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Abstract

A (d, h)-decomposition of a graph G is an order pair (D, H) such that H is a subgraph
of G where H has the maximum degree at most h and D is an acyclic orientation of G —
E(H) of maximum out-degree at most d. A graph G is (d, h)-decomposable if G has a (d, h)-
decomposition. Let G be a graph embeddable in a surface of nonnegative characteristic. In
this paper, we prove the following results. (1) If G has no chord 5-cycles or no chord 6-cycles
or no chord 7-cycles and no adjacent 4-cycles, then G is (3, 1)-decomposable, which generalizes
the results of Chen, Zhu and Wang [Comput. Math. Appl, 56 (2008) 2073-2078] and the
results of Zhang [Comment. Math. Univ. Carolin, 54(3) (2013) 339-344]. (2) If G has no
i-cycles nor j-cycles for any subset {i,5} C {3,4,6} is (2, 1)-decomposable, which generalizes
the results of Dong and Xu [Discrete Math. Alg. and Appl., 1(2) (2009), 291-297].

1 Introduction

Graphs considered here are finite and simple. A graph is d-generate if every subgraph has a vertex
of degree at most d. For two integers d, h € N, a (d, h)-decomposition of G is a pair (Hy, Hs) such
that Hy is a subgraph of G of maximum degree at most h and H; is d-degenerate. A graph G
is (d, h)-decomposable if G has a (d, h)-decomposition. Decomposing a graph into subgraphs with
simple structure is a fundamental problem in graph theory. The classical Theorem of Tutte T
and, independent by, Nash-Williams % provides a necessary and sufficient condition for which
a graph can be decomposed into forests. A proper coloring of GG is a decomposition of G into
independent sets. The problems of decomposing a graph G into start forests, linear forests and
some others are studied widely in the literature.

A proper k-coloring is a mapping ¢ : V(G) — {1,2,...,k} such that p(u) # ¢(v) where
uwv € E(G). The chromatic number, denoted by x(G), of G is the minimum k& such that G is
k-colorable. A d-defective k-coloring of G is a mapping ¢ : V(G) — {1,2,...,k} such that for
each vertex v € V(G), v has at most d neighbors of the same color as itself. A k-list assignment
of G is a function L that assigns a list L(v) of colors to each vertex v € V(G) where |L(v)| = k.
A d-defective L-coloring is a mapping ¢ that assigns a color ¢(v) € L(v) to each vertex v € V(G)
such that v has at most d neighbors of the same color as itself. A graph G is d-defective k-choosable
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if there exists an (L, d)-coloring for every list assignment L with |L(v)| = k for all v € V(G). A
graph is O-defective k-choosable if and only if it is k-choosabe. The choosable number, denoted by
ch(G), of G is the minimum £ such that G is k-choosable.

The Alon-Tarsi number of G, denoted by AT(G), was defined by Jensen and Toft ﬁ It
follows from the Alon-Tarsi Theorem ﬁ%hat ch(G) < AT(Q) for any graph G. It is proved that
the difference AT(G) — ch(G) can be arbitrarily large. DP-coloring was introduced by Dvoidk
and Postle HEZﬂ as a generation of list coloring. Clearly, ch(G) < xpp(G), where XDP(4G) is the
DP-chromatic number of a graph G. A painting coloring was introduced by Schauz and it is
proved that ch(G) < xp(G) for any graph G, where xp(G) is the paint number of G.

It is well-known that a graph H; has an acyclic orientation D with AJ]{) < d if and only if Hy is
d-degenerate, where AJL’; is the maximum degree D. If G is d-degenerate, then each of choosable
number ch(G), Alon-Tarsi number AT'(G), paint number x p(G) and DP-chromatic number xpp
is at most d + 1. This implies that if G is (d, h)-decomposable, then there is a subgraph H of
G where Ay < h such that G — E(H) is h-defective-(d + 1)-choosable, (d + 1)-DP-colorable and
AT(G—-E(H)) <d+1.

Defective coloring of graphs was considered by Cowen, Cowen and Woodall ﬁgwho proved
that every planar graph is 2-defective 3-colorable, which was improved by Eaton and Hull [§],
independently, Skrekovski @, who proved that every planar graph is 2-defective 3-choosable.
Cushing and Kierstead }ﬁ]i[)roved that every planar graph is 1-defective 4-choosable. Grytczuk
and Zhu }'ﬁ strengthen the result and proved that every planar graph G has a matching M such
that AT (G — M) < 4. Lih, Song, Wang and Zhang m proved that every planar graph G without
4-cycles and I-cycles for some [ € {5,6,7} is 1-defective 3-choosable. Dong and Xu ﬁ showed
that such result is also true for some [ € {8,9}. Lu and Zhu ﬁjgproved that every planar graph
without 4- and [-cycles G, where | = 5,6, 7, has a matching M such that G—M is AT(G—M) < 3.
Gongalves ﬁ%roved that every planar graph is (3,4)-decomposable. Zhu %@proved that every
planar graph is (2, 8)-decomposable. Recently, Li, Lu, Wang and Zhu ﬁ improve this result and
prove that for [ € {5,6,7,8,9}, every planar graph without 4- and [-cycles is (2, 1)-decomposable.
Cho, Choi, Kim, Park, Shan and Zhu ﬁ%ove that every planar graph is (4,1)-, (3,2)-, (2,6)-
decomposable and that there are planar graphs which are not (2,3)-decomposable and there are
also planar graphs which are not (1, h)-decomposable.

We are interested in decompositions of graphs of nonnegative characteristic in this paper. The
characteristic of a surface ¥ is defined to be |V(G)| — |E(G)| + |F(G)| for any graph G which is
2-cell embedded in X. All the surfaces of nonnegative characteristic are the Euclidean plane, the
projective plane, the torus and the Klein bottle. A graph of nonnegative characteristic means that
it can be embedded on a surface of nonnegative characteristic. Throughout this paper, a graph of

nonnegative characteristic is called a NC-graph. In this paper, we prove the following results.

Theorem 1.1 A NC-graph G is (3,1)-decomposable if one of the following hold:
(1) G has no chord 5-cycles.
(2) G has no chord 6-cycles.
(8) G has no chord 7- nor adjacent 4-cycles.

For simplicity, we define a family G of NC-graphs such that G € G if and only if G has neither
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thQ
chord 5-cycles nor chord 6-cycles nor chord 7- and adjacent 4-cycles. From Theorem iﬂ, next

corollary follows immediately.

Corollary 1.2 FEvery graph G € G has a matching M such that each of choice number, paint

number, DP-number and Alon-Tarsi number of G — M is at most 4.

A graph G is toroidal if G can be drawn on the torus so that the edges meet only at the vertices
of the graph.

h
Corollary 1.3 (1) (Chen, Zhu and Wang, ]Z; n? Every graph of nonnegative characteristic without
either chord 5-cycles or chord 6-cycles is 1-defective 4-choosable.
) (Zrang, (95

defective 4-choosable.

Every toroidal graph G without chord 7-cycles and adjacent 4-cycles is 1-

Theorem 1.4 A NC-graph G is (2,1)-decomposable if one of the following hold:
(1) G has neither 3- nor 4-cycles.
(2) G has neither 3- nor 6-cycles.
(8) G has neither 4- nor 6-cycles.

Similarly, we define a family H of NC-graphs such that G € H if and only if G has n(;1 1z'—cycles
t
nor j-cycles for any {i,j} C {3,4,6}. We obtain the following corollary from Theorem ﬁ

Corollary 1.5 Every graph G € H has a matching M such that each of choice number, paint

number, DP-number and Alon-Tarsi number of G — M is at most 3.

Corollary 1.6 (Dong and Xu %]} Every toroidal graph G which contains neither i-cycles nor
j-cycles for any subset {i,j} C {3,4,6} is 1-defective 3-colorable.

In the end of this section, we introduce some terminology and notation. Let G be a graph
and denote by V(G), E(G), F(G) (or V, E, F for short) the sets of vertices, edges and faces of G,
respectively. Let G be a (di)graph. For a vertex v, denote by d(v) (d*(v) or d”(v) in digraph)
the degree (out-degree or in-degree in digraph) of v. Denote by Ng(v) (or N(v) for short) the set
of neighbors of a verter v in G. A k-vertex (k™ -vertex or k™ -vertez) is a vertex of degree k ( at
least k or at most k). Similarly, a k-face (k™ -face or k™ -face) is a face of degree k (at least k or
at most k). For f € F(G), denote by d(f) the degree of face f in G which is the number of edges

incident with f and b(f) the boundary walk of fand write f = [ujus ... w] when uy,ug, ..., u; are
the boundary vertices of f in clockwise order. A [-face [ujus ... is called an (a1, aq, ..., a;)-face
if d(u;) = a; for i = 1,2,...,1. Two faces are adjacent if they share at least one common edge. For

v € V(@) and i > 3, denote by n;(v) (n;+(v) or (n;—(v)) the number of all i~ (iT- or (i~-) faces
incident to v. A cycle is a k-cycle if it contains k vertices. For a cycle C, an edge xy € E(G)\ E(C)
is called a chord of C if z,y € V(C). Let C be a k-cycle. Then C' is called chord k-cycle.



2 Reducible configurations
Suppose otherwise that Theorems % and ﬁ are both false. Assume that
G € G is a counterexample to Theorem % with [V (G)| minimized. (1)

In this case, G has no chord 5-cycles nor chord 6-cycles nor chord 7-cycles and adjacent 4-cycles.

Clearly, G has no (3, 1)-decomposition but any subgraph of G' does. Similarly, assume that
H € H is a counterexample to Theorem ﬁ with |V (H)| minimized. (2)

In this case, H has neither i-cycle nor j-cycle, where {i,j} C {3,4,6}. Clearly, H has no (2,1)-
decomposition but any subgraph of H does. In this section, we establish several lemmas. The

following lemma is straightforward.

Lemma 2.1 Assume that G is a NC-graph and d(v) > 3 for all v € V(G). If G has no 6-cycles,

then two 4-faces are not adjacent.

Recall that a graph H is d-degenerate if and only if H has an acyclic orientation D with
A+ < d. Thus, to prove that a graph G is (d, h)-decomposable, it is sufficient to show that G can
be decomposed into H; and Hy such that H; has an acyclic orientation with A+ < d and Hs has

the maximum degree at most k. From Lemma %ﬁwe assume that G satisfies Assumption

i

Lemma 2.2 (1) d(v) >4 for all v € V(G);

(2) G does not contain two adjacent 4-vertices.

Proof. (1) Suppose otherwise that v is a 3-vertex and N(v) = {v1,v2,v3}. By the minimality of
G, there is a (3, 1)-decomposition (D*, M*) of G—{v}. Let M = M* and D = D*U{vv1, vv5, 003 }.
Then (D, M) is a (3, 1)-decomposition of G, a contradiction.

(2) Suppose otherwise that u is a 4-vertex adjacent to a 4-vertex v. Let N(u) = {uy, ug,us, v}
and N(v) = {v1,v2,v3,u}. By the minimality of G, there is a (3,1)-decomposition (D*, M*) of
G — {u,v}. Let M = M* U {uv} and D = D* U {v0], vv5, 003, uui , uy, wub ). Then (D, M) is a

(3,1)-decomposition of G, a contradiction. Hl

Lemma 2.3 (1) A 5-vertex v is incident with at most one (4,5,5)-face.
(2) A 5-vertex v is not incident with three consecutively adjacent 3-faces, one of which is
(4,5,5)-face and other two of which are (4,5,6)-faces.

Proof. Let vy, vs,...,v5 be the neighbors of v in clockwise order, and f1, f2, ..., f5 be the incident
faces of v with vv;, vv;41 € b(f;) for i = 1,2,...,5 where indices are taken modulo 5.

(1) Suppose otherwise that v is incident with two (4,5, 5)-faces. There are two cases.
Case 1. f; and fy are (4,5, 5)-faces.

We first assume that d(vy) = d(vs) = 5 and d(ve) = 4. Let N(v1) = {v11,v12,v13, 0,02}, N(v2) =

{vo1,v,v1,v3} and N(vs) = {vs1, v32, U3z, v, V2 }.



By the minimally of G, there is a (3, 1)-decomposition (D*, M*) of G—{v,v1,ve,v3}. Let M =
M*U{vur,vav3} and D = D*U{01011, 01013, 01013, V2021 , U331, VU35, V3035, V03, V04, UVS, U2, U301 }.
Then (D, M) is a (3, 1)-decomposition of G, a contradiction.

We further assume that d(v;) = d(v3) = 4 and d(ve) = 5. Let N(v1) = {v11,v12,v, 02}, N(v2) =
{v91,v92,v,v1,v3} and N(v3) = {vs1, v32,v,v2}.

By the minimality of G, there is a (3,1)-decomposition (D*, M*) of G — {v,v1,v9,v3}. Let
M = M*U{vjvg,vv3} and D = D*U{01011, 01015, U20a1, UaUsh, U3Ua1, U3Uss, VU3, V04, U0, U10, U305 }.
Then (D, M) is a (3, 1)-decomposition of G, a contradiction.

Case 2. f; and f3 are (4,5, 5)-faces.

We assume, without loss of generality, that d(vi) = d(vs) = 4,d(ve) = d(vy) =5 and N(v1) =
{v11,v12, v, v2}, N(va) = {v21,v22, V23, v, v1 }, N(v3) = {v31, V32,0, v4 }, N(v4) = {v41, V42, V43, v, 03}

By the minimality of G, there is a (3, 1)-decomposition (D*, M*) of G — {v, vy, va,v3,v4}. Let
M = M* U {vivs,v304} and D = D* U {0701}, 01013, V2021 , U203, V2023, U3U31 , U3 U35, V4041, V2015,
W,@,m,zﬁg,@,@}. Then (D, M) is a (3,1)-decomposition of G, a contradiction.

(2) By (1) and by symmetry, suppose otherwise that f; is a (4,5,5)-face and fo, f3 are
two (4,5,6)-faces. In this case, d(v1) = 5,d(v2) = d(vq4) = 4 and d(v3) = 6. Let N(v;) =
{v11,v12,v13,v,v2}, N(v2) = {va1,v,v1,v3}, N(v3) = {v31,v32,v33,v,v2,v4} and N (vy) = {v41, Va2,
v,v3}. By the minimality of G, there is a (3, 1)-decomposition (D*, M*) of G — {v, v1, v, v3,v4}.

Let M = M*U{viv2,v3v4} and D = D*U{viv11, v1012, V1013, U2U21, U3U31 , U3U3%, U3U33, U4V41, V4V43,
1)_m>,?)—w),>,1)_?)g,>,02?3,vgv3,@}. Then (D, M) is a (3,1)-decomposition of G, a contradiction. Il

Lemma 2.4 If G is a NC-graph without either chord 5-cycles or chord 7- and adjacent 4-cycles,
then every 4T -vertez v is incident with at most two consecutively adjacent 3-faces. Moreover, v is

incident with at most L@J 3-faces.

Proof. Suppose otherwise that v is a 4T-vertex incident with three consecutively adjacent 3-
faces [vivve], [ugvus] and [vsvvy]. In this case, G has a 5-cycle [vyvouzvgv] with a chord vvs, a
contradiction. Observe that two adjacent 4-faces f1 = [v1vov3v], fo = [v2v3v4v] have one common

edge vovs. Thus, G has adjacent 4-cycles, a contradiction. Therefore, v is incident with at most
{Mgﬂj 3-faces.

Lemma 2.5 Let G be a NC-graph without chord 6-cycles. Then every 5t -vertex v is incident to

at most three consecutively adjacent 3-faces. Thus, v is incident to at most (d(v) — 2) 3-faces.

Proof. Suppose otherwise that v is a 5'-vertex incident to four consecutively adjacent 3-faces
[v1vVa], [vavvs], [vgvvy], [V4vvs]. Then [vivyvsv V5] is a 6-cycle with a chord vvs, a contradiction.
Thus, v is incident to at most (d(v) — 2) 3-faces. l

5 6
From Lemma %—to %we assume that G satisfies Assumption (ﬁ% .
Lemma 2.6 (1) d(v) > 3 for all v € V(G);

(2) G does not contain two adjacent 3-vertices.

Proof. (1) Suppose otherwise that v is a 2-vertex and N(v) = {v;,v2}. By the minimality of
@G, there is a (2,1)-decomposition (D*, M*) of G — {v}. Let M = M* and D = D* U {v0], vv3}.
Then (D, M) is a (2, 1)-decomposition of G, a contradiction.



(2) Suppose otherwise that u is a 3-vertex adjacent to a 3-vertex v. Let N(u) = {uy,us,v} and
N(v) = {v1,v2,u}. By the minimally of G, there is a (2, 1)-decomposition (D*, M*) of G —{u,v}.
Let M = M* U {uv} and D = D* U {vvy, 005, wuj, uus}. Then (D, M) is a (2, 1)-decomposition of
G, a contradiction. Il

Lemma 2.7 If A NC-graph G has has no 3-cycle nor 6-cycle, then it has no any underlying
subgraph of G in Fig.1.

Proof. Suppose otherwise that G contains one of the figures in Fig.1. Let X be all the labeled
vertices of each figure. By the minimality of G, G* = G — X has a (2, 1)-decomposition (D*, M*).
In Fig.1 (1), X = {v1,...,v11}. Let M" = {vyv5, vov3, vgv7, V809, 19011 } and D' = {vlvg,m,

: /
V0§, U3V1, U308, V45, UsUG, UsU10, V1101 - In Fig.1 (2), X = {v1,...,v11}. Let M’ = {v1v5, vav3, vev7,

, )
vgvg, vav11} and D' = {v1v3, 1107, V20§, V31, U3VS, V4V5, U506, UgU10, Vio011 +- In Fig.l (3), X =

! /
{Ul, e ,Un}. Let M = {U1U5,U6U7,’U2’L)11,U4U8,’U9’L)10} and D = {U1U2,’U1’U7,’U2’U3,U3U4,U3’U9,’U4’U5,
: !
V506, VoUg, V11010 ). In Fig.1 (4), X = {vy,...,v11}. Let M’ = {vivs, vgv7, V2011, v4Vs, Vov10 } and
/ .
D’ = {v1v5, v10%, V305, U3VL, V30§, U405, U506, VgUs, V10011 §- In Fig.l (5), X = {vy,ve,...,v7,09}.

/ / :
Let M' = {v1v9,v4v5,v6v7} and D' = {v10§, v10%, V20§, V20§, V305, V304, U703, 070 }. In Fig.l (6),

X ={v1,...,v9}. Let M' = {v1v5,v304, V607, 0809 } and D’ = {0103, 0107, Vav§, V3V5, V30§, V4V§, Us V4,
0505, 060} In Fig.l (7), X = {v1,...,v11}. Let M’ = {vyvs3, v4v5, V607, V3vg, v1gv11 } and D' =
{v1vs, v1v7, V201, V206, V3VL, U3V§, VAVS, V9U16, V11V5 )

Let M = M* U M’ and D be the orientation of G — M obtained by adding arcs in D" and
all the edges between X and V' \ X oriented from X to V' \ X. Then A(M) < 1 and Af; < 2.
Moreover, D is an acyclic orientation of G — M. Thus (D, M) is a (2,1)-decomposition of G, a

contradiction. H

vr vr
Ve Ve
v1 v1
U U
U5 2 U5 2
U3, U3,
o V11 7 V11
M M
v8 Y9 ]‘u’vl I Y8 Y9 ]‘u’vl -\
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vr vr vr
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vg Ve
vi U1 v1
v,
D 5 Vo D5 L2
v o
7 o V11
V9
V4 v3 Y81 Y9 Vs . U v1oI

(5) (6) (M
Fig. 1: Reducible configurations



Lemma 2.8 A NC-graph G € H has no a (3,4, 3,4)-face,

Proof. Suppose otherwise that G has a (3,4, 3,4)-face [v1vovsv4]. Let N(v1) = {v11,v2,v4}, N(v2)
= {’U21, V22, V1, ’Ug}, N(U3) = {’U31, V2, U4} and N(’U4) = {’U41, V42, V1, ’Ug}. By the minimality of G,
there is a (2,1)-decomposition (D*, M*) of G — {v1,v2,v3,v4}. Let M = M* U {v1v2,v3v4} and

\ \ \ \ \ \ \ \ . .
D = D*U{viv11, 02021, V2023, V3U31, V4U41 , V4 U435, V104, V305 }. Then (D, M) is a (2, 1)-decomposition

of G, a contradiction. Il

thO thl

3 Proofs of Theorem [I.1] and [I.4]

We are now ready to complete the proof of Theorem H and ﬂ We define initial charge u(x) =
d(z) — 4 for each x € V U F. By Euler’s Formula |V (G)| + |F(G)| — |E(G)| > 0,

S ) -9+ Y @) -4 <.

veV(Q) fer(G)

Let 4/(z) be the charge of x € V(G) U F(G) after the discharge procedure. In order to prove the
Theorems % and %, we shall design some discharging rules so that after discharging. Since the
total sum of weights is kept unchanged, the new weight function p’ satisfies

(I) /(z) >0 for all z € V(G) U F(Q);

(IT) There exists some z* € V(G) U F(G) such that p/(z*) > 0.

Thus
o< . pd@= > ua=o0

2€V(G)UF(G) 2€V(G)UF(G)

This contradiction completes our proofs.

tho
3.1 Proofs of Theorem hj](l) and (3).

thQ
In this section, we prove Theorem iﬂ(l) and (3). Now we define the discharge rules as follows.

(R1) Every 5-vertex sends % to each incident (5%,5T,5%)-face, 3 to each incident (4,5,5)-face
and = to each incident (4,5, 67 )-face.

(R2) Every 6*-vertex sends % to each incident 3-face.

(R3) Every 5T-face sends ¢ to each incident vertex.

It suffices to show that the new weight function /' satisﬁtis Properties (I) and (II).
We first check p/(v) > 0 for all v € V(G). By Lemma iﬂ’(l), d(v) > 4.

1. d(v) = 4. Since no 4-vertex is involved in the discharge procedure, p/(v) = u(v) =4—4 = 0.

3
2. d(v) = 5. Then u(v) = 1. By Lemma ﬁ;ng(v) < 3. If ng(v) < 2, then v is incident with
at most one (4,5,5)-face by Lemma ) and is not incident with any (4,4, 5 )-face by
Lemma ). By (R1), ¢//(v) > 1—3—3 = & > 0. Let n3(v) = 3. Then v is incident with

two 41-faces. If v is incident with one 4-face, then G has a chord 5-face and so does a chord



7-face and adjacent 4-cycles, contrary to our assumption. Thus, n4(v) = 0. This implies
that ns+ (v) = 2. By Lemmas %%1) and iﬁb), v is incident With at most one (4 5,5)-face
and is not incident with any (4,4,57)-face. Thus p/(v) > 1 -3 —-2x S +2x & =L >0
by (R1) and (R3).

3
. d(v) = 6. Then u(v) = 2. By Lemmaﬂng(v) < 4. If ng(v) <3, then p/(v) >2-3x L =

% > 0 by (R2). Thus, assume that nz(v) = 4. In this case, v is incident with two 4" -faces.
If v is indeed incident one 4-face, then G has a chord 5-cycle and so does a chord 7-cycle
and adjacent 4-cycles, contrary to our assumption. Thus, n4(v) = 0. This implies that
ns+(v) = 2. Thus p/(v) > 2 -4 x 5 +2x & =L > 0by (R2) and (R3).

3
-d(v) > 7. By Lemmaiﬂrng( < () Thus @/(v) > d(v) — 4§ x [242) >

d(v) — 2d§v) = 1d(v) —4 > & > 0 by (R2).

Then we check p/(f) > 0 for all f € F(G).

1.

2.

3.

d(f) = 3. Then u(f) = —1. By Lemma ﬂb), v is not incident with any (4,4,57)-
face. If f is a (4,5,5)-face, then p/(f) > —1+2x 2 = 0 by (R1). If f is a (4,5T,6%)-
face, then p/(f) > —1+ & + 15 = 0 by (R1) and (R2). If f is a (5%,5%,5%)-face, then
1(f) > —1+3x 3 =0Dby (R1) and (R2).

d(f) = 4. Since no 4-face is involved in the discharge procedure, u(f) = p/(f) =4 —-4=0.

d(f) = 5. Then /(f) > d(f) — 4 — ggd(f) = god(f) — 4 = 35 > 0 by (R3).

So far, we have proved Property (I). Assume that Property (IT) does not hold. This implies that
w(z) =0 for all z € V(G) U F(G). We observe the above proof and have each of the following
holds.

(

a) For each vertex v € V(G), d(v) = 4;
(b) For each face f € F(G), 3 <d(f) < 4.

1
By (a), G has no 5"-vertices. Thus G is 4-regular, which is contrary to Lemma %’(2) This
completes the proofs of Theorem El_ﬁ (1) and (3).

3.2

thO
Proof of Theorem hj|(2)

thO
In this section, we prove Theorem iﬂ@) Now we define the discharge rules as follows.

(R1)

(R2)
(R3)
(R4)

(R5)

Every 5-vertex sends % to each incident (57,57, 5T )-face, % to each incident (4,5, 5)-face,
2 to each incident (4,5, 6)-face and % to each incident (4,5,7")-face.
Every 6-vertex sends 5 to each incident 3-face.
Every 7t-vertex sends % to each incident 3-face.
1

Every 5-face sends (15_0 to each incident vertex.

Every 67-face sends % to each incident vertex.



It suffices to show that the new weight function p’ satisfies Properties (I) and (IT). Note that
each 3-face is not adjacent to 5-face since G has no chord 6—clycles.
We first check p/(v) > 0 for all v € V(G). By Lemma iﬂ(l), d(v) > 4.

1. d(v) = 4. Since no 4-vertex is involved in the discharge procedure, p/'(v) = p(v) =4—4 = 0.

4
2. d(v) = 5. By Lemma %ng(v) < 3. If ng(v) < 2, then v is incident with at most one
(4,5,5)-face by Lemma ) and is not incident with any (4, 4,57 )-face by Lemma Efﬂ%Z)
By (R1), #/(v) >1— 2% — 35 =L >0 by (R1). Thus, assume that ng(v) = 3.

Suppose that v, ve, ..., vs are the neighbors of v in clockwise order, and f1, fo,..., f5 are the
incident faces of v with vv;,vv;41 € b(f;) for i = 1,2,...,5 where indices are taken modulo

5. By symmetry, there are two cases: either fi, fo and f3 or fi, fo and f4 are 3-faces.

In the former case, since G has no chord 6-cycles, each of f4 and f5 is not a 5-face. Thus,
ns(v) = 0. We claim that at most one of f; and f5 is a 4-face. Suppose otherwise. Let
fa = [vvgzvs] and f5 = [vivvsy]. Since G has no chord 6-cycle, x,y € {v,v1,v2,v3,v4, V5 }.
Since G is a simple graph, x ¢ {v,vy,v3}. Since n3(v) = 3, x ¢ {vy,v4,v5}. Similarly,
y ¢ {v,us,v3,vq,v1}. Thus, x = v and y = v3. In this case, G has a chord 6-cycle
vU4V3V1VV5Y, a contradiction. Thus ny(v) < 1. This implies that 1 < ng+(v) < 2. By
Lemma bl ), v is incident with at most one (4, 5,5)-face. If v is not incident with (4, 5,5)-
face, then 4/ (v) > 1-3x 5 +7% = 2% > 0 by (R1) and (R5). Thus, assume that v is incident
with one (4,5, 5)-face. By Lemma %(22), v is incident with at most one (4,5, 6)-faces. By
(R1) and (R5), p/(v) >1 -4 -3 - SL 4 48— L5

In the latter case, since G has no chord 6-cycles, none of f3 and f; is a 5-face. Thus
ns(v) = 0. If f3 = [vuszvy] is a 4-face, then x ¢ {v,v9,v3,v4,v5} since G is a simple
graph and by Lemma ). If x # vy, then vvgvszv U5V is a 6-cycle with a chord vvs, a
contradiction. If x = vy, then vivgvsvV3Vov7 IS a 6-cycle with a chord vvy, a contradiction.
By symmetry, f5 is not a 4-face. Thus, ng(v) = 0. This implies that ng+(v) = 2. Thus

@) >1-3x34+2x 8 =2 >0by (R1) and (R5).

4
3. d(v) = 6. Then u(v) = 2. By Lemma%ng(v) < 4. If ng(v) <3, then p/(v) > 2-3x & =
2 >0 by (R2). Thus, assume that nz(v) = 4.

We now prove ng(v) = ns(v) = 0. Assume that vy, ve,...,vs are the neighbors of v in
clockwise order, and f1, fo,..., f¢ are the incident faces of v with vv;,vv;41 € b(f;) for
i =1,2,...,6 where indices are taken modulo 6. Since G has no chord 6-cycles, ns(v) =0

1lem4 1lem4 ) )
by Lemmaim“ By Lemma m’and symmetry, we consider two cases: either fi, fs, f3, f5 or
f1, fo, fa, f5 are four 3-faces.

In the former case, assume that f; = [vvszvs] is a 4-face. Since G is a simple graph,
x ¢ {v,v3,v4,v5,06} by Lemma Wi ). If = v9, then vovqvsvVgU5Vy is a 6-cycle with a
chord vvy, a contradiction. If x = vy, then vivovgvgvvsvy is a 6-cycle with a chord vvs,
a contradiction. If x # vy and = # v9, then zvsvvevsvsx is a 6-cycle with a chord vuy, a

contradiction. Thus fy is not a 4-face. By symmetry, fg is not a 4-face. Thus ny(v) = 0.



In the latter case, assume that f3 = [vuszvy] is a 4-face. Since G is a simple graph, x ¢
{v,v9,v3,v4,v5} by Lemma %%1) If x = vy, then vivovvgUsV4v7 1S a 6-cycle with a chord
vvyg, a contradiction. By symmetry, x # vg. If o # v; and x # vg, then vivovsrvavsV1 IS A
6-cycle with a chord vvs, a contradiction. Thus f3 is not a 4-face. By symmetry, fg is not a
4-face. Thus, n4(v) = 0.

So far, we have proved that n4(v) = mns(v) = 0. This implies that ng+(v) = 2. Thus
W) >2—-4xL+2x 2 =2>0by (R2) and (R5).

4. d(v) > 7, then by Lemma %ﬁj is incident with at most (d(v) — 2) 3-faces. Thus p'(v) >
d(v) —4— £ (d(v) — 2) = Z5d(v) — 1 > 35 > 0 by (R3).

Then we check p/(f) > 0 for all f € F(G).

1. d(f) = 3. By Lemma %&2), v is not incident with any (4,4, 4" )-face. If fisa (57,5%,57)-
face, then y/(f) > —1+ 3 x £ = 0 by (R1)~(R3). If f is a (4,5,5)-face, then p/(f) >
~14+2x 4 =0by (R1). If fisa (4,5%,6)- face then u’(f) > —1+4 %+ = 0 by (R1)-(R3).
If fis a (4,57, 7")-face, then /(f) > -1+ 2 + 2 =0 by (R1)-(R3).

2. d(f) = 4. Since 4-faces are not involved in discharge procedure, u(f) = ¢/(f) = 0.
3. d(f) =5. Then pu(f) =1. By (R4), /() >1-5x & =2 >0.
4. d(f) 2 6. By (R5), (/(f) 2 d(f) — 4 — 155d(f) = 155d(f) =4 > 155 > 0.

We have proved Property (I). Assume that Property (II) does not hold. This implies that p/(z) = 0
for all z € V(G) U F(G). We check above proof and obtain the following assertions.

(a) For each vertex v € V(G), d(v) = 4;

(b) For each face f € F(G), 3 <d(f) <4
By (a), G has no 5"-vertices. Thus G is 4-regular, which is contrary to Lemma %1(2) This
completes the proof of Theorem ﬁ (2)

thi
3.3 Proof of Theorem hEI(l)

thi
In this section, we prove Theorem ﬁ(l) Now we define the discharge rules as follows.
(R1) Every 5T-face sends % to each incident 3-vertex.

It suffices to show that the new weight function y satisfies Properties (I) and (II).
5
We first check p/(v) > 0 for all v € V(G). By Lemma %’(1), d(v) >3

1. d(v) = 3. Then u(v) =3 —4 = —1. Since G has no 3- and 4-cycles, v is incident with three
5t-faces. Thus p/(v) > —143 x £ =0 by (R1).

2. d(v) =4. Then p/(v) = puv) =4—-4=0.

3. d(v) =5. Then p/(v) = p(v) =d(v) —4>1>0.
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We further check p/(f) > 0 for all f € F(G). Note that d(f) > 5.

By Lemma %%2), f is incident with at most L@j 3-vertices. Thus p/(f) > d(f) —4 —
L) > 2d(f)—4>E >0

We have proved Property (I). Assume that Property (II) does not hold. This implies that
w'(z) =0 for all z € V(G)U F(G). Considering above proof, we obtain that G has no 5*-face and
hence every face of GG is a 4~ -face, contrary to our assumption that G has no 3-cycle nor 4-cycle.
This completes the proof of Theorem ﬁ(l)

X

Lol

thi
3.4 Proof of Theorem hEI(2)

thi
In this section, we prove Theorem ﬁ@) Since G has no 6-cycle, each 3-vertex is incident with
0
at most one 4-face by Lemma %’ A 3-vertex v is bad if v is incident with one 4-face and good
otherwise.

Now we define the discharge rules as follows.
(R1) Every 5*-face sends % to each incident good 3-vertex and % to each incident bad 3-vertex.

It suffices to show that the new weight function p’ satisfies Properties (I) and (IT). Note that
lem0  llemb
each 4-face is not adjacent to 4-face by Lemma Hrand BB ).

We first check p/(v) > 0 for all v € V(G). By Lemma %%1), d(v) > 3.

1. d(v) = 3. If v is good, then v is incident with three 5" -faces. Thus p/(v) > —1 + 3 x % =0
by (R1). If v is bad, then v is incident with two 5"-faces. Thus z//(v) > =142 x £ =0 by
(R1).

2. d(v) = 4. Since any 4-vertex does not involved in discharge procedure, u/(v) = p(v) =

We further check p/(f) > 0 for all f € F(G). Note that d(f) > 4 and d(f) # 6.

1. d(f) = 4. Since any 4-face does not involved in discharge procedure, p/(f) = p(f) =4—4 =
0.

2. d(f) = 5. Then u(f) =5—4 = 1. By Lemma %%2), f is incident with at most two
3-vertices. If v is incident with at most one 3-vertex, then p/(f) > 1 — % =1 > 0 by (R1).
Let v be incident with two 3-vertices v1 and vo. If one of v1 and vy is bad and the other is
good, then p/(v) > 1—1 — % = % > 0 by (R1). If both v; and vy are bad 3-vertices, then
f'(v) >1—2x%=0Dby (R1).

lens
3. d(f) > 7. By Lemma ﬁ@), f is incident with at most L@J 3-vertices. Thus p/(v) >
d(f) —4—1 x |2D) > 34(f) —4> 3 >0.
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We have proved Property (I). Assume that Property (II) does not hold. This implies that u/(z) = 0
for all x € V(G) U F(G). Considering above proof, we establish the following claims.
Claim 1. Each of the following holds.

(1) For each vertex v € V(G), 3 < d(v) < 4.

(2) For each face f € F(G), f is either a 5-face incident with two bad 3-vertices or a 4-face.

Claim 2. Let f be a 5-face. Then each of the following holds.

(1) f is not incident with three consecutively adjacent 4-vertices.

(2) If f is adjacent to a 4-face g, then g is a (3,4, 4, 4)-face.
Proof of Claim 2. (1) By Claim 1(2), f is incident two bad 3-vertices. By Lemma %?2), fis
a (4,3,4,3,4)-face and hence f is not incident with three consecutively adjacent 4-vertices.

(2) it follows by Lemma ﬁf [ |

Claim 3. G has a 5-face.
Proof of Claim 3. Suppose otherwise that G has no 5-face. By Claim 1(2), G has only 4—faoces.

If G has more than one 4-face, then G contains two adjacent 4-faces, contrary to Lemma |

By Claims 1(2) and 3, we assume that G has a 5-face f = [v1v2v3v4v5] incident with two bad
3-vertices. By Claim 2(1) and by symmetry, assume that v; and vs are two 3-vertices. Thus, vy
and vz are incident with one 4-face and two 5-faces. Assume that vq is incident with f, f1, fo and
vg is incident with f, f3, f4 where fi, f3 are two 4-faces and f, f4 are two 5-faces. By Lemma
f1 and f3 are two (3,4,4,4)-faces. We observe f; and consider two following cases.

Case 1. vjvs € b(f1).

Let fi = [vivavgvr]. We first claim that vg, vz & {v1,...,v5}. Note that vg ¢ {v1,v9,v3} and
vy & {v1,v2,v5}. Since G has no 3-cycle, vg ¢ {v4,v5} and v7 ¢ {vs,vs}. In this case, we consider
two cases for fs: either vovs € b(f3) or vsvy € b(f3).

In the former case, let f3 = [vovgvgvg]. We claim that vs,vg ¢ {v1,...,v7}. Since d(v1) = 3,
vg # v and vg # vy. Clearly, vs ¢ {va,v3,v4} and vg ¢ {ve,v3,v6} . Since G has no 3-cycle,
vg ¢ {vs, Uﬁﬁ?d vg & {vy,vs,v7}. If vg = v7, then G contains Configuration (5) in Fig.1, contrary
to Lemma Thus, vs,vg ¢ {v1,...,v7}.

Let vy be incident with f, f1, f5, f3 in clockwise order. By Lemma %,9 f5 is a b-face. By
Claim 2(2), d(vy) = d(vg) = d(vg) = 4. Therefore, f5 is incident with three consecutively adjacent
4-vertices which is contrary to Claim 2(1).

In the latter case, let f3 = [vgvzvgus]. We first claim that vg,vg ¢ {v1,...,v7}. Recall that
vy is a 3-vertex, vg # vy and vg # v1. Obviously, vs ¢ {vs,vy,v5} and vy ¢ {ve,v3,v4} since G
is simple. Since G has no 3-cycle, vg # vy and vg ¢ {vs,v6}. If vg = vg, then v v3V9V1V7VEVY
is a 6-cycle, a contradiction. Thus vs,vg ¢ {v1,...,v6}. If vg = v7, then vg ¢ {v1,...,v7} and
V7V1V5V4V3V9U7 s a 6-cycle, a contradiction. If vg = v7, then vg ¢ {vy,...,v7} and vrvgvoVzVLVSVT
is a 6-cycle, a contradiction. Thus, vg,vg ¢ {v1,...,v7}.

Let vy be incident with f, f1, f5, f4 in clockwise order. By Lemma iﬂ? f1 is a b-face. Let
fa = [vavsvguigv11]. We first assume that vig,v11 & {v1,...,v9}. In this case, d(vy) = d(vg) = 4
and d(vs3) = 4. By Claim 1(2), only one vertex in {v19,v11} is a 3-vertex. Since G does not contain
Configuration (7) of Fig.1 in Lemma %d(uu) =4 and d(v1p) = 3. By Lemma %gand Claim 1
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(2), f5is a 5-face. Moreover, f5 is incident with three consecutively adjacent 4-vertices vg, vy and
v11, contrary to Claim 2 (1). Thus, assume that vig € {vy,...,v9} or v11 € {v1,...,v9}.

Since vy is a 3-vertex, vig # v1 and vy; # vi. Obviously, vig ¢ {va,v3,vs,v9} and vy; ¢
{vg,v3,v6} since G is simple. Since G has no 3-cycle, vig # vg and vy ¢ {vg,v5,v7,09}. If

v10 = Vg, then v1v9v3V9UEV7Y 1S a 6-cycle, a contradiction. If v1g = v7, then vrvgvzvivsVIV7 is a 6-

cycle, a contradiction. Thus vig & {v1,...,v4,06,...,09} and vi1 & {v1,...,v7,v9}. Let vig = vs.
If v1; = vg, then vsv4vsgvs is a 3-cycle, a contradiction. If v1y ¢ {v1,...,v9}, then viv5v11V9VgV7V]
is a 6-cycle, a contradiction. If vig ¢ {v1,...,v9}, then v1; = vg and wvgvgvigvs is a 3-cycle, a
contradiction.

Case 2. vius € b(f1).

Let f1 = [vyvsvgvr]. We first claim that vg, v7 ¢ {v1,...,v5}. Obviously, vg ¢ {v1,v4,v5} and
vy & {v1,v2,v5}. Since G has no 3-cycle, vg ¢ {v2,v3} and v ¢ {vs,vs}. In this case, we consider
two cases of f3: either vovs € b(f3) or vsvy € b(f3).

In the former case, let f3 = [vovgvgvg]. We claim that vs,vg9 ¢ {vy,...,v7}. Since vy is a
3-vertex, vgs # v and vg # vy. Obviously, vs ¢ {va,v3,v4} and vg ¢ {ve,v3} since G is simple.
Since G has no 3-cycle, vg # vs and vg ¢ {v4, vs,v7}. If vg = vy, then v7vgUsVIVV3VT is a G-cycle, a
contradiction. Thus vg,vg ¢ {v1,...,vs,v7}. If vg = vg, then vy # vg. In this case, VgU5V4V3V2V9V4
is a 6-cycle, a contradiction. If vg = vg, then vg # vg. In this case, vgvsvivevsVgVE IS A 6-cycle, a
contradiction. So far, we have proved that vs,vg ¢ {v1,...,v7}.

Assume that vg is incident with f, f3 and f4 in clockwise order. Since G has no 6-cycle, by
Lemma %j}; is a b-face. Let fy = [vqvsvgviovir]. If vig,v11 € {v1,...,v9}, then G contains
Configuration (1) or (2) in Fig.1, contrary to Lemma Thus, assume that vig € {v1,...,v9} or
v11 € {v1,...,v9}. Since vy is a 3-vertex, vig # v1 and vy1 # v1. Obviously, vig ¢ {vs,vs,v9} and
v11 ¢ {vs,v4,v5} since G is simple. Since G has no 3-cycle, vig ¢ {ve,v4} and v11 & {va,ve,vs}.
If v19 = v, then vgvsv v3Vov9Vg 18 a 6-cycle, a contradiction. If vy = vg, then vgurvivoV9UgVE 1S
a 6-cycle, a contradiction. If v1g = v7, then vgvrvivsvivzvg is a 6-cycle, a contradiction. Thus
v10 & {v1,...,v9}. If v11 = vz, then v7vyVoVgUgVIEVT i a 6-cycle, a contradiction. If v1; = vy, then
vgUgU1gVg IS a 3-cycle, a contradiction.

In the latter case, let f3 = [vsvqvgvg]. We claim that vg,vg ¢ {v1,...,v7}. Since vy is a
3-vertex, vg # v and vg # vy. Since G is simple, vg ¢ {vg,v3,v4} and vg ¢ {vs,vy4,v5} by
Lemma %) Since G has no 3-cycle, vg # vs and vs ¢ {va,v6}. If vg = vg, then vgvTVIV5V4V3V6
is a 6-cycle, a contradiction. If vg = v7, then vsvgvrvsvavivs is a 6-cycle, a contradiction. Thus
vg & {v1,...,v7}. If vg = vy, then vrvgUsV4V3V9V7 18 & G-cycle, a contradiction.

Since GG has no 6-cycle, by Lemma fa is a b-face. Let fy = [vougvguigvii]. If vig,v11 ¢
{vi,...,v9}, then G contains Configuration (3) or (4) of Fig.1, contrary to Lemma Thus,
assume that either vy € {v1,...,v9} or v11 € {vy,...,v9}. Since vy is a 3-vertex, vig # v;.
Since G is simple and by Lemma 3 ), vio & {vs,vs,v9} and vy; & {vy,va,v3} . Since G
has no 3-cycles, vig ¢ {vo,v4} and vi; & {vg,vs,v7,v9}. If v19 = vg, then vgvrVIVV3VIVE IS a

6-cycle, a contradiction. If vig = vz, then vgugvgvsvgvrvg is a 6-cycle, a contradiction. Thus

vig & {v1,...,04,06,...,09} and vi1 & {v1,...,v5,07,v9}. Assume that vi; = vg. If vg =
lem7

vs, then G contains Configuration (6) of Fig.1, contrary to Lemma iﬂf Thus, vig # vs. So,

vg ¢ {v1,...,v9}. In this case, v1gvgvsV4V8V9VY is a 6-cycle, a contradiction. Thus, assume that
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vy = vg. If vig & {v1,...,v9}, then vgvguigvs is a 3-cycle, a contradiction. If vig = vs, then
vsV4U8V5 18 a 3-cycle, a contradiction. Thus vi1 ¢ {v1,...,v9}. If vig = vs, then vsvgV7VIV2V11Vs
is a 6-cycle, a contradiction. O

This implies that G is not existence. We have proved Property (IT). This completes the proof
of Theorem %{2)

thi
3.5 Proof of Theorem hzl(?))

In this section, we prove Theorem iﬁ(?)) A 3-vertex v is bad if v is incident with one 3-face and
good otherwise.

Now we define the discharge rules as follows.

(R1) Every 5'-face sends % to each incident good 3-vertex, % to each incident bad 3-vertex and

% to each incident 3-face.
It suffices to show that the new weight funcgion w' satisfies Properties (I) and (IT). We first
check p/(v) > 0 for all v € V(G). By Lemma %(1), d(v) > 3.

1. d(v) = 3. If v is bad, then v is incident with two 7"-faces. By (R1), p/(v) > —1+2x £ = 0.
If v is good, then v is incident with three 5T-faces. By (R1), p/(v) > —1+ 3 x % =0.

2. d(v) = 4. Since no 4-vertex is involved in discharge procedure, p/(v) = u(v) =4 —4 = 0.
3. d(v) > 5. By (R1), p/(v) = pu(v) =d(v) —4>1>0.
Further we check p/(f) > 0 for all f € F(G).

1. d(f) = 3. Then u(f) = —1. Since G has no 4-cycle, each face adjacent to f is a 5+-face. By
(R1), f/(0) = ~1+3x 1 =0.

2. d(f) = 5. Then u(f) = 1. Since G has no 6-cycle, f is not adjacent to 3-face. By
Lemma ), [ is adjacent to at most two 3-vertices. Since G has no 6-cycles, no 3-cycle
is not adjacent to any 5-cycle. Thus, f is adjacent to at most two good 3-vertices. By (R1),
W(f)y>1-2xs=1>0.

3. d(f) > 7. Let f be incident with m 3-vertices. Since G has no 4-cycles, no 3-face is

adjacent to any 3-face. Then v is incident with at most d(f)—m 3-faces. By Lemma 2),
m < |90 ). Thus /(f) = d(f)—4—2—1(d(f)—m) = 2d(f)—im—4 > Ld(f)=4 > 5 >0
by (R1).

So far, we have proved Property (I). Assume that Property (II) does not hold. This implies that
W (z) =0 for all z € V(G) U F(G). Observing above proof, we obtain the following statements.
(a) For each vertex v € V(G), 3 < d(v) < 4;
(b) For each face f € F(G), d(f) = 3.
By (b), G is one 3-cycle [uvw]. Clearly, G has a matching M = {uv}tsuch that G — M is (2,1)

decomposable, a contradiction. This completes the proof of Theorem 3).
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