or d, = 0 for any w € V.
[

Lemma 5. Let G be the graph with n non-islated vertices and D € O(G). Then

M(D) =3 S [P + ()]

ueV (D)

Proof. As the fact that M;(D) = 3 > [(d}) + (d;)] and d (resp. d;) occur d;f (resp.
uveA
d;;) times in the sum, for each u € V(D).

So, My(D) = 3 X ev(py [(d5)* + (d,)°]- H

3 Proof of Theorem 2

In this section, we first give a proof of Theorem 2, then we will prove Theorem 1 in next
section by using Theorem 2.

We first determine the maximum values of the first Zagreb index for orientations of
trees with 2m vertices and matching number m (m > 1).

Let n and m be integers and 1 < m < |3]. T(n,m) denotes the class of trees on
n vertices with matching number m. We denote by 7}, ,, a tree formed by attaching a

pendent vertex to each of m — 1 pendent vertices of the graph K ,,_,,, where a pendent
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vertex is a vertex of degree one (see Figure . Obviously, 1,1 = Ki,-1 and T, €
T(n,m). Let T be a tree with u,v € V(T'). We denote by Pr(u,v) the unique path from

u to v in T Firstly, we give a lemma which is related to Pr(u,v).

Figure 2: The graph T, ,, .

Lemma 6. [75] Let T be a tree with at least four vertices and a perfect matching M. If

Pr(u,v) as a diametrical path in T, then the unique neighbor of u has degree two.
We first consider trees with a perfect matching.

Lemma 7. Let T € T(2m,m) with m > 1. Then
M,(T) <m® +5m — 4
with equality if and only T = Ty, .

Proof. We will prove by induction on m.

Obviously, T' = T5; for m = 1, and T' = T, for m = 2. So the result holds for
m=1,2.

If m > 3. Suppose that the result holds for trees in T'(2(m — 1),(m — 1)). Let
T € T(2m,m) and M a perfect matching of 7. Note that the diameter of 7" is at least
four. We can denote by Pr(u,v) = uxyz - -- a diametrical path in 7. Then z # v. Let
Np(y) = {x1, 29, - -, x5y1} with 1 =z and 24,1 = 2.

Suppose that yz € M. By Lemma 6, d,;, = 2 and d,, = 1, where u; is the neighbor of
x; different from y for 1 < i < s, and u; = u. So 2(2m—1) > i(dm—i—dui)+dy+dz+dv >
3s+(s+1)+2+1>4s+ 2, hence s < m — 1. Suppose tha’é_ylz ¢ M. Then M contains
zw for some neighbor w of z different from y, and M contains one of yx; for 2 <1 < s, say
yxs. Since Pr(u,v) is a diametrical path, z; is a pendent vertex. By Lemma @, dy; =2

and d,; = 1, where u; is the neighbor of z; different from y for 1 < j < s—1, and u; = u.
s—1
So2(@2m—1) > > (de; +dy,) +de, +do+dy+dy > 3(s—1)+1+(s+1)+2+1 = 4s+2,
j=1
hence s < m — 1. Consequently, s < m — 1.
Let 7" =T —{u,xz} € T(2(m — 1),m — 1) and it is easily checked that M — {uz} is a
perfect matching of 7".



By the induction hypothesis, it is obvious that M;(T") < (m — 1)+ 5(m — 1) — 4.

Hence

My(T) SM(T') +dy + dy + dy + do + Y [(dy +da,) — (dy — 1 +dy,)]
=2
+[(dy +d2) = (dy — 1 +d.)]

SM(T)+34(s+3)+s

<Km—-12+5m—1)—4+6+2(m—1)

=m? +5m — 4,
equality occurs if and only if Mi(T") = (m —1)2 +5(m —1) —4 and s = m — 1 or
equivalently, T — {u, 2} = Tom_1)m-1, Y2 ¢ M and d, = m, i.e. T = Thp, . O

We can extend the result for the first Zagreb index of trees to the oriented trees.

Lemma 8. Let T € T'(2m,m) with m > 1, D € O(T). Then

M (D) < =(m® +5m — 4)

DN | —

with equality if and only D is a sink-source orientation of Thy, .

Proof. Let D € O(T), where T" € T'(2m,m). Since T is a bipartite graph, 7" has sink-
source orientation, by Lemma

From Lemma , M, (D) < 1M (T), equality occurs if ond only if D is a sink-source
orientation of T

Hence, by Lemma [7]
1 1
max{M,(D)|D € O(T),T € T(2m,m)} = max{iMl(TﬂT eT(2m,m)} = §M1(T2m,m)

Consequently, M;(D) < %(m2+5m—4), equality occurs if and only if D is a sink-source
orientation of Ty, .

]

We give the maximum values of the first Zagreb index for orientations of two graph,

which will be used in the following.

Lemma 9. Let D € O(Uy2). Then
My(D) <8

with equality if and only if D € {U4(712), UfQ), UfQ), U4(j12)}'
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Figure 3: D;i=1,2,--- 16.
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Proof. Let D € O(Uy,2). Since each uv € E(Uy2), uv has two orientations and |E(Uys)| =
4, we have |O(U,2)| = 2* = 16. Note that O(Uy o) = {D1, Ds,- - -, D16} (see Figure [3).
Clearly, we have

Ml(Dl) = Ml(D2) = M1<D15) = MI(D16) =5

M, (D3) = My(Dg) = My(D11) = Mi(D14) = 6
M, (D7) = My(Dg) = M1(Dy) = My(D1o) =7
My (Dy) = My(Ds) = My(D12) = My(D13) =8

Consequently, M; (D) < 8, equality occurs if and only if D € {Dy, D5, D12, D13}
= {U13. U153, Uiy, Usy }.
0

Lemma 10. Let G be the graph formed by attaching a pendent vertex to each vertex of
a triangle. Let D € O(Gy). Then
M(D) <13

with equality if and only if D € { D1, Doy, Do, Doy, Dog, D3y, D33, D3z, Dy1, Dy, Dyy, Ds3}
(see Figure[d]).

Proof. Note that O(G1) = {D;|i =1,2,---,64} (see Figure {4)).
Let u; be a pendent vertex and v; the unique neighbor of u; in Gy, where i = 1,2, 3.
Obviously, all digraphs in Figure[d have {d,} = 1,d,, = 0} or {d;, = 0,d,, = 1}, where
i =1,2,3. By Lemma [3]
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Figure 4: Dj, i =1,2,-- 64 in Lemmal[I0].

where j =1,2,---,64. All digraphs in Figure [] can be divided into three case:
Case 1.{d], = 2,d, =1} or {d] = 1,d, = 2}, where i = 1,2,3. This clearly implies

that M;(Ds) = My(Ds) = My(Dy) = My (Ds) = My (D+) = M(Dg)

- Ml(D13) M <D14) = MI(D15) = Ml(D18) = M1<D25) M1<D26)
- Ml(DQ ) M1<D30) = MI(D35) = Ml(DSG) = M1<D39> M1<D40)
= Ml(D47) M1<D50) = MI(D51) = Ml(D52) = Ml( 57) = M1<D58)
- Ml(DE)Q) M1<D61) = MI(DGQ) = Ml(DG ) =

Case 2. There is a v; which satisfy {d; = 3,d;¢ = 0} or {d} = 0,d, = 3}, says
vi. {d}, = 2,d, =1} or {d} = 1,d,, = 2}, where i = 2,3. This clearly implies that
My (D) = My(Ds) = My(Dg) = Mi(D1g) = My(D11) = Mi(Dis)

= Mi(D17) = My(D1g) = Mi(Dy) = My(Day) = Mi(Dy7) = Mi(Ds;)
— Ml(D34) = M1<D38) Ml(D43) ( ) M1<D46> ( )
= Ml(D49) = M1<D54) = Ml(D55) = Ml(DE)G) = M1<D60) = M1<D64) =11

Case 3. There are two v; satisfy {d, = 3,d, = 0} or {d} = 0,d, = 3}, say v; and v,.
{dy, =1,d,, =2} or {d} =2,d,, =1}. This clearly implies that M;(D13) = My(Da1) =
M (Da3) = Mi(Das) = Mi(Dog) = Mi(Ds2)
= Mi(D33) = Mi(D37) = My(Da1) = My(Daz) = My(Dus) = Mi(Ds3) = 13

Consequantly, M;(D) < 13, equality occurs if and only if D € {D1y, Doy, Dag, Doy,

Dsg, D33, D33, D37, Day, Dyg, Daa, D53} O



We are now ready to give a proof of Theorem 2.
Proof of Theorem 2.

Proof. We will prove by induction on m.

If m = 2, then either G = Cy or G = Uy, and by Lemma D € O(Cy), My(D) <
M, (Cy) = 8 = £(22+7x2-2), equality occurs if and only if D is a sink-source orientation
of Cy, ie., U or U, By Lemma@ De (’)(U42) My (D) < 8 = 1[2247x2—2], equality
occurs if and only if D € {U42, 42,U42,U42} Consequently, G € U(4,2), D € O(G),
M, (D) < 8, equality occurs if and only if D € { AEIQ),U“,U42,UAE42),U472,U$2)} = Uj,.
The result holds.

If m > 3. Suppose that the result holds for all orientations of unicyclic graphs in
U2(m—1),m—1).

Let G € U(2m,m) with a perfect matching M. If G = Cy,,, then D € O(Cyy), b
Lemmaand $(m?+Tm—2) —4dm = i(m* —m —2) = [(m—1)* =93] > 2 >0,
M; (D) < IM;(Coy) = 4m < [m? + Tm — 2]. The result holds.

Suppose that G # Cs,,, we consider the following two cases.

Case 1. Suppose that G has a pendent vertex u whose unique neighbor v has degree
two. Let w € Ng(v) and w # u. Obviously, d, > 2. Let Ng(w) = {v1,v2,- - -, Vsq1},
where s > 1 and v; = v. Then M contains one of wv;, i = 2,3,-- -, s + 1, say wuvy. Since
the s — 1 vertices vs, - - -, vs41 are M-saturated and at most two of them belong to the
unicyclic component of G — {w}, we have m > 2+ (s —2) = s. Then G' = G — {u,v} €
U(2(m —1),m — 1) and M — {uv} is a perfect matching of G'. Let D' € O(G’) and
A(D"YNA(D) = A(D'), where D € O(G).

By the induction hypothesis, it is obvious that M;(D’) < 3[(m — 1)+ 7(m —1) — 2].

If uv € A(D), then 3[df(u)+dp(v)] < 3[da(u)+de(v)]. If vu € A(D), then $[dp,(u)+
dj(v)] < 5lde(u) + dg(v)]. Hence, max{z[d};(u) +dp(v)], 5ldp (u) +dp(v)]} < 5lda(u) +
de(v)] . Similarly to vw € A and wv € A, and we have max{1[d},(v) + dp(w)], 2{d}(v) +
ah(w)]} < Mda(w) + do(w)]

If vw € A(D), then dp(w) = dp, (w)+1,d5(w) = d}, (w). Since A(D’)ﬂA(D) A(D"),
without lost of generality suppose that al+ (vl) df(vi), where i = 2,3, - dp(w).

dp(v;) = dp(v;), where j = dp(w ) de(w). Consequently d},(v;) + dp(w) =
db(vi) +dp (w)+ 1, where i = 2,3, - ( ) b(vy) +dh(w) = dp(vy) +db (w), where
j=dp(w)+1, -, dg(w). Similarly to wv € A(D). Thus



M (D) <My(D') + mas{ 5ld(w) + dp(0)], 3 [dp(w) + dp(o)]} + max{5[dhw) + dp(o)]

d+w)
%[ S(w) + df ()]} + = max{z p(vi) + dh(w) = (dp (v:) + dfy, (w))]

de(w) dp(w)
b3 lb() +dpw) - (dh(e) + dp())], 3 ldb(ws) + dp(w)
j=dj (w)+1 =2
da(w)
— (df () +dp )+ Y [dp(vy) + db(w) — (dp(v;) + dby (w))]}

j=dp (w)+1

< M(D) + Sdo(u) + do(w)] + 5[do(w) + da(w)] + 5 max{dw) — 1 dpw) 1)
< My(D') + G lda(w) + do(0)] + 5 da(w) + da(v)] + 5 (da(w) — 1)

< M(D')+s+3

< % [(m =12 +7(m—1)—2] + m+3

zl[m2—|—7m—2],

[\]

equality occurs if and only if M;(D') = 5 [(m —1)>+7(m —1) — 2] ,

ma{[dh )+ ()], Sl (0) +d5(0)]} = Slde(w)-do )], max{bldh(w)+dp(v)], Lldp(w)+
dp()]} = 3lde(w) + de(v)], g max{[d)(w) — 1], [dp(w) — 1]} = 3[de(w) — 1] and 5 =m,

or equivalently, D" € Uy, ),y and {df(w) =m+1,d,(v) = dg(v),d5(u) = dg(u)}
or {dp(w) =m+1,d5(v) = dg(v),dp(u) = dg(u)}, i.e. D € Us,, .. The result holds.

Case 2. Suppose that G has a pendent vertex u and d, # 2 for v € Ng(u). C =
v10s...0v1 denotes the unique cycle of G. Since M is a perfect matching of G, G — V(C)
consists of isolated vertices.

Subcase 2.1. If each vertex of C' is adjacent to a pendent vertex in G. Then D € O(G).
When m > 4, by Lemmaand s[m*+Tm—2]—5m = $[m*—3m—2] = [(m—32)*—<] > 0,
we have M;(D) < IMi(G) = 5m < §[m* + 7m — 2]. When m = 3, by Lemma ,
M;(D) <13 <14 = £(32 + 7 x 3 — 2). The result holds.

Subcase 2.2. Suppose that there is at least one vertex of degree two on C. Obviously,
d,, = 2 or 3. Without lost of generality suppose that d,, = 3 and d,,, = 2. Let uy € Ng(vs)
and d,, = 1. Since vous € M and v is M-saturated, we have vsv, € M and thus d,, = 2.
Let T" = G—{vg,us}. Then T" € T'(2(m—1),m—1) and M — {ugvy} is a perfect matching
of T".

By Lemmaf3 7" € T(2(m—1),m—1), D’ € O(T") and A(D')( A(D) = A(D’), where
D € O(G). Then My(D') < 3[(m —1)? + 5(m — 1) — 4]. Thus
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dp(v1)], 5ldp (v2) +dp (01)]}+maz{5[d) (v2) +dp (vs)], 3ldp (v2)+dp (vs)]}+gmaz{dp(vi)—
1, dp(v1) =1} + gmaz{d},(vs) — 1,dp(vs) —1} < My(D
da(v1)] + §[da(ve) + da(vs)] + 3 (da(v1) — 1) + 5(da(vs
4+ 8+ 10] = 1[m?* + 3m + 10].
Since 1[m?+7m—2] — 1[m*+3m+10] = $[4m—12] > 0, M;(D) < 3[m*+3m+10] <
$[m? + Tm — 2] with equality if and only if D € {Ué5> U6,3}. Consequently, the result
holds. [

M (D) < Mi(D') + maz{i[d}(v2) + dp(us)], 3[dp(v2) + df (u2)]} + maz{i[df(vs) +
[

+ 5lda(v2) + da(ug)] + 3lda(v2) +

)
)= 1) < 5llm —1)> +5(m —1) -

4 Proof of Theorem [1

In this section we give a proof of Theorem [T For this we need the following results:

Lemma 11. [I0] Let G € U(n,m) with G # C,,, where n > 2m. Then there is a

maximum matching M of G and a pendent vertex u such that is not M -saturated.

Lemma 12. Let n and m be integers with 2 < m < [§] and n > 2m. Then

1
§[n2+(—2m+3)n+m2+m—2} > 2n

Proof. Let

1
— [+ (—2m+3)n+m?*+m—2] —2n

f(n’m):2[

then

af 1
p 2(2 m-+1—2n) <

<0
When n is even, |5] = §. Since n > 2mie, m < §,2 <m Hence f(n,m) >
(n

f(n 222). Let h(n) = f(n,%5%) = gn®+ n — 1. Since )=2+1>0,h(n)>h(®) =
21 > 0. Consequently, f(n,m) > f(n,2—1) > 0,ie. i[n®+ (—2m+3)n +m?+m—2] >
2n.

Whennisodd, 2] = 251, Since f(n,%52) = 1 [n*+ (4 —n)n+ L(n — 1)? + %52 — 2] -
2n = —%4—%2 andn > 2m > 4, f(n, 51) > 2—% > 0. Consequently, the results holds. []

= wl3

2

We are now ready to give a proof of Theorem
Proof of Theorem [1l

Proof. We will prove by induction on n.

If n = 2m, by Theorem 1, the result holds.

If n > 2m. Suppose that the result holds for orientations of all unicyclic graphs on
less than n vertices.

Let G € U(n,m). It G = C,, then D € O(C,), by Lemma [ and Lemma [12]
M,(D) < % =2n < 5 [n* 4+ (=2m + 3)n + m? + m — 2]. The result holds.
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If G # C,. By Lemma [[1] G has a maximum matching M and a pendent vertex u
such that u is not M-saturated. Then G' = G — {u} € U(n — 1,m). Let D’ € O(G’) and
AD")NA(D) = A(D").

By the induction hypothesis, it is obvious that

1
M, (D) < 3 [(n=1+(—2m+3)(n—1)+m*+m—2] .
Let v € Ng(u) and Ng(v) = {ug,us, - - -, usi1}, where s > 1 and u; = u. Since M
contains at most one of the edges vu; for : =2,3,-- -, s+ 1 and there are n — m edges of

G outside M, it is obvious that s < n — m.
If uv € A(D), then 3[df(u)+dp(v)] < 3[de(u)+
dp(v)] < 3lda(u) +da(v)]. Hence, max{;[dp(u) +dp(v)], 3[dp(u) +dp(v)]} <
dg(v)].
If uv € A(D), then dp(v) = dp,(v)+1, d5(v) = dj,(v). Since A(D")NA(D) = A(D'),
) =
da (v

de(v)]. Ifvu € A(D), then 3[dp(u)

3lda(u)

+ +

without lost of generality suppose that df,(u;) = df, (u;), where i = 2, -+, dp,(v); dp(u

dpy(uj), where j = dp(v) +1,- - -, dg(v), we have df(u;) + dp(v) = df (u;) + dD,( )

where i = 2, dp(v); dp(uy) +dh(v) = dp, (uj) +d, (v), where j = dp(v)+
Similarly to vu € A(D). Thus

1,
)-

d+ (v)
M (D) <My(D') + max{ 5l ) + dp(0)] 5 ldp(w) + dp(w)]} + max(y Z

da(v)
Fdb) — (dp () + b )]+ 5 D [dhw) +dp() — (@ (w) + dp ()],
=d}f,(v)+1
ldB(v) 1 dg(v)
5 D ldb(u) +dp(v) = (dh (u) +dp ()] + 5 D [dp(ug) + dp(v)
=2 j=dp(v)+1
) + o)
SMUD') + 3 lde(u) +dow)] + 5 max{dh(v) — 1,dp(v) 1}

<ML(D') + 5ldo(u) + da(v)] + 5(da(v) — 1)
D

<M(D') +s+1
1

<G [ =17+ (“2m43)(n — 1) +m’ +m—2] 40 —m+1
1

=3 [n® + (—2m + 3)n +m* + m — 2]

with equality if and only if M(D') = 3[(n—1)>+ (—2m+3)(n — 1) + m?* + m — 2],
max{5[dp(u) +dp(v)], 3[dp(w) +dp ()]} = 3lde(u) +da(v)], 3 max{[d}(v) — 1], [dp(v) —
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1]} = 3[dc(v)—1] and s = n—m, or equivalently, D’ € U;_, ,, and {d},(u) = dg(u), dp(v) =
dg(v)} or {d},(v) = da(v),dp(u) = da(u)}, ie. D € Uy,.. The result holds. O
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