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A new sufficient condition for Hamiltonian
graphs

Ronald J. Gould and Kewen Zhao

Abstract. The study of Hamiltonian graphs began with Dirac’s classic result in 1952. This

was followed by that of Ore in 1960. In 1984 Fan generalized both these results with the following

result: If G is a 2-connected graph of order n and max{d(u), d(v)}≥n/2 for each pair of vertices u

and v with distance d(u, v)=2, then G is Hamiltonian. In 1991 Faudree–Gould–Jacobson–Lesnick

proved that if G is a 2-connected graph and |N(u)∪N(v)|+δ(G)≥n for each pair of nonadjacent

vertices u, v∈V (G), then G is Hamiltonian. This paper generalizes the above results when G

is 3-connected. We show that if G is a 3-connected graph of order n and max{|N(x)∪N(y)|
+d(u), |N(w)∪N(z)|+d(v)}≥n for every choice of vertices x, y, u, w, z and v such that d(x, y)=

d(y, u)=d(w, z)=d(z, v)=d(u, v)=2 and where x, y and u are three distinct vertices and w, z and

v are also three distinct vertices (and possibly |{x, y}∩{w, z}| is 1 or 2), then G is Hamiltonian.

1. Introduction

Throughout this paper we consider finite simple undirected graphs whose vertex
set, edge set, order and minimum degree are denoted by V (G), E(G), |G|=|V (G)|
and δ(G), respectively. If u∈V (G), and C and H are subgraphs of G, then
N(u)=NG(u) denotes the set of neighbours of u in G, d(u)=|N(u)| is the degree
of u, NC(u)=V (C)∩N(u), NC(H)=

⋃
u∈V (H) NC(u), and G\C denotes the sub-

graph of G induced by V (G)\V (C). We let d(u, v) denote the distance between the
vertices u and v.

The study of Hamiltonian graphs has long been an important topic (see [5]).
The following conditions are known to suffice for a graph of order n≥3 to be Hamil-
tonian:

(i) (Dirac [2]) For each vertex u∈V (G), d(u)≥n/2.
(ii) (Ore [6]) For each pair of nonadjacent vertices u, v∈V (G), d(u)+d(v)≥n.
(iii) (Fan [3]) G is a 2-connected graph and for each pair of vertices u, v∈V (G)

at distance 2, max{d(u), d(v)}≥n/2.
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(iv) (Faudree–Gould–Jacobson–Lesnick [4]) G is a 2-connected graph and for
each pair of nonadjacent vertices u, v∈V (G), |N(u)∪N(v)|+δ(G)≥n.

Let B(G)=min{max{|N(x)∪N(y)|+d(u), |N(w)∪N(z)|+d(v)}} for every
choice of vertices x, y, u, w, z and v such that d(x, y)=d(y, u)=d(w, z)=d(z, v)=
d(u, v)=2, where x, y and u are three distinct vertices, and w, z and v are also three
distinct vertices (and possibly |{x, y}∩{w, z}| is 1 or 2). For other terminology and
notation, we refer the reader to [1].

We shall prove the following result.

Theorem 1.1. Let G be a 3-connected graph of order n such that B(G)≥n,
then G is Hamiltonian.

It is easy to see that if G satisfies one of the conditions (i)–(iv), then B(G)≥n;
thus there is a sense in which Theorem 1.1 generalizes the previous four theorems.
However, the condition of being 3-connected is needed in Theorem 1.1. It is easy
to see that there are non-Hamiltonian 2-connected graphs of order n such that
B(G)≥n.

2. The proof of the theorem

If C :x1, x2, ..., xm, x1 is a cycle, we write [xi, xj ] for the set of vertices {xi,

xi+1, ..., xj}, where subscripts are taken modulo m. We will need the following
lemma.

Lemma 2.1. Suppose that C :x1, x2, ..., xm, x1 is a longest cycle in a graph G

and H is a component of G\C. Let xi and xj be distinct vertices in NC(H). Then
(a) {xi−1, xi+1, xj−1, xj+1}∩NC(H)=∅;
(b) xi+1xj+1 /∈E(G) and xi−1xj−1 /∈E(G);
(c) if xtxj+1∈E(G) for some vertex xt∈[xj+2, xi], then xt−1xi+1 /∈E(G) and

xt−1 /∈NC(H);
(d) if xtxj+1∈E(G) for some vertex xt∈[xi+1, xj−2], then xt+1xi+1 /∈E(G);
(e) no vertex of (G\C)\H is adjacent to both xi+1 and xj+1.

Proof. If any of (a), (b) and (e) were to fail, then it is easy to show that G

would contain a cycle that is longer than C.
If (c) fails, then there exists some vertex xt∈[xj+1, xi] satisfying xtxj+1∈E(G)

and xt−1xi+1∈E(G), or xt−1 is adjacent to some vertex of H . When xt−1xi+1∈
E(G), let P1(H)=y1, y2, ..., yr denote a path of H with two end vertices y1 and yr

which are adjacent to xi and xj , respectively. Then

xi, P1(H), xj , xj−1, ..., xi+1, xt−1, xt−2, ..., xj+1, xt, xt+1, ..., xi
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is a cycle that is longer than C, a contradiction. This contradiction shows that
xt−1xi+1 /∈E(G). When xt−1 is adjacent to some vertex of H , we let P2(H)=
w1, w2, ..., wr denote a path of H with end vertices w1, wr which are adjacent to xj

and xt−1, respectively. Then

xj , P2(H), xt−1, xt−2, ..., xj+1, xt, xt+1, ..., xj

is a cycle longer than C, a contradiction. Thus, xt−1 is not adjacent to any vertex
of H .

A similar argument also proves (d) and therefore, the lemma is proven. �

We now proceed to the proof of the theorem.

Proof of Theorem 1.1. Suppose G is as in the theorem, but G is not Hamil-
tonian. Let C :x1, x2, ..., xm, x1 be a longest cycle of G. If u∈V (G\C) we write
N+

C(u)={xi+1 :xi∈NC(u)}, where subscripts are taken modulo m.
There are several cases to consider.

Case 1. Suppose there exists a component H of G\C and vertices xi, xj∈
NC(H) such that [xi+1, xj−1]∩NC(H)=∅ and d(xi+1, xj+1)=2.

Choose vertices u, v∈V (H) such that uxi, vxj∈E(G) (note that possibly u=v).
Since C is a longest cycle, by the lemma we have that every vertex of NG\C(u)∪
N+

C(u)∪{u} is nonadjacent to xi+1 and xj+1. Hence

|N(xj+1)∪N(xi+1)| ≤ |V (G)|−|NG\C(u)∪N+
C(u)∪u|= n−d(u)−1.(1)

Similarly, we have

|N(xi+1)∪N(xj+1)| ≤n−d(v)−1.(2)

We now consider two subcases.

Subcase 1.1. Suppose that either xj−1xj+1 /∈E(G) or xi−1xi+1 /∈E(G).

Suppose xj−1xj+1 /∈E(G). By Lemma 2.1 (a) and (e), no vertex of NG\C(xj+1)
is adjacent to u or xi+1. By Lemma 2.1 (c), if xt∈[xj+2, xi]∩N(xj+1), then xt−1 is
nonadjacent to u and xi+1. By Lemma 2.1 (d), the hypothesis of Case 1, and the
fact that xj−1 /∈N(xj+1), if xt∈[xi+1, xj−1]∩N(xj+1), then xt+1 is nonadjacent to
u and xi+1. It follows that

|N(u)∪N(xi+1)| ≤ |V (G)|−|NG(xj+1)\{xj}|−|{u, xi+1}|≤n−d(xj+1)−1.

(3)

However, d(xi+1, xj+1)=d(xj+1, v)=2 and d(u, xi+1)=d(xi+1, xj+1)=d(v, xj+1)=2,
so (2) and (3) contradict the hypothesis that B(G)≥n.

Now suppose xi−1xi+1 /∈E(G).
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(a) First suppose |NC(u)|≥2.
Under this hypothesis, there exists some vertex xh∈NC(u)\{xi} such that

[xh+1, xi−1]∩NC(u)=∅. Combining this with the proof of inequality (3) (with i

and j replaced by h and i, respectively) gives

|N(xh+1)∪N(u)| ≤ |V (G)|−|NG(xi+1)\{xi}|−|{xh+1, u}|≤n−d(xi+1)−1.(4)

However, d(xj+1, xi+1)=d(xi+1, u)=2 and d(xh+1, u)=d(u, xi+1)=d(u, xi+1)=2, so
(1) and (4) contradict the hypothesis that B(G)≥n.

(b) Now suppose |NC(u)|=|{xi}|=1.
In this case we only consider xj−1xj+1∈E(G) for if xj−1xj+1 /∈E(G), then we

are back in the first case of Subcase 1.1. By our assumption xj is not adjacent
to u. Since C is a longest cycle, xj is not adjacent to xi+1, for otherwise, if we let
P (H) denote a path of H with two end vertices which are adjacent to xi and xj ,
respectively, we see that xi, P (H), xj , xi+1, xi+2, ..., xj−1, xj+1, xj+2, ..., xi is a cycle
that is longer than C, a contradiction. Together with the arguments that gave rise
to (3), we have

|N(u)∪N(xi+1)| ≤ |V (G)|−|NG(xj+1)\{xj}|−|{u, xi+1}|≤n−d(xj+1)−1.(5)

However, d(xi+1, xj+1)=d(xj+1, v)=d(u, xi+1)=d(xi+1, xj+1)=d(v, xj+1)=2, so (2)
and (5) contradict the hypothesis that B(G)≥n.

Subcase 1.2. Suppose xi−1xi+1∈E(G) and xj−1xj+1∈E(G) for every pair of
vertices xi and xj satisfying the hypothesis of Case 1.

Since G is 3-connected, there exist xk, xi, xj∈NC(H) such that [xk+1, xi−1]∩
NC(H)=∅ and [xi+1, xj−1]∩NC(H)=∅, and we still have d(xi+1, xj+1)=2.

Subcase 1.2a. Suppose d(xk+1, xi+1)=2.

In this case, xk−1xk+1 /∈E(G) by the assumptions of Subcase 1.2 and Sub-
case 1.2a, so by an argument similar to that of Subcase 1.1, we obtain a contradic-
tion. Thus, we may assume that xk−1xk+1∈E(G).

If xk−1xk+1∈E(G), it is easy to see that xk+2 is not adjacent to xj+1. Oth-
erwise, if xk+2xj+1∈E(G), let P be a path in H with end vertices adjacent to xk and
xj , respectively. Then the cycle xk, P, xj , xj−1, ..., xk+2, xj+1, xj+2, ..., xk−1, xk+1, xk

is longer than C, a contradiction.
Clearly, xk+1u, xk+1xi+1 /∈E(G). In this case xj−1xj+1∈E(G) and it is also

possible that xju∈E(G). Together with the arguments that gave rise to (3), we
have

|N(u)∪N(xi+1)| ≤ |V (G)|−|NG(xj+1)\{xj−1, xj}|−|{u, xi+1, xk+1}|
≤n−d(xj+1)−1.

(6)
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Now, (2) and (6) contradict the hypothesis that B(G)≥n.

Subcase 1.2b. Suppose d(xk+1, xi+1)≥3.

(I). Suppose there exists some vertex x in H such that xxk, xxi∈E(G).
Without loss of generality assume uxk, uxi∈E(G). In this case, since [xk+1,

xi−1]∩NC(H)=∅ and d(xk+1, xi+1)≥3, when xt∈[xk+1, xi−1]∩N(xi+1), then xt

is nonadjacent to u and xk+1. Combining this with the first part of the proof of
inequality (3) (with i and j replaced by k and i, respectively) gives

|N(xk+1)∪N(u)| ≤ |V (G)|−|NG(xi+1)\{xi}|−|{xk+1, u}|≤n−d(xi+1)−1.(7)

However, d(xj+1, xi+1)=d(xi+1, u)=d(xk+1, u)=d(u, xi+1)=d(u, xi+1)=2, so (1)
and (7) contradict the hypothesis that B(G)≥n.

(II). Suppose xxk /∈E(G) for every vertex x of H for which xxi∈E(G).
Recall that uxi∈E(G). Further, uxk /∈E(G) by our assumptions. Since

d(xk+1, xi+1)≥3 and since C is a longest cycle of G, clearly, xk+1xj+1 /∈E(G) and
xi+1xk /∈E(G). Together with the arguments that gave rise to (6), we have

|N(u)∪N(xi+1)| ≤ |V (G)|−|NG(xj+1)\{xj−1, xj}|−|{u, xi+1, xk}|
≤n−d(xj+1)−1.

(8)

However, d(xi+1, xj+1)=d(xj+1, v)=d(u, xi+1)=d(xi+1, xj+1)=d(v, xj+1)=2, so (2)
and (8) contradict the hypothesis that B(G)≥n.

Case 2. Suppose d(xi+1, xj+1)≥3 for each pair of vertices xi+1, xj+1∈N+
C(H)

which satisfies [xi+1, xj−1]∩NC(H)=∅ for every component H of G\C.

Subcase 2.1. Suppose there exists a vertex u in G\C such that |NC(u)|≥2.

Subcase 2.1a. There exists a vertex xi∈NC(u) such that xi+1xi−1 /∈E(G).

Recall |NC(u)|≥2. Let xh∈NC(u)\{xi} be such that [xh+1, xi−1]∩NC(u)=∅.

Since C is a longest cycle of G, by arguments similar to those in the proof of
Lemma 2.1, we have the following facts.

(A) If xkxi+1∈E(G) for some vertex xk∈[xi+1, xh], then uxk−1, xh+1xk−1 /∈
E(G);

(B) If xkxi+1∈E(G) for some vertex xk∈[xh+1, xi−1], considering the fact that
xi+1xi−1 /∈E(G), we have that uxk+1, xh+1xk+1 /∈E(G);

(C) If xxi+1∈E(G) for some vertex x∈V (G\C), then xh+1x, ux /∈E(G), or
a cycle longer than C results.
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By (A), (B) and (C), we have

|N(xh+1)∪N(u)| ≤ |V (G)|−|N(xi+1)\{xi}|−|{xh+1, u}|≤n−d(xi+1)−1.(9)

Next, let xk+1∈N+
C(u) which satisfies [xi+1, xk−1]∩NC(u)=∅. (If |NC(u)|=2,

clearly xk+1=xh+1.) By considering the reverse orientation on the cycle C, and by
arguments similar to that for (9), we have

|N(xk−1)∪N(u)| ≤ |V (G)|−|N(xi−1)\{xi}|−|{xk−1, u}|≤n−d(xi−1)−1.(10)

However, d(xh+1, u)=d(u, xi+1)=d(xk−1, u)=d(u, xi−1)=d(xi+1, xi−1)=2, so (9)
and (10) contradict the hypothesis that B(G)≥n.

Subcase 2.1b. Suppose xi+1xi−1∈E(G) for any xi+1∈N+
C(u).

By Subcase 2.1, |NC(u)|≥2. Let xh, xi∈NC(u) be such that [xh+1, xi−1]∩
NC(u)=∅. Let xr∈NC(H) be such that [xr+1, xi−1]∩NC(H)=∅. Then clearly
xr∈[xh, xi−2]. Let xk∈[xh+1, xi−1] satisfy xkxi+1∈E(G) with k as small as possible.

(D) Suppose xh=xr.
By the hypothesis of Case 2, we have that d(xh+1, xi+1)=d(xr+1, xi+1)≥3.

Then xkxh+1, xku /∈E(G) and since uxh+1 /∈E(G) together with the arguments of
the lemma, we have

|N(xh+1)∪N(u)| ≤ |V (G)|−|N(xi+1)\{xi−1, xi}|−|{xh+1, u, xk}|≤n−d(xi+1)−1.

(E) Suppose xh �=xr.
By the hypothesis of Case 2, d(xr+1, xi+1)≥3. Then clearly xrxi+1, xr+1xi+1 /∈

E(G) and since C is a longest cycle, xr+1xh+1, xr+1u /∈E(G). Together with the
arguments of the lemma, we have that

|N(xh+1)∪N(u)|≤ |V (G)|−|N(xi+1)\{xi−1, xi}|−|{xh+1, u, xr+1}|
≤n−d(xi+1)−1.

In (D) and (E), we see that whether xh=xr or xh �=xr, we have

|N(xh+1)∪N(u)| ≤n−d(xi+1)−1.(11)

Next, suppose xk∈[xi+1, xj−1] is such that xkxi−1∈E(G) and xk+1xi−1 /∈E(G).
Since C is a longest cycle of G and by Subcase 2.1b, xi+1xi−1∈E(G) for any xi+1∈
N+

C(u), every vertex of (NG\C(u)∪NC(u)∪{u})\{xi, xj} is nonadjacent to xk+1

and xi−1. Now note that if xl∈NC(u), then xi−1xl /∈E(G) for otherwise

u, xl, xi−1, xi−2, ..., xl+1, xl−1, ..., xi+1, xi, u
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is a cycle longer than C, a contradiction. Similarly, xk+1xl /∈E(G), for otherwise

u, xl, xk+1, xk+2, ..., xi−1, xk, xk−1, ..., xl+1, xl−1, ..., xi+1, xi, u

is a cycle longer than C. Hence, we have

|N(xk+1)∪N(xi−1)| ≤ |V (G)|−|(NG\C(u)∪NC(u)∪{u})\{xi, xj}|
−|{xk+1, xi−1}|

≤n−d(u)−1.

(12)

However, d(xh+1, u)=d(u, xi+1)=d(xk+1, xi−1)=d(xi−1, u)=d(xi+1, u)=2, so (11)
and (12) contradict the hypothesis that B(G)≥n.

Subcase 2.2. Suppose |NC(u)|≤1 for every vertex u of G\C.

Let H be a component of G\C. Since G is 3-connected, there exist three
distinct vertices xk, xi, xj∈NC(H) such that [xk+1, xj−1]∩NC(H)\{xi}=∅. By
Subcase 2.2, |NC(x)|≤1 for every vertex x of G\C, so there exists a vertex u∈V (H)
adjacent to xk and v∈V (H)\{u} adjacent to xj , and w∈V (H)\{u, v} adjacent
to xi.

Claim. Under the conditions of Case 2 and Subcase 2.2, if some vertex u of H

is adjacent to some vertex of C, then u is adjacent to every vertex of H .

Proof of claim. If the claim fails, then there exists a vertex y in H such that
d(u, y)=2. Without loss of generality, let u be adjacent to xk in C. Since C is
a longest cycle of G, then xk+1 is nonadjacent to any vertex of H . Thus, every
vertex of NG\C(xk+1) is nonadjacent to u and y, and every vertex of NC(xk+1)\
{NC(u), NC(y)} is nonadjacent to u and y. Together with the fact that |NC(u)|≤1
and |NC(y)|≤1, we have

|N(y)∪N(u)|≤ |V (G)|−|(NG\C(xk+1)∪NC(xk+1))\{NC(u), NC(y)}|
−|{y, u, xk+1}|

≤n−d(xk+1)−1.

(13)

Next, let xh+1∈N+
C(H) with [xh+1, xk−1]∩NC(H)=∅. Since xk+1xk−1∈E(G),

there exists xq∈[xh+1, xk−1] with xk+1xq+1∈E(G) and xk+1xq /∈E(G), that is,
d(xk+1, xq)=2. Clearly every vertex of H is nonadjacent to xq and xk+1, and
|NC(u)|=1. Thus, we have

|N(xq)∪N(xk+1)| ≤ |V (G)|−|N(u)\NC(u)|−|{xq, xk+1}|≤n−d(u)−1.(14)

However, d(y, u)=d(u, xk+1)=d(xq, xk+1)=d(xk+1, u)=d(xk+1, u)=2, so (13) and
(14) contradict the hypothesis that B(G)≥n. This contradiction shows that the
claim holds.

Next we consider the following case.
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Subcase 2.2a. Suppose xi−1xi+1 /∈E(G) for every xi∈NC(H).

Let xk, xi, xj∈NC(H) be such that [xk+1, xi−1]∩NC(H)=∅ and [xi+1, xj−1]∩
NC(H)=∅. Then Case 2 implies that d(xi+1, xj+1)≥3 and by a symmetric argu-
ment we may assume that d(xi−1, xj−1)≥3 for each pair of vertices xi, xj∈NC(H)
which satisfy [xi+1, xj−1]∩NC(H)=∅. Thus, N(xk−1)∩N(xi−1)=∅ and N(xi−1)∩
N(xj−1)=∅. Since C is a longest cycle of G, every vertex of H is nonadjacent to
xk−1 and xi−1, hence we have

d(xk−1)+d(xi−1)= |N(xk−1)∪N(xi−1)| ≤ |V (G\H)\{xk−1, xi−1}|,(15)

and

d(xi−1)+d(xj−1)= |N(xi−1)∪N(xj−1)| ≤ |V (G\H)\{xi−1, xj−1}|.(16)

We now claim that

d(xj−1)+d(xk−1)= |N(xj−1)∪N(xk−1)| ≤ |V (G\H)\{xj−1, xk−1}|.(17)

First note that clearly, |N(xj−1)∪N(xk−1)|≤|V (G\H)\{xj−1, xk−1}|. Thus, to
prove (17), we only need show that d(xj−1)+d(xk−1)=|N(xj−1)∪N(xk−1)|. That
is, we only need to prove that d(xk−1, xj−1) �=2.

Thus, suppose d(xk−1, xj−1)=2 and note that xj−1∈N−
C(v). By arguments

similar to those in the proof of Case 1, we have the following inequality:

|N(xk−1)∪N(xj−1)| ≤ |V (G)|−|NG\C(u)∪N−
C(u)∪{u}|−|{xk−1, xj−1}|

≤n−d(u)−1.
(i)

Then let v∈V (H) and xk∈NC(v). Since C is a longest cycle of G and
xj−1xj+1 /∈E(G), by arguments similar to those in the lemma we have the following
inequality:

|N(v)∪N(xk−1)| ≤n−|N(xj−1)\{xj}|−|{v, xk−1}|≤n−d(xj−1)−1.(ii)

However, d(xk−1, xj−1)=d(xj−1, u)=d(v, xk−1)=d(xk−1, xj−1)=d(u, xj−1)=2.
Thus, (i) and (ii) contradict the hypothesis that B(G)≥n. This contradiction shows
that (17) holds.

Let d(xr−1)=max{d(xk−1), d(xi−1), d(xj−1)}, where r∈{k, i, j}, and let {t, h}
={k, i, j}\{r}. By inequalities (15), (16) and (17), we have that d(xt−1)≤
(|V (G\H)|−2)/2 and d(xh−1)≤(|V (G\H)|−2)/2.

On the other hand, by arguments similar to those for (15), (16) and (17), we
have

d(xk+1)+d(xi+1)= |N(xk+1)∪N(xi+1)| ≤ |V (G\H)\{xk+1, xi+1}|,(18)

d(xi+1)+d(xj+1)= |N(xi+1)∪N(xj+1)| ≤ |V (G\H)\{xi+1, xj+1}|,(19)
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and

d(xj+1)+d(xk+1)= |N(xj+1)∪N(xk+1)| ≤ |V (G\H)\{xj+1, xk+1}|.(20)

Let d(xq+1)=max{d(xk+1), d(xi+1), d(xj+1)}, where q∈{k, i, j} and let {p, m}=
{k, i, j}\{q}. By inequalities (18), (19) and (20), we have

d(xp+1)≤ (|V (G\H)|−2)/2 and d(xm+1)≤ (|V (G\H)|−2)/2.

Clearly {t, h}∩{p, m}�=∅.
Without loss of generality assume that k∈{t, h}∩{p, m}. Thus, d(xk−1)≤

(|V (G\H)|−2)/2 and d(xk+1)≤(|V (G\H)|−2)/2. By Subcase 2.2 we have d(u)≤
|V (H)\{u}|+|NC(u)|≤|V (H)| for every vertex u of H , which implies that d(xk−1)+
d(xk+1)+d(u)≤n−1. Then we have the following inequalities:

|N(xk+1)∪N(u)|+d(xk−1)≤ d(xk−1)+d(xk+1)+d(u)≤n−1,(21)

and

|N(xk−1)∪N(u)|+d(xk+1)≤ d(xk−1)+d(xk+1)+d(u)≤n−1.(22)

Now, (21) and (22) contradict the hypothesis that B(G)≥n, completing this
subcase.

Subcase 2.3. Suppose there is a vertex xi∈NC(H) such that xi−1xi+1∈E(G).

In this case let xh∈[xk, xi−1] satisfy xhxk−1∈E(G) and xh+1xk−1 /∈E(G). Let
u∈V (H) and xk∈N(u). Since C is a longest cycle and [xk+1, xi−1]∩NC(H)=∅,
every vertex of N(u)\NC(u) is nonadjacent to xh+1 and xk−1, hence we have

|N(xh+1)∪N(xk−1)| ≤ |V (G)|−|N(u)\NC(u)|−|{xh+1, xk−1}|≤n−d(u)−1.(23)

On the other hand, we have the following cases:
(F) Suppose xt∈[xk, xi−1] satisfy xtxk−1∈E(G), then xt+1xi, xt+1u /∈E(G).

Otherwise, if xt+1xi∈E(G), then let P1(H) denote a path of H with two end vertices
that are adjacent to xk and xi, respectively. Then

xi, xt+1, xt+2, ..., xi−1, xi+1, xi+2, ..., xk−1, xt, xt−1, ..., xk, P1(H), xi

is a cycle longer than C, a contradiction. By Subcase 2.2, |NC(u)|≤1 for every
vertex u of G\C, so xt+1u /∈E(G).

(G) Suppose xt∈[xi, xk−2] satisfy xtxk−1∈E(G), then xt+1xi, xt+1u /∈E(G).
Otherwise, if xt+1xi∈E(G), then let P1(H) denote a path of H with two end

vertices that are adjacent to xk and xi, respectively. Then

xi, xt+1, xt+2, ..., xk−1, xt, xt−1, ..., xi+1, xi−1, xi−2, ..., xk, P1(H), xi

is a cycle longer than C, a contradiction.
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(H) Suppose x∈NG\C(xk−1).
By Subcase 2.2, |NC(w)|≤1 for every vertex w of G\C. Thus, we have xxi /∈

E(G). Since C is a longest cycle, we have xu /∈E(G). By the claim, we have that
d(xi, u)=2. Hence,

|N(xi)∪N(u)| ≤ |V (G)|−|NG\C(xk−1)∪NC(xk−1)|−|{u}|≤n−d(xk−1)−1.(24)

However, d(xh+1, xk−1)=d(xk−1, u)=2 and d(xi, u)=d(u, xk−1)=d(u, xk−1)=2, so
(23) and (24) contradict the hypothesis that B(G)≥n. This completes the proof. �
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