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Abstract

In this paper, we shall consider higher order nonlinear neutral delay differential
equation of the type

[2(t) + p(t)z(r ()] + q(t) [2(c(t)]* =0, t>to,neN, (¥

wherep € C'([to, %0) ,R) is oscillatory andlim p(t) =0, ¢ € C ([to, 00) ,RT),
7,0 € C([ty,0),R), 7(t),0(t) < t, tlim T(t) = tlim o(t) = coanda € (0, 00)
is a ratio of odd positive integers. df € (0, 1), equation (*) is called a sublinear

equation, whew € (1, 00), itis called a superlinear equation. We obtain sufficient
conditions for the oscillation of all solutions of this equation.
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1 Introduction

We consider the following higher order nonlinear neutral delay differential equation:
[2(t) + p)a(r ()] +q(t) [2(o(t)]* =0, t=ty, neN, (1.1)

wherep € C ([to, o), R) is oscillatory ancilim p(t) =0,q € C([ts,00) ,RT), 7,0 €
C ([tg, 00) ,R), 7(t),0(t) < t, tlim T(t) = tlim o(t) = oo anda € (0, 00) is a ratio of
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odd positive integers. & € (0,1), equation (1.1) is called a sublinear equation, when
a € (1,00), itis called a superlinear equation.

Recently, there have been a lot of studies concerning the oscillatory behavior of
differential equations, see [1-10] and the references cited therein. In [3,5, 7, 9] several
authors have investigated the following first order nonlinear delay differential equation,

2'(t) +q(t) [z(o(1)]" =0, t=to, (1.2)

whereq € C ([ty,00),R"), o € C([ty,0),R), o(t) < ¢, tlim o(t) = oo anda €
(0, 00) is a ratio of odd positive integers.
Whena € (0,1), it is shown that every solution of the sublinear equation (1.2)
oscillates if and only if
/ q(s)ds = oc. (1.3)
to
Whena = 1, (1.2) reduces to the linear delay differential equation

' (t) + q(t)z(o(t) =0, t>to. (1.4)

Recently, the oscillatory behavior of (1.4) has been discussed extensively in the litera-
ture. A classical result is (see [3-5]) that every solution of (1.4) oscillates if

t
1

liminf/ q(s)ds > —.
- e

In [9], whena € (1, 00), Tang obtained the oscillatory behavior of equation (1.2). The
following is shown: Lets be continuously differentiable and > 0. Further, suppose
that there exists a continuously differentiable functipsuch that

¢'(t) >0 and lim ¢(t) = oo,

t—o00

ay'(a(t))o’(t)

lim su <1,
i ¢'(t)
and "
He—¢
lim inf L > 0.
=00 p/(t)

Then every solution of the superlinear equation (1.2) oscillates. Furthermore, Tang
considered the special form of (1.2),

2(0) +q(b) [t — )" =0, t>1o (15)

for which the following results was obtained: If there existg (o' Ina, co) such
that
liminf ¢(t)e ™ > 0, (1.6)

t—o0
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then every solution of (1.5) oscillates. In [10], Zein and Abu-Kaff have investigated the
higher order nonlinear delay differential equation,

[2(t) + ()] + (1, 2(8), 2(o (1)) = s(0), (1.7)
wherep € C ([to,),R), tlim pt) = 0, o,7 € C([to,o0),R), 7(t),0(t) < t,
tlim 7(t) = tlim o(t) = oo, f : Ry x RxR — R is continuousyf(t,z,y) > 0
for zy > 0, there exists an oscillatory functione C™(R,,R), such that-™ = s,
lim r(t) = 0.

t—o0

In [1] Agarwal and Grace, in [4] Grace and Lalli studied oscillatory behavior of
certain higher order differential equations.

Our aim in this paper is to obtain sufficient conditions for the oscillation of all solu-
tions of (1.1).

We need the following result for our subsequent discussion.

Lemma 1.1 (See [9]).Assume that for large
q(s) # 0forall s € [t,t],
wheret” satisfiesr (t*) = t. Then
2'(t) +q(t) [z(o(2)]" =0, t >t
has an eventually positive solution if and only if the corresponding inequality
2(t) +q(t) [z(o (1)) <0, =1y
has an eventually positive solution.

Lemma 1.2 (See [6])Letz be a positive and-times differentiable function dity, oo).
If 2 is of constant sign fot > ¢, and not identically zero on any interval,, oo) for
somet, > ty, then there exists & > t, and an integermn, 0 < m < n with (n + m)
odd forz(™(t) < 0, or (n +m) even forz(¢) > 0, and such that for every > t,,

m <n —1limplies(=1)""*:®#) >0, k=m,m+1,...,n—1,
and
m > 0impliesz®(t) >0, k=0,1,...,m— 1.
Lemma 1.3 (See [8]).Let z be as in Lemma 1.2. If in additiotﬂim z(t) # 0 and
2D ()M () < 0 for everyt > t., then for every\ € (0, 1), the following holds:

A

=

"= (), for all large t.
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2 Sufficient Conditions for Oscillation of (1.1)

Theorem 2.1.Letn be even angim p(t) = 0. If the differential equation

w'(t) + c(t) [w(e(t))]* =0, (2.1)
where Lo N
c(t) = q(t) (§m(a(t))”_l) , A€ (0,1). (2.2)

is oscillatory, then every bounded solutiorof equation(1.1)is oscillatory.

Proof. Let z be a bounded nonoscillatory solution of (1.1). Without loss in the general-
ity we may assume that

z(t), z(r(t)), z(c(t)) >0
forall t > t; wheret; > t,. Set

2(t) = x(t) + p(t)z(r (1)), (2.3)

and
() = —q(t) [z(o(t))]* <0, (2.4)

forall t > t,. It follows thatz® (i = 0,1,...,n — 1) is strictly monotonic and of
constant sign eventually. Sinaeis bounded, and using the fact t@m p(t) = 0, it

follows from (2.3) thatz is also bounded. Becauseis even, we have by Lemma 1.2
thatm = 1 (otherwise . is not bounded) there existga> ¢; such that for > ¢,

(DB >0, (k=1,...,n—1). (2.5)

In particular, since/(t) > 0 for all t > ¢, and soz is increasing. Since is bounded,
1tlim p(t)z(7(t)) = 0. Then there exists@ > t, by (2.3),

#(t) = 2(1) — p(0)a(r(0)) > 52(0) > 0

for all ¢ > t3. Also note that does not tend to zero since it is increasing. We may find
at, > t; such that

1

2(o(t)) >0 and [z(c(t))]* > [—a:(cr(t))]a

r(o(t) = ;

1
2
hold for allz > t,. From (2.4) and (2.6), we obtain the result of

1

() 1 q(t) [Ezw(t))} <o 2.6)
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forallt > t,. By Lemma 1.3, inequality (2.6) can be written as

0+ 40 |3ty Fem) <0 @)
for all t > ¢4. If we chosez(®V) = w, then
W' (8) + g(t) (%ﬁ(a(m“) W) <0, fort>t.  (2.8)

Therefore by Lemma 1.1, (2.8) has an eventually positive solution. This is a contradic-
tion. The proof is complete. ]

Theorem 2.2. Letn be odd ano!lim p(t) = 0. If the differential equation

w'(t) + c(t) [w(o(t))]* =0, (2.9)
where L N
) =4l0) (52 (0®1 ) L A€ O 210

is oscillatory, then every bounded solutiorof equation(1.1) is either oscillatory or
tends to zero as — oc.

Proof. Let = be a bounded nonoscillatory solution of (1.1), with
w(t), 2(7(t)), x(o(t)) > 0

for all t > t; wheret, > t,. Further, we assume thatdoes not tend to zero as— oo.
Setz(t) = z(t)+p(t)z((t)), and by (2.4)? (i = 0,1, ..., n—1) is strictly monotonic
and of constant sign eventually. Sineés an oscillating functiontlim p(t) = 0, andz
is bounded, there existsta> t; such that:(¢) > 0 for all t, > ¢,. Sincex is bounded,
by usingtlim p(t) = 0, it follows from (2.3) thatz is also bounded. Becauses odd,

by Lemma 1.2, since: = 0, there exists & > t, such that
(—DF2®(@#) >0, k=0,1,...,n—1 (2.11)

for all ¢t > t3. In particular, since’(t) < 0 for all ¢ > ¢3, z is decreasing. Since is
bounded%lim p(t)z(7(t)) = 0 by tlim p(t) = 0. Then there exists& > t3 such that

1
z(t) = 2(t) = p()a(7(?)) = 52(t) > 0
fort > t4. Also note that: does not tend to zero as— oo sincex does not tend to
zero as — oo. We may find &5 > ¢, such that for alt > 5 we have

(o) > %z(a(t)) >0 and [a(c(t))]" > Bz(a(mr. (2.12)
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From (2.4) and (2.12), we obtain

1

00) +4(0) | 35(o )] <0

forall ¢t > t5;. By Lemma 1.3, inequality (2.12) can be written as

A “ a
(n) -~ n—1 (n—1) <
0+ 400 (G oy O ) ) <0 @y
for all t > ¢5. If we chosez(®V) = w, then
"(t) + q(t) LA [o(t)]" ) [w(o(t))]* <0, fort>t¢ (2.14)

w q 5 (n — 1)! o w(o <0, > 5. .
Therefore by Lemma 1.1, (2.14) has an eventually positive solution. This is a contra-
diction. The proof is complete. O
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