arXiv:2205.06659v1 [math.NA] 29 Apr 2022

Long term analysis of splitting methods for charged-particle dynamics
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Abstract

In this paper, we rigorously analyze the energy, momentum and magnetic moment behaviours of two split-
ting methods for solving charged-particle dynamics. The near-conservations of these invariants are given
for the system under constant magnetic field or quadratic electric potential. By the approach named as
backward error analysis, we derive the modified equations and modified invariants of the splitting meth-
ods and based on which, the near-conservations over long times are proved. Some numerical experiments
are presented to demonstrate these long time behaviours.
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1. Introduction

In this paper, we formulate and analyze two splitting methods for solving the charged-particle dynam-
ics (CPD) which is described by

X=vXBx)+E(x), x(0)=uxp, v0)=vy, >0, (D)

with the position x(f) € R? and the velocity v(¢) := x(f) € R?, where B(x) = V, X A(x) € R? denoted
by (Bi(x), B2(x), B3(x))T is a non-uniform magnetic field which is determined by the vector potential
A(x), and E(x) = =V, U(x) is a given electric field generated by some scalar potential U(x). Charged
particle dynamics plays a fundamental role in plasma physics ([2]) and there has been a lot of effective
numerical methods in recent years for solving this system. Boris algorithm ] has been widely used in
the simulation of magnetized plasma due to its excellent properties ﬂé IE] Many other kinds of methods
have also been developed and analyzed, such as splitting methods [Iﬂ Iﬂ] exponential integrators [Iﬂ
asymptotically preserving methods [@ @] filtered Boris algorithms [@] uniformly accurate methods

| and so on.

On the other hand, in the past over three decades, structure-preserving algorithms have arisen in
various fields of applied sciences. From the scientific computing point of view, it is conventional to
require numerical methods to preserve the qualitative features of the true solution as much as possible
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when applied to a differential equation. For the system of CPD (), we pay attention to three important
invariants. With the Euclidean norm ||, the total energy is denoted by ([EI, 1)

H(x,v) = % VP + U(x). 2)

It is well known that the solution of () exactly conserves this energy. For the scalar and vector potentials,
if they are assumed to satisfy the invariance properties

UE™Sx)=Ux), e™SA@ESx) =Ak), VYreR, 3)

the momentum
M(x,v) = (v +AXx)TSx

is preserved by the solution of (I)) ([IE]), where S is a skew-symmetric matrix. Moreover, if we consider
the system (I) under the constant magnetic field, i.e. B(x) = B and S satisfies Sv = v X B, then A(x) =
—%xx B and the momentum becomes M(x,v) = vI(xX B) — % [x % B|2 . The third invariant is the following
magnetic moment
2 2
Iev) = v B(X)J _ il ’
2|1B(x)P  2IB(x)|

where v, = V‘;fx(;) is orthogonal to B(x). Based on the analysis of ,, ], it is known that this magnetic

moment is an adiabatic invariant.

From the point of long time scientific computation, it is of great interest to investigate the long time
behaviour of numerical methods. In order to get numerical methods with near/exact conservation of qual-
itative features of the CPD, various numerical methods have been formulated and analyzed. Broadly
speaking, up to the present, four categories of structure-preserving algorithms for the CPD have been in
the center of research: energy-preserving methods [@, @[—)@, @, é, ] to preserve the energy, volume-
preserving schemes [@] to preserve the volume, symplectic algorithms [ﬂ 31,35, @] to preserve the
symplecticity and numerical methods ,133] with near conservation of qualitative features. Recently
splitting methods have been considered for solving CPD [Iﬂ, 24, @] and energy-preserving splitting
methods have been constructed. However, these publications focus on the analysis of the accuracy and
energy-preserving property of splitting methods. It seems that the long-time analysis of classical splitting
methods has not been considered and the behaviour of energy-preserving splitting methods concerning
other structure-preserving aspects has not been investigated in the literature, such as the long-time nu-
merical conservation of momentum and magnetic moment. From the perspective of structure preserving
algorithm, this is far from enough. Motivated by this point, this paper applies backward error analysis
for two splitting methods to gain insight into their long-term energy, momentum and magnetic moment
performance.

The rest of the paper is organized as follows. In section Bl we discribe two different symmetric
splitting methods and study their local errors. Then, in section[3 the main results on the numeircal long
time conservation are presented and three numerical experiments are carried out to support the theoretical
results. The complete analysis of the results are rigorously given in section[dl The lastsection is devoted
to the conclusions of this paper.

2. Numerical Methods

In this section, we present two splitting methods and show their elementary features. To formulate the



methods, we split the equation (@) into two subflows:

i x\ 0 i x\ [ v @)
di\v]  \vxB(x))’ dt\v]  \E(x))"
Then for the first subflow, which is integrable, one can obtain its exact solution:
L. &0 _ £(0)
ot (0 )< W0 ). mo o

) [ 0 B3(x) —Bz(x)] y
where B(x) = |—B3(x) 0 Bi(x) | is defined by v X B(x) = B(x)v. For the second subflow (a
By(x)  —Bi(x) 0
canonical Hamiltonian system), we consider applying the average vector field (AVF) formula [IE] to get
its numerical propagator:

o - (ar)) [§<0>+m<0)+ A ACEOR —p)f(t))dp] ©

1) n(0) +1 [ E (0&(0) + (1 p)é) dp
Based on this splitting, two methods are formulated as follows.

Algorithm 2.1 (Implicit splitting method). We denote the numerical solution as x"* ~ x(t,), V' = v(t,)

and choose x° = xg, V0 = vy. Taking a symmetric version [@]: d);; =0Lo (DZL o ®L | then we get its total
2 2

Sormula for solving ([): for n > 0,

h2 1

XL =X 4 he By —f E(px" +(1 —p)x””)dp,
2 Jo

) . (7

Yl =3 (BED+BG) hegB(Wl)f E(,Ox" +(1 —P)X"H)dp
0

Obviously, it is an implicit and typical Strang splitting scheme, and we shall use IMS-O2 to denote the
method.
If we make some adjustments to (@), we can get the following explicit algorithm.

Algorithm 2.2 (Explicit splitting method). For the second subflow in @), we linearize the nonlinear
integrals in (@), and then it is transformed to

oL - (ar)):( £(0) + m(0) + SE(E(0)) ) ®
© i) T \no) + 4 [E@O) + EE@)

In that way, the Strang splitting scheme ®; : <DL o d)eL o <DL for solving ) reads:

h2
U oy 4 he2 B0y + —EX"),
- o ©)
Yl =3 (Bam DB yn Ee%’-’“*’”" [EG + B,

and we shall call it as EXS-02.
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In what follows, we will study the basic properties of these two methods. We begin with their sym-
metry. A numerical method denoted by y**! = ®;,(y") is called symmetric if exchanging y" < y"*! and
h < —h leaves the method unaltered. It has been pointed out in [IE] that symmetric methods have ex-
cellent long time behavior and play a central role in the geometric numerical integration of differential
equations. The following theorem states the symmetry of Algorithms2.Tland 2.2

Theorem 2.3 (Symmetry). From the symmetric versions: @i = ®L o @il o O and ®¢ = OL o Ok o OF,
5 5 3 3
it follows that Algorithms[21l and[2.2 are symmetric.

For these two algorithms, we next investigate and briefly show their local errors.

Theorem 2.4 (Local errors). For the two methods presented above, under the local assumptions x(t,) =
X", v(t,) =V, the local errors are given as

= xtgn) = O, V™ = lt11) = O,
where the constants symbolized by O are independent of n and h.

Proof.  For simplicity of notations, we denote

X 4 0 ’

and let @, stand for the exact flow. Then the original system can be rewritten as y = f(y) = fi(y) + ().
By Taylor expansions, we reach

h? h?
() = |Id+hf+ff Id+hfi + = fifi| ) + o),

0) + O, ®Ly) =

. h? h?
OiL(y) = [I1d + h> + ThA|O)+ on), ®H(y) = |Id+hf> + ShA|M+ o).

Note that ®ik(y) # ®¢“(y) due to their different coefficients of the term O(h’). After some calculations,
we get

[ ) hz / / / 7
D(y) = O 0 B 0 DL = |Id + hifi + o) + (S fi + fifo+ B i + /)| 0) + O
= O;(y) + O().
Even if EXS-02 is the linearization of IMS-02, the expansions of ®" and ®¢* are similar. Hence, it can
be verified that this makes no difference to the error result, i.e., ®3(y) — ©u(y) = o). |

3. Main results and numerical experiments

3.1. Main results

In this subsection, we assume that the scalar potential U(x) and the magnetic field B(x), as functions
of x, are arbitrarily differentiable. In this paper, B(x) = B represents the constant magnetic field and
Ulx) = %xT Ox + qTx with a symmetric matrix Q refers to the quadratic scalar potential. Meanwhile, it
is assumed that there exists a compact set (independent of /) such that the result (x”,v") produced by the
considered method stays in this set. Then the energy, momentum and magnetic moment behaviours of
Algorithms[2.Jland 2. 2] are given as follows one by one.
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Theorem 3.1 (Energy conservation). The method IMS-O2 exactly preserves the energy () of CPD [@ 1,
ie.
IMS - 02 : HxX", V) =HxV)  for  nh<T.

We assume that B(x) = B or U(x) = %xT Ox + q7 x, then the energy @) along the numerical solution over
long times is conserved as follows

EXS —02: H(X".V") = HX V) +0h*  for nh < h*V, (10)

with an arbitrarily large positive integer N.
Moreover, the method EXS-O2 has an exact modified energy conservation which is stated as below. If
the scalar potential U(x) is quadratic, EXS-02 Q) exactly preserves the modified energy

Hy(x,v) = % VP + U ) - %2 VU (1)
at the discrete level, i.e.
EXS - 02: Hy(x*' v = H,(x" VY for  nh<T. (12)
Theorem 3.2 (Momentum conservation). Under the conditions () and the following two assumptions:
e B(x)=BandSv =vXB,
o U(x)= %xTQx +qTx and QS =S Q,

the momentum M(x,v) = (v + A(x))TS x along the numerical solution over long times is nearly preserved
as
MV = M V) +O*)  for  nh < h*7V, (13)

where N is an arbitrarily large positive integer.

Theorem 3.3 (Magnetic moment conservation). Assume that the following two assumptions hold:
e B(x)=B,

o U(x)= %xTQx+qTxand Q§= EQ with v X |—§| = By,

then the near conservation of magnetic moment 1(x,v) is
IV = 160,00 + O(h?)  for nh < >N, (14)
with an arbitrarily large positive integer N.

3.2. Numerical experiments

In this part, by means of MATLAB, we present three numerical experiments to show the long time
energy, momentum, and magnetic moment behaviour of the above splitting methods. We choose Boris
method for comparison, and solve all the tests on [0, 10000] with the step size 7 = 0.01 to show the long
time conservations. For IMS-O2, the fixed-point iteration is employed into implicit iteration, where the
error tolerance is 107! and the maximum number of each iteration is 50. In addition, we make use of
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Figure 2: Problem 1. Evolution of the energy error ey as function of time .

Gauss-Legendre to deal with the nonlinear integral in [Z). Denote the relative errors of energy, momentum
and magnetic moment respectively by

|H(x" v = H(x0, )| | M@, vm) = M(x°,00)| [T, vm) = 10, 00)| )
ey = , ey = ey =
" |[H(x0,10) [M(x0,19) ! |1:x9,09)]
For the momentum M(x,v) = (v + A(x))TS x, throughout this subsection, the skew-symmetric matrix is
0O 1 0
givenas S =|—-1 0 O0},ie. M(x,v)=(vi +A1(x)x2 — (va + Az(x))x].
0 0 0
Problem 1. (Quadratic scalar potential and constant magnetic field) We first consider the charged
2
particle dynamics (I) with the quadratic scalar potential U(x) = % and the constant magnetic field

B=-VX(x,—x,0)T = 1(0,0, 1)T. Particularly when £ = 1, we have B= % =B=Sand 0S =S0.
The initial values are chosen as x(0) = (0,1,0.1)T and v(0) = (0.09,0.05,0.20)T. The errors in (I3)
are respectively displayed in Figs. [H3l In addition, let ey, := % with Hj, (TI). The
conservation of ey, by EXS-02 is displayed in Fig. @

Problem 2. (Constant magnetic field) As the second problem, we consider a general scalar potential
U(x) = ———.The magnetic field and the initial values are the same as those in Problem[dl The errors
100 \/xf+x%
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in (T3) are respectively presented in Figs. BHZ

Problem 3. (General case) In the third numerical experiment, we are interested in a general case that the
scalar potential is the same as it in Problem[2land the magnetic field is

1 1
B(x) =V x g(—xg w/x% + x%, -X w/x% + )C%,O)T = ;(O, 0, x% + x%)T.

The initial values are the same as those in Problem[Il Then errors in (I3) are severally shown in Figs.
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[BHIOl Besides, in order to show the accuracy of the methods, we plot the global errors error := =)l +
’ y ’ p g x(t,)
V" =v(t)l

. at f,,y = 1 in Fig[[1l where the reference solution is obtained by using “ode45” of MATLAB.

In accordance with these numerical results, we have the following observations.

e Energy conservation. Clearly from Figs. [I} Bl and [8] we can see that only IMS-O2 is energy-
preserving, Boris and EXS-02 show a long-term energy behavior, and EXS-O2 behaves better than Boris.
Meanwhile, Fig ] demonstrates that EXS-O2 exactly preserves the energy H,.

e Momentum conservation. In the light of the results given by Figs. 2l [@land[9] all the three methods
are not momentum-preserving but they hold a long time momentum conservation. Besides, the behaviour
of our methods is better than the Boris algorithm.

e Magnetic Moment conservation. Observing Figs. [l [7] and all the methods have similar
magnetic moment conservations over long times.

e Accuracy. Fig. [[I] confirms that our IMS-O2 and EXS-O2 both have second-order accuracy and
they perform better than the Boris algorithm.

The numerical results of Problems 1 and 2 support the theoretical conclusions given in Section 311 Tt
is noted that for the general system (Problem [3)), the methods also show a long time conservation in the
energy, momentum, and magnetic moment, which is more than expected.

4. Proofs of the main results

In this section, we rigorously prove the main results given in Section[3.1l The technical tool so called
the backward error analysis [IE] which is indispensible for the study of equations or numerical solutions
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over long times will be used in the following proofs.

4.1. Backward error analysis

Following the analysis of backward error analysis, the main idea is to find a modified differential

equation whose solution z(¢) at ¢ = nh is equivalent to the numerical result x" produced by the considered
method.
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EXS-02. On the basis of the first equation in (@) and the symmetry of EXS-02, we get
hl} n h2
= X — e 2By 4 ?E(x”).
This result and the first one of @) give
Kot 7 = h(e%_’i?()d’) - e’%gw)) Vi + RPE(XY),
[ I h(e’gé(;a’) i efgé(;a*)) N
Elimination of v" leads to

L0y 4ol D RABG _ -3 BOY) yntl -l

= —— - + E(xX").
h? h 4BGN 4 o—4BOM 2h @
According to the special scheme of B(x), it is obtained that
2480 4B tan (3 |B<x")|)]§ )
z X,
T T R YT I

and such that

PP, B tan (2 |B(x™)]| Kl el
SR h(z ) T X B() + E(O).
r LG 2h

For a fixed ¢, the function z(¢) has to satisfy

W hy =220+ 2~y tan(51BEON) o + ) — 2t - by

= X B(z(t)) + E(z(1)).
h? L 1B)] 2h
We let z := z(¢) and expand the above functions in powers of A, so that
" .. tan (5 |B(2)| R ...
F4—7 +...=—(2 )(Z+—z+---)><B(z)+E(z). (16)

12 2 |B()| 6
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IMS-02. In an analogous way, the scheme (@) of IMS-O2 can be formulated as

K =2 4 X!
n2
2 eBG _ o~3BO) [t =t h 1 . " o
:Eegé(ﬂ’) " ei%é(x”)B(x )[ T ~7 fo [E (px + (1 - p)x" ) - E(px” + (1 -p)x )] dp}

I
+ lfo [E (px" +(1 —p)x’”l) + E(px” +(1 —p)x"il)] dp

2
tam(ﬂ |B(x”)|) el _ el ol ) L L
i %|28<xn)| [x i ‘Zfo [E(¥" o0t = 20) = E (3" + o™ =)  dp | x B

+ % \/0‘] [E (x” +p(x - x")) + E(x” +p(x ! - x”))] dp

_tan(% |B(x")|) xn+l _xn—l h
.

_El(xn)(xn+1 _ n—l)+'“) XB( n)
LIBG™) 3 * *

1
+EX") + ZE’(x")(x”” 2+ Xy

where the following fact is used here
1

1 1
f E(px" +(1 —p)x’”l)dp = f E(px"Jrl +(1 —p)x”)dp = f E(x” +p(x"t - x”))dp
0 0 0
1
=f [E(x") + E'(XMp(xX™ = XM + - ~-]dp = E(X") + %E'(x”)(x”” )4
0

Therefore, the function z(¢) satisfies
Z2(t + h) = 2z(t) + z(t — h)
h2
_tan (3 BE0)))
~ 4IBGO)

+ E(z(1) + %E’(z(t)) [z(t+h)=2z() + z(t = )] + - - - .

zZ(t+h)—z(t — h) h_,
T - (§E (z(t)(z(t + h) — z(t — h)) + - )

X B(z(1))

Letting z := z(#) and expanding the above functions in powers of /, we obtain

R tan(%lB(z)l)[(_ ... ) (hZ, ( ... ) )
i+—Z7 4+ =— |+ =2+ |- _E(Z) Z+—Z 4|+

X B(z)
12 ):169] 6 4 6

a7

h? h ...
+E(z)+IE(z)(z+Ez +)+

We note that when h = 0, the equations (I8) and (I7) are both identical to (). In fact, differentiating
these two equations recursively and considering # = 0 shows that the third and higher derivatives depend
on (z, z). Then we get a modified equation in even powers of 4:

| tan(31BG))

LB :x B(2) + E(2) + W*Fa(2,2) + B*Fy(z,2) + - -,
2
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where the coeflicient functions depend on (z, z). By taking inner product on both sides of (I6) and (I7)
with different expressions, we can prove Theorem[3.1H33]in the following three subsections, respectively.

4.2. Proof of the energy conservation (Theorem[3.1)

Since it has been shown in [Iﬂ] that IMS-O2 is an energy-preserving method, here we just prove the
exact conservation of modified energy and the long time behaviour of energy for EXS-02. To prove the
result, we need to derive two almost invariants which are close to the energy H(x,v). The first one is
deduced from the following lemma and the second is obtained with the help of Lemmal4.4]

Lemma 4.1. [t is obtained a function
Hy(x,v) = H(x,v) + B> Hy(x,v) + h*Hy(x,v) + - - -

such that

d tan (3 1BQI) (w2 p
—Hh(z,z)=M'T — 7 4+ —
dt 2 |B(z)| 3! 5!

along solutions of the modified differential equation (L6)), where the functions H,j(x,v) are independent
of the step size h and O(h") is the trunction term.

Z(5) 4. ) X B(z) + O(hN)

Proof. Multiplying (I6) with zT and using the fact that

d 3 ~ (_1)k+l -
T,20) — o7 Chk=1) _ 57 (2k2) (k) (k)
7'z 7 (Z b 7'z +oo0 2 (Z ) 7,
we get
d (1 R .1 tan(41B@I) _(p2.. p
— =Tz 4+ U + — Tz — =3T3 )+ .. | =2 ———— 22T — +_(5)+... X B +OhN'
dt(zz 2+ U(2) 2 (z T -5t z) ) 5150 F4 (3! T+ 5L (2) + O(h™)
Then the result of this lemma is immediately obtained. |

Corollary 4.2. (The first almost invariant close to energy) If the magnetic field is constant, i.e., B(x) = B,
we have a function
Hy(x,v) = H(x,v) + I*H(x,v) + h* Ha(x,v) + - - -
satisfing
d -
—Hy(z,2) = O(h"
7 n(z,2) = O(h™)

along solutions of the modified differential equation (I6)), where the functions H, i(x,v) are independent
of h and O(hN) is the trunction term.

Proof. Based on the results in Lemma[Z Il and the fact that
Pl (Z(2k+1) > B) — % (ZT (Z(zk) > B) — 3T (Z(Zk—l) % B) et (_1)k+1 (Z(k))T (Z(k+l) > B)) ,

the first statement is obtained. Then, it is arrived that

d|1 h? v 1 tan(%lBl) h?
2 =T sty m Ty o X T B e e | = N
dt[zz z+U(z)+12(z Z 2z z) %l | (3!z(z>< ) + )+ omn™),

which completes the proof. |
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Remark 4.3. It is noted that based on this corollary, the method EXS-O2 will be shown to have a long-
time near-conservation of the energy for a constant magnetic field B.

Lemma 4.4. There exists a function
Hy(x,v) = H(x,v) + B2 Hy(x,v) + h*Hy(x,v) + - - -
and it satisfies

d ... T
a o - [ G, .. N
dtHh(Z,Z) = (3! T+t ) E(z) + O(h™)

along solutions obtained by the modified differential equation (I6), where the functions H,(x, v) (different
from those in Lemmald_1) don’t depend on the step size h and O(hV) is the trunction term.

Proof. It is noted that if [ + m is odd, z?Tz™ can be written as a total differential. Then taking inner
product on both sides of (I6) with (Z + %’2’ + .- ) and using the same arguments of Lemmal4.1] one has

d (1 R _.. 1 .. T
ZaT T ZsTs) e = | ) BT N
dt(zz z+ Uz + 12(z z 21 z)+ ) (3!z+5!z + E(z) + O(h™).

The proof is complete. u
Corollary 4.5. (The second almost invariant close to energy) If U(x) = %xT Ox + q7x, we get a function
Hiy(x,v) = H(x,v) + i Hy(x,v) + h*Hy(x,v) + - --

such that

d —
Em@azaW)

along solutions of the modified differential equation (I6), where the functions Haj(x,v) are independent
of h and O(hN) is the trunction term.
Proof.  Since the expression zZ*DTVU(z) = z2*+DT(Qz + ¢) is a total differential:

(22D (0 + g) = % ((z(zk))T Qe+ q)— () @z + g (=) Qz(k)) ,

it is clear that
e v s (e - L) o 2 (s100m a0 - Lmoe) 2. ) = oy
dtZZZ Z 12Z zzz 6Z zqzzz = .
[ |

Remark 4.6. This result confirms that the method EXS-O2 hold a long-term near-conservation of the
total energy as long as the scalar potential is quadratic.
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Based on the above preparations, we are in the position to prove the results (IQ) and (I2) of Theorem[3.11

Proof of (I0). The result is firstly shown for a constant magnetic field B. From Corollary it
follows that

H ") = B0 + O0%) = B0 + ) (HGH 09 = B! v ) + 00n)
k=1 (18)

= Hx" V) + O(h?) + no(h"* + O(h?) = H(X,1°) + O(h?).
The last equation is meaningful if and only if nA¥*! < h?,i.e. nh < K>~V and this gives the desired bound
for the deviation of the total energy along the numerical solution. Moreover, for the quadratic scalar

potential, Corollary . 3limplies H(x",v") = A, (x", VI +O(h?). Using the same derivation as stated above,
it is easy to show that the result (I0) also holds for the quadratic scalar potential. |

Proof of (I2). The second equation in (@) can be reformulated as
Y| h B h
e BBETh 2 BBy SIEG) + Q)

This result and the fact that B is skew-symmetric imply

1

%(vnH)TV’Hl _ %(V")Tvn = (ef%ff(x"*')vnn)T (efgz"a(x"“)vnn) -3 (egéoa*)vn)T (egéw)vn)

| = N =

[EQ) + E(x"”)]T [heél?“”)v" + h; |G + E(x””)” .

n+1

Besides, the deviation of U at x"™" and x" can be expressed as

U(anrl) _ U(xn) — %(anrl)TanJrl +q'|'xn+l _ (%(xn)Tan +q'|'xn)

= %(ﬂ“ +X)TOM — ) + gT (" = x)

1
= [z TQ g

0 h?
(heiB("")v” + ?E(x”)).

Therefore
l(vn+l)-|-vn+1 _ l(vn)'rvn + U(xn+1) _ U(xn) — h_z lVU(an)lz _ h_2 |VU(Xn)|2
2 2 8 8
and this further gives H,(x™*',v"*1) = H,(x",v"). [ |

4.3. Proof of the momentum conservation (Theorem[3.2)

The proof is given by finding two almost invariants which are close to momentum. To derive these
invariants, we first present the following lemma.

Lemma 4.7. The following two functions

M (x,v) = M(x,v) + P M5(x, v) + h* M4 (x,v) + - -,
M (x,v) = M(x,v) + * M5 (x,v) + h* Miy(x,v) + - -,
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can be derived with the h-independent functions ng(x, v) and Mél.(x, v), and they satisfy

tan (2 |B 2 4
iMé‘(Z’Z): M TS (h .i._}_h—Z(5)+"')XB(Z)+O(hN)
5 1Bl

it 31775
along solutions of the modified differential equation (I6) for EXS-02 and

L an(3B@) e, z >
d W(2,2) = MZTS [(h Z +h—z<5>+...)_h_E'(Z)(Z+h_Z +...)+...

o X B(y)
dt 2 |B(2)| 3! 5! 4 3!

h? h? N
— T ’ P 7
+4z SE(z)(z+122+ )+ + O(h™)

along solutions of the modified differential equation () for IMS-O2.

Proof. We first multiply (I6) and (I7) with z7S. Then notice the fact that the expression z7S z*¥ takes a
form of total derivative:

d
278720 = - (ZTSZ(Zk—l) — TSR (=] (Z(k—l))T SZ(k)).

In addition, the invariance properties (3) show that zZTSVU(z) = 0 and z7S (¢ X B(2)) = —%(ZTS A(2)) [@].
Based on the above results, we get

tan (% |B 2
EP&+@me h )

TSA —(ZTS7 -2TS%) +---
7 %IB(Z)I z (z)+]2(z zZ-718S%)+

an(21BQ) (2w
_ (GBI (2 kg )
) L1):169] 5(3!Z+5gz + )XB(z)+O(h )

and by expansion of ta%, the above equation can be rewritten as

dt
_an(41BQ)I)
)

2 (1BQ\ P
i[zTSZ+ZTSA(Z)+h?(#) ZTSA(Z)+%(ZTSZ —Z'TSZ)+"')

W.. bt
E (5.2. . ;z@ +. ) X B(z) + O(h")

for EXS-0O2.
Similarly, we can get

d h? (1B(z)| 2 h?
TQ = T T T _5TQ5
t(z Sz+z SA(z)+3( > zSA(z)+12(z Sz -7TS9)+

Ctan(41B@))

X B
5B () @

31" s 31

2 4 2 2
(h .i.+h—z(5)+...)—hZE’(Z)(Z'+ h_z+)+

+h2 TSE' ()7 + h2'2'+ +-+OHY)
T
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for IMS-0O2. u

The above results can be improved under some conditions, which is stated by the following corollary.

Corollary 4.8. (The first almost invariant close to momentum) If B(x) = B and xTVU(x) X B = 0 for all
X, it is obtained that the functions

ME(x,v) = M(x,v) + B> M5(x, v) + h*MS(x, v) + -+,

M (x,v) = M(x,v) + > My(x, v) + h* M (x,v) + - -,

satisfy

d e N N
EMh(Z, z)=0mh")

along solutions of the modified differential equation (1) for EXS-O2 and

h2
4

2
E’(z)(z+%f+---)+-~-

tn(41B@))

d —.
— M (z,2) = B
D = B B

dt

n? n? v
T 4 5 5
+4zSE(z)(z+]zz+ )+ +Oh™)

along solutions of the modified differential equation (L) for IMS-O2. Here the functions ng(x, v) and

A?él.(x, v) are h-independent and O(hN) is the truncation term.

Proof. Using the same way as that of Lemma£7]and noticing that z7S (z%*D x B) is a total derivative
(due to the symmetry of S2):

d —1)F
TS (Z(2k+l) % B) _ T2,k _ @ (192,00 _ T2,k 4 (=D (Z(k))TSZZ(k) ’
dt 2

we get

d h* (|B|\ R pan(41B)
Z7S5+ TS A 12 ;54 g o o2 S I TG S AN P f oS TR o o U
dt[ZSZ+ZS (z)+3(2)zS (z)+12(zSz z187%) G §|B| F N4 2zSz+

= O(h™)

for EXS-O2 and

d W (1B W p2 tan (% |BI) ]
Z|7Ss+7TSA — (= 7754 L TSE TSy — —— = T2 T2 4.
o EAE R (Z)+3(2)Z (Z)+12(Z z—-718%) T 18752187+
tan (’5’ |B|) 2 n2 2 2
- g |-Zf cr — T+ | XB+ —TSE D5+ =%+ |+ + ORN
§|B| Z [ 1 (z)(z+6z+ )+ X +4z (z)(z+12Z+ )+ + O(h™)

19)
for IMS-O2. |
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Corollary 4.9. (The second almost invariant close to momentum) Suppose that the conditions in Corol-
laryE 8 are satisfied and U(x) = $xTQx + qTx with QS = S Q. Then the function
Mi(x,v) = M(x,v) + h* M5 (x,v) + B* M (x, v) + - -+

satisfies
d -~.
—Mj(z,2) = O(h"
Mz 2) = 0™)

along solutions of the modified differential equation (I7) for IMS-02. Here the functions Méj(x, v) don’t

depend on the step size h and O(h") stands for the truncation term.

Proof. Based on the assumptions, the right-hand side of (I9) can be simplified as

tan (4 |B|) . 2 e I

B A N Py o s — T 4|+ | XB+ —ZTSED s+ —F -+ + OHY
%lBl Z [4 (z)(z+6z+ )+ X +4z (z)(z+12Z+ )+ +Oh™)
tan (% |B| 2 2 2 2
:MZTS[h_Q(Z‘f‘gZ*_) XB—%ZTSQ(Z+?_2Z+)+O(]’IN)

h
5 Bl 4
According to the properties of § and Q, it is obtained that S Q is skew-symmetric and S2Q is symmetric.

Then, we get
k
ZTS ((QZ(2/<+1)) X B) — ZTSZQZ(ZHI) - % (ZTSZQZ(zk) _ ZTS2QZ(2I<—1) I (_21) (Z(k))T SZQZ(k))

and
(275 Qe = T Qe 4 (=) (240) 5 020).

d
150720 =
@150z dt

Therefore, the proof is complete.
Proof of (I3). With the results stated above, the method EXS-O2 conserves the momentum with the

accuracy

MGV = M0 + O() = M (0,00) + 3 (M (8,0 = M V) + o) 0
k=1
= MO V) + OR?) + nO(WM Y + O(h?) = M(X°, V%) + O(h?),

as long as nh < h*>~N. For IMS-02, the same discussion applies to M;;(x, v) and then (I3) can be proved.
|

4.4. Proof of the magnetic moment conservation (Theorem[3.3))
In this section, we just considered magnetic moment in constant magnetic field B, that is

lvx BP? |vxb]
I(x,v) = =
) 2|BP 2|B|

% satisfying v x b = Bv.

with b = ‘—g‘ and a skew-symmetric matrix B =
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Specifically, the modified equations (I6) and (7)) are respectively equivalent to

2 2
(z'+h—'i'+---)><b=L[(Z+h—'2'+---)—E(z)} 21
6 2tan(%|B|) 12
and
R o LR A B
e ol e oSl )

o W2
+(IE(z)(z+€z+---)+~--)><b.

(22)

Based on these results, we can derive two almost invariants close to magnetic moment, which will com-
plete the proof of Theorem[3.3] To this end, we first prove the following result.

Lemma 4.10. If B(x) = B, one gets that the functions
I6(x,v) = 10x, v) + RIS, v) + RS (e v) + -
L(x,v) = 1(x, v) + KL, v) + R (e v) + -+
satisfy

% 12 = G x B)TEQ) + O(h")

2B tan(g |B|)
along solutions of the modified differential equation (I6) for EXS-O2 and

d .
1,(z,2) =

£ 5% b)T
ar (&xb)

o, (. h*..
E(Z)+ZE(Z)(Z+EZ +---)+---

~ 21Bjtan (4 1B))

ey X b + O(h")

h? h?
_E’Z Z+_Z+ 4+ oo
|B| ()( )

4 6

along solutions of the modified differential equation () for IMS-O2. Here the functions Isj(x, v) and

Iéj(x, v) are h-independent and O(h™) is the truncation term.
Proof. Multiply @) and (22) with ﬁ(z x b)T. It is clear that

L sy (2D xb)

|B]
|41z, k=0
= %ﬁ ((Z X b)T (Z(zk) % b) _(Fxb)T (Z(Zk—l) % b) U % (Z(k+l) % b)T (Z(k+l) x b)) . keN*

and

1
— (3 x b)T7%
IBI(Z )Tz

0, k=1
- {%% (xb)TzD = (X B)T 23D oo (=1 (20 x b)T 2HD), ke N* - {1}
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These immediately demonstrate that

dt

I(z,2) + i (be)T(z><b)—L(h_z@xb)rzq...)
1218l 2|Btan (4 |B]) \12

" exbyER) + oG
2|B|tan (% |B|)

for EXS-02.
On the other hand and with the same arguments, we get
d n? h h?
—|1(z,2) + (be)T(be)——(_(sz)Tz +)
dt 121B| 2|B/tan (4 1B]) \12
h h? h ...
= (xb)T E(z)+—E’(z)(Z+—z +~-~)+--- (23)
2|Bltan (4 |BI) 4 12
+L("><b)T h—zE’() '+h—2'i'+ + x b+ O(h™)
B Z T E@|i+
for IMS-O2. |

Corollary 4.11. (The almost invariants close to magnetic moment) If B(x) = B and U(x) = %xT Ox+qTx
with QE = EQ, one obtains that the functions

T(x,v) = I(x,v) + BPT5(x,v) + WA (e, v) + - -

To(x,v) = I1(x,v) + KPTh(x,v) + BT (e v) + -

satisfy

d—

—1I(z,2) = O(W"

7 w(2,2) (h™)
along solutions of the modified differential equation (I6) for EXS-02, and

d—

—1I(z,2) = O(W"

7 W(2,2) = O(h™)

along solutions of the modified differential equation () for IMS-O2. Here the functions ’I\sj(x, v) and

T’Zj(x, v) are h-independent and O(hV) refers to the truncation term.

Proof.  On the basis of the conditions above, —(Z X b)TE(z) = (Z X b)T(Qz + q) = % (zxD)T(Qz+q)).
The hand-side of (23) can be written as

(Z X b)T

W R
251 (215 @+ pofee {574

x b + O(h™).
B (h™)

W (. K.
ZQ(Z+€Z +)
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Since EQ is skew-symmetric and EZQ is symmetric, we have
(Zx b)TQ

— 0 k=1
= —3TBQ% =™ — . —
Q —L (7B — FTBQZ D 4+ (—1)F (z0) T BQ*), ke N {1}

and
Exb)T (%) x b

_1:1R320)5 -
- _zT/ngZ(ZkH) — 7% B’\QZ, ke . k=0
4 (ZTBZQZ(Zk) TR 4.y CUTT >2 (Z<k+1>) BZQZ<’<+'>), k € N*.

For the sake of formal unity, we formulate —z?TB2QZz™ as (z(’) X b)T (Qz(m)) x b for any integers [ and
m. Hence,

=O0hM)

dt

. o . h n .
I(z,2) + ]2|B|(z><b)T(z><b)— W(%IBI) ((E(ZX b)Tz +) + (sz)T(Qz+q))

along solutions of the modified differential equation (I8) for EXS-02, and

d ? h h?
—{(z 2+ (be)T(be)—i(_(sz)Tz +)
dt 12|B| 2|B|tan (4 |B]) \12

d

i : L -
- ((sz)T(Qz+q)+Z(E(be)TQZ+...))}

21B]tan (% |B))

dl (1. , .
+E|:m(§(ZXb)T(QZ)Xb+)]—O(l’l )

Proof of (I4). The proof of (I4) is the same as that of (IQ) and (I3), and we omit it for brevity. W

5. Conclusion

In this paper, we presented two splitting algorithms and studied their long-term behaviour for solving
charged-particle dynamics. Using backward error analysis, it was shown that these two algorithms have
good conservations of energy, momentum and magnetic moment in some special cases. Furthermore, one
algorithm was proved to conserve a modified energy exactly. All the results were illustrated by some
numerical tests.
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